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VERIFYING DIFFERENTIABILITY
WITHOUT CALCULATING THE
DERIVATIVE

Abstract

We study various real-variable techniques for determining whether a
function is differentiable without actually calculating a derivative. These
include:

e approximation theory

e Fourier analysis

e Sobolev spaces

e Poisson integral

e finite differences

e Campanato-Morrey theory
e Landau’s inequalities

In most cases complete proofs are given.

1 Introduction

The derivative is one of the oldest ideas in modern analysis. It is natural,
if one wants to determine whether a function is differentiable, to endeavor
to calculate the desired derivative. But there are many contexts in which
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this is not feasible, and it is desirable to find other means to determine the
differentiability of a function. In this paper we explore these other means.

As instances of these ideas, the best way to characterize the duals of the
Hardy spaces is by way of the Campanato-Morrey spaces, which we treat be-
low. One of the most convenient ways to study the regularity for the Laplacian
is by way of finite differences, which we treat below. A useful way to study
joint smoothness of functions of several variables is by way of approximation
theory, which we treat below.

The good news is that most of the alternative techniques presented here
are rather accessible. They may be understood by a relative neophyte in
analysis. The even better news is that some of these techniques are profound
and far-reaching.

In this paper we shall, for simplicity, usually restrict attention to R!,
Euclidean 1-dimensional space. At the expense of some notation, it is not
difficult to extend the results to all dimensions. We shall also concentrate on
the existence of the first derivative. Higher derivatives are handled by similar
but trickier arguments.

2 The Calculus of Finite Differences

Let f be a function on IRR. The classical first difference operator Af is defined
by

Apf(x)= f(x+h)— flx—h).

We sometimes also denote this operation by A} f(z). The second difference
operator is

A2 f(x) = Apo Apf(x) = f(z +2h) + f(z —2h) — 2f(x).

Most mathematicians will encounter these difference operators in the con-
text of Lipschitz spaces. Let 0 < a < 1. All the functions f that we treat
here are maps from the reals to the reals. Then the classical Lipschitz space
of order « is given by

Lip, = {f sup | &% F@)/IB + 1 fllsup = 1 Fllip,, < OO}

Note that, if f € Lip,, then | A? f(x)| < C|h|* also.
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For 1 < a < 2 we let
Lip, =
{fewzigAiquhw*+me@+wﬂmpzwm@a<m}

In both these definitions, C is a constant independent of x and h. Also '

denotes the derivative.

For reasons that will be made clear as the paper develops, many of them
arising from harmonic analysis, it is useful to replace the space Lip; by the
Zygmund space A; defined by

Ay = {f | sup | A% F@/ IR+ 1 llsup = 1 f llLip, < 00}

In practice we use the notation A, to denote the traditional Lipschitz spaces
when 0 < a < 2, a # 1 and to denote the Zygmund space when o = 1.

3 Approximation Theory
Let ¢ € C°(R) satisfy these properties:
e suppyp C [—1,1];
e 0<p<1
e ( is even;
o [pdx=1.

Set p,(z) = 27 - p(27z) and Yj(x) = @ji1(z) — @j(x) for j = 1,2,.... Let
f: R — R be a locally integrable function. Now let us define
filx) = fxj(x) for j=1,2,...
and
fo(z) = fxpi(z).

If f is continuous, then it follows from standard results (see [15], [17], [7])
that

f@) =3 fi@).
j=0
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with convergence uniform on compact sets.

In fact it is quite standard to approximate real functions in this fashion
(see [15], [17]). Such approximations are useful in harmonic analysis and the
theory of partial differential equations. They also come up naturally in the
modern theory of wavelets (see [7] or [9] for a quick introduction).

Our first significant result of the paper is the following.

Theorem 1. Let f € Ao, 0 < o < 2. Then
|fj(z)] < C277* forall j.

Conversely, if ‘
|fi(z)] < C277% forall j, (3.1.1)

then f € A,.

In particular, we see for o > 1 that the condition (3.1.1) is sufficient for f
to be continuously differentiable. And that condition is defined in terms of an
integral—not a derivative.

We begin now with a lemma.

Lemma 2. Let 1 <a < 2. If f € A, then
|f(z+h) + f(z—h) = 2f(z)| < C|h|*
for all x,h € R.
ProOOF. We write
[f(z+h) + fz—h) = 2f(z)| = |[f(z + h) — f(x)] = [f(z) — f(z = h)]]
=|f'(z+& h—f'(z—mn) hl,

where £, 7 exist by the mean value theorem. Note that || < |h| and || < |A].
Now this last is

= |nl-|f(x4+&) = f'(x —n)]
< C-|h|-[n]*t
= C|h|*.
That is the desired result. O

ProOOF OF THEOREM 1. The case j = 0 is trivial. For j > 1, we write
@l = [ 1t = sty
S
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by the evenness of ¢;. But, by the fact that [1);dt = 0, this last equals

_ % ’ / [f (= 1) + fla + ) — 2/ (@)]h; () dt
<3| [ emswial

<C .27 it ./|¢(2jt) + (27T (1) dt

<C-279, (3.1.2)

A

For the converse direction, we assume that |f;(z)| < C'-2779¢ for all j. We
now prove that this implies that

<C- 9—ila=1)

d
‘dl‘fj
‘We write
fi=TF*@jt1—f*p;
=@ * (fxpjt1— [ xp;)

+ @ik (f = f*p;)
+oi*(f—fxe;).

Thus

d d
| < . . M oo
’dxfj > Hdz(pj o ||f*1/}JHL

d
+ deSDjJrl If = f*pjllre

1

N = fxejllnes

n d
dx(p] I
=]4+11+111.
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Now I < C -2 ||f x1bj|jpe < C-27 277 = . 279(@=1)  Next,
II<C-2-||f = fropjllee

<C-2 Y| f el
=)

:C-2j-2|\feHLw
=)

< 0-23'-22—“
=)

=C-2 .27y g
£=0

=C .27,

The estimate of III is similar.
We note that a similar argument shows that
2
—j(a—2
‘defj < (.22

And now we need to verify that f € A,. For 0 < a < 1 we see that

Fl@+h) = f@)] = |3 il +h) = f(@)

|log2\h|\
< Z fi(x +h) — f(@)|
+ ) it h) = f)]

j=|logy |h[|+1

[logs |h]| oo
< > [+ R+ D> 2l
Jj=1 j=llogy [h[|+1
|logs |R]| oo
< Z 9—ila=1) |h| + Z 9.9 ja
Jj=1 Jj=|logy |h[|+1

<C- |t |h[+C - |n[*
=C|h°.
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For 1 < a < 2 we apply a similar argument to f(z + h) — fi(z).
For a =1, we give a similar argument but we use the estimate on f]’/ . O

4 Fourier Theory and Sobolev Theory

If f € L*(R) then we define the Fourier transform of f to be

.ﬂ£%=/éf@k”5¢v

The Fourier transform dates back to Jean-Baptiste Joseph Fourier (1768
1830), who developed basic Fourier theory in his book The Analytical Theory
of Heat. Indeed, Fourier was the first to present the standard formulas for cal-
culating the Fourier series coefficients of an “arbitrary” function. Although his
arguments were ludicrously incorrect, the work still had considerable impact—
for it answered a question that had been in the air for fifty or more years. It
took Fourier a good many years to get his book published—in fact he fi-
nally published it himself when he was the secretary of the French National
Academy. Fourier treated the Fourier transform on the line in a later work.

Lemma 3. If f € L' and f' € L' then

C
1+ 1¢

PROOF. First assume that f € C°. For £ # 0 we write

eit£ 1
/ el = =
* /Rf(t) i 5' G

In the first inequality we used integration by parts. The result now follows
with the extra assumption. We prove the general case by an approximation
argument. O

Jo| <

it |

i€

Fo)| =

/R F(t)ets dt‘ < |1

GIE

—00

Now we have a sort of converse.

Proposition 4. Let f € L*(R). Suppose that f(€)| < 1/(1+ |¢))2 for some
small € > 0. Then f can be corrected on a set of measure 0 to be continuously
differentiable.

ProOOF. Using Fourier inversion, we may write

) =c /}R Fle)eite de.
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Here ¢ is some universal constant (see [7] for the exact value). Since £f(£) € L,
we may differentiate under the integral sign to obtain

F(t) = —c /R Fleyeicic de

The continuity of the derivative follows from the Riemann-Lebesgue lemma.
O

A similar result may be proved, by similar techniques, for Fourier series.
A convenient definition of the L? Sobolev spaces is the following:

Definition 5. Let f € L%(R). We say that f € W* if
JIF©P @+ 162y de < 0.

A basic form of the Sobolev embedding theorem is this. If f € W?3/2¢ for
some € > 0, then f is continuously differentiable. For a proof, examine the
inequalities

/()] = ‘ / e Fle) de

‘€|2+1 3/4+¢€/2
<| [ Qe

5>ds‘

2 3/24€ 2 761/2 1 1/2
< o+ vErR@R as - [ e de

<O fllwarzee -

Similar statements may be formulated and proved about Bessel spaces,
Nikol’skii spaces, and other Triebel-Lizorkin spaces (see [GRA], for instance).

5 Convergence of the Poisson Integral

In this section we briefly describe a method of recognizing smooth functions
using an idea that dates back to G. H. Hardy. In fact Hardy’s result was
about holomorphic functions on the disc. But the ideas presented here are
quite similar. Departing from the usual paradigm in this paper, we now work
in R2.

In fact Hardy’s classical theorem has inspired a number of modern works—
including [16], [8], [14]. It is an elegant and powerful idea that connects real
and complex analysis in an effective manner.
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Theorem 6. Let Q be a smoothly bounded domain in R2. Let f be a contin-
uous function on JS) and let u be the solution of the classical Dirichlet problem
on ) with boundary data f. Let 0 < o < 2 and assume that k is an integer
greater than «. We suppose that, for x € (),

\VFu(z)| < C-d(x)*F,
where §(x) is the distance of x to the boundary. Then u € A, (Q).

PRrROOF. We first treat the case 0 < a < 1. Afterward we shall commente on
the case oo > 1.

Let z,2 + h € Q. We estimate u(z + h) — u(z) by looking at a box in Q.
We only need consider x, x + h near the boundary. If p €  is a point near the
boundary then let v, be the unit outward normal vector at p. Now we have

lu(z +h) = u(@)] < |u(@ +h) —u((@+h) = [Plvegn)|
+ [u((@ + h) = [hlvein) —u(z — [hlv.)]
+ |u(z = |hlve) — u(@)|

i
< / |[Vu(z + h — tvgp)| dt
0
||
Jr/ |[Vu(x — |h|l/(l+h+th)|dt
0

0
+/ [Vu(z — tvyg)|dt
R

h

|k |h |h
< / to"ldt+/ |h\“*1dt+/ 2 dt
0 0 0

<C-|h.

That is the desired result.

We handle the case 1 < a < 2 by applying the preceding argument to V f
and to o — 1.

The case o = 1 is best handled by the technique of interpolation of opera-
tors. O

6 Campanato-Morrey Theory

The Campanato-Morrey spaces arose originally in the study of partial dif-
ferential equations. They first appeared in the papers [1], [2], but were also
explored in [12], [13]. See also [11]. These spaces have also proved useful in the
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context of harmonic analysis—in particular in the characterization of the dual
spaces of the HP spaces. In any event, they are a nice and intuitive way to
think about smoothness of functions. The savvy reader will want to compare
the definitions of the Campanato-Morrey spaces to the definition of BMO.
Here the space BMO is defined as follows:

BMO(]R):{f locally integrable : sup |—}| / |f(z) = frlde = || fllBrmo < oo} .
I I

Here I ranges over all open intervals in R and f; is the average of f over the
interval.

The space BMO was invented by John and Nirenberg [5] for applications
in partial differential equations. But it was really put on the map by C.
Fefferman [3] who proved that BMO is the dual of the Hardy space H'.

We work as usual in R = R!. We begin by defining the Campanato-Morrey
spaces. If k is a nonnegative integer, then let P, denote the polynomials of
degree not exceeding k. If x € R, then (z —r, z +7) is the usual open interval
centered at x and having radius r.

Definition 7. Let 1 < g < co. Let 0 < A € R and also let 0 < k € Z. We
define the Campanato-Morrey space

1/q
V) = {1 e LRy sy [ B MO = PO
"<y L\ LT

1l =1 g < o0}

And now our main result about these spaces is the following:

Theorem 8. Let 0 < o € R and a < k € Z. Suppose that 1 < ¢ < oo and
A > 1 and set « = (A —1)/q. Then any element of E,(Cq’)‘) can be corrected on
a set of measure zero so that it lies in A,,. Furthermore, the injection

[,,(f”\) — A,

is continuous.

Finally, for any fixed ¢ € Cg° and any k > «, the map f — ¢ - f is
continuous from A, to L,(fq”\).

This result can be thought of as one of the main results of the present
paper. Certainly its proof is the longest. The theorem is proved by way of a
sequence of lemmas. Most of these lemmas are quite transparent.
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Lemma 9. Fixann € C°. Let 0 < a € R and o < k € Z. Suppose that
1<g<ooand\>1andseta« = (\—1)/q. Then the map f — n- [ is

bounded from A, to /J,(cq’)‘).

PrROOF. Let f € A,. Fix a point 29 € R. Let r > 0. Let ¢, ¥ be as in the
section on approximation theory. Define f; = f*1; as we did there. Then we
can be sure that

pefi =02
as long as £ > «a. Let p be the kth order Taylor polynomial of f; expanded
about xg. Then

|fj(@) = p(@)| < C - || fillower - | — xo**?
<O - (27 kg — g R (6.9.1)

As a result,

1/q 1/q
- _ q Y N .
|fj /(:ror,zoJrr) |f(z) p(x)| ] =l /(:L’or,zoJrr) |fj (:L‘) p(x)| ]

1/q
-\ o .
' /(1'0—7',1‘04-7') 1F(@) fi ()] ‘|
=I1+1I.

+

By (6.9.1) we see that

1/q
I S C. 7,7)\/ ((27j)0¢7k71 . ,r,k‘+1)q dx
(xo—r,0+T)

S C . T—)\/q . ,'nl/q A T'k+1 . (2—j)a_k_1
<C

by the choice of a, A, q, 5.
On the other hand,

1/q
I<c- r_)‘/ (277)1* dx
(wo—r.zo+)
<C-rmMapa L (97

I
Q
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Finally, we note that f + n- f is a continuous map from L*° to L. That
completes the proof. O

Lemma 10 (Gagliardo). Let 0 < ¢ € Z. Then there is a constant C' = C'(k, )
so that

1/q
V()] < Clk, 0) - [f /( Ip(t)]7 dt} (6.10.1)

T—r,+T1)

1/q
| AL p(z)] < C(k, ) - || - lr”‘l/( |p(t)|th] (6.10.2)

—r,z+r)
forallz € R, r >0, |h| <7, and p € Pg.

PROOF. By change of scale and translation, we may suppose that r = 1 and
x = 0. Observe that the righthand side of (6.10.1) is a norm on the finite-
dimensional vector space Py while the lefthand side is a seminorm on that
space. Since there is only one norm (up to equivalence) on a finite-dimensional
vector space, the result is immediate.

The proof of (6.10.2) is similar. O

Lemma 11. Let f € E,(Cq’)‘) and x € R and r > 0 be fixed. Then there is a
unique polynomial p(x,r, - ) in Py which minimizes

1/q
[7“_)‘ /(x_mm |f(t) — p(t)]? dt] (6.11.1)

over all p € Py.

Proor. Choose a sequence p; € Py, so that

1/q
Y o .
[r /(w—r,:z-'rT) |f(t) Dj (t)| t‘|

tends to the infimum. Then, by the convexity of the unit ball in L9,

1/q
[r* / 195 (1) — pe(t)]7 dt]
(x—r,z+71)
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tends to 0 as j, ¢ tend to co. If y € (x —r/2,x + r/2) and m is any positive
integer, then

1/q
[qul / |p; (t) —pe(t)|th]
(y—7/2,y+7/2)

tends to 0 as j, £ tend to co. By Gagliardo’s lemma,

dm dm
= pi(t) — ——pe(t)] = 0
i) = (0] =
uniformly on (z — r/2,x 4+ r/2) for any index m. It follows that {p;} has a
limit function which is a polynomial and which minimizes (6.11.1).
The uniqueness part follows because, if p; is another sequence that mini-
mizes (6.11.1), then p; — p; tends to 0 as in the first half of the proof. O

Lemma 12. Let z € R, r >0, and t € (x — r/2,z +1/2). Then

p(t,r, ) = pa,r, ) S OUf| pan A0 (6.12.1)

PRrROOF. By Gagliardo’s lemma, the left side of (6.12.1) is

<C-

1/q
/ Ip(t, . 5) — pla,, )| ds
t—r/2,t47/2)

1/q
<c-|(r/2) / Dt 5) — £(s)]7 ds
(t—r/2,t+7/2)

1/q
[ / p(e, 7, ) f<s>|qu]
(t—r/2,t+r/2)

<Cfll pan Lp(A=1/a
k

1/q
+ T‘l/( N )Ip(wm s) —f(S)quS]
T—r,x+r

since (t —r/2,t+1r/2) C (x — r,x 4+ r). But the last line is

<Cfll pan p=D/a
k
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Lemma 13. Ifz € R, » > 0, and j € ZT, then

1/q
[(Zjlr)l / ‘ _ Ip(z,2797,5) — p(x,279 71, 5)|4 ds]
(x—2—3-1prx42-3i-1rp)

<Ol gy - @73/

(6.13.1)
PROOF. The lefthand side of (6.13.1) does not exceed
1/q
C- @7 )t / Ip(z,2797,5) — f(s)|2ds
(x—2—9-1px4+2-3—1r)
1/q
+C- (279 )t / If(s) — p(x,277 7, 5)|7 ds
(x—2—9-1pz4+2-7—1p)

<C-

1/q
(27j7")71 . / |p($,27]’7’, S) . f(5)|qu
(w72*jr}w+27jr)
+C | fll g - (2—1—17«)@—1)/(1
k
<C: ||fH£(q.>\) . (2—j—1r)(A—1)/q.
k

(1)

O
Lemma 14. Let z € R, r >0, ¢ € Z*. Then
£—1

(e, r,x) = p(a, 27 r, )| S O ||f]| gar - Y rO7D/0 277D (6141

n=0
PrOOF. The lefthand side of (6.14.1) does not exceed

-1
Z Ip(z,27"r, ) — p(z, 27" 'r, 2)|
n=0

—1 1/q
< CZ (in,r)l/ n
(z

[p(w, 27", 5) = p(x,27" "1, 5))|* ds
n=0 —2 e g2y
(by Gagliardo’s lemma) which is

-1
<O [fll g - S (27101
k
n=0
by the preceding lemma. This gives the desired result.
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Lemma 15. For each x € R there is a v(z) € R such that, for any r > 0, we
have
p(z,r,x) —v(@)| < C || fll par - rO1/2,
k

PROOF. The proof consists of two steps:
I. We find v(z) as the limit of a sequence p(z,r;, ).
II. We show that the limit in I is independent of the sequence {r;}.

Step I: Let § > 0 and « € R be fixed. Define r; = 2775, j = 0,1,2,.... Let
us estimate, for m > j, the expression

|p(l‘,’f’j7l')*p(l’,’l”m,$)| (6151)

by applying the preceding lemma with £ = m — j > 0 and r = 2776. Then
(6.15.1) does not exceed

m—j—1
: . —is\OA=1)/a  (9—n\(A=1)/q
C 1Al o nz:% (2776) (2=
m—1
SO fllpan - Y AV (27D,
k
n=j

Since (A —1)/q = a > 0, we see that {p(x,r;,z)} is a Cauchy sequence.

Step II: Let 0 < 0; < d;. We wish to see that {p(x,2776;,2)}32, and
{p(z,277985, 2) 720, both Cauchy sequences, have the same limit. But, for any
¢ e 7+, we have

Ip(2,2761, x) — p(x, 2756, 2)|

1/q
< c- (27@61)71 / |p(l’, 276517 S) - p(xa 276527 S)|q ds
(Z—2_e61,$+2_e61)

by Gagliardo’s lemma. This in turn is

1/q
<C-|@27%) / p(2,27%61,5) — f(x)]* dS]
(1727[61,134*27(61)

1/q
+C- (2%1)1/( e ig)p(xﬂgéz,s)—f(S)lqu]
r—27%02,2+27%01

=1+1I.
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It remains to estimate I and II.

Now
I<C | fll pamn - (27067) 71
k
Also
1/q
IT < C-(65/61)Y9. (2—%2)—1/ Ip(z,27 69, 5) — f(s)|?ds
(x—27%82,2+27452)
<O (Ba/50) M1 o - (27 02) O,
k
As a result,
(2, 2701, 2) = p(,27 0, 2)| < C(61,82) - ||| pian - (279,
That completes Step II. Thus v exists and is well defined. O

Our next, and most important, goal is to show that v equals f almost
everywhere and that v has the desired boundedness and smoothness properties.

Lemma 16. Let z € R and r > 0. Then
Alp(z,r, )| — ATv(z)| < C- 1F1 2o -

PROOF. By Lemma 12, for any t € (x — /2,2 +1/2),

Ip(t, ) = pla,r, )] < C - || £l] gany - 7709
But now, letting m = [a] + 1 and 7 = r/(2m), we have that
AEp(ory ], = A7 )| <C Il (6.16.1)

The preceding lemma now tells us that
[p(t, 1) = 0(0)] < C - [ F] gy - 7OV
k

As a consequence,
Ap(-ory ] = A7), O Illgon - 7OV (616.2)

Finally, (6.16.1) and (6.16.2) and the triangle inequality give the result. [
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Lemma 17. Let x € R and r > 0. Then
’A:"np(xa’ra : )’x‘ S C : Hf”‘ci"%)\) . T(A—l)/q .
PRrROOF. By Gagliardo’s lemma, for any p > 0, n € Z*, and 0 < r < 27 "p,

‘Ai” {p(z,27"p, ) —p(z,27"p, - )},

<C- ,rm(z—np)—m—l/q

/ 1p(, 27", 5) — pla, 2" p, )| '/
(z—27""1p,x+2-""1p)
- - A—1 (g;A
<C-r™-(27"p) m+( )/qu“qu )
In the last line we have used the idea of Lemma 13.

Now choose M so that 27 M~ < p < 27M_ Write r = 2= M7 with 1/2 <
7 < 1. Then

\A’:p(m D, = ATp(e 2 MF ),

M—1
<

=0
1

ATp(x,27F, )|, — Alp(x, 27 F, )|

2 3

(]

C. ,rm(2—n;;)—m+(>\—l)/‘1 . ”'f”ﬁiq’”

3
I
=)

A
Q
3

< C I fll peany - rAD/a (6.17.1)
k

| f gy - 27 M OO0

At last, by using Gagliardo’s lemma and the fact that 1/2 <7 < 1, we see
that

‘AWW | €@y [p(, 7, 5)[ s/
(x—7,x+T)
<. Ip(e, 7, 5) — f(x)|7 s/
(x—7,z+T)

+C’~rm/ £ (s)]7 ds*/
(z—T,x+T)

<Cr™ (o + 1 fllea) - (6.17.2)
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Now (6.17.1), (6.17.2), and the triangle inequality tell us that

B2 r, L[ < OOl g €O g

form>(A—1)/gand 0 <r < 1. O
Lemma 18. The function v is bounded.

PRrROOF. Let 0 <n € Z. Let z € R. By Step I of the proof of Lemma 15,

n—1

Ip(2, 27", @) = pla, 1) < 3 1OV @)D £ L
=0

<Ol fll geam (6.18.1)

since (A —1)/q > 0.
Now, by Gagliardo’s lemma,

Ip(z,1,2)| §0-11/q./ Ip(z,1,5)|9 ds'/4

(z—1,z+1)

SC'/ Ip(2,1,8) — f()]%ds"/7 +C- / |£(s)[7 ds'/a
(x—1,z4+1) (z—1,2+1)

SO fllgan - (6.18.2)

Combining now (6.18.1) and (6.18.2), we see that
P, 27", @) < C ]l g -
By definition of v, the result follows. O

Lemma 19. It holds that v = f almost everywhere. More precisely, v(z) =
f(x) at every point x where

lim r—l/Q/ f(z) — f(s)]7ds"/a =0, (6.19.1)
(x—r,z+7)

r—0

that is, at each Lebesgue point of f.
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PROOF. Let z be a Lebesgue point for f. Then f is defined by equation
(6.19.1). Then, for any 0 < r < 1,

[f(x) —v(@)| < [f(2) = pla,r, )] + |p(z,r, ) — v(z)].

The second term here of course tends to 0 with r by the definition of v.
For z fixed, the function f(z) — p(z,r, - ) is a polynomial. So we may
apply Gagliardo’s lemma to see that

|f(z) = pla,r2) < C- r—l/'I/ |f(z) — p(z,r,s)|?ds'/a
(z—r,z+7r)

<cortn [ ) - s st
(x—r,z+7r)

+C’~r’1/q/ |f(s) — p(z,7,5)|7 ds/
(x—r,z+7)

< o(1) + O(r*=—D/ay,
O

COMPLETION OF THE PROOF OF THEOREM 8&: First suppose that 0 < a =
(A—1)/q < 1. Let m = 1. Then Lemmas 16 and 17 yield that

| ALw(z)| < C-rPA-D/a,

Since v is bounded, we conclude that v € A(y_1)/,- By Lemma 19 and the
Lebesgue differentiation theorem, we conclude that v = f almost everywhere.
So the proof in this case is complete.

In case & = (A —1)/q > 1, the first case applies a fortiori. So v is contin-
uous. But then Lemmas 16 and 17 tell us that

| AT w(z)| < C - rP-D/a,

Since v is bounded, we see that v € A(x_1)/,- That completes the proof. [

7 Landau’s Inequalities

We begin this treatment with some notation.
Definition 20. Let f be a function on R and let 6 > 0. We define
H(0) = 5(6) = sup | (o -+ h) — (o)
zeR

and
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Although the results presented in this section are not strictly results about
the existence of derivatives (without actually taking any derivatives), they
are still of some interest in the context of theorems about interpolation of
operators and other contexts of harmonic analysis. They can be thought of as
a priori estimates for derivatives.

Lemma 21. Let 0 < k € Z. Let 0 < ¢ < k be another integer. Then there
are constants ag(k, ), a1(k,?), ..., ap(k, ) and integers so(k, ), s1(k,£), ...,
sk (k,€) such that, for all f € C*(R) and all h,k € R with |h| < 1 we have

k
O(x) = ap- f(x+ sph) + O(Wh(k|h])) .
p=0
Here ) denotes the (th derivative of f.

Proor. This is just a linear algebra problem. For p = 0,1,...,k we write,
using Taylor’s expansion,

k@) (g
fa+ph) =S L0 e ok inl).

= T
Hence
k
S fa o) =3 (a0 ) 1179 0) + Ot ).
p=0 q=0 p=0 !
Thus we can take our integers sg, s1,...,S% to be 0,1,2,..., k provided we
can find ag,ay,...,ay satisfying
Zap ——O for0<q<k, q#/

and

k
A

>,

p=0 ’

Since the coefficients of this system form a Vandermonde matrix, the system
can certainly be solved. O

Landau’s result, which we treat below, is classical (see [10]). There is
an entire industry devoted to calculating best constants in various Landau
inequalities.
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Theorem 22 (Landau). Let ng < ny be nonnegative integers. Then there is
a constant K = K (ng,n1) such that, if n is an integer strictly between ng and
ny and g € C™, then

9l < K - g [G3/ 70) g G o) o)

sup

PROOF. First we assume that

19" Nlsup = 119" llsup = 1.

Let us apply the preceding lemma with k = ny —ng = 1, £ = n—ng, f = g™,

Then there are constants ag, ay,...,ar and sq, s1, ..., S such that
k
prmo g () = Zajg("(’)(x + s5h) + O(wy* ' (k|h]), any h e R.
j=0

Of course the aj, s; are independent of g, z, h. Set h = 1 to obtain

k
dr _
T9(@)| < D lagl + Oy T (kl])
=0
k
<3 lasl + ellg™ oy
=0
<K,

since ”g(nO)”sup = ||g(nl)||sup =1
For the general case, let m = [|g") ||sup and M = ||g\")||sup. Define

N 1 M no/(ni1—no) m 1/(r1—no)
9<$>—m'<m) '9<x'(M) )

15" lsup = 1

Then

and
g

sup = 1.

By the first part of the proof, we may then conclude that

15 lsup < K -
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But this just says that

1 (M) m/(na=no)
D s

m\m M

sup
In other words,

Hg(n)Hsup <K-. m(m—n0)/(n—no) | pr(ni—n)/(n1—no) 7

as was to be proved. O

We conclude this discussion by presenting a version of Landau’s theorem
that is adapted to the Lipschitz spaces A,. This result is due to the present
author.

Theorem 23. Let 0 < ng < ni be integers. There is a constant K =
K (ng,n1) such that, if g € C™ and ng < a < ny then, for any ny < /{ € Z,

Alg(z)

sup e < K- ||g(n0)H£7uLé7a)/("r”°) . ||g(”l)||§3p*no)/(n1*no) )

z,h€R

Proor. Fix z,h € R and consider A}'g(z). On the one hand,
| AR g(@)| =] L5 (A3 g(@))]
= |hl-| AT g (&)l

with x — h < & < z 4 h by the mean value theorem. And this last, after ng
iterations, equals

A1 - 1) (&no )] -
On the other hand,
| AR g(@)] = [h™ - g7 (€n)]-
As a result,

|85 @) = | Af gla)|17/ 1700 | g g(@)| o)/ )
g e A e

In conclusion,

Ahg(@)

B[ <C- Hg("O)HéﬁIl)—")/(nl—”O) . Hg("l)Hgﬁ;"o)/(nl—no) ,

h,z

any £ > ny. That is the desired conclusion. O



VERIFYING DIFFERENTIABILITY 425

8 Concluding Remarks

In many different contexts in analysis it is desirable to study the existence of,
and other properties of, derivatives of functions without actually calculating
the derivatives in the traditional sense. We have endeavored in this paper
to present several different methods, taken from many different contexts, for
doing so.

This is an open-ended discussion, and we look forward to further develop-
ments in these directions in the future.
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