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S-LIMITED SHIFTS

Abstract

In this paper, we explore the construction and dynamical properties
of S-limited shifts. An S-limited shift is a subshift defined on a finite
alphabet A = {1,...,p} by a set S = {S1,...,Sp}, where S; C N
describes the allowable lengths of blocks in which the corresponding
letter may appear. We give conditions for which an S-limited shift is
a subshift of finite type or sofic. We give an exact formula for finding
the entropy of such a shift and show that an S-limited shift and its
factors must be intrinsically ergodic. Finally, we give some conditions
for which two such shifts can be conjugate, and additional information
about conjugate S-limited shifts.

1 Introduction

The use of symbolic spaces started in the study of geodesics on surfaces of
negative curvature. Symbolic spaces are often used to describe the behavior
of discrete dynamical systems. Symbolic spaces on the alphabet A = {0,1}
gave rise to the study of information theory and are often used to analyze data
storage and transmission. With its rise in popularity, the study of symbolic
dynamics has grown as a math field of its own, in which one investigates
the properties and behavior of a space of infinite strings from a finite alphabet
equipped with a shift map. Various restrictions on the types of strings included
in the space lead us to the study of different classes of subshifts.
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394 B. MATSON AND E. SATTLER

One particular class of subshifts, called the S-gap shifts, are defined on the
alphabet A = {0,1} by a set S C Ny (where Ny = NU {0}), which describes
the allowable number of Os that can separate two 1s in a string in the space.
S-gap shifts and their dynamical properties have been and continue to be
studied thoroughly and used in applications ( [5], [6], [1]). In [6], Jung proved
that an S-gap shift X (S) is mixing if and only if ged{n +1: n € S} = 1,
along with other necessary and sufficient conditions for which X (S) satisfies
various specification properties. In [1], Dastjerdi and Jangjoo established a
collection of dynamical and topological properties of S-gap shifts, including a
characterization of the S-gap shifts that are subshifts of finite type or sofic.
In [2], Dastjerdi and Jangjooye introduced a broader class of shift spaces,
called (.59, S")-gap shifts, which again are defined on the alphabet {0,1} by two
sets S, S’ C Ny, which define the allowable lengths of the blocks of 0s and 1s,
respectively. They established many properties of this class of shift spaces,
including results about the entropy of an (S, 5”)-gap shift, and some specific
conditions for conjugacy.

In this paper, we investigate a new class of shift spaces, called S-limited
shifts, which includes all S-gap and (S, S’)-gap shifts. These subshifts are
defined on an alphabet {1,...,p} by a finite set S = {S1,...,S,} with S; CN
for 1 < ¢ < p, and each S; describes the allowable lengths of blocks of the
corresponding letter in a string in the shift space. For the majority of the
paper, we restrict the order in which the blocks may appear. In the more
general setting in which the order is unrestricted, we refer to the shift as
a generalized S-limited shift. In both cases, we study important dynamical
properties of these shift spaces. In particular, we prove the following result
about the entropy of an S-limited shift.

Theorem. Let S = {S1,S52,...,Sp} such that S; C N for 1 < i < p. Then,
the entropy of the S-limited shift X (S) is log A, where \ is the unique positive

solution to
3 =1,
weGs
where Gg = {1™2™2. p™ :m; € S; for 1 <i<p}.
We note that this theorem is an extension of a result in [2], which states

that the entropy of an (.S, S”)-gap shift is given by log(\), where A is the unique
non-negative solution to

Z x7(5+s'+2) _ 1’

s+s'€ef{S+S"}
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where {S + S5’} = {s+s :s € S,¢ €5} and values of multiplicities are
included (that is, if 514 s} = s2+ s5 but $1 # s2 then both s1 + s} and sz + )
are included in {S + S’}). Their method of proof requires a Fischer cover, a
concept that we will not use in this paper. Instead, we use a combinatorial
approach with ideas similar to those used in [9] and an approach for S-gap
shifts posted online by V. Climenhaga in 2014.

Next, we obtain the following results regarding conjugacy between two
S-limited shifts.

Theorem. Let S = {Sl,...,Sp} and T = {Tl,...,Tq} and suppose X (S) is
conjugate to X (T). Then, where Gs and G denote the collections {1°* ... p®r :

s; € Si} and {1' ... q'e;t; € T;} respectively, for alll € N, ’{x €Gs:lz| = l}‘
~|{vecr =1}

Theorem. Let S = {Sl, ...,Sp} and T = {Tl,...,Tp} where for all i, S;, T; C
N. Let s]" denote the m-th element of S; sorted in increasing order, and define
" similarly. If for all iq,1a,...,1p € N,

S = E :tkv
1

k= k=1

then X (S) is conjugate to X (T).

Both theorems are generalizations of existing results for (5,5)-gap shifts
from [2]. The former is a generalization of a theorem that states if X (.5,S")
and X(7T,7") are conjugate (S,S")-gap shifts, then {S + S’} = {T + T'}.
The latter is a generalization of a theorem that assumes {S+ 5"} = {T+1"}
and gives specific cases for which X (S,5") is conjugate to X (T, T"). While the
overall approach to our proofs of these theorems is similar to that taken in [2]-
that being, splitting elements of the potentially conjugate subshifts into finite
words and then providing a sliding block code that maps between those finite
words from the two subshifts—the added complexity of having more than 2
letters in the alphabet required new techniques to yield the generalized result.
However, for the case of p = 2, our techniques would lead to the same sliding
block code that is used to prove the conjugacy of (S, S’)-gap shifts.

2 Background and Definitions

Let A = {1,...,p} be an alphabet, and let X be a shift space on .A. Define
B,(X) ={wi...wp tw; € Afor 1 <i < n} to be the collection of all words
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of length n and let £(X) = |J,;»; Bn(X) denote the language of X. If the
shift space is understood in context, we will use B,, and £. A shift space
X is called irreducible if for all w,7 € £(X), there exists some £ € L(X)
such that wér € L(X). A word £ € L(X) is called synchronizing if for any
w& &t € L(X), the word wér € L(X). An irreducible shift space X with a
synchronizing word is called a synchronized system. A shift space X is
called mixing if for all w,7 € £(X), there exists some N such that for each
n > N, there is a £ € B, (X) such that wér € L(X).

Let X denote the full shift on .A. A subshift of finite type (SFT) is a
subshift Xr C X defined by a finite collection F' C L(X) of forbidden words,
meaning that
Xr = {w € X : 7 appears nowhere in w for all 7 € F'}. For any given SFT,
the list of forbidden words define both an adjacency matrix and finite graph
presentation that represent the shift space. The finite graph presentation con-
sists of finitely many vertices, and infinite walks correspond to infinite strings
in the shift space. Similarly, one can consider a broader class, called sofic
subshifts, which includes all subshifts that have a finite graph presentation.
As an adjacency matrix can be defined from a finite graph, each sofic subshift
has an associated adjacency matrix. For more information on SFTs and sofic
subshifts, see [3].

One of the simplest constructions of a subshift that is neither sofic nor an
SFT on the alphabet A = {0,1} is the prime gap shift, which includes all
strings in which any two adjacent 1s are separated by a prime number of Os.
This shift space is an example of an S-gap shift. An S-gap shift is a subshift
of the form

Xg = {...10”*11()”010”11... n; € S},

where S C Ny. While the prime gap shift provides an example of a non-sofic
subshift, there exist S-gap shifts that are SFTs or sofic as well. However,
we cannot guarantee the existence of a finite graph presentation or adjacency
matrix for a general S-gap shift, and hence new techniques must be used for
exploring properties of these shift spaces. A more general class of subshifts
that includes all S-gap shifts is the (S,S")-gap shifts. An (S, S’)-gap shift
is a subshift on the alphabet A = {0, 1} of the form:

X(8,8") = {.Im—=20n—11m1QmolmoQrilmi__:n; € S,m; € S for all i € Z},

where S;8" C N. Again, it is the case that (S,S5’)-gap shifts can be SFT,
sofic, or neither. To clarify some of these characterizations, we consider the
following examples.
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Example 2.1 (Golden mean shift). Let A = {0,1}. The golden mean shift
is an SFT with forbidden word list F = {11}. It has the following graph
presentation and adjacency matrix:

Toane o

0

The golden mean shift is also an S-gap shift with §' = N.

Example 2.2 (Even Shift). Let A = {0,1}. The even shift is a sofic subshift
that contains all infinite strings in which any two adjacent 1s are separated by
an even number of 0s. It has the following graph presentation and adjacency
matrix:

\ OO0 o

0

It is an S-gap shift with S = {2n :n € Np}.

For the remainder of this paper, unless otherwise specified, we fix our
alphabet A = {1,2,...,p}. Building upon the ideas of an S-gap and (S, S’)-
gap shift, we arrive at out definition of an S-limited shift. As a preliminary
step, we will introduce our collection of limiting sets S = {S1,...,5,} with
S; € N for 1 <7 < p and a collection of finite blocks

Gs ={1"™2m2. . p™ :m; € S; for 1 <i < p}

called the core set. An S-limited shift is a subshift on A defined by a
shift-invariant set of the form

X(S)={z_1xoz1- - x; € Gs for all i € Z}

and equipped with the shift map. In the case that any of the S; are infinite,
we note that taking the closure is a non-trivial step in defining the subshift, as
we now counsider bi-infinite strings ending or beginning with an infinite string
of a single letter.

While most of our results concern S-limited shifts, one can extend a few
results to a more general setting. So far, we have been restricting the order in
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which the blocks of letters can appear in S-limited shifts. Let A and S be as
above. A generalized S-limited shift, denoted Xg, is a subshift defined by
the shift-invariant closure of a set of the form

{ Wi wiw | w € Aywi # wit1, and a; € S, for all i}.

The first difference between S-limited shifts and generalized S-limited shifts
is that the full shift on p letters is a generalized S-limited shift with S; = N
for 1 < i < p. However, for p > 2, the full shift is not an S-limited shift.
The most significant difference between these two classes of shift spaces is the
absence of an analogous core set Gs in the case of a generalized S-limited
shift.

As mentioned in the introduction, we will discuss the entropy of S-limited
shifts. Although the definition of entropy is more complex in a general setting
(see [7] for details), the definition reduces nicely in the symbolic dynamics
setting. The (topological) entropy of a subshift X, denoted by h(X), is
given by

B(X) = lim 08BnX)
n— o0 n
Entropy can be used to define another class of subshifts. A subshift X is
almost sofic if given € > 0, there exists an SFT Y C X such that A(Y) >
h(X) —e. We are using the definition from [8], but analogous definitions are
used in other sources, such as [3].

Entropy is widely used as a conjugacy invariant in the study of dynamical
systems. We say that two subshifts X and Y are conjugate if there exists
a homeomorphism ¢ : X — Y such that ¢ o 0 = o o ¢, where o denotes
the shift map. In searching for conjugacy between two shift spaces, we of-
ten look for an invertible sliding block code. A sliding block code with
memory m and anticipation n is a map ¢ : X — A% defined by y = p(z)
with y; = ®(T[_m,iqn]), Where @ @ Byi,y1(X) — A and 2 ipn) =
Ti—mTi—m+1 " Titn € Bm+n+1(X)-

3 Dynamical Properties

For the remainder of this paper, we will fix our alphabet A = {1,...,p},
and let § = {5,...5,} with §; € N. We will use X(S) to denote the
S-limited shift and Xs to denote a generalized S-limited shift. As we first
turn our attention to some of the properties of S-limited shifts, we first note
some unique features of these subshifts. In the case that S; = N for each
1 < i < p, the corresponding S-limited shift is an SFT with forbidden word
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list F={nm:m#nm#n+1,1<n<p}U{pi:1<i<p} Given that
a maximal S-limited shift is an SFT, we consider the following proposition,
which gives necessary and sufficient conditions for which an S-limited shift is
an SFT.

Proposition 3.1. X(S) is an SFT if and only if S; is finite or cofinite for
every S; € S.

PROOF. First, recall that we are restricting the order in which blocks may
appear. Hence,

Fo={nm:-m#nm#n+1,1<n<p}U{pi:1<i<p}
is forbidden for any X (S). Next, assume S; is finite. Then, if S; is finite,
Fi={ai"b:a,be A\ {i},n € {1,2,...,max S;} \ S;} U {5} Tmax5i}

is a finite list of forbidden words associated with the set S;. If, on the other
hand, S; is cofinite, then

Fi:{ai”b:a,bGA\{i},nGN\Si}

is a finite list of forbidden words associated with the set S;. Hence, F' =
U7, F; is a finite list of forbidden words, and so X (S) is an SFT.

Now, assume that X (S) is an SFT. Notice that if there exists an S; that is
neither finite nor cofinite, then the forbidden word list F; associated with that
set must be infinite. Hence, each S; € S must be finite or cofinite. O

Proposition 3.2. A generalized S-limited shift Xs is an SFT if and only if
every S; is finite or cofinite for every S; € S.

The proof follows exactly as in Proposition 3.1, except we can discard the
forbidden word list Fy since we are no longer restricting the order in which
the blocks appear.

Next, we aim to find conditions for which an S-limited shift will be sofic.
As a preliminary step, we introduce some terminology and an alternative defi-
nition for sofic subshifts. Let X be a subshift and w € £(X). The follower set
of w, denoted Fx (w) is the set of the form Fx (w) = {7 € L(X) :wr € L(X)}.
A subshift X is sofic if and only if it has a finite number of distinct follower
sets. For more information on sofic subshifts, see [3]. We will also use the
difference sets associated with each S;. Let

A(Sl) = {So,dl,d27d3... : dl = S; — Si—1 for 4 Z 1}

be the sequence of differences between consecutive entries of S; for 1 <7 < p.
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Proposition 3.3. X(S) is sofic if and only if for every S; € S, A(S;) is
eventually periodic.

PROOF. First, notice that a follower set is determined by the last letter of the
last block of letters in the finite word. More specifically, for w € L(X(S)),
i € A, and any n € N, we can see that F(wai™) = F(ai"™), where a =i — 1
if 2<i<panda=pifi=1. Hence, we will only consider follower sets of
words of the form ai™ or i.

Now, assume that A(S;) is eventually periodic. If S; = {so, s1, ...}, then
A(S;) = {do,d1,...,dg_1,m1,.--,m;}. Then, assuming i € Aand a =i —1
when 2 < i < p and a = p when i = 1, the follower sets can take three forms:

F(i), 1<i<p
F(ai™), 1<n<s,_1
F(aisr+i=2i), 0<ji<m;—land1<i<I

Therefore, given our initial statement regarding the form of follower sets, there
can only be at most finitely many follower sets for X (S). Thus, X (S) is sofic.
Next, assume that X(S) is sofic and so X (S) has only finitely many follower
sets. Then, there must exist some integers m and g with m < ¢ such that
F(ai™) = F(ai?). Choose the smallest such ¢ for which there exists such an

m. Now, let S; N (m,q] = {n1,...,n¢} and S;ee = max{s € S; : s < m}.
Then,
A(S;) = {50,851 = 805+ -+ s M1 = Smazs N2 — N1y« -+ Mg — Ng—1,q + N1 — Nt

and so A(S;) is eventually periodic. Since this argument is not dependent on
the choice of 7, we conclude that each A(S;) must be eventually periodic.
O

Proposition 3.4. A generalized S-limited shift Xs is sofic if and only if A(S;)
is eventually periodic for every S; € S.

The proof follows from the proof of Proposition 3.3 with one small modifi-
cation. When considering follower sets of the form F'(ai™), we allow a € A\{i}.

Next, we move on to properties involving the language of an S-limited
shift. First, notice that all S-limited shifts are irreducible and synchronized
with synchronizing words of the form pl or a(a + 1) where 1 < a < p. The
following example highlights some of the challenges we face when determining
which S-limited shifts are mixing.
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Example 3.5. Let A = {1,2} and let S; = S, = {2n+ 1 : n > 0}. Notice
that 21,12 € L(X(S)). T w € L(X(S)) is a word such that 21w12 € L(X(S)),
then ¢(w) = 21 + 1 for some [ > 0. Hence, for any N > 1 and 2n > N, there
exists no word w € Ba, (X (S)) such that 21wl2 € L(X(S)).

Proposition 3.6. An S-limited shift X (S) is mizing if and only if ged{s1 +
"'+SPZS¢ES¢}:1.

PROOF. First, we will assume that X (S) is mixing. Since pl € L(X(S)), then
there exists some N such that for all n > N, there is a word w € B, (X(S))
such that plwpl € £L(X(S)). Since w must be of the form 15171252 . pSr 77y
C Tpl1252 .(p- 1)3;7*1;031,0_1, where 7, € Gs for 1 < k <n and s;,s} € S;
for 1 <4 < p. Hence, there exist words of this form, say w; and ws, of lengths n
and n+ 1, respectively. Thus, there exist words lw;p and lwsp of lengths n+2
and n + 3 (respectively), where both lwp and lwsp consist of concatenated
blocks from Gs. Hence, gcd{s1 +---+s,:s; € S;} = 1.

Next, we assume ged{s; +--- + s, : s; € S;} = 1. Then, there exists some
sufficiently large N such that for all n > N, there exists a word of length n
of the form 71 - -+ 7,,,, where 7; € Gg for all 1 < i < m. Hence, pr1-- 7,1 €
Bp+2(X(S)). Since pl is synchronizing and X (S) is irreducible, then X (S)

must be mixing. O

A generalized S-limited shift does not have a core set analogous to the set
Gs in the S-limited shift setting. To parallel our use of Gs in the previous
proof, we can think of words from Xgs in terms of non-repeating blocks, that
is, we consider finite words of the form a]*7173...Tmas?, where aj, a2 € A,
n1,n2 € Ny and 7 = aji* a3’ ... al}k, with a;; # ay for j # 1 and s;5 € S,

Proposition 3.7. A generalized S-limited shift Xs is mizing if and only if

k
ged Zsai $8q; € Sasya; #Faj(fori#7),2<k<pp=1.
i=1

PROOF. First, assume Xs is mixing. Let ai, as € A with a; # as. Then,
aras € L(Xs) and hence there exists N such that for all n > N, there is
a word w € B, (Xs) such that ajaswaias € L£(Xs). Notice that w must be
f h f o Sa;—1 Sap— _ Sa Sq 1 h s
of the form w = a, ay or w = a, TIT2 - .. TGy where 7; = a;
with s; € S,, for 1 < i < m. Hence, there exist words w; € B,(Xs) and
wo € Byy1(Xs) of this form. Therefore, there exist words aswiay € Bp12(Xs)
and aswaa1 € Bp43(Xs), and each word consists of concatenated blocks of ’s
of length s; € S; where i € A. Since a; and as were chosen arbitrarily, then

gcd{Zle Sa; * Sa; € Sa;,a; #aj(fori#j7),2 <k §p} =1.

1 27
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Next, assume ged {Zle Sq; * Sa; € Sayya; # aj(for i # j),2 <k < p} =1.
Then, there exists some sufficiently large N such that for all n > N, there ex-
ists a word ai‘”a;a"’ co.am™ € By(Xs), where a; € A, a; # a;1 for 1 <i<m
and s,, € S,,. Hence, aoaiala;% e @ Amt1 € Braa(Xs), where ag # ay
and @, # am41. Notice that a;a; is synchronizing for all a; # a; with
ai,a; € A. Since X is irreducible, then Xs must be mixing.

O

4 Entropy

In the remaining sections, we will only work with S-limited shifts. Our current
methods would require significant modifications to be extended to the gener-
alized S-limited shift setting due to the fact that they rely on the existence of
a good core set, Gg.

Entropy is a conjugacy invariant that is often sought in symbolic dynamics.
While entropy of SFTs and sofic subshifts is well-understood (see [3]) due to
the existence of adjacency matrices in these settings, entropy calculations can
vary in more general shift space settings. Entropy calculations exist for both
S-gap shifts and (5, S’)-gap shifts (see [3] and [2]).

Theorem 4.1. Let S = {51, 52,...,Sp} with S; CN for 1 <i<p. Then, the
entropy of X(S) is log %, where \ is the unique positive solution to

Z vl =1.

weGs
PRrOOF. Consider the generating function H(z) = Z (#B,,)z™, where #B,,
m=1

denotes the cardinality of B,,(X(S)). First, we claim that the radius of con-
vergence of H(z) is e MX(5)),
To see this, we will show that lim %/|#B,,z2™| =1 when z = e~ MX(S)),
m—r 00

First, notice that

m—r oo

R(X(S li lon #Bm 1 Hm
e~ (X(S) — e~ Mm—eco =7 — |im <#Bm> .
By letting z = e~ "X(5) we obtain

1/m
lim (#Bn2™)™ = lim (#By,)"/™ <1> =1.

m—o0 m— oo
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Hence, e~ X(9)) must be the radius of convergence of H(z). Next, we define
the following values which depend on m and k:

AR = #{w e B (X(S)):w= 71Ty Tk, where 7; € Gg for 1 <i < k}.

o0

Using this, we can define the collection of functions Fi(z) = Z AF 2™, Notice
m=1

that Fy(z) = Z 2%l = 1. It remains to show that the unique positive

welGs
solution to Fi(z) = 1 is equal to the radius of convergence of H(z), so that
e~ MX(S) = X and hence log (1) = h(X(S)).

First, we will show that Fi(2)Fj(z) = Fj4i(z) for all k,l € N. Let m € N
and consider the coefficient on the 2™ term of Fj4;(z), which corresponds to
all words w formed by concatenating k +1 words from Gs such that £(w) = m.
Set w = zy, where z is composed of k concatenated words from Gs and y
is composed of I concatenated words from Gs. Then, we know that ¢(y) =
m — £(z). Therefore, the coefficient on 2™ in Fj4(z) is ZA?AZ which

m—1)
0

is the coefficient on 2™ in Fy(z)F;(z). Therefore, Fy(2)Fi(z) = Fryi(z) as

oo

claimed. From this, we notice ZFk(z) = Z(Fl (2))*, which converges for

k=1 k=1
all z for which Fj(z) < 1, so its radius of convergence is equal to the positive

value of z for which Fi(z) = 1.
Next, we look to establish a relation between F(z) and H(z). While it
is clear that ZA’:,L < #B,,, we find that words w € B,,,(X(S)) can take
k>1
three forms, where in all cases if some word x is not specifically in Gs, then
it cannot have any subwords in Gg:

1. w =z where |z| =n
2. we Ar

3. w = z7y where || =1, |y| = j, |7| = n—i—j and 7 is the concatenation
of k words in Gs

The first question that is raised is, how many allowable words of length
m can have no subwords in Gg. The first thing to notice is that there must
be fewer than 2p transitions from one letter to another of a different value,
otherwise a substring of Gs must appear since our alphabet contains p letters.
Now, we can create an upper bound for the number of such words by summing
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over the number of transitions between different letters. There are at most

2p
m
pz (t) such words, where p corresponds to the number of options for a

t=0
first letter and ¢ corresponds to the positions for the transitions. Then, we can

see that is bounded above by 2p?m?P. Now, we define the sequence W,, to be

the number of allowable words of length m that have no subwords in Gs, and

based on this upper bound, we can use the root test to see that the radius of
(oo}

convergence of Z Wnz™ is at least 1.
m=1
Using this, we can construct the following inequality:

S AL <HB, W+ > Wi Wi AR

k>1 k>1 i>0 j>0

Using that chain of inequalities, we obtain the following inequalities:

ZFk(z) < H(z) < Z Wp2™ + ZFk(z) Zlez Zszj

k>1 m>1 k>1 i>0 >0

Here, we can see that H(z) will converge if and only if Z F.(z) converges,
E>1

since above we showed that happens only if Fj(z) < 1 and all of the other

sums on the rightmost side of the inequality have a radius of convergence of

1 so we do not need to worry about their effect on convergence. Therefore,

the radius of convergence of H(z) is equal to the unique positive solution to

Fy(z) =1, which we have already shown proves our original claim. O

Now that we have established entropy calculations for S-limited shifts, we
can classify all shifts of this type.

Proposition 4.2. All S-limited shifts are almost sofic.

PROOF. Let X(S) be an S-limited shift with & = {S;,...,5,}. Consider
the S-limited shift X (S|,) defined by S|, = {Si|n,S2|n,-..,Spln}, where
Si|n consists of the first n entries of S; for 1 < i < p. By Proposition 3.1,
X (S|n) is an SFT. By Theorem 4.1, entropy of an S-limited shift is given by

Z 2“l = 1, and so we can choose n large enough such that h(X(S|,)) is

welGs
arbitrarily close to h(X(S)). O
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As mentioned earlier, (topological) entropy has a simplified definition for
symbolic dynamic spaces. The measure-theoretic entropy of ¢ is denoted by
hu(o) where p € M,(X) and M, (X) denotes the space of shift invariant
probability measures on X. While we will not state the full definition of
measure-theoretic entropy, we will establish the connection between h(X) and
hy (o). The variational principle gives the following relationship:

B(X) = sup{h, (o) : 1 € Mo(X)}.

A shift space X is intrinsically ergodic if there exists a unique measure
€ My (X) that attains the supremum in the variational principle. For more
information on entropy and intrinsically ergodic systems, see [7].

Theorem 4.3. FEvery subshift factor of an S-limited shift is intrinsically er-
godic.

PRrROOF. Consider the following decomposition of £(X(S)):

Gs={nm... 71 € Gs for 1 <i<n}

CP={I"(l+1)*+ ...p» :1<l<p,s;€8;forl <i<pneN}
u{1m2*z...p°» :n e N\ S1,s; € S; for 2 <i <p}

CS={15"- (k—1)" k" :1<k<p,s; €8;for 1 <i<k,neN}
U{rs2%...(p—-1)"1p" :ne N\ S,,s, € S; for 1 <i<p—-1}

Notice that £ = CPG:"SCS, i.e. for every w € £, w = £p€gés, where £p € CF,
£c € G%, and & € C°. In order to use the results from [4], we show that this
decomposition satisfies three properties:

(i) For any 7y,...,7m € G5, iT2 ... T, € G%, so G% has specification.

(ii) We will show that h(CP UCS) = 0, where h(-) denotes the growth rate

h(X) = 1log(B,(X)). We claim that the cardinalities of both C¥ and

C? are bounded above by a polynomial of degree 2P~2, where p = | A|.

We will calculate the upper bound by considering the case where S; = N

for all 1 <4 < p. Notice that when p = 2, there is exactly 1 block of

n 1's and (n — 1) blocks of the form 1™2"~™. So, |B,(CF)| = n, and
similarly | B, (C%)| = n.

If we assume that |Bn(CP)‘ ~ n?"’ for p > 2, notice that ‘Bn(CPﬂ ~

L\ 2 e

n? ) =n?"" for (p+1) symbols. Hence, our claim holds. Therefore,

we obtain 1
rcfucd) = lim = log(n2p72) =0.

n—o00 M
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(iii) Given our decomposition, for M € N, define the collections of words
Gs(M) to be

Gs(M) = {¢pécés : ép € CT Eq € G5, &5 € CP|ép| < M Jés| < M}

Given some Epéaés € Gs(M), notice that {p and &g determine the
length of word v and v such that uépfs€sv € Gs. Since there are only
finitely many such £p and &g, then there exists some ¢ such that there
exists words u and v with |u| <t and |v| < ¢ for which u{p€césv € Gs.

Since our decomposition satisfies these three properties, then by [4], an S-
limited shift and all of its subfactors must be intrinsically ergodic. O

5 Conjugacy

Next, we address the question of conjugacy of S-limited shifts through a gen-
eralization of the results in [2]. The benefit of restricting the order in which
the blocks appear is that we can now split the elements of an S-limited shift
up into its building blocks from Gg, since we know that every time we begin
a run of 1s a new element of Gg has begun, which is the only time that can
happen. Therefore, we can consider elements of S-limited shifts in terms of the
elements of Gs they consist of and the order in which those elements appear.

In the following proof, we consider two S-limited shifts, say X(S) and
X (T). We will denote the core sets associated with the shifts X (S) and X (7)
by Gs and G, respectively.

Theorem 5.1. Let S = {Sl, ...,Sp} and T = {Th...,Tq} and suppose X (S)
is congugate to X(T). Then, for alll € N,

‘{J;EGS:|J:|:Z}‘:‘{yEGT:|y|:l}‘.

PROOF. Let X(S) be conjugate to X (7). Suppose, to the contrary, that
there exists some [ € N such that ‘{x €Gs: x| = l}‘ * ‘{y eGr:lyl = l}‘
In particular, let | be the smallest such length and suppose without loss of
generality that ’{x €Gs:|z|= l}’ > ‘{y cGr:lyl = l}‘ . Now, consider the
number of points of period ! in X(S) and X (7). There must be the same
number of periodic points that are built using elements of Gs and G of length

less than | because we can construct a length-preserving bijection between the
elements of Gs and G5 that are shorter than [ letters. However, there will

be ’{x €Gs: |z = l}’ elements in X (S) of the form Z where z € Gg and
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|z| =1 and

{y eGr:lyl = l}‘ elements in X (7) of the form g where y € G
and |y| = [, and those consist of the remaining words of period ! in the two
subshifts respectively. Therefore, there are more words of period ! in X(S)
than there are in X (7). However, conjugacy preserves the number of periodic
points in a subshift, so we have a contradiction. Thus, for all [ € N, we must

have){acEGS:|x|:l}‘:’{y€G7—:|y|:l}‘. O

As shown in [2] for an (S, S’)-gap shift (that is, the case where p = ¢ = 2),
even though this is necessary, it is far from sufficient. Next, we can provide
a sufficient case for sufficiency which is a generalization of their result for

(S,5")-gap shifts.

Theorem 5.2. Let S = {Sl,...,Sp} and T = {Tl,...,Tp} where S;, T; € N
for 1 < i < p. Let si* denote the m-th element of S; sorted in increasing
order, and define t]" similarly. If for all i1,42,...,1, € N,

P

Tk _ ik
E Sk = § :tk7
k=1

k=1
then X (S) is conjugate to X (T).

In order to prove this theorem, however, we first need the following result
to allow us to—as done in the case for sufficiency—think in terms of elements

of GS.

Definition 5.3. Suppose S = {Sl,...,Sp} and T = {Tl,...,Tq}. Then, we
say the sliding block code ¢ : X(S) — X (7) induced by the block map & of
memory m and anticipation n induces ¢ : Gs — Gy if for all z and y of
length m and n respectively and for all z € Gs, p(zzy) = ¥(2).

Example 5.4 (Induced Conjugacy). Let & = {S1,S52,53} where S; = N,
So ={2n:n € N}, and S5 = {3,5}. Also, let T = {T1,Ts,T5} where T = N,
T, = {2n+1:n e N}, and T3 = {2,4}. If we say s* and t]" are the mth
smallest element of s; and ¢; respectively, we notice that s7* = t7*, s5*+1 = t3*,
and s§' — 1 = t5". Then, we can see that ¢ : Gs — G5 where (1"2™3P) =
1m2m+13P=1 is a conjugacy. If we take the block code ® : {1,2,3}* — {1,2,3}
with memory 1 and anticipation 0 where

B(zy) = x if zy = 23
v= y otherwise

we can see that the sliding block code induced by @ will induce .
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Not all elements of X (S), however, will be the concatenation of elements
of Gs. Specifically, that will be the case when some element of X (S) begins or
ends with an infinite block of the same letter. Therefore, before we can speak
about the action of sliding block codes that induce bijections from some Gg
to some other G, we must consider what happens when an element it would
act on begins or ends with infinitely many of the same letter.

Lemma 5.5. Let § = {Sl,...,Sp}, T = {Tl,...,Tq}, and ¢ : X(S) —
{1, 2, ...,q}Z be a sliding block code induced by the block map ® of memory
m and anticipation n that induces a bijection ¥ : Gs — Gr. Also, let I =

{i e N:|S;| =|N|} and J = {] e N:|Tj| :|N|}. Then, m : I — {1,2,...,q}
where for alli € I, ®(i") = w(i) for r = m+n+ 1 must have image J.

PROOF. Let S = {S1,...,8,}, T = {T1,..., T, }, and ¢ : X(S) = {1,2, ..., q}"
be a sliding block code induced by the block map ® of memory m and an-
ticipation n that induces a bijection ¥ : Gs — G, and set r = m +n + 1.
Also, let I = {i € N:|S;| =|N|} and J = {j € N:|T}| :|N|}. From this, we
can define a function 7 : {1,2,...,p} = {1,2,...,q} by (i) = ®(i"). First we
wish to show for any j € J there must exist some i € I so that m(:) = j, after
which we will show 7(I) C J.

Assume, to the contrary, that there exists j € J such that there does not
exist any @ € I so that (i) = j. Now, let « and y be strings over {1,2,...,p}
of length m and n respectively, and consider the longest block of js that can
occur in the image of ¢(xzy) where z € Gs with any block code ®; with
memory m and anticipation n where ®;(i") # j for all 4 € I. This will occur
when ¢;(zzy) = j1#1. s0 let us consider the largest z where this can be the case.
For each letter in {1,2,...,p} \ I, there is a maximum number of consecutive
instances of that letter that can occur in any z € Gg. Clearly, for the z we
are constructing, we wish to have as many of each of these letters as possible.
Let us say that s is the largest of all of those values, then the length of z
contributed by these letters is at most p*s. For the letters in I, of which there
are at most p, we can have at most r — 1 consecutive instances of that letter.
Therefore, the contribution to the length of z from letters in I is less than
p*r. Thus, we cannot have more than p(r + s) consecutive js in the image of
any word in G's under ¢;. Then, since ®; will output a j whenever ® does,
there cannot be more than p(r + s) consecutive js in the image of any word
in Gs under . However, T} is infinite and p(r + s) is finite, so there exists a
word in G with more than p(r + s) consecutive js. Thus, ¢ cannot induce a
bijection from Gg to G'r, giving us a contradiction. Thus, 7(I) D J.

Now, suppose that i € I. We wish to show 7 (i) € J. To see this, let k be
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the maximum value in any set in 7 that is not infinite, and fix some i € I.
Because i € I, we know that S; is infinite, so there must be some value [ € S;
where [ > k 4 r. Therefore, there must exist w € Gg that has [ consecutive
is. Then, p(w) has a block of I —r > k consecutive 7(i)s. Therefore, 7 (i) € J
because otherwise ¢(w) could not be in G, which would contradict the fact
that ¢ induces a bijection from Gs to Gy. Thus n(I) C J. Combining that
with the result above that 7(I) 2 J, we have n(I) = J.

O

Using Lemma 5.5, we can establish a link between sliding block codes that
induce bijections and conjugacies.

Lemma 5.6. Let S = {Sl,...,Sp} and T = {Tl,...,Tq} and ¢ : X(S) —
{1,2,...,q}Z be a sliding block code that induces a bijection ¥ : Gs — G.
Then, ¢ is a conjugacy from X(S) to X(T).

PROOF. Let S = {Sl, ...,Sp} and T = {T17...7Tq} and suppose ¢ : X(S) —
{1,2, ...,q}Z is a sliding block code that induces a bijection ¥ : Gs — G7.
First, we will show that the image of ¢ is X(7). Let z € X(S), and sup-
pose that it neither begins nor ends with an infinite block of the same let-
ter. Then, using the definition of an S-limited shift, we can rewrite z =

-+-x_1x021 - -+ where each x; € Gs. Because ¢ induces 1, we can see p(x) =
coe(x_)Y(xo)(x1) - --. Then, since each ¢ (z;) € Gy, we have p(z) €
X(T).

Now, we must handle the case where = begins and/or ends with an infinite
block of the same letter. Suppose z € X(S) ends with an infinite block of
the letter j. Then, through possibly reindexing the x;s, we can say = =
< x_gx_1xyj" where each z; € Gg, y = 1"12™ <+ (3 = )™ where n; €
S; for all i € {1,2,...,5 —1}. Then, because z ends with infinitely many
js, S; must be infinite, so there must be some z € Gs so that z begins
yj" where r is 1 plus the sum of the memory and anticipation of ®. Then,
by Lemma 5.5, if we say ®(j7) = k, we know that we can have a word in
X(T) end in a block of infinitely many ks. Therefore, we have that ¢(z) =
o p(z_9) (2 1) (xo)wkY where w is the first |y| letters of 1(z), from which
we can see p(z) € X(T). All of the remaining cases can be shown using the
same approach of breaking as much of x as possible up into elements of Gg,
and then viewing the remaining part as a substring of an element of Gs that
begins and/or ends with a sufficiently long string of the letter that begins
and/or ends . Then, we can use the fact that our sliding block code induces
a bijection to see what it will map that word to, and we find that it is in X (7).
Therefore, p(z) € X(T) for all z € X(S).



410 B. MATSON AND E. SATTLER

Now, we will show that ¢ : X(S) — X (T) is a bijection. For that, first we
will show that ¢ is onto. Suppose y € X (7). Again, we first consider the case
where y = -+ -y_1yoy1 - - - where each y; € G7. Then, since 7 is a bijection,
we can construct z € X (S) where x = ---x_jz92x1 - -+ where for every i € Z,
x; = ¥~ 1(y;). Then, using the fact that ¢ induces v, we can see p(x) = y.

Suppose now that y € X(7T) begins and/or ends with an infinite block of
the same letter—as above, without loss of generality, say y = - - - y_2y_19027>°
where each y; € Gy and z = 1™M2"2...(j — 1)™-1 where n; € T; for all
i € {1,2,....,5 —1}. Now, for each I € N, let w; € Gy so that w; begins
yj'T"—note that this exists for every [ because this can be followed by more
js and Ty is infinite. We wish to find a sufficiently large [ so the first |y;|
letters of ¥ ~!(w;) ends with i" where ®(i") = j with S; infinite. If we let
lo = q(r +m) where m is the largest element of any finite set in 7, then by
similar reasoning to that employed in the proof of Lemma 5.5, this must be
the case for wy,. Thus, if ¥ = -+ 2_sx_j120wi*> where z; = ¥~ 1(y;) for all
i <0, and w is the first |yj!| letters of ¥~ (wy, ), then p(z) = y. Therefore, ¢
is onto.

Next, suppose z,y € X(S) with z # y. There are three ways in which
this could happen: either x and y consist of a different sequence of words
from Gs, x = o™ (y) for some n # 0, or x and y consist of the concatenation
of the same complete elements of Gs but are not equal (and therefore must
begin and/or end with infinite blocks of some letter). In the second case,
p(x) = ¢(c"(y)) = 0"(¢(y)). Thus, for us to have p(z) = ¢(y), then p(z)
must have a period that divides n. However, this means that z and ¢(x) would
have different periods because x # y so x cannot have a period that divides n,
which gives us a contradiction. Therefore, if x = ¢™(y), then ¢(x) # ¢(y). If x
and y consist of a different sequence of words from G, then, because ¢ induces
the bijection ¢, we must have ¢(x) and ¢(y) consist of a different sequence
of words from G. Thus, we must have ¢(x) # ¢(y). Finally, suppose that
x and y consist of the concatenation in the same order of the same complete
elements of Gg but still z # y. Suppose, without loss of generality, that their
difference comes after the end of the rightmost complete element of Gs, and
say that the parts of the words after the last complete element of G until
there is an infinite block of some letter are =’ and 3y’ respectively, and that
the letters repeated infinitely many times are 7 and j respectively. Notice that
we must have 2’ # y'. Therefore, there must exist words '/ and y” in Gs so
that 2’/ begins with z’:" and y” begins with 35", and clearly z; # ;. We
can have it so that " and y” have the same number of every letter following
the smaller of ¢ and j. Then, since ¢ is induced by a sliding block code, we
can see that ¥(z’) and ¢ (y”) must disagree on the section that is the image
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of the part up to and including the block of the smaller of the is and js. We
can also see that the section of ¢(a”) that is the image of the part of 2" up
to the block of is and the section of 1 (y”) that is the image of the part of y”
up to the block of js must be in ¢(x) and p(y) respectively, so we must have
o(z) # p(y). Therefore, we have p(z) = p(y) if and only if z = y, so ¢ is
one-to-one. Thus, ¢ is an invertible factor map, so it is a conjugacy. O

Before proving Theorem 5.2, we will introduce one last definition to keep
our notation as simple as possible.

Definition 5.7. Let § = {51,...,Sp} and T = {Tl,...7Tq} and suppose
¢ : X(S) = X(T) is asliding block code. Then, we will say that a transition
point is any index i so that, if p(z) =y =---y_1yoy: - -- (where here y; € A
for all j), y; # yir1. I y; +1 = y;+1, we will call this an internal transition
point, and if y;11 = 1, we will call this an external transition point.

The motivation for the distinction between internal and external transition
points comes from thinking about elements of X(S) as the concatenation of
words from Gg, since the internal transition points will be those within a
word in Gg and the external transition points will be the last index within
one word in Gg, and so will be the transition between that word and the next
one. Using this, we can finally turn to our proof.

PROOF OF THEOREM 5.2. Let & = {S1,...,5,} and T = {T1,...,T,} with
Si, Ty € Nfor1 <4 <p. Let s denote the mth element of S; sorted in
increasing order, and define ¢]* similarly. Suppose that for all 1,72, ...,7, € N,

p
1k __ 1k
Sy = E -
1 k=1

As an outline of the rest of the proof, we will first construct a bijection ¥ :
Gs — G7. Then, we will construct a block map ® that induces a sliding block
code ¢ so that ¢ induces t. Finally, from there, we will use Lemma 5.6 to
show that ¢ is a conjugacy.

Let x € Gs. Then, by the definition of Gg, we can write x = 11272 ... p"
where each n; € S;. Using the indexing of each S;, we can rewrite that as

k=

z=1%5"2%" .. -pS;p. Using that parameterization, we can construct ¢ : Gs —
G by letting 1 (151 252" . ~pS;p) = 102" ...t | which will be our bijection.
Notice that, by the assumption that the sum of elements from the S;s and T;s
with the same indices will be equal in in the statement of the theorem, for all
z € Gs, |z| =|1(z)|, which is one of the properties of X(S) and X (7)) that
will allow us to construct a sliding block code that induces .
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The other main property we will use also comes from that assumption,
which is that for all j, there exists some n; € Z so that, for all 7, s; +d; =
t; Specifically, we can see that d; = t; + 3]1 by subtracting the sum from
the statement of the sum where all the indices are 1 from the sum where
all the indices are 1 except for the index for the jth set, and that index
is 2. Using this, we can rewrite ¢/ so that it is expressed solely in terms
of the sets S; and the constants d;. In order to do that, we notice that
1498 ...t can be rewritten as 151 +digsy? tia p*+d> . Therefore, we
can say 1/}(15;1 25;2 .. .ps';l’) = 15;1 +d1 25;2 +d2 . .p5;p+dp_

Now, we can use this to figure out where the transition points in z € X(S)
must be in any sliding block code that induces 1. Because every element of
Gs is mapped to an element of G of the same length, the external transition
points must be the indices ¢ such that ; = n and z;4; = 1. Turning to the
internal transition points, we can assume that we are only looking at some
word y € Gs because internal transition points only occur completely within
one of those words. For any such y, there will be p — 1 internal transition
points: the change from ks to (k + 1)s for all k € {1,2,...,p — 1}. Then, from
the parameterization of ¥ in terms of only the S;s and the d;s, we can see that

the internal transition point from k to k + 1 will occur at the letter indexed
k k

Z s;’ + Z d;. In terms of creating a sliding block code, the value that is of

j=1 j=1

more importance than that, however, is the distance between the change from

ks to (k4 1)s in a word in Gs and the transition point that switches from & to

k + 1 in the image of that word under . Using the previous indexing of the
k

transition points, we can see that distance will be Z d;, which we will refer
j=1

to as r,. Using those, we will define the value r =1 + maxr, which will be
both the memory and anticipation of the block map ® we create.

To construct @ : By, 3(X(S)) — {1,2,...,p}, suppose & € Ba,13(X(S))
where
T =T_p 1T -Tg - TpTprpq. First, find the transition point as described
in the previous paragraph that is the closest to x(, breaking ties to favor
transition points that have negative indices in . In order to do so, using the
index offsets described, there are three cases for this we must address:

1. If there does not exist a transition point, then we will say ®(x) = =z,
because we know all the transition points are far enough from x( so that
in ¥ (as well as any sliding block code that induces ¥), we must have
that the letters with that index are the same in both the domain and
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the image.

2. If the closest transition point comes before z(, suppose it is a transition
point from k to [, where [ = k + 1 for any internal transition point and
[ = 1 for any external transition point. Then, we know that in the image
of any word in X (S) of which z is a substring, and in any sliding block
code inducing V¥, the letter in the image of that word with the same
index as xg must be k + 1, so ®(z) = 1.

3. If the closest transition point comes on or after xq, suppose it is a tran-
sition point from k to [, where [ = k+ 1 for any internal transition point
and [ = 1 for any external transition point. Then, for similar reasoning
as in the previous case, ®(x) = k.

Now, let ¢ be the sliding block code induced by ®. By the construction
of @, we can see ¢ will induce 1. Therefore, by Lemma 5.6, ¢ is a conjugacy
from X(S) to X (7).

O

Having established this proof, we can use that same technique to create a
sliding block code that induces a bijection between the core sets of two specific
S-limited shifts.

Example 5.8 (S-limited Shift Conjugacy). As in Example 5.4, let & =
{S1,52,83} where S; = N, Sy = {2n:n € N}, and S3 = {3,5}, and also
T ={T1,15, T3} where T} =N, To = {2n+ 1 :n € N}, and T3 = {2,4}. We
can see that that X (S) and X (7) satisfy the conditions for Theorem 5.2, so
X(S) is conjugate to X(T). In the previous example, we constructed a con-
jugacy v : Gs — G, and then constructed a sliding block code that induced
that conjugacy. While we could use that, along with Lemma 5.6, to show
X (S8) is conjugate to X (7T), with Theorem 5.2, we can show the conjugacy by
just noticing s7* =t7", s5* +1 =1t3", and s§* — 1 =¢5".

6 Conclusion

In this paper, we have extended existing results about dynamical properties of
S-gap and (5, S")-gap shifts to a more general class, the S-limited shifts. The
full extension of these gap shifts is the generalized S-limited shift, in which
the order of the blocks of a single letter is not restricted. The subshifts in
this space behave in a more chaotic way than an S-limited shift, and therefore
our current techniques did not allow us to extend all of our results. While we
proved some properties (like conditions for which the shift is sofic or mixing)
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for the generalized S-limited shifts using modified versions of our techniques for
the S-limited shifts, the main problem with extending our other results stems
from the fact that we currently cannot identify an analogous core set, Gg, in
this setting. We relied heavily on the existence of such a set in our proofs
regarding entropy, conjugacy, and intrinsic ergodicity, and so our results do
not immediately carry over to the generalized S-limited shift setting without
significant adjustment to our current techniques or a creative construction of
such a set.

All of this is not to say that there are no remaining questions about S-
limited shifts. Most glaringly, there is still a gap between the necessary con-
dition we have proven for conjugacy and the sufficient one. We have not even
closed that gap for two S-limited shifts with the same number of letters, and
have very little we can say about the cases with different numbers of letters.
Consider, for example, the following S-gap shifts:

Example 6.1 (S-limited Shifts of Different Letters). Let S = {S1,S2, S3}
where S1 = {1,2}, Sy = {1}, and S5 = {1}, and also, let 7 = {T1,T>}
where 71 = {2,3} and T» = {1}. Then, we have Gs = {123,1123} and
G7 = {112,1112}. Now, we can define a block map ® of memory 0 and
anticipation 0 with ®(1) =1, ®(2) =1, and ®(3) = 2, and let ¢ be the sliding
block code induced by ®. By inspection, we can see that ¢ induces a bijection
¥ 1 Gs — G with ¥(123) = 112 and v(1123) = 1112. Therefore, by Lemma
5.6, X(S) is conjugate to X (7).

This example suggests another class of conjugate S-limited shifts where
there are two adjacent sets in S where each every number in N can be written
as a sum of one element from each in at most one way, and 7 has the same sets
in the same order as S except that those two adjacent sets are replaced by all
sums consisting of one element from each. While that case can be shown using
the same application of Lemma 5.6 as in the example, it raises the question of
what other types of conjugacy between two S-limited shifts over alphabets of
different sizes can exist.
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