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Further Evaluation of Wahl Vanishing Theorems for
Surface Singularities in Characteristic p

MAsAYUKI HIROKADO

ABSTRACT. Let (Spec R, m) be a rational double point defined over
an algebraically closed field k of characteristic p > 0. We evaluate
further the dimensions of the local cohomology groups, which were
treated by Wahl in 1975 as vanishing theorem C (resp., D) under the
assumption that p is a very good prime (resp., good prime) with re-
spect to (Spec R, m). We use Artin’s classification of rational dou-
ble points and completely determine the dimensions dimy H é(S X)
and dimy H }: (Sx ® Ox(E)), supplementing Wahl’s theorems. In the
proof, we concretely construct derivations that do not lift to the min-
imal resolution X — Spec R and an equisingular family that injects
into a versal deformation of the rational double point (Spec R, m).

1. Introduction

In 1975, Jonathan Wahl proved the Grauert-Riemenschneider vanishing theo-
rem along with three other types of vanishing theorems for a surface singularity
(Spec R, m) defined over an algebraically closed field k of characteristic p > 0
[18]. Last decades witnessed that these theorems on local cohomology groups
have played influential roles in the theory of surface singularities. Among them,
there are what he calls Theorems C and D, which bear restrictions on the charac-
teristic of the ground field k. The versions specialized for rational double points
state the following:

THEOREM C. Let 7 : X — Spec R be the minimal resolution of a rational double
point. Then H 115(5 x) = 0, and in particular the resolution is equivariant, except
possibly in the following cases:

Ay, pln+1),
Dy, p=2,

Ee, p=2,3,
Eq, p=2,3,
Eg, p=2,3,5.
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THEOREM D. Let w : X — Spec R be the minimal resolution of a rational double
point. Then H é (Sx (E)) =0, except possibly in the following cases:

Dy, pP=2,
Es, p=2,3,
Eq, p=2,3,
Eg, p=2,3,5.

In these theorems, E = | J; E; denotes the exceptional divisor in X and its
irreducible decomposition, Sy is the sheaf of logarithmic derivations Sy =
Ox(—log E) (cf. [19]), which fits in an exact sequence

0— Sx = Ox > P Ne,/x — 0.

1

We say that a resolution 7 is equivariant if the natural inclusion 7, ®y < Og is
an isomorphism (cf. [4, Section 1]).

In this paper, we completely evaluate the dimensions of k-vector spaces
Hé(SX) and Hé(Sx ® Ox(E)) for each isomorphism class (Spec R, m) of ra-
tional double points and show that the following equality holds:

#{—2 curves in E} + dimy Hé (Sx) + dimy H! (Sx) = 7 (Tjurina number).

Before we proceed, there may be two things we should be aware of. First,
the classification of rational double points over an algebraically closed field k
of arbitrary characteristic was completed by Artin [3] in 1977. Wahl’s original
vanishing theorems do not depend on it. Second, in the theory of root systems,
there are notions of good primes [16, Ch. I, Section 4], very good primes [
3.13], which nicely coincide with Wahl’s theorems. It follows that, for irreducible
root systems, the bad (= not good) prime numbers are:

Ay, none,

By, Cp, Dy, p=2,

Es, E7, Fu, G, p=2,3,
Es, p=2,3,5.

For the root system of type A,, a prime number p is defined to be very good if p
does not divide n 4 1. This suggests that there are further relationships yet to be
discovered between rational surface singularities and Lie algebras.

Our main theorem is the following:

THEOREM 1.1. Let X — Spec R be the minimal resolution of a rational double
point defined over an algebraically closed field k of characteristic p > 0. Then
the following assertions hold.



Wahl Vanishing Theorems in Characteristic p 623

(i) The natural morphism HY(Sx) —> HY(X \ E, Sx) is an inclusion.
(ii) The dimension of H;: (Sx ® Ox(E)) is either zero or given as

1 for Eg inp=>5; EO,EQ,Eg in p=23; and Eg,E%,Eg’ inp=2;
2 forEginp:3andE71,E§inp=2;

3 for EY, Eé inp=2;

4 forEQinp:Z;

n—r—1 forD; D inp=2.

(iii) We have an isomorphism
HY(X\ E, ©x)/H (X, ®x) = H(Sx),

whose dimension is zero with the following exceptions:

1 for Ay with p | (n+ 1);

1 for Eg inp=35; E61,E9,E§ in p=3; and Eg,E;’,Eg inp=2;
2 forEO,Eginp:3andE%,E§ inp=2;

3 forE71,E§ inp=2;

4 for EO, Eg inp=2;

n+1—r forD} inp=2;

n—r for D5, inp=2.

Statement (i) in the theorem gives an answer to the question raised in [ 18, (5.18.2)]
for rational double points (cf. [20, Rem. 8.8]).
As a corollary, we have a characterization of tame rational double points.

COROLLARY 1.2. Let (Spec R, m) be a rational double point defined over an al-
gebraically closed field k of characteristic p > 0. Then the following conditions
are equivalent:
(i) (Spec R, m) is of type A (resp. of type D or E) and p is a very good prime
(resp., a good prime), or (Spec R, m) is of type Eé in p=35, or of type E71,
E§ in p =3, or of type Eé, Eg inp=>2.

(i1) Hé (Sx) = 0 for the minimal resolution w : X — Spec R.

(i) Hé (Sx) = H'(Sx) = 0 for the minimal resolution v : X — Spec R.

(iv) In a versal deformation of (Spec R, m), the bundle of fibers that have the
same rational double point as (Spec R, m) is trivial, that is, the closed fiber
with the reduced base Speck only. (The rational double point (Spec R, m)
has no moduli.)

Wabhl vanishing theorems have come into focus in the study of three-dimensional
canonical singularities in arbitrary characteristic, and we needed further evalu-
ation of dimensions of Hé (Sx) and Hé (Sx ® Ox(E)). We have the smooth
morphism from the simultaneous resolution functor of a versal deformation of
a rational double point (Spec R, m) (cf. [2; 8]) to the deformation functor of its
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minimal resolution X:
ResX/S — Dx .

Nonzero elements of H é (Sx) correspond to families of resolutions that are non-
trivial in Res X'/ S but are trivial deformations of X. These are linked with phe-
nomena of three-dimensional canonical singularities peculiar to positive charac-
teristic p, which are recently observed in [6; 7; 9; 13].

As an application, we have a condition for a well-known property in character-
istic zero to hold (cf. [12, Cor. (1.14)]).

COROLLARY 1.3. Let (Spec R, m) be a rational double point defined over an alge-
braically closed field k of characteristic p > 0, and let Y be a three-dimensional
quasi-projective normal variety over k with at most canonical singularities whose
general hyperplane section H C Y has a rational double point of the same type as
(Spec R, m). If the equivalent conditions on (Spec R, m) in the previous corollary
are satisfied, then there exists a zero-dimensional subvariety Zo C Y such that, for
any point y € Y \ Zy, the complete local ring @y, y is either regular or isomorphic

to ﬁ@)k[[w]]. (Reid’s rule continues to hold.)

We cannot expect that the converse of the last corollary is true (cf. Remark 6.1).

2. Preliminaries

When we say that (Spec R, m) is a surface singularity, it is understood that (R, m)
is a two-dimensional excellent normal local ring with maximal ideal m. We iden-
tify surface singularities (Spec R1, mj) and (Spec Ry, m») if there exists an iso-
morphism between complete local rings Ri = R,. We use the term equisingular
deformations of the resolution in the sense of Wahl [19].

The following proposition is in implicit form in Artin’s work [2, Cor. 4.6].
Here R denotes a locally quasi-separated algebraic space that represents the func-
tor Res X'/S of simultaneous resolutions of flat families of a surface singularity
(Spec R, m) defined over an algebraically closed field k.

PROPOSITION 2.1. Suppose X /S is a versal deformation of a rational surface sin-
gularity (Spec R, m) at so € S and has minimum tangent space dimension there.
Then the minimal resolution X — Spec R is equivariant if and only if the uni-
versal family X{R /R is a versal deformation of X with minimum tangent space
dimension.

Proof. (<) Suppose that there exists a nonzero element 6 € H 0(X \ E,®x)/
HY(X, ©x). Then we have the diagram
XxT XxT
»l/n xid \Ln xid
SpecR x T AN SpecR x T

where T := Speck[e]/(€?), and g is the automorphism given by sending f € R to
f+0(f)e. But no morphism X x T — X x T makes this diagram commutative.
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We may consider ¢ o (r x id) as a resolution of Spec R x T'. This gives a nontrivial
extension of 7' — S to T — R although X x T is a trivial deformation of X. This
contradicts the fact that X /9% has the minimum tangent space dimension as a
versal deformation of X.

(=) This is proved by Artin. O

The following is a refinement of the equality used by Shepherd-Barron in [
Prop. 3.1].

PROPOSITION 2.2. For a rational double or triple point (Spec R, m) and its mini-
mal resolution w : X — Spec R with the exceptional divisor E, we have the equal-
ity

dimg H' (©x) +dimg HY(X \ E, ©x)/H(X, ©x) =1,

where T is dimy Ext}e (g, R), that is, the Tjurina number of (Spec R, m).

Proof. This is based on the fact that there is a smooth morphism of functors
Res X'/S — Dy [2. Lemma 3.3] and that the tangent space Res X'/S(k[€]/(€%))
has dimension t [2, Thm. 3]. The equality is the dimension formula for the sur-
jective k-linear mapping Res X' /S(k[€]/(€2)) — Dx (k[€]/(€)). O

PROPOSITION 2.3. Let (Spec R, m) be a rational surface singularity defined over
an algebraically closed field k of characteristic p > 0, and let m : X — Spec R
be its minimal resolution with the reduced exceptional divisor E = J; E;. Then
we have the equalities

dimy H}(Sx) = dimg H!(Sx ® Ox (2K x + E)),
dimg H'(Sx) = dimy Hg(Sx ® Ox(2Kx + E)),

where Sx is the locally free sheaf defined as the kernel of the surjection from the
tangent to normal sheaves Oy — @i N E;/x - In particular, the local cohomol-
ogy groups Hé (Sx), Hli" (Sx ® Ox(2Kx + E)) are finite-dimensional k-vector
spaces.

Proof. We have A>Sy = Ox(—Kx — E), and hence Sy = Sx ® Ox(Kx + E).
We combine this with the Grothendieck local duality theorem to have the
equalities dimg H.(Sx) = dimg H' (S} ® Kx) = dim H'(Sx ® Ox(2Kx +
E)) and dimg Hé(SX ® Ox(2Kyx + E)) = dimg HI(S)V( ® Ox(—Kx — E)) =
dimg H'(Sx). Then use the Leray spectral sequence E|’ := Rin,R/m,F =
R (o m)4F, where 1 : Spec R — Speck is the structural morphism, and
F = S8x or Sy ® Ox(2Kx + E). Then we find that the k-vector spaces in
question are of finite dimension. This indeed follows from the exact sequence
H'(n,F) —» HY(F) > H*(R'n,F) — H%(n,F) with the first and last terms
zero, so the remaining terms are of finite dimension. O

The following theorem was pointed out by Liedtke and Satriano [10. Prop. 4.6].
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THEOREM 2.4. For a rational double point (Spec R, m), we have the equality
dimg H'(@x) = dimg H}(©x) = #{—2 curves in E} + dimy H'(Sx),

where w : X — Spec R is the minimal resolution with the exceptional divisor E.

Proof. We repeat the argument in [ |8, Thm. 6.1]. We have an exact sequence
0— Ox —> Sx(E)—> O 0Ox(E)— 0,
which gives
0— Hp(Op ® Ox(E)) — Hp(®©x) — HL(Sx(E)) — 0.

Proposition gives the second equality. For the first equality, we use the local
duality theorem and the standard isomorphism A?Qy = K. O

3. Lower Estimates of dim; H'(Sy) and dim; H}(Sy)

Observing Artin’s list of rational double points [3] enables us to get the lower
bounds of dimensions of H'(Sx) and H é (Sx). First, we restrict ourselves to the
case p > 3 and illustrate how the proof works. We concentrate on the case p =2
in Section 5.

PROPOSITION 3.1. Let X — Spec R be the minimal resolution of a rational double
point (Spec R, m). If (Spec R, m) is of the following type, then we have an equisin-
gular deformation that provides a linear subspace € C H'(Sx) whose dimension
is

1 forEg inp:SandEg,Eg,Eg1 inp=73;

2 forEg inp=3.
Moreover, the linear subspace € does not collapse in the tangent map

H'(Sx) > H' (X \ E, Sx).

Proof. For each rational double point (Spec R, m), we present its concrete defor-
mation X — S whose fiber X; (s € ) has a rational double point with the same
Dynkin diagram as (Spec R, m), but only the central fiber A admits an isomor-
phism to (Spec R, m). This deformation has a simultaneous resolution without
any base extension, which results in an equisingular deformation.

If (Spec R, m) is of type Eg in p =5, then the deformation is z> + x> 4 y> +
sl)cy4 = 0 over Speck[s1]. This has an Eg singularity on the central fiber Ay and
an Eé singularity on a noncentral fiber X; (s # 0). We obtain a simultaneous
resolution by blowing up the singular loci consecutively. The flatness follows, for
example, from [| |, Thm. 23.1].

We similarly present deformations. If (Spec R, m) is of type Eg in p =3, then
224+ x3 + y* +51x2y? = 0. If (Spec R, m) is of type E%) in p=23,then z2 4+ x> +
xy3 + s1x2y? = 0. If (Spec R, m) is of type Eé in p =3, then 22 + x3 + y> +
x2y3 4 s1x2y% = 0 over Speck[s;]. If (Spec R, m) is of type Eg in p = 3, then
243+ y5 + slxzy3 + szxzy2 = 0 over Speck[sy, s2].
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Each family is locally induced by an injection to a versal deformation of
the rational double point (Spec R, m), which corresponds to a subspace of
Dr(kl[e]/ (62)). The k-linear morphism in question is the composition (cf. [
(1.6)]) ES(k[€]/(€?)) — Dr(k[el/(€%)) c H'(X \ E, Sx), so we have the last
assertion. O

In the following, we consider the quotient H*(X \ E, Sx)/H°(X, Sx). Note that
because of an isomorphism Ng,/x = Of, (—2), we have HO(@i NEx) =0,
which induces an isomorphism HO(X \ E, Sx)/H°(X, Sx) = H)(X \ E, Oy)/
HO(X, Ox).

PROPOSITION 3.2. Suppose p > 3, and let X — Spec R be the minimal resolution
of a rational double point (Spec R, m) of the following type. Then we calculate
the dimension of HO(X \ E, Sx)/H%(X, Sx) as

1 for A, withp| (n+1),
1 forESinp:SandE?inp:&
2 for EQ,EQ in p=3.

For Eé, E6l in p =3, we have
dimg HO(X \ E, Sx)/H’(X, Sx) > 1.

Proof. A quadratic transformation x’ = x/y, y' =y, 7/ = z/y gives equalities of
derivations 9/9x = (1/y")d/dx’, /3y = 8/dy’ — (x'/y")d/ox" — (z'/y")d/d7,
9/0z = (1/y")d/37. As was pointed out by Burns and Wahl [4, Prop. 1.2], any
derivation D of the local ring (R, m) that satisfies D(m) C m can be extended to
a regular derivation on Proj ;. m' (the point blowup of m).

For A,: R = k[[x, y, z]1/(xy + z*t1) with p | (n + 1), we have the exact se-
quence with the defining ideal Z = (xy + 't (cf. [11, Thm. 25.2])

0— (;—Zx% - y%) ~ Tys ® R Homp(T/T2, R).
This is the Koszul complex associated with the regular sequence x, y € R. The
derivation a% € Dery (R) does not lift to Proj @izo m' (the blowup of m).

For Eg: R =k[[x,y, z]]/(z2 +x3+ y5) in p =5, we have the exact sequence
with the defining ideal 7 = (2 + x3 + y7),

0 0 5 0 (x20-2) 2
0— <5Z£ +x 8_z> — Tys ® R " — " Homg(Z/I%, R).

The derivation % € Derg (R) does not lift to the point blowup Proj 5 i>0 m'.

For E?: R =k[[x, v,z]1/(z> +x3+xy?) in p = 3, we have the exact sequence

3 9 3 3
0 (= 2=+ — ) > T ® R "—5" Homg (Z/Z2. R).
dy dx 0z k

The derivation % does not lift to the point blowup.
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For Eg: R=k[[x,y,z]1/(z> + x> + y*) in p = 3, we have the exact sequence

0— <i, 2y y3i) = T ® R 227 Homp(Z/2, R).
dx dy 0z k
Two derivations %, y% do not lift to the minimal resolution X. These form a
two-dimensional subspace of HO(X \ E, Sx)/H®(X, Sx).
For Eg: R =k[[x,y,z]]/(z%> 4+ x>+ y°) in p =3, one has the exact sequence
with the defining ideal 7 = (2 + x3 + y7),

a d 40 0y*2) 2
0— <£,15—y £>—>TA§®R — " Homg(Z/1°, R).

Two derivations %, y % do not lift to the minimal resolution X.

By chasing the derivations a little further and using the original Theorem C,
we know the dimension dimy HO(X \ E, Sx)/H°(X, Sx) as stated. However, the
following two types are not of this kind, and we only have lower bounds.

For Eé: R=k[[x,y,z11/(z* +x3 + > + x%y3) in p = 3, we have the deriva-
tion D := yd/dx — xd/dy € Derg(R). This satisfies D(m) C m, so this D lifts
to a point blowup Proj P, m’, on which there lies a rational double point of
type Eg. But this D does not lift to the minimal resolution, because it is the very
element considered in EQ.

For E61 in p =3, we have R = k[[x, v, z11/(z% + x> + y* + x%y?). The deriva-
tion D := (y —xy)d/dx + (x — y?)3/dy + yz9/dz € Dery (R) does not lift to the
minimal resolution. (]

4. Proof of Main Theorem in p > 3

In this section, we give a proof to the following theorem.

THEOREM 4.1. Let X — Spec R be the minimal resolution of a rational double
point defined over an algebraically closed field k of characteristic p # 2. Then
the following assertions hold.:

(i) The natural morphism HY(Sx) > HY(X \ E, Sx) is an inclusion.
(ii) The dimension of Hé (Sx ® Ox(E)) is zero except
1 for Eg inp=>5and E?, E9, Eé inp=3,
2 forEginp:&
(iii) We have an isomorphism
HY(X\ E, ©x)/H"(X, ®x) = H(Sx),
whose dimension is zero with the following exceptions:
1 for A, withp| (n+1),
1 forEg inp:5andE1,E9,E§ inp=3,
2 for EY, Eg inp=3.
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Proof. If the characteristic p is either a good prime for the rational double point
(Spec R, m) of type D or E or a very good prime if (Spec R, m) is of type A, then
Wahl’s Theorem D (resp., Theorem C) provides assertions (i) and (ii) (resp., (iii)).
If p is none of these, then we need to show that the lower estimates given in the
previous section attain indeed the actual values. This is trivially verified, since we
have the equality coming from Proposition and Theorem 2.4,

#{—2 curves in E} +dim; H(X \ E, ©x)/H’(X, ©x) + dimy H'(Sx) = .

The Tjurina numbers in Artin’s list [3] and Proposition say that we have the
desired equalities (cf. Remarks 5.4 for concrete values). (]

REMARK 4.2. The pro-representable hull of equisingular deformations of X in-
jects into a versal deformation of the rational double point (Spec R, m). This
forms a nonsingular subvariety whose dimension is as prescribed in Theo-
rem 4.1(ii). The concrete equisingular families in the proof turn out to be the
entire equisingular versal families. For Eg in p = 3, we have a two-parameter
family 2433+ y5 + s1x2y3 + S2x2y2 = 0 over Speck|[[s1, s2]]. Two strata of
dimensions one and zero, respectively, can be observed in it. The derivations %,
y % of the central fiber do not lift to the minimal resolution. The latter extends to
the derivation y% — slx% of the family over Spec k[[s1, s2]1/(s2). Note that the
same rational double point as (Spec R, m) always lies on the central fiber only.

5. Characteristic 2

As is often the case with characteristic 2, computation becomes more involved and
demanding. However, we can complete the proof of our main theorem essentially
in the same way as before.

PROPOSITION 5.1. Let w : X — Spec R be the minimal resolution of a rational
double point (Spec R, m) defined over an algebraically closed field k of char-
acteristic 2. Then we have a linear subspace € C H'(Sx) corresponding to an
equisingular family whose dimension is

1—r for E7,
3—r for EZ,
4 —r forEg,

r r
n—r—1 forDzn,Dan.

The natural morphism H'(Sx) — HY(X \ E, Sx) induces an inclusion ¢ —
HY (X \ E, Sx).

Proof. For each rational double point (Spec R, m), we present its deformation
X — & that has the property required in the proof of Proposition
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If (Spec R, m) is of type Dgn, then the family is z2 + x2y +xy" +s1xy" 'z +
szxy”_zz + -+ sp—1xyz = 0 over Speck[sy, 52, ..., Sp—1], which has the singu-
larity D(Z)n on the central fiber Ap. A noncentral fiber X (s # 0) has a singularity
Dgn with some g > 1.

If D}, with 1 <r <n — 2 is the type of (SpecR,m), then the fam-
ily is 22 + x2y + xy" + xy" Tz + s1xy" "z 4+ - + 5, _1xyz = 0 over
Specklsi, s2, ..., Sy—r—11, which has D;n on the central fiber Xy. A noncentral
fiber Xy (s # 0) has DI with some ¢ > r + 1.

If Dgn+l is the type of (Spec R, m), then the family is z> 4+ x2y + y"z +
slxy"_lz + szxy”_zz + -+ s,—1xyz = 0 over Speck[s, 52, ..., S,—1], which
has Dgﬂ 4 on the central fiber Xy. A noncentral fiber X (s # 0) has Dgn I with
some g > 1.

If D£n+1 with 1 <r <n — 2 is the type of (Spec R, m), then the family is
2Py F Yz T sy T T s sy T 2 sy o1 Xy =0
over Speckl[sy, 2, ..., Sy—r—1], which has Dgn 41 on Xp. A noncentral fiber X

(s # 0) has Dgn+l with some g > r + 1.

It Eg is the type of (Spec R, m), then we choose z2 + x> + y2z + s1xyz =0
over Spec k[s1], which has the singularity Eg on Xy and Eé on X (s #0).

If E with r =0, 1, 2 is the type of (Spec R, m), then the deformation is given
by 22 +x3 + xy3 +n, + 519,41 + -+ + 53-,m3 = 0 over Speck[sy, ..., s3-,],
where 19 :=0, 11 :=x2yz, 12 := y3z, and 3 := xyz. This has the singularity E;
on the central fiber Xj. A noncentral fiber X (s # 0) has E;] with some g > r + 1.

If Eg with r =0, 1, 2, 3 is the type of (Spec R, m), then the deformation is
2 +x3+ y5 + 6, + 516,41 + - - - + 54—r04 = 0 over Speck[sy, ..., s4—], where
6p:=0,6; = xy3z, 6, = xyzz, 03 := y3z, and 64 := xyz. This has the singularity
Eg¢ on the central fiber Xp. A noncentral fiber X (s # 0) has a singularity Eg with
some g >r + 1.

As before, we obtain a simultaneous resolution of X — S by consecutively
blowing up the singular loci without any base extension. (]

In characteristic 2, special care is needed for rational double points of type D.

LEmMMA 5.2. For a rational double point of type D in characteristic 2, the follow-
ing derivations do not lift to the minimal resolution:

DY, R=k[[x,y,2]1/(22 + x%y + xy™),
3 3 9 5,0 not 0
Yo e Ve e 9z’
Dy,: R=Kllx, y, 211/ (2 + X%y +xy" +xy" " 2) withr =1,2,...,n — 1,

0 0
VT — A+ x+ny"  (nr)y T T ) —,
ay 9z

9 9
L, Y01, Y201, . Y T T witho i=x— 4+ (Y +2)—;
0x 0z
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DY, . 1: R=K[[x, y, 211/ + x%y + y"2),

5 8,0 Wy 0

D5, R=k[[x,y, 201/ (2> + X2y + 'z +xy" ") withr =1,2,...,n — 1,

0 0
07, y07, yzbz, e, y”"‘laz withdy = (x+y)— +z—.
ox 0z

Proof. Local calculation based on induction on n > 2. O

PROPOSITION 5.3. Let m : X — Spec R be the minimal resolution of a rational
double point (Spec R, m) defined over an algebraically closed field k of charac-
teristic 2. We have a lower bound of dimg HO(X \ E, @X)/HO(X, Oy) as

1 for A, with2 | (n + 1),
1 for EO,
4 —r for EL, Eg,

n+1—r forDj,
n—r for D£n+1'
Proof. We give derivations of the local ring (R, m) that do not lift to the minimal
resolution. For A, the derivation is exactly of the same form as before, so we
omit it.

For Eg: R = k[[x,y,z]1/(z% + x3 4+ y?2), we have the exact sequence with
T=(+x3+y%),

2

9 9 @ 29
0— <y2— +x2£, 5) > T ®R “99 Homg(Z/22, R).

The derivation % € Dery (R) does not lift to the point blowup Proj EBizo m.
For E?: R = k[[x, v,z11/(z% + x> 4+ xy?), we have the exact sequence with
T =(2+x3+xy%),

9 9 9 23 1020
0— (19— + (24—, =) > T @ R 23" Homp(z/2% R).
ox dy 0z k

Four derivations a%’ xa%, ya%, yza% € Dery (R) do not lift to the minimal resolu-
tion X.
For EJ: R = k[[x,y,z]1/(z% + x> + y%), we have the exact sequence

0 Jd 0 2y*o
0— (y'—+x>—, = —>TA3®R(X—y>)H0mR(I/IZ,R)~
0x dy 0z k

Four derivations % , Y % s y2 % , X % do not lift to the minimal resolution X.
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For E71: R =k[[x,y, z]]/(z2 +x34 xy3 + xzyz), the following three deriva-
tions do not lift to the minimal resolution:

3,9 9
xya—l-y 5+(yz+x)a—z,

03, y03 with 03 :xz—+(yz +-x)_+(Z2+y)—
0x ay az

For E%: R=k[[x,y,z]1/(Z% +x3 +xy3 + y32), the following two derivations
do not lift to the minimal resolution:

0 0
y—+ (Z+x)—, (xy? +y) +(x+z)—+(y z+y)
ay az

For E%: R=k[[x,y, z]]/(z2 +x34 xy + xyz), the following derivation does
not lift to the minimal resolution:

AN S
Y ay yore 9z’

For Eé :R=k[[x,y, z]]/(z2 +x3 4 y5 +xy3z), the following three derivations

do not lift to the minimal resolution:
B 0 B
e N S R Pl

ax ay

B
04, y04 Wwith 04 —y Z— +(yz +x) +(Z +)’)

ox
For Eé: R =k[[x,y, z]]/(z2 +x3+ y5 + xyzz), the following two derivations
do not lift to the minimal resolution:
ad 5 0 5 0 d a
8y+y8_ y——l—z——i—x—
For Egz R = k[[x,y,z]1/(z* + x> + y> + y3z), the following derivation does
not lift to the minimal resolution:

9 ) 9
y—+ 0O +2)—
0z

dy
By Lemma 5.2 these altogether complete the proof. O
Proof of Theorem 1.1. The case p > 3 is already settled in Theorem 4.1. For

p =2, we combine Propositions 5.1 and 5.3 with the equality
#{—2 curves in E} +dim; H(X \ E, ©x)/H’(X, ©x) + dimy H'(Sx) = 7.

The Tjurina numbers in Artin’s list give the statements (cf. Table | for concrete
values). O

REMARKS 5.4. (i) We summarize in Table | the invariants of rational double
point (Spec R, m) in bad prime p. For F-purity, we use Fedder’s criterion

(cf. [5]).



Wahl Vanishing Theorems in Characteristic p 633
Table 1 Invariants of rational double points in bad prime p
p Type v dimg HY(X \ E, Sx) dimy H'(Sx) F-purity On
JH' (X, Sx) Proj @ ;.o m/
2 D, 8-2r 3—r 1—r (k) A1, Al Ay
D}, 4n—2r n+1-—r n—r—1 Ger) Ay, D;af{zr_l‘()} )
Dy 8—2r 2—r 1—r (%) Az, A
D3, 4n—2r n—r n—r—1 Ge) Ay, Dglnaf{lr_l‘()} )
E? 8 1 1 - As
E61 6 0 0 F-pure As
EY 14 4 3 - Dy
1 0
E; 12 3 2 - Dg
2 1
E3 10 2 1 - Dg
E3 8 1 0 F-pure D}
E) 16 4 4 - EY
1 0
Eq 14 3 3 - E5
2 1
Eg 12 2 2 - E;
3 2
Eg 10 1 1 - E;
Eg 8 0 0 F-pure E%
3 E? 9 2 1 - As
E(l) 7 1 0 F-pure As
EY 9 1 1 - Ds
El 7 0 0 F-pure Dg
0 0
Eg 12 2 2 - E;
1 0
Eq 10 1 1 - E;
E% 8 0 0 F-pure E71
5 E) 10 1 1 - E;
E} 8 0 0 F-pure E;
(*)n > 3. (**) F-pure if and only if r = n — 1, that is, the type is either Dg_l or D]

n

2n+1-

(ii) Itis possible to unify the derivations presented in the proof of Proposition
as derivations of families. For example, in the equisingular family of EY,

24+ xy3 + s1x2yz + szy3z +s3xyz =0 over Speck[[s1, 52, s3]],

we have the derivation

a
(535337 + 53xy% + 515202 + 5297 + 515327 + $2832) 3= + (81 5253%y°

+ S1Xy + 82X + s1s22y4 + s§y3 + sls%swzz
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2.2 2 0
+ 5285y +s1:2y2 + 53y + szz)a

0
+ (szsyc2 + s%xy2 + s1xz+ y2 + slszz2 + S3Z)£.
For the family over Spec k[[s1, 52, $3]1/(s3), we have another derivation

Slxyi +(s1y* + Szy)i + (x+s1yz+ S2Z)i-
ax ay 9z
(iii) As Artin observed in [3], by knowing resolution graphs and Tjurina numbers
we can classify rational double points defined over an algebraically closed
field k up to isomorphism. It turns out that we could also distinguish isomor-
phism classes of rational double points with the information of the Dynkin
diagram and dim; H'(Sx) (or of the Dynkin diagram and dim; H é (Sx)).
But this observation does not generalize well to other rational surface singu-
larities over k. Rational triple points in characteristic 2, for example, defined

respectively by
w? x 0y w? + wy x Yy
A ey vy @ xA2 Ty q
have an identical resolution graph (X2 =-3,0%2=-2,cf [1D

o

X—0—0—0—0—0.

After modification (cf. [17, Section 2]), we have rational double points of
type Dé and Dg, respectively, so these triple points cannot be isomorphic.
But they both have 7 = 10, dimy H(Sx) =1, dimy Hé(SX) =1, so we can-
not distinguish these by such numerical invariants.

6. Proof of Corollary 1.2 and Corollary

Proof of Corollary 1.2. The equivalence of (i), (ii), (iii) immediately follows from
Theorem . (iii) = (iv) follows from the facts that the smooth morphism
Res X/S — Dy is an isomorphism (cf. [2, Cor. 4.6]) and that the equisingular
functor ES C Dy is trivial (cf. [19, Prop. 2.5]). (iv) = (ii) follows from Proposi-

tion 2.1. U
Proof of Corollary 1.3. Use the same argument as in characteristic zero
(cf. [12]). O

REMARK 6.1. As stated in Introduction, the converse of Corollary cannot be
true. This is obvious if we consider rational double points of the following types:

An, pln+1),
Eg, p=>5,
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E9 , p=3,
EQE},  p=3.

In these cases the same statement as (iv) in Corollary fails, but Corollary
continues to hold (cf. [7. Cor. 23, Thm. 3]).
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