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Lefschetz Fibrations on Knot Surgery 4-Manifolds Via
Stallings Twist

JoNGIL PARK & KiI-HEON YUN

ABSTRACT. In this paper, we construct a family of simply connected
minimal symplectic 4-manifolds that admit arbitrarily many noniso-
morphic Lefschetz fibration structures with the same genus fiber. We
obtain these families by performing knot surgery on an elliptic surface
E(2) using connected sums of n copies of fibered knots, which in turn
are obtained by Stallings twist from the square knot. Thus, all of these
4-manifolds are homotopy E (2) surfaces. We show that they admit 2"
mutually nonisomorphic Lefschetz fibration structures of fiber genus
(4n + 1) by comparing their monodromy groups that are induced from
the corresponding monodromy factorizations.

1. Introduction

Since it was known that any closed symplectic 4-manifold admits a Lefschetz pen-
cil [ ] and that a Lefschetz fibration structure can be obtained from a Lef-
schetz pencil by blowing-up the base loci, the study of Lefschetz fibrations has
become an important research theme for understanding symplectic 4-manifolds
topologically. In fact, Lefschetz pencils and Lefschetz fibrations have long been
studied extensively by algebraic geometers and topologists in the complex cat-
egory, and these notions can be extended to the symplectic category. It is also
well known that an isomorphism class of Lefschetz fibrations over S? is com-
pletely characterized by monodromy factorization, an ordered sequence of right-
handed Dehn twists whose product becomes the identity in the surface mapping
class group corresponding to the generic fiber, up to Hurwitz equivalence and
global conjugation equivalence. Note that the Hurwitz equivalence problem of
monodromy factorizations provides a very interesting but challenging question
in topology. For example, one aim for researchers in this field is to answer the
following questions:

Is the Hurwitz problem for mapping class group factorizations decidable? Do interest-

ing criteria exist that can be used to conclude that two given factorizations are equiva-

lent, or inequivalent, up to Hurwitz moves and global conjugation? [ 1

On the other hand, since the introduction of gauge theory, in particular

Seiberg—Witten theory, topologists and geometers working on 4-manifolds have
developed various techniques, and many fruitful and remarkable results have been
obtained regarding the topology of 4-manifolds over the last 30 years. Among
these, a knot surgery technique introduced by R. Fintushel and R. Stern turned
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out to be one of most effective techniques for modifying smooth structures with-
out changing the topological type of a given 4-manifold. Fintushel-Stern’s knot
surgery 4-manifold X g is defined as follows [ ]. Suppose that X is a simply
connected smooth 4-manifold containing an embedded torus 7 of square 0 and
m1(X \ T) = 1. Then, for any knot K C $3, we can construct a new 4-manifold,
called a knot surgery 4-manifold, given by

Xk = Xtir—1,S' x Mg =[X \ (T x DH]ULS' x (82 \ N(K))].

This is constructed by taking a fiber sum along a torus 7 in X and T}, = S! x m
in §' x M, with the requirement that in the second expression the two pieces are
glued together in such a way that the homology class [ pr x 3 D?] is identified with
[pt x 1], where M is the 3-manifold obtained by performing a O-framed surgery
along K, and m and [ are the meridian and longitude of K, respectively. Then, Fin-
tushel and Stern proved that under a mild condition on X and 7', the knot surgery
4-manifold Xk is homeomorphic, but not diffeomorphic, to a given X. Further-
more, if X is a simply connected elliptic surface E(2), T is a generic elliptic fiber,
and K is a fibered knot in S3, then it is known that the knot surgery 4-manifold
E(2)k admits not only a symplectic structure, but also a genus 2g(K) + 1 Lef-
schetz fibration structure [ ]. Moreover, E(2) g is minimal [ ; ].
In this paper, we continue to investigate inequivalent Lefschetz fibration struc-

tures on the knot surgery 4-manifold E(2)k, and we answer the following ques-
tion proposed by Smith [ 1:

Does the diffeomorphism type of a smooth 4-manifold determine the equivalence class

of a Lefschetz fibration by curves of some given genus?

Regarding this question, Smith first showed that (T2 x 22)ﬁ9@2 admits two
nonisomorphic genus 9 Lefschetz fibrations by using the divisibility of the second
integral homology class of the fiber [ ]. We have also studied Lefschetz
fibration structures on E(2)k using several families of fibered knots K, such as
2-bridge knots and Kanenobu knots, and have obtained some fruitful results. For
example, we have constructed a family of knot surgery 4-manifolds that admit
two nonisomorphic Lefschetz fibration structures [ ; ].

In this paper, we show that for each integer n > 0, some instances of E(2)g
admit (at least) 2" nonisomorphic Lefschetz fibration structures, which is a sig-
nificant extension of our previous result mentioned. To find such examples, we
first perform a knot surgery on E(2) using a connected sum of n copies of
genus 2 fibered knots, which are obtained by Stallings twist from the square knot
31437. Then, we consider the corresponding monodromy factorizations and mon-
odromy groups. Because two Hurwitz equivalent monodromy factorizations yield
the same monodromy group, we prove that these monodromy groups (and there-
fore the corresponding monodromy factorizations) are mutually distinct by using
a graph method developed by Humphries [ ], which is a key step in the
proof. We finally conclude that the corresponding Lefschetz fibration structures
are mutually nonisomorphic to each other. The main result of this paper is the
following.
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Figure 1 Square knot Ko = 3 tf,3’f and Stallings twist knot K,

THEOREM 1.1. For each integer n > 0 and (m1,ma, ..., my) € Z", a knot surgery
4-manifold

E(z)Kml ﬁszﬂ”'ﬁKmn

admits (at least) 2" nonisomorphic genus (4n + 1) Lefschetz fibrations over S.
Here, K,,; (1 <i < n) denotes a fibered knot obtained by performing |m;|
left/right handed full twists on the square knot, as in Figure |.

REMARK 1.2. Recently, Baykur [ ] obtained a similar result for nonmini-
mal cases, that is, he proved that for any closed symplectic 4-manifold X that is
not a rational or ruled surface and any integer n > 0, there are n nonisomorphic
Lefschetz pencils of the same genus on a blowup of X.

The remainder of this paper is organized as follows. We first review generali-
ties such as some definitions and basic facts regarding Lefschetz fibrations and
Humphries’ graph method. In Section 3, we explain how to construct a family of
knot surgery 4-manifolds, and then we show that each E(2)k, admits (at least)
two distinct corresponding monodromy groups (Proposition 3.2). In addition, we
prove by induction that E(2)k,,, K, 2K, admits (at least) 2" mutually distinct
corresponding monodromy groups (Theorem 3.3).
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2. Preliminaries

In this section, we briefly review some basic facts about Lefschetz fibrations, mon-
odromy factorizations, and Humphries’ graph method on the mapping class group
of surfaces.

2.1. Lefschetz Fibration

DEFINITION 2.1. Let X be a compact, oriented smooth 4-manifold. A Lefschetz
fibration is a proper smooth map = : X — B, where B is a compact connected
oriented surface and 7 1 (9 B) = 9 X, such that

(1) the set of critical points C = {p1, p2, ..., pn} of @ is nonempty and lies in
int(X), and 7 is injective on C;

(2) for each p; and b; := m(p;), there are local complex coordinate charts agree-
ing with the orientations of X and B such that w can be expressed as
m(z1,22) =21 + 23

Because each singular point in a Lefschetz fibration is related to a right-handed
Dehn twist, it follows that if X is a Lefschetz fibration over S? with a generic fiber
F of genus g, then it gives a sequence of right-handed Dehn twists whose product
becomes the identity element in the mapping class group M, of F. This ordered
sequence of right-handed Dehn twists is called a monodromy factorization of the
Lefschetz fibration. Note that a monodromy factorization is well defined up to
Hurwitz equivalence and global conjugation equivalence [ ; ; ].

DEFINITION 2.2. Two monodromy factorizations W; and W, are called Hurwitz
equivalent if Wy can be changed to W, in finitely many steps using the following
two operations:

(1) Hurwitz move: fey - ey Lo e fey ey v fein (;Ci) Loy teys
(2) inverse Hurwitz move: te, -« te, | e ovvoley ~lg, =l -tcjl (K
Sl

This relation results from the choice of a Hurwitz system, a set of arcs that connect
the base point by to b;.

Furthermore, a choice of a generic fiber also provides an additional equivalence
relation. Two monodromy factorizations W1 and W are called global conjugation
equivalent if W, = f(Wy) for some f € M,.

DerNITION 2.3. Two Lefschetz fibrations f1 : X1 — By and f> : Xo — B>
are called isomorphic if there exist orientation-preserving diffeomorphisms H :
X1 — X, and h : By — B; such that the following diagram commutes:

x, 2 x,

fll l f2 2.1)

31L>Bz
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Figure 2 Vanishing cycles on 1y , for g =2

DEFINITION 2.4. Let 7 : X — S2 be a Lefschetz fibration, and let F be a fixed
generic fiber of the Lefschetz fibration that is a closed surface of genus g. Suppose
that W =w,, ----- wy - w1 is a monodromy factorization of the Lefschetz fibration
corresponding to F'. Then, the monodromy group G p(W) C My is defined to be
a subgroup of M, generated by {wy, w2, ..., wy}.

LEmMmA 2.5 [ 1. If two monodromy factorizations Wi and W give iso-
morphic Lefschetz fibrations over S* with respect to chosen generic fibers Fy
and F», respectively, that are homeomorphic to F, then the monodromy groups
G, (Wy) and G E,(W3) are conjugate to each other as subgroups of the map-
ping class group Mg. Moreover, if a generic fiber F = F| = F, is fixed, then
Gr(W1) =Gp(W).

REMARK 2.6. If a generic fiber F' = F| = F; is fixed, then we can also prove that
G r(W1) = G (W,) using Humphries’ graph method (Corollary ).

Note that a monodromy factorization of E(2)g was originally studied by Fin-
tushel and Stern [ ], and the second author also found an explicit monodromy
factorization of E(2)g [ ] using a factorization of the identity element in
the mapping class group discovered by Matsumoto [ ], Cadavid [ 1,
Korkmaz [ ], and Gurtas [ 1.

LEmMA 2.7 [ 1. Let M(2, g) be the desingularization of a double cover of
X, x 8% branched over 4({pt.} x S*) U2(Z4 x {pt.}). Then, M(2, g) admits a
monodromy factorization n%, @ with

fr . O B > R . . 2 . 2
Ni,g =By "B, " IB, thg thg+1 tbg+1 t”;;+1’

where Bj, bgy1, and bjg+1 are simple closed curves on Xyg11, as in Figure

THEOREM 2.8 [ . Let K C S3 be a fibered knot of genus g. Then, E(2)k
admits a monodromy factorization of the form

PR (07 ) 1t o0
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where 11 ¢ is as in Lemma 2.7, and
Oy =px PidPid: L3181, — X5 11%,
is an extension of a monodromy ¢ of the fibered knot K such that
SPAN(K) = (g x [0, 11)/((x, 1) ~ (¢k (x), 0)),

where ¥ ; is an oriented surface of genus g = g(K) with one boundary compo-
nent.

Note that Fintushel and Stern’s construction of a Lefschetz fibration structure on
E(2)k gives an explicit method for obtaining the monodromy factorization of
E(2)k using a monodromy map of the corresponding fibered knot K.

Now, we will explain how to obtain a monodromy map explicitly. Let L C §3
be a fibered link. Then it admits a fibration structure over S! given by

S\ N(L) = (Zg, % [0, 1D/ (. 1)~(1.(6),0)-
We denote this fibration structure by (X, ¢1).

LEmMA 2.9 [ ; ; 1. Every fibered link in S3 is related to the
unknot by a sequence of Hopf plumbings, deplumbings, and twistings.

(0) The left-handed Hopf band has monodromy map t., and the right-handed
Hopf band has monodromy map t L where c is the core simple closed curve
of each Hopf band.

(1) If (21, ¢1) is a fibration structure of a fibered link L and L' is the link that is
obtained by plumbing the positive (left-handed) Hopf band H™ to X, then
L' = 0%,/ has a fibration structure (X, 1. o ¢r), where c is the core circle
of the Hopf band. If we perform negative (right-handed) Hopf band plumbing,
then the monodromy map becomes t. Toor.

(2) Let (X1, ¢r) be a fibration structure of a fibered link L and suppose that
there is an embedded circle ¢ in X that is unknotted in S3. Furthermore,
suppose that 1k(c, ¢cT) =0, where ¢T is a push off of ¢ in the chosen normal
direction of ¥p. Then, a (£1)-Dehn surgery along c¢™ yields a new fibration
structure (X, tCﬂEl o ¢1). This operation is called Stallings twist.

REMARK 2.10. Note that the notation used in Lemma is different from that of
Harer, who employed the left-handed Dehn twist as the standard Dehn twist. In
addition, there are more complicated conditions included in (2) in Harer’s article,
but we only require the stated condition in our construction.

2.2. Humphries’ Graph Method

Let ¥ g be an oriented compact surface with genus g and b boundary components.
When b = 0, we simply denote this as X,.

DEFINITION 2.11 [ 1. Suppose that {y1,y2,..., 2} is a set of sim-
ple closed curves on X, that generates Hj(Xg; Zo). Let us define the graph
C'(y1, v2, .., y2e) as follows:
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e a vertex for each simple closed curve y; (1 <i <2g);

e an edge between y; and y; if i2(y;, ;) = 1, where i2(y;, ;) is the modulo 2
intersection number between two curves y; and y;;

e we assume that there is no intersection between any two edges.

Then, for any simple closed curve y on X, we can express the homology class
of y = Z,’zil &iy; (6 =0,1) as an element of Hy(X; Z;). By denoting y :=
Ugl:l ¥i, where ; is the union of the closures of all half-edges with one end
vertex y;, we define xr(y) := xr(y¥) as the modulo 2 Euler number.

Let Mz be the mapping class group of an oriented surface X g . For a simple closed
curve ¢ on Eg, t. denotes the right-handed Dehn twist along c, and ¢, - #.,, means

tc, ot.,. We also use the notation f(t.) = fot.o f~! for f € ML, which is equal
totf(c)-

Humphries [ ] showed that the minimal number of Dehn twist genera-
tors of the mapping class group M, or M;, with g > 2is 2g + 1, using symplectic
transvection and the modulo 2 Euler number of a graph. Furthermore, he proved
the following.

LEMMA 2.12 [ ; 1. Assume that g > 2. Let ' =T'(y1, v2,..., ¥2¢)
be a graph corresponding to a set of simple closed curves {y1,y2, ..., v2¢} that
generates H\(Zg4; Z»). Suppose that Gr is a subgroup of M, generated by

{tola is a nonseparating simple closed curve on ¥4 such that xr (o) = 1}.

Then, Gr is a nontrivial proper subgroup of M. Moreover, if B is a nonseparat-
ing simple closed curve on %4 with xr(B) =0, then tg ¢ Gr.

COROLLARY 2.13 [ ; 1. For any nonseparating simple closed curves
candy on X,, we have that

(D) if xr(c) = 1, then xr(t:(y)) = xr(y) (mod 2);
(2) if xr(c) =0, then xr(1:(y)) = xr(y) +iz2(c,y) (mod 2).

COROLLARY 2.14. Assume that two genus g Lefschetz fibrations over S* have
monodromy factorizations §1 and & with respect to a fixed generic fiber F. If there
exists a graph T as in Definition such that Gg(§1) < Gr and G (&) ﬁ ar,
then &) is not isomorphic to & as a genus g Lefschetz fibration over S.

Proof. Note that the monodromy group is an invariant subgroup of the mapping
class group under Hurwitz equivalences. Therefore, we must consider the role of
global conjugation equivalences. Because we consider a Lefschetz fibration with
a fixed generic fiber F, its monodromy factorization is completely determined by
the Hurwitz system. However, even in such a case with fixed generic fiber and
a fixed given Hurwitz system, there exists the possibility of global conjugation
resulting from a cyclic permutation of monodromy factorization.

Let £ be a monodromy factorization of a Lefschetz fibration with respect to a
fixed generic fiber F and a fixed Hurwitz system. Then, its monodromy factoriza-
tion can be determined up to a global conjugation by using amap ¥ € Gr(§), and
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this global conjugation can be realized as a sequence of Hurwitz moves, inverse
Hurwitz moves, and cyclic permutation. Even though a monodromy factoriza-
tion is determined up to global conjugations by using the elements in G g (§),
its monodromy group is well defined, and it does not depend on ¥ € Gr(§) by
Definition 2.4 and Corollary

More precisely, G r(§1) < Gr implies that

{xr(c)|c is a nonseparating s.c.c. on F such that 7. € Gr(§1)} = {1}.
This implies that for any ¢ € Gr(&1),
{xr(c)|c is a nonseparating s.c.c. on F such that . € Gr (¥ (&1))} = {1}
by Corollary . On the other hand, G ¢ (§2) % Gr implies that
{xr(c)|c is a nonseparating s.c.c. on F such thatz, € Gr(&)} = {0, 1}.
Therefore, we conclude that v (&1) 2 & for any ¥ € G (). O

3. Nonisomorphic Lefschetz Fibrations

As mentioned in the Introduction, we have previously studied nonisomorphic Lef-
schetz fibration structures on knot surgery 4-manifolds E(n)x for the 2-bridge

knot case [ ] and Kanenobu knot case [ ], and we proved that these admit
at least two nonisomorphic Lefschetz fibration structures in both cases. Recently,
Baykur [ ] obtained a similar result regarding Lefschetz fibration structures

on nonminimal symplectic 4-manifolds. In this section, we construct a family
of simply connected minimal symplectic 4-manifolds E(2)g, each of which ad-
mits arbitrarily many nonisomorphic Lefschetz fibration structures with the same
genus fiber. To obtain these families, we first construct a family of connected sums
of fibered knots obtained by Stallings twist from the square knot 31137 as follows.

3.1. Square Knot as a Building Block

Let K¢ be the square knot 33, which is a connected sum of a right-handed
trefoil knot and a left-handed trefoil knot, and let K,, be the knot obtained by
Stallings twist from K¢ as shown in Figure 1. Here, the n in the box indicates n
left-handed full twists when # is a positive integer and || right-handed full twists
when 7 is a negative integer. Then, it is well known that K, is a genus 2 fibered
knot and has the Alexander polynomial Ag, = 2 —t+ 1% 1.

3.2. Main Construction

Since two Hurwitz equivalent monodromy factorizations yield the same mon-
odromy group, the monodromy group sometimes provides sufficient information
to distinguish some pairs of Lefschetz fibration structures. For example, we suc-
cessfully distinguished some Lefschetz fibration structures on E(2) g for a family
of Kanenobu knots, up to parity [ ]. The main tool used in the proof was
Humphries’ graph method. In this paper, we use Humphries’ graph method again
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Figure 3 Curves for homology basis of H (22415 Z2)

to show that the corresponding monodromy groups appearing in the main theorem
are mutually distinct. For this, we start with the following lemma.

LeEMMA 3.1. Let B be a subset of H\(X24+1; Z2) such that

o {B1,Bs,...,By,a441,be41} C B, and

e forevery 1 <i < g, one of {a;, e;} is in B, and one of {b;, f;} is also in B,
where e; is a simple closed curve representing the homology class of a; +ag1,
and f; is a simple closed curve representing the homology class of b; + bg1,
as in Figure

Then, B is a basis of H{(Xog11; Z2).

Proof. For every 1 <i < g, we have that either a; € B or a; = ¢; — ag41 €
Span(B). Similarly, either b; € Bor b; = f; —bgy1 € Span(B). In Hi (X2g41; Z2),
we also have that

Byi_1 =By +a; +axeoi

and

Byi_1=ai+ajt1+ -+ a2 +bi + b
for 1 <i < g. Therefore,
{ar,b1,a2,b2, ..., a2441,b2441} C Span(B3).
Because |B| =4g +2 =dim H|(X24+1; Z2), B is a basis of H|(X2g+1;Z2). U
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Figure 4  Simple closed curves on Xy, for g =2

Now, we are ready to derive our main result. We use a basis B such as in
Lemma to find appropriate graphs I', which is a key step for applying
Humphries’ graph method.

PRrOPOSITION 3.2. For each integer n € Z, the knot surgery 4-manifold E(2)g,
admits (at least) two nonisomorphic genus 5 Lefschetz fibrations over S2.

Proof. For (p,q) € Z*, let K p.q be a family of knots obtained from K¢ by per-
forming sign(p) Stallings twists |p| times along ¢, and sign(g) Stallings twists
|g| times along d; in Figure 4 (corresponding to ¢ and d in Figure 1). Then, we
have that

Kp.g~ Kp+q:

which can be seen by isotoping the twists on the two strands in Figure 1, and its
monodromy

-1 _ -1
Ok, , = l‘gl o t£ 0ly, ol ola olp
can be easily obtained by Lemma
Because K, ~ K, ; whenever n = p + ¢, it follows that

_ 49 p_—1_ -1
(])KM =1, 0ley Olg, 0l " Olgy Olp,
is the monodromy of K,, and

CDKM (’7%,2) : 7712,2

is the monodromy factorization of E(2)g,. In fact,

q p+q —q -1 —1
bk, , = 14, 0ley " Oley Oty Oty " Ofg Olp,
ptqg —1 -1 -
ztglo(l‘,:2 qota2 oty oltq Otp)ot 4

—-1_,—1 —
(tay oty otay otp;) ™! (c2)

44 n —1 —1 —q
=1, o (lg, 0t ol olg ol‘bl)otdl
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because t,;l s t;ll o tp, O Ig,(c2) = dj. Therefore, we have confirmed that in fact

$k,, is conjugate to ¢k, .

Let e, = p (mod 2) and ¢, =g (mod 2) with ¢, ¢, € {0, 1}. In order to use
Humphries” graph method, we want to find a basis B¢, 12¢, . indexed by ¢, + 2¢,
of H{(XZs; Z3) such that

e {B1, By, B3, B4, b3, a3} C B 42, and
® GF((DKWJ (n%,Z) ’ 77%,2) = gF(BsP+2aq)'
In H{(Z5; Z,), we obtain
@k, ,(Bo) = Bo+b1+by+ai+a,
CDKp,q(Bl) =B +b1+by+ax+epcr+e4di,
@k, (B2)=By+by+ai+ax+eper,
@k, ,(B3) =B3+br+epca,
@k, ,(Bs) = Bsa+ax+epca+g4di,
because for every 0 <i <4, have that
@k, ,(Bi) = Bi +i2(Bi, b1)b1 + i2(tp, (Bj), ar)ai
+i2(ta) o1y, (Bi), b2)b2
+ia(ty, 0ty 01y, (Bi), az)az
+ spiz(ta_zl o tbzl olg oty (Bi), c2)c2
+egin(th oty o t,;zl oty oty (Bi), d1)d].
Because @k, (15,) € Gr(Pk,, (n]2 K ’7%,2) for 0 <i < 4, Corollary
implies that for each graph I'(B;,12¢,),

(a) an even number of elements in {b1, b2, a1, az} have xpr =0,

(b) an even number of elements in {by1, b2, a2, g2, £4d1} have xr =0,
(c) an even number of elements in {b>, ai, az, £pc2} have xr =0,

(d) an even number of elements in {by, £,c2} have xr =0,

(e) an even number of elements in {az, €,¢2, £4d1} have xr =0.

As a matter of convention, if ¢, = 0 or ¢, = 0, then the corresponding ¢; or
dj is omitted from the set. We may assume that yr(cz) = xr(d;) = 0 for each
graph F(ngJrzgq) [ ]. Then, (a)—(e) has a unique solution for each (¢, &) €
{0, 1} x {0, 1} as follows:

tays tays oy > thy € G (By)>

tays tays thy > thy & Gr(B))>

tby > thy € Gr(By) and tay, ta, & Gr(B,)»

laystay € gr(33) and 1y, , 1y, ¢ gF(Bs)'

Let e¢; be a simple closed curve on Xs representing a; + a3 € H{(X5; Z>),
and let f; be a simple closed curve on X5 representing b; + bz € H{(X5; Z,) for
1 <i <2,asinFigure 4. Then, by Lemma we can select a basis B; as follows:

e Bo={B1, B2, B3, B4, b3,a3,a1,az, by, by},
e By ={B1, B2, B3, B4, b3,a3,e1, €2, f1. f2}.
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e By ={Bi, B2, B3, B4, b3,a3, €1, €2, b1, b},
e B3 ={B1, Bz, B3, B4, b3,a3, a1, az, f1, f2}.

Now, we will show that
Gr(®k,,(112) 11 2) < Or B, iay)

for each (p,q) € 7Z2. To do so, we only need to show that By, Bs € Gr(s
for each (¢),¢,) € {0, 1} x {0, 1}. Because Bs = a3 € Gr(3
show that

sl)+25q)

e i26g)? 1t remains to

Bo=B)1+By+ B3+ Bs+as € gp(ggpmq).
However, this is clear because By is isotopic to a disjoint union of five vertices
By~ B UByUB3U B4 Uasz

in each graph I'(B;) (0 < j < 3), and therefore xra;)(Bo) = 1.

Let us observe that
® xrs)(c2) =0=xrB;(d) for0 < j <3,
o ir(Pk,, (B1),c2) =1and ir(Pk,, (B1),d1) =1foreach (p,q) € 72,
o ir(®k,, (B2),c2) =1and ir(Pk, ,(B2),di) =0 foreach (p,q) € 72.
This implies that
o Ok, (5, Pk, (t5,) € GF(Pk,, (17 5) 17 ) S OB, 20>
o if (p—r,qg—s)=(1,0)0r (0,1) (mod 2), then ®g, (1) ¢ gr(Bepﬂgq),
o if (p—r,qg—s)=(1,1) (mod 2), then Ok, (1p,) ¢ Qr(33p+26q).
Therefore, whenever (r, s) # (p, g) (mod 2),

Gr(Pg,, (77%,2) . 71%,2) Z 90 (Bey12e))>

and g, (71%,2) - 71%,2 is not isomorphic to @, (’7%,2) . ’7%,2 as a genus 5 Lefschetz
fibration by Corollary

Finally, because (n,0) # (n — 1, 1) (mod 2) for each integer n, it is clear that
E(2)k, admits (at least) two nonisomorphic genus 5 Lefschetz fibration struc-
tures. O

Now, we extend this result on E(2) g to the case of a family of connected sums of
n copies of Stallings twist knots as follows.

THEOREM 3.3. For each integer n > 0 and (mi,my,...,my) € Z", the knot
surgery 4-manifold

E@)K,, 2K, 5--tKm,
admits (at least) 2" nonisomorphic genus (4n + 1) Lefschetz fibrations over S.
Here, K,; (1 <i <n) denotes a knot obtained by performing |m;| left/right-
handed full twist on the double knot Ky, as in Figure

Proof. Let us decompose each m; as a sum of two integers p;,q; € Z such
that m; = p; + ¢q;. Let €y, = &3;—1 = p; (mod 2) and g5, = &2; = ¢; (mod 2),
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©0,0,0,0(Bo) <I>0000(Bs)
\Q/OOOO@)(@O Q@—O\OO@
©0,0,0,0(B1) ©0,0,0,0(Bs)
@QQ/OOOO\OD @oo@oo@
©0,0,0,0(B2) ] ©0,0,0,0(B7)
©0,0,0,0(B3) <1>0000(38)
COQbm@ C.‘oooo@
©0,0,0,0(B4)

Figure 5 Simple closed curves ® g1k, (B;)

where ¢),,&4, € (0,1} for 1 <i <n and ¢ € {0,1} for 1 <i < 2n. Because
K 8Km, - - 8Ky, is a fibered knot of genus 2n and

K 8Kyt - - 8K, ~ Kpy,q 8K py,q: 8- 8K p,, g,

whenever m; = p; + q; for 1 <i <n, we obtain a monodromy map

qi pPi —1 -1
Pp1q1 s Pasin H(tdz , Oley Oy, 00y Olay; 0 lhy;_y)-

Note that we have the following relations in Hy (X4,41; Z2):

4n
By = Z B; + a1, Bapi1 = a1,
i=1

and from Figure 5, the following hold for 1 < j <n:

n
Dy giopan(B0) = Bo+ Y (azi—1 +a +boi1 +b2i),  (3.1)
i=1
D@1 g pan (Ba(i—1+1) = Baj—1y+1 +b2j—1 + b2j +azj + 251025
+e&2jdrjq

n
+ Z (a2i—1 + a2i + bai—1 + b2i), (3.2)
i=j+1
@1 gioepuan (Ba(j—1+2) = Baj—ny+2 + b2j tazj—1 +azj + e2j-102j
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n
+ Z (a2i—1 + azi + bai—1 + bai), (3.3)
i=j+1
P11 pnan Bai—1+3) = Baj—1)13 + baj + 8251025

n
+ Z (agi—1 + azi + bpi—1 + b2y), (3.4)
i=j+1
D@1 q1,e pran (Ba(i—1)+4) = Ba(j—1)+4 +azj + &2j-102j + €2jdaj—1

n
+ ) (a1 +ai+by+by). (33
i=j+1
Now, for each 21221 8,~2i_1 e{0,1,..., 22n _ 1}, we want to construct a basis

821_221 ei2i-1 OF H1(Zany 15 Z2) that satisfies
L4 {B]a 327 MR B4n» aZn+l, b2n+l} C lezi] 8,‘2’.71 and

2 2
® GF(®pigpocpuaan (M7 20) * M7 ) = gF(BZzﬁlgizi_l)-

Note that equations (3.1)—(3.5) and the second condition for 82211 gpi—1 Imply
that (a)—(e) hold for 1 < j < n, and we add one further condition (f)_ as follows:

(a) an even number of | J!_,{asi—1, a2, bai—1, bri} have xr 0,

Z,zil gizi_l )~
(b) an even number of

n
{b2j—1,b2j,azj,€2j-102j,82jdaj 1} U U {azi—1, azi, bai 1, b2;}
i=j+1
have XF(BZ.Z"Is,-Zi—l) =0,
n
(c) an even number of

n

{baj,azj—1,a2j, 825102} U U {azi—1, a2, bai—1, bai}
i:j+l
have XF(BZ?ilsizi_l) =0,

(d) an even number of

n
{byj,e2j—102;} U U {azi—1, a2, boi—1, bai}
i:j+l
have XF(BZ;'ZLS,'ZFI) =0,

(e) an even number of

n
{azj,e2j-102j,82jdaj 1} U U {azi—1, azi, bai—1, bo;}
i=j+1
have XI'(B
® xrms

Z;‘zllsizifl) =0,
6_2,-_1)(021')=0=XF(B 5_2,-_1)(dzj71)f0r1§j§n.

2n 2n
pBnis 24
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Table 1 The system of conditions

Dpiai.pm.p(Bo) b1 by a1 az by by a3 ag
dDPl,ql,pz,qz(Bl) br by a &pC2 Sqldl bz by a3 aa
<I>101,(11,172,t12(B2) by a1 ay Ep C2 bz by a3 aa
cbpl,ql,pz,qz(B3) by Ep 2 by by a3 ag
Cbm,ql,pz,qz(34) a &pC2 8q1d1 bz by a3 ag

Dy .q1.p2.92(B5) bz by as ep,ca Eqyd3
D1 .q1.p2.9,(B6) by a3 as ep,c4
@p1.q1,p2.92(B7) by £pyC4
Ppi1.g1.p2.92(Bs) a4 Ep,C4 Eg,d3

Then, these systems of conditions specify a unique solution, which we can prove
by using induction on 7, the number of connected summed Stallings knots. For
example, the case n = 1 was already proved in Proposition 3.2. Now, we will
demonstrate how the inductive step works. Let us consider the following Table

Then, the last four rows, concerning @, 4. p.,(Bj) (5 < j < 8), have a
unique solution for each given (g,,, g4,) € {0, 1} x {0, 1}. In each case, an even
number of elements from {b3, b4, a3, a4} have a modulo 2 Euler number 0.
Therefore, this has no effect on the solution of the first four rows, concerning
Dy g1, p2.q.(Bj) (1 < j <4), and the solution has exactly the same pattern as the
solution for

{CDPMN (Bl)’ (Dpl,ch (BZ)’ q)p1,q| (B3)a q)pl,ql (34)}-

Note that the condition for @, 4, p,.¢, (Bo) is automatically satisfied.
Therefore, Bz_znl o.0i—1 satisfies the following conditions for 1 <i <n:

o If (g;_1, &) =(0,0) (mod 2), then
{tay 1> tan s Ty » by } C Gr (B 1)
Zizlgzz
o if (e2;_1,82;) =(1,0) (mod 2), then
layi_1» Layi» ooy by & gF(BZ,-ZL gizifl);

o if (e2;_1,82;) =(0,1) (mod 2), then

{thy; 1 by} C gF(B 91'2"_1) and fay,_,, lay ¢ gF(B

2 2 i—1)3
Dl iy e

o if (e3i_1,82) = (1,1) (mod 2), then

{la2i—1 s taz,'} C gI‘(B ) and lb2i71 s thi ¢ gF(B

2 i 2 i—1)°
Ty 2! T2l

These observations suggest that we can define Bzznl e0i—1 @8 follows:
e Start with {By, Ba, ..., Ban, aon+1, b2n+1};

e For 1 <i <n, proceed as follows:
— If (e2i—1, &2;) = (0,0) (mod 2), then add {a»; _1, a2i, bai—1, ba;} to the set.
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If (e2i—1,82i) = (1,0) (mod 2), then add {ez;_1, €2, f2i—1, f2i} to the set.
If (e2;—1,€2/) = (0,1) (mod 2), then add {ep;_1, e2;, b2i_1, b2;} to the set.
— If (e3i—1,€2i) = (1, 1) (mod 2), then add {az; 1, azi, fai—1, f2i} to the set.

Here,

e ¢; is a simple closed curve representing a; + az,+1 in H{(Zan+1; Z2),
e f; is a simple closed curve representing b; + by, +1 in H{(Zap+1; Z2).-

Then, by Lemma each resulting set B; (0 <i <2?" — 1) is a basis of
Hi(Z4n41; Zo) satisfying

M i)
2Ly 62

Now, we will show that if (p1,q1,..., Pn,qn) & (r1,81,...,n,8y) (mod 2),
2 20 . : . 2 2
then @, gy.....pu.gn (17 21) * 17 2, 18 MOt isomorphic to @y, sy ._r5, (17 ) - 17 2
as a Lefschetz fibration.
Let us observe that for 1 < j <n,

® i2(Ppy g1, punga (Bagi—1)+1)s €2j) = 1=102(Pp, q1..... pugu (Bai—1)+1), d2j 1),

* 2(Ppi gy, pugn (Bagi-142) €2j) = 1 and  i2(Ppyq1,....prga (Bagi-1+2)5
drj—1) =0,

o Xr@)(c2)) =0=Xr(s,)(d2j—1) for 0 <i <2%" —1.

Then, this observation, together with Corollary , implies that

o if(pj,q;)—(rj,s;)=(1,0) or (0, 1) (mod 2) for some j € {1,2,...,n}, then

Dry 51, (tB4(j—l)+l) ¢ gF(BZ;zzl(gpiﬂgqi 1226-1))°

o if (pj,q;) —(rj,s;)=(1,1) (mod 2) for some j € {1,2,...,n}, then

Dy s, (tB4(j71)+2) ¢ gF(BZ};l(em +2eq; )226-1))*

Therefore, the assertion follows from Corollary . O

REMARK 3.4. We can obtain similar results on E(2) ¢ using a family of Kanenobu
knots K with a parity of type (1, 0) or (0, 1). However, one advantage of Stallings
twist knots compared to Kanenobu knots in the construction of inequivalent Lef-
schetz fibration structures on the same smooth 4-manifold is that it is always pos-
sible to construct a pair of inequivalent Lefschetz fibration structures on E(2)g,
for the Stallings twist knot K,.
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