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Reduction of Local Uniformization to the Case of Rank
One Valuations for Rings with Zero Divisors

JOSNEI NOVACOSKI & MARK SPIVAKOVSKY

ABSTRACT. This is a continuation of our previous paper, where it was
proved that to obtain local uniformization for valuations centered on
local domains, it suffices to prove it for rank one valuations. In this
paper, we extend this result to the case of valuations centered on rings
that are not necessarily integral domains and may even contain nilpo-
tents.

1. Introduction

For an algebraic variety X over a field k, the problem of resolution of singulari-
ties is whether there exists a proper birational morphism X’ — X such that X’
is regular. The problem of local uniformization can be seen as the local version
of resolution of singularities for an algebraic variety. For a valuation v of k(X)
having a center on X, the local uniformization problem asks whether there exists
a proper birational morphism X’ — X such that the center of v on X’ is regular.
This problem was introduced by Zariski in the 1940s as an important step to prove
resolution of singularities. Zariski’s approach consists in proving first that every
valuation having a center on the given algebraic variety admits local uniformiza-
tion. Then these local solutions have to be glued to obtain a global resolution of
all singularities.

Zariski [10] succeeded in proving local uniformization for valuations centered
on algebraic varieties over a field of characteristic zero. He used this to prove
resolution of singularities for algebraic surfaces and threefolds over a field of
characteristic zero (see [1 1]). Abhyankar [ 1] proved that local uniformization can
be obtained for valuations centered on algebraic surfaces in any characteristic and
used this fact to prove resolution of singularities for surfaces (see [2] and [3]).
He also proved local uniformization and resolution of singularities for threefolds
over fields of characteristic other than 2, 3, and 5 (see [4]). Very recently, Cos-
sart and Piltant [5; 6] proved resolution of singularities (and, in particular, local
uniformization) for threefolds over any field of positive characteristic and in the
arithmetic case. They proved it using the approach of Zariski. However, the prob-
lem of local uniformization remains open for valuations centered on algebraic
varieties of dimension greater than three over fields of positive characteristic.
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Since local uniformization is a local problem, we can work with local rings
instead of algebraic varieties or schemes. A valuation v centered on a local in-
tegral domain R is said to admit local uniformization if there exists local ring
R dominated by O, and dominating R such that R‘D is regular. Let A/ be the
category of all Noetherian local domains, and M C A be a subcategory of N
that is closed under taking homomorphic images and localizing any finitely gen-
erated birational extension at a prime ideal. We want to know for which subcat-
egories M with these properties, all valuations centered on objects of M admit
local uniformization. In Section 7.8 of [7], Grothendieck proved that any cate-
gory of schemes, closed under passing to closed subschemes and finite radical
extensions, in which resolution of singularities holds, is a subcategory of quasi-
excellent schemes (it is known that the category of quasi-excellent schemes is
closed under all the operations mentioned). He conjectured (see Remark 7.9.6 of
[7]) that resolution of singularities holds in the most general possible context of
quasi-excellent schemes. Translated into our local situation, this conjecture says
that any valuation centered in a quasi-excellent local Noetherian domain admits
local uniformization. For a discussion on quasi-excellent and excellent local rings,
see Section 7.8 of [7]. However, this conjecture is widely open.

In most of the successful cases, including those mentioned before, local uni-
formization was first proved for rank one valuations. Then the general case was
reduced to this a priori weaker one. In [9], we prove that this reduction works
under very general assumptions. Namely, we consider a subcategory M of the
category of all Noetherian local integral domains that are closed under taking ho-
momorphic images and localizing any finitely generated birational extension at
a prime ideal. The main result of [9] is that if every rank one valuation centered
on an object of M admits local uniformization, then all the valuations centered
on objects of M admit local uniformization. The main goal of this paper is to ex-
tend this result to rings that are not necessarily integral domains and, in particular,
may contain nilpotent elements. The importance of nonintegral and nonreduced
schemes in modern algebraic geometry is well known. Even if we were only in-
terested in reduced schemes to start with, we are led to consider nonreduced ones
since they are produced by natural constructions, for example, in deformation
theory.

The motivation behind our work is the following: when trying to prove some
result in local uniformization/resolution of singularities, it is sometimes conve-
nient to expand the category that we are working on. For instance, if we are ex-
pecting to prove local uniformization by induction on the dimension of the vari-
eties and if at some point we have to use deformation of the ring, then we have to
prove local uniformization for every valuation of smaller rank in the category of
“deformed” rings. Hence, it is desirable to have a reduction of local uniformiza-
tion to rank one valuations to a category of rings as large as possible.

Even if deforming singularities does not intervene in the resolution process,
it is desirable to prove simultaneous resolution in families of varieties. There are
situations when flat families with nonreduced fibers appear by natural construc-
tions, even when at the start the scheme we were deforming was reduced. It would
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be nice to be able to extend the notion of simultaneous resolution to this type of
situation. It is therefore natural to try to state and prove resolution of singularities
and local uniformization for nonreduced schemes.

Most of the recent results on resolution, such as the Cossart—Piltant theorem
in dimension three, are stated and proved only for reduced schemes, so local uni-
formization in our sense does not formally follow from them. However, it should
not be too hard to extend the existing results to the nonreduced schemes. We con-
sider the present paper to be a step in this direction.

If R is not reduced, then we cannot expect, in general, to make R" regular
by blowings up. The natural extension of our result to the case of rings with zero
divisors is to require (R(l))red to be regular and N (”1) /N Ell‘)H tobe an (R (1))red-free
module for every n € N (here N(jy denotes the nilradical of R‘D). For a more
detailed motivation of our main theorem, see Section 2 (particularly, Remarks
and 2.5). Let A/ be the category of all Noetherian local rings, and M C N a
subcategory of NV that is closed under taking homomorphic images and localizing
any finitely generated birational extension at a prime ideal. Our main result is the
following:

THEOREM 1.1. Assume that for every Noetherian local ring R in Ob(M), ev-
ery rank one valuation centered on R admits local uniformization. Then all the
valuations centered on objects of M admit local uniformization.

The proof of Theorem consists of three main steps. The first step is to prove
that given a local ring R and a valuation v centered in R, there exists a local
blowing up 7 : R —> R such that R™") has only one associated prime ideal.
The local blowing up 7 is constructed by first constructing a blowing up X —
Spec R such that X has no embedded components and is locally irreducible as a
topological space and then setting R‘1 = Ox ¢ where £ is the center of v on X.
Then we consider a decomposition v = v o vy of v such that rk(vy) < rk(v) and
rk(vy) < rk(v). Using induction, we can assume that both v and v, admit local
uniformization. The second main step consists in using this to prove that there
exists a local blowing up RM — R such that (R®)yeq is regular. The third
and final step is to prove that there exists a further local blowing up R® — R®
such that (R®)eq is regular and N (’g) /N (’fgl is an (R®)eq-free module for every

n € N (here N3y denotes the nilradical of RO).

This paper is organized as follows. In Section 2 we present the basic definitions
and results that will be used in the sequel. Sections 3, 4, and 5 are dedicated to
prove the results related to the first, second, and third steps, respectively. In the
last section we present a proof of our main theorem.

2. Preliminaries

Let R be a Noetherian commutative ring with unity, and I' an ordered Abelian
group. Set ', :=I" U {00} and extend the addition and order from I" to 'y, as
usual.
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DEFINITION 2.1. A valuation v on R is a mapping v : R —> I' with the follow-

ing properties:

(V1) v(ab) =v(a) + v(b) forevery a, b € R;

(V2) v(a +b) = min{v(a), v(b)} for every a, b € R;

(V3) v(1) =0 and v(0) = o0;

(V4) The support of v, which is defined by supp(v) :={a € R | v(a) =00}, is a
minimal prime ideal of R.

Take a multiplicative system S of R such that supp(v) € R\ S. Then the extension
(which we call again v) of v to Rg given by v(a/s) := v(a) — v(s) is again a
valuation. From now on, we will freely make such extensions of v to Rg without
mentioning it explicitly.

A valuation v on R is said to have a center if v(a) > 0 for every a € R. In this
case the center of v on R is defined by €, (R) :={a € R | v(a) > 0}. Moreover,
if R is a local ring with unique maximal ideal m (in which case we say “the local
ring (R, m)”), then a valuation v on R is said to be centered at R if v(a) >0
for every a € R and v(a) > 0 for every a € m. We observe that if v is a valuation
having a center on R, then v is centered on Rg, (g). The value group of v, denoted
by VR, is defined as the subgroup of I" generated by {v(a) | a € R}. The rank of
v is the number of proper convex subgroups of vR.

Let us denote the nilradical of R by N:

N =Nil(R) :={a e R| a' =0 forsomel € N}.

For b € R\ N, we consider the canonical map & : R —> R}, given by ®(a) =
a/l.Let

o
J(b) :=ker® =|_Janng (). (1)
i=1
We have a natural embedding R/J (b) C Rp.
Assume, in addition, that b € R \ supp(v). Take ay, ..., a, € R such that

v(a;) >v(b) foreachi,1<i<r.

Consider the subring R" := R/J (b)[a1/Db, ..., a,/b] of Rp. Then the restriction
of v to R’ has a center €, (R’) in R’. We set RV := R/QU(R’)'
DEFINITION 2.2. The canonical map R —> R is called the local blowing up
of R with respect to v along the ideal (b, ay,...,a,). For a valuation u having
a center on R, we say that R —> R is y-compatible if b ¢ €.(R) and g; €
€, (R) foreveryi, 1 <i<r.

LEMMA 2.3. The composition of finitely many local blowings up is again a local
blowing up. Moreover, if each of these local blowings up is u-compatible, then
their composition is again u-compatible.

Proof. Tt suffices to prove that, for two local blowings up 7 : R — R and
7' RM — R® with respect to v, there exists a local blowing up R —> R
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with respect to v such that R® ~ R® We write
R =Ry gy for R'=R/J(®)lai/b.....ar/b]
for some ay,...,a,,b € R and

RO =Ry, for RO =RO/I(B)lr/B.....c/B)

for some «q,...,a5, B € RM_ Then there exist ari1,-...,ar+s, b’ € R such that
a;/B =m(ar+i)/m(b’) foreach i, 1 <i <s. Consider the local blowing up

R— R®
given by
R =R, (wr)
for R" = R/J(bb)a\b /bl ... aybl /bb, ays1b/bY . ... arssb/bb].
It is straightforward to prove that R® ~ R O

In view of Lemma 2.3, we will freely use the fact that the composition of finitely
many local blowings up is itself a local blowing up without mentioning it explic-
itly.

REMARK 2.4. If b € N, then Ry, is the zero ring (i.e., the one-element ring in which
0=1).If b € supp(v) \ N, then the ring R;, and the homomorphism ® : R — R}
are well defined, but there do not exist a localization RV of R;, and a valuation
v centered in R whose restriction to R is v. This is why in the definition of
local blowing up we limit ourselves to the case b ¢ supp(v).

REMARK 2.5. The ring Rgupp(v) has only one associated prime ideal. If Rgupp(v)
contains nonzero nilpotent elements, then so does every local blowing up R of
R. Therefore in this case there is no hope of making R(! regular; the best we can
ask is for (RM),eq to be regular. Furthermore, it is both natural and possible to
look for some form of “constant” or “uniform” behavior of the nilradical of R("
along Spec(R")eq. The intuitive idea of uniform behavior of a module along a
scheme in algebraic geometry is often embodied in the concept of flatness. There-
fore, in order to define local uniformization for rings with nilpotents, it is natural
to ask that the nilradical of R() become a flat (R()),eq-module. In fact, we can
do slightly better and require not only the nilradical itself but all of the succes-
sive quotients of its powers to be flat. A finitely generated module over a local
ring is flat if and only if it is free. These considerations motivate the following
definitions.

DEFINITION 2.6. Assume that Ryq is regular. We say that Spec R is normally flat
along Spec Ryeq if N'/N n+1 s an Ryeq-free module for every n € N.

Since R is a Noetherian ring, there exists ng € N such that N = (0) for every
n > ng. Hence, the condition in Definition is equivalent to the freeness of
each of the finite collection modules N/Nz, e N”O/N”OJrl = N"o,
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DEFINITION 2.7. For a local ring R, a valuation v centered on R is said to admit

local uniformization if there exists a local blowing up R — R1) with respect
(1)

to v such that Rr(;(; is regular and Spec R(! is normally flat along Spec R4

Let v =vj o vy be a fixed decomposition of v. For simplicity of notation, we set
p =, (R), and for a local blowing up R — RW | we set

p =, (RD). )

We need to guarantee that the main properties of Ry, and R /p are preserved under
vi-compatible local blowings up. More precisely, we have to prove the following:

PROPOSITION 2.8. Let w : R —> R be a vi-compatible local blowing up. Then
the canonical maps Ry, — R;l(f) and R/p — R /pW induced by w are iso-
morphisms.

To prove Proposition 2.8, we need the following basic lemma.

LEMMA 2.9. Let S be a multiplicative system of R contained in R\ €,(R). Then
the canonical map ® : Rg,(ry —> (Rs)¢, (rg) given by ®(a/b) = (a/1)/(b/1) is
an isomorphism.

Proof. For an element (a/b)/(c/d) € (Rs)¢,(rg), We have
v(b) =v(c) =v(d)=0.
Consequently, v(bc) =0 and ad /bc € Rg, (). Then
(a/b)/(c/d) = (ad/1)/(bc/1) = ®(ad/bc).

Suppose that @ (a/b) = 0. This means that there exists ¢/d € Rg\ €, (Rs) such
that ac/d = 0 in Rg. Thus, there exists s € S such that sac = 0. Moreover, since
c/d ¢ €,(Rs), we also have ¢ ¢ €,(R). This and the fact that s € S C R\ €,,(R)
imply that sc ¢ €,(R). Hence, a/b =0 in Rg, (g), which is what we wanted to
prove. O

Proof of Proposition 2.8. Applying Lemma 2.9 to R (with § = {1, b, b*, .. .}) and
R’ (with 8’ = R"\ €, (R")) and the valuation v, we obtain that the canonical maps
Ry — (R;,)¢Ul (Ry) and R/€UI Ry R;l(?) are isomorphisms. Hence, to prove
the first assertion, it suffices to show that the canonical map (R;,)@Ul(Rb) <«
R’CvI (k') 18 an isomorphism.

Since R' € Ry and €, (R") = R N &, (Rp), we have that R ®)

V1
(Rb)@v1 (R, 1is injective. On the other hand, any element (a/b")/(c/b™) in
(Rb)qv1 (Ry) can be written as (ab™/1)/(cb" /1), which is the image of ab™ /cb".
Hence the map
R/Q‘Ul &y — (Rb)e, (Ry)

is surjective and consequently an isomorphism.

Set Ro = R/J (b) and consider the induced map Ry — R Since the canon-
ical map R — Ry is surjective, to prove the surjectivity of R — RM /pM it
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suffices to show that Ry — R /p(D is surjective. For an element @ € RV,
we write « = p/q where p = P(a1/b,...,a,/b) and ¢ = Q(a1/b, ..., a,/b) for
some

P(le'HaXr)s Q(le'--aXr) € RO[le"-aXr]'

Set po=P(0,...,0) and go = Q(0,...,0). Then

r
D1 ;:p—p():Zai/b- P,-(al/b,...,ar/b)

i=1

and
-
qr:=q—qo=) ai/b- Qi(ar/b,...,ar/b)
i=1
for some P;, Q; € Ro[X1, ..., X,], 1 <i <r. Since vi(a;/b) > 0, we obtain that
v1(p1) > 0 and vi(q1) > 0. This implies that
vi(qo) =0, (3)
vi(gog) =0, )
and
vi(gop1 — pogq1) > 0. ®)
Therefore,

p/q — po/qo = (qop1 — pog1)/qoq € p".
It remains to prove that pg/qo € Ro. Since vi(g1) > 0, also v(g;) > 0. Hence
v(go) = v(g —q1) = 0, and consequently gq is a unitin Ry. Therefore po/qo € Ro.
To finish our proof, it suffices to show that the kernel of R — R /p) is p.
This follows immediately from the definition of p and p‘!) as the centers of v; on
R and R, O

Lemmas and are generalizations of Lemma 2.18 and Corollary 2.20 of
[9], respectively. The proofs presented there can be adapted to our more general
case. We include the proofs here for convenience of the reader.

LEmMMA 2.10. For each local blowing up Ry, —> RW with respect to vy, there
exists a local blowing up R —> RV with respect to v such that R ~ R;H).

Proof. We consider the local blowing up R, —> R given by

RWM = E’% & for R =Rp/J(B)lai/B,....ar/Bl.

Choose ay, ..., a, b € R such that for each i, 1 <i <r, we have ®(a;)/P(b) =
a;/B where ® : R — Ry is the canonical map. If v(a;) < v(b) for some i, 1 <
i <r, then we have v{(a;) = v1(8). Choose i so as to minimize the value v(a;)

or, in other words, so that v(a;) < v(a;) forall j € {I,...,7}. Set
R = RP/J(ai)|:a—1,..., a1 Bodin &]
o; o o o
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Then RV ~ I?é (i, Hence, after a suitable permutation of the set {ai. ...,
Y1

ay, b}, we may assume that v(a;) > v(b) forevery i, 1 <i <r. Consider the local
blowing up

R =Ry for R'=R/J(®)lar/b. ..., ar/b]
with respect to v. It is straightforward to prove that R;l(?) ~ RO, O

LeEMmMA 2.11. For each local blowing up R/p — RV with respect to vy, there

exists a local blowing up R —> R with respect to v such that RV /p) ~ rY

and Ry ~ R;I&).

Proof. For an element a € R, we denote its image under the canonical map

R— R/p
by a. Then
_1 J— . J— _ —_ _ -
RV = R’%(ﬁ) with R = (R/p)/J (B)[@1 /b, ..., @ /b]
for some ay,...,a,,b € R\ p. Since v,(@;) > v2(b), we have v(a;) > v(b) for

every i, 1 <i <r. Then we can consider the local blowing up
RV =Ry g, withR'=R/J(b)a1/b,...,a,/b]

with respect to v. It is again straightforward to prove that R /p(D) ~ R and

~rM
Ry ~R ). O

3. Associated Prime Ideals of R

Let R be a Noetherian ring. The main results of this section are the following.

PROPOSITION 3.1. There exists a blowing up X —> Spec R such that X has no
embedded components and is locally irreducible as a topological space.

Let R be a local Noetherian ring, and v a valuation centered in R.

COROLLARY 3.2. There exists a local blowing up R —s R with respect to v
such that Nil(R(D) is the only associated prime of R\

We start with the following lemma.

LEMMA 3.3. Let R be a Noetherian ring, not necessarily local. Let N = Nil(R).
Fix a finite collection of elements ay,...,a, € R, b€ R\ N, and J(b) as in (1).
Let

R'=R/J(b)[a1/b,...,a,/b] C Ry.
Then, for every ¢’ € R’, the ideal anng/ (") can be written as anng(c/1) for some
¢ € R. Moreover, if anng/ (c') is prime, then anng (b"°¢) is a prime ideal of R for
some ng € N.
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Proof. Choose ¢ € R such that ¢/ = ¢/b' for some [ € N. Fix a’ € R’ and write
a’ =a/b™ for some m € N and a € R. Then we have
a' € anng/(c) <= ach" =0 forsomen € N <= a’ €anng(c/1).
Now assume that anng/ (c’) is prime and set Rg := R/J (b). Then
anng, (c/1) =anng (') N Ry

is also prime. Moreover,

7~ (anngy(c/1) = ] anng (®"c), (6)

n=1
where 7 : R —> R/J (b) is the canonical epimorphism. Indeed,

a € r~ " (anng,(c/1)) <= ac/1=01in R,
<= b"ac=0in R for some n € N
< aelJ, anng(b"c).

Since R is Noetherian and

anng (bc) C anng(b*c) C--- Canng(b"c) C-- -,

we have
o
anng (b"¢c) = U anng (b"c¢) for some ng € N. @)
n=1
By (6) and (7) we conclude that anng (b"0c) is a prime ideal of R. O
COROLLARY 3.4. Keep the notation of Lemma 3.3. The natural map

Spec R — Spec R

induces a bijection between Ass(R') and the set of associated primes of Ass(R)
not containing b.

COROLLARY 3.5. Keep the notation of Lemma 3.3. Let S C R’ be a multiplicative
set. Put RV = R§.If N is the only associated prime ideal of R, then Nil(RM) is
the only associated prime ideal of R™V.

Proof. By Theorem 6.2 of [8] we have Ass(RM) = Ass(R") N Spec(R(l)). This
and Lemma guarantee that | Ass(R(1)| < | Ass(R)| = 1. Consequently, RV
has only one associated prime ideal, say q. The primary decomposition theorem
now gives us that ¢ = Nil(R), which is what we wanted to prove. O

COROLLARY 3.6. Assume, in addition, that R is local and v is a valuation centered
in R. For a local blowing up R —> RW, if N is the only associated prime ideal
of R, then Nil(R(V) is the only associated prime ideal of R\V.

We will use Corollary throughout this paper without always mentioning it
explicitly.



286 JOSNEI NOVACOSKI & MARK SPIVAKOVSKY

Proof of Proposition 3.1. Let (0) = ﬂ'}zl Q; be a primary decomposition of (0)
in R such that the ideals P; := ,/Q; are pairwise distinct. Recalling the Q;, if

necessary, we may assume that there is s < n such that Py, ..., Py are the minimal
primes of R, whereas Ps1, ..., P, are the embedded components of Spec R.
Let
n
(11 7)x(N )
j=s+1 j=1 ‘l<i<s
i#]

Note that if s = 1, then } 7 _ 1(ﬂ1<l<éQ)_RandJ [T/ P

Clearly J ¢ N. Let X be the blowmg up of Spec R along the ideal J. We
claim that X satisfies the conclusion of the proposition. The scheme X is a union
of finitely many affine charts of the form Spec R’, where R’ is as in Lemma
It suffices to check the conclusion of the proposition with X replaced by Spec R'.
Moreover, the ideal Z;: My <i<s 0;) has a set of generators each of which is

i#]j
contained in (ﬂlﬁifs Q;) for some j € {1,...,s}, say, in meifs Q; . Therefore,
i#]j
we may assume, in addition, that b € ([T}_;11 P/)(MNa<i<s Q1)

By Corollary 3.4, R” has a unique associated prime ideal Q’, and the natural

preimage of Q’ is Q1. This completes the proof. U

REMARK 3.7. If [ is the only associated prime ideal of R, then for every b ¢ N,
we have J (b) = (0). In this case we do not need to mention the ideal J (b) in the
definition of a local blowing up. We will use this throughout this paper without
mentioning it explicitly.

4. Making R4 Regular

Let R be a local ring, and v a valuation centered on R. Assume that v = vj o v
and denote by p the center of v on R. As usual, we denote by N the nilradical
of R, and for a local blowing up R — R (as in Definition 2.2), we denote
the nilradical of RV by N(1y. Also, as usual, p(l) is the center of v; in RW as
in (2). Assume that N is the only associated prime ideal of R. The main goal of
this section is to prove the following proposition.

ProprosITION 4.1. Assume that (Rp)red and R/p are regular. Then there exists a
vi-compatible local blowing up R — RW such that (R(l))red is regular. More-
over, for every local blowing up R — RO along an ideal (b, ay, ..., a,) with
b¢ p(l) and ay, ..., ar € N1y, we have that (R(z))red is regular.

To prove Proposition 4.1, we need a few lemmas.

LEMMA 4.2. Assume that (Rp)red is regular. Then there exists a vi-compatible

local blowing up R —> RW such that the RV /pD-module @ /((p1V)? +

Nq)y) is free. Moreover, lfy(l), ...,yr(l) are elements of pV whose images in
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13(1)/((}3(1))2 + Nqy) form a basis of PV /((pM)? + N1y), then their images in
(R( (]))red form a regular system of parameters of (R(l(?))red

LEMMA 4.3. Let m: R —> R be a local blowing up along an ideal (b, ay,
a) withbé¢panday, ... a € N.Ifp/(p*> + N) is a free R/p-module, then
PO (M) + Nay)
is a free R /pD -module.

LeEmMMmA 4.4. Take yi,...,yr € p and x1,...,x; € m \ p whose images form a
regular system of parameters of (Rp)red and R/p, respectively. If p/ (p% + N) is
an R /p-free module with basis y; + (p> + N), ..., yr + (p> + N), then Ryeq is
regular.

Proof of Proposition 4.1, assuming Lemmas 4.2, 4.3, and 4.4. We apply Lem-

ma 4.2 to obtain a v; -compatible local blowing up R —> R(l) andyV, ..y e

R such that their i images in p(l)/((p(l))2 + N(1)) form an (RW),oq- basis and
their images in (R;l(?))red form a regular system of parameters. Moreover, by

Proposition 2.8, RV /pD is regular. Also, by Lemma 4.3 and Proposition 2.8, for
every local blowing up RV — R® along an ideal (b, ay, ..., a,) with b ¢ p»
and ay, ..., ar € N(1), the hypotheses of Lemma are satisfied for R® . Hence,
we obtain that (R()eq and (R®)eq are regular. O

We now proceed with the proofs of Lemmas 4.2, 4.3, and

LEMMA 4.5. Take generators Y1, ..., Yr, Yr+1s---»> Yr+s Of pand b & p. Let
7:R— RWD
be the local blowing up along the ideal (b, y1, ..., y;). Set
yl(l) =n(y;)/b forl<i<r and yr(lr)k =nm(yr+k) forl<k<s.

Then pV is generated by y(l), . y,“jb

Proof. Obviously yi(1> e p for every i, 1 <i <r + s. Take an element

p/q € pV. This implies that p = p(y1/b, ..., y,/b) for some p(Xi,...,X,) €

R[Xq, ..., X;] (see Remark 3.7). If we set po = p(0, ..., 0), then
p=po+%p1 +---+%pr for some p1,...,pr € R'.

This implies that po € p. Hence, there exist ay, ..., d,45 € R such that pg =

aiyr + -+ +dr4syr4s. Thus

» n(ba)-i—p | ”(“Wl ! LoRY
Z i i ()+Z r ()ke((),..-,yﬁﬁc)R()~

This concludes our proof. (]
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Proof of Lemma 4.2. Since (Rp)red is regular, there are elements yq,...,y- € p
such that their images in (Ry)req form a regular system of parameters. The first
step is to reduce to the case where yy, ..., y, generate p.

Assume that yj, ...,y do not generate p. Choose y,41,..., Yr+s € p such
that y1,..., ¥+, ¥r41,..., Yr4s generate p. For each k, 1 <k <, we can find
by € R\ p, bik,...,byx € R, and hy € (y1, ..., y,)* such that

biYrak +b1yi+ -+ brkyr +hy €N.

Consider the local blowing up 7 : R —> R(M along (b1, y1, ..., yr). It follows
that

bGP, + 7By + -+ 7By +180) € Noy
and
7 (br)y bib1 )y + -+ by + Y e Ny for2 <k <
)Y, +ab1bi)y;” + -+ 7x(bibri)y,’ +hy " € Nay for2 <k <s,
(n [€))

where y; " = 7w (y;)/by for 1 <i <r and y,/, = 7w (y,4x) and some h,(:) €
(yl(l), )2 for 1 <i <. Since Nq) is prime and 7 (b1) ¢ N(1), we obtain
that

1 1
YO + 7By 4+ 7By + Y e Ny,
Consequently,

1 1 1 1 1 1
1() @ M ())R(I)Z(y](),. 1 M ())R(l).

(y seees Yy ’yr+1""1yr+s s Yr ’yr+2""1yr+s

We proceed inductively to obtain a vi-compatible local blowing up R —> R®
such that

O SRR = (L YR,
By Lemma we have p©®) = (yfs),...,yr(s),yr(izl,...,y,(fgs)R(‘Y), and by
Lemma the images of yf), ey yr(s) in (R;Sg,))red form a regular system of
parameters. This means that yfs), ey y,(S) generate p®). Thus we have reduced
the problem to the case where (yy, ..., y») generate p and will make this assump-

tion from now on.

Now, the only nontrivial fact that remains to be checked is that the images of
Y1s..., Y in p/p> + N are R/p-linearly independent. Take aj, ..., a, € R such
that

aiyi +---+ayy, €p® + N.

Since the images of yi,...,y, in (Rp)red form a regular system of parameters,
their images in pRp/(p2 + N)Ry, form an Ry /pRy-basis of pRp/(p2 + N)R,.
This implies that a; /1, ..., a,/1 € pRy, and consequently ay, ..., a, € p.

This completes the proof of the lemma. (]

Proof of Lemma 4.3. Take yi,...,Yys € p such that their images form an R/p-
basis of p/(p> + N). We claim that the images of 7(y}),...,7(ys;) form an
RM /pM_basis of pM /((p1)2 + N(1)). Take an element & € pV. Then a = p/q
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where p,q € R' := R[a /b, ...,a,/b] with vi(p) > 0 and v(g) = 0. Set pg =
p(0, ...,0) and write
aq ay ,
P=P0+?p1+~--+;pr for some py,..., pr €R.
This implies that py € p. By our assumption there exist c1, ..., ¢; € p, g € p2, and
h € N such that
po=ciy1+---+cyr +g+h.

Consequently,
m(c w(c T w(h a a
q q q b q b g
Since ay, ...,a,,h € N, we have that
w(h) | a1 pi ar pr
— 4+ ——4 -+ —— € N(.
q b q b q @

This and the fact that (g)/q € (p1)? imply that the images of 7 (y1), ..., 7(y,)
generate p /((p)2 + Ny)).

Now assume that there exists «; = (a,-/bl")/(c,-/bmi) e RW 1 <i<r,such
that

am(y) + -+ () € M) + Nay.
Then there exists n € N such that
ayb"yi + - +a,b"y, €p* + N.

This implies that a;b" € p for every i, 1 <i <r. Since b ¢ p, this implies that

ai,...,ar € p. Therefore, oy, ..., a, € p(l), which concludes our proof. O

Proof of Lemma 4.4. Setp’ ={a+ N € Ryeq | a € p}. Since the images of the y; in
p/(p> 4+ N) form a basis of p/(p> 4+ N), we conclude that (y1, ..., y,) +p>+N =
p. Applying Nakayama’s lemma (corollary of Theorem 2.2 of [8]), we conclude
that (y1,...,y,) + N =p, and consequently y; + N, ..., y, + N generate p’.

Since the images of y1, ..., ¥, X1, ..., X; in Rreq generate m’ = {a+ N € Ryeq |
a € m}, we conclude that 7 + ¢ > dim Ryeq. Also, since r = dim(Rp)req = ht(p’)
and t = dim(R/p) = ht(m/p) = ht(m’/p’), we have

dim(Rrea) = ht(m) > ht(p') +ht(m'/p') =r + ¢ > dim(Rreq).

Therefore, r 4+t = dim(Req), and hence Ryeq is regular. O

5. Making N"/N"*! Free

Let R be a local ring, and v a valuation centered on R. Assume that
V=V]0V

and denote by p the center of v; on R. As usual, we set N = Nil(R) and Ny, :=
Nil(Ry). Also, for a local blowing up R —> R®  we set Nw = Nil(R®) and
Npw = Nil(R;/f,Z)). Assume that N is the only associated prime ideal of R. The
main goal of this section is to prove the following proposition.
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ProPOSITION 5.1. Assume that N;’ / NgH is an (Ry)red-free module for every
n € N. Then there exists a local blowing up R —> RV with respect to v along an
ideal (b, ay,...,a,) withb¢panday,...,ar € N such that the (R(l))red-module

N{y N("l')H is free for every n € N.

To prove Proposition 5.1, we need some preliminary results.
LEMMA 5.2. Take elements y1, ..., yr4s € N" such that their images in N" / N"+!

generate N"/N"*! as an Ryeq-module. Consider the local blowing up w : R —>
RW along the ideal (b, y1, ..., y,) for some b € R\ N. Set

W =rGi/b forl<i<r and y, =n(y) forl<k<s.

Then the images of y](l), ey yr(i)s in N("l)/N("l“)Ll form a set of generators of this
module.

Proof. Take an element p/q € N (”1). As in proof of the Lemma 4.5, we can write

1
p=po+yzp1+-"+%19r for some p1,..., pr € R’
with pp € N". This means that there exist ay, ..., a,+s € R such that pg —a1y; —
c = rysYras = Yo € N"T1. Consequently,
r r+s

p w(ba)) + pi () m(ai) 1y 7o) 11

LIRS SR LIPS R

q i=1 4 i=r+l1 q 4
This concludes our proof. (]

LEMMA 5.3. Under the same assumptions as in the previous lemma, if the im-
ages of yi, ..., yr in N*/N" 1 are Rieq-linearly independent, then the images of
ail), o aV in N{’l)/Nzll‘;l are (RW)eq-linearly independent.

Proof. Take elements a1, ..., 0, € R guch that
a1y 4 y® EN("Jl. (8)
We have to show that «y,...,a, € N). For each i, 1 <i <r, we write o; =

(a;/b")/(c; /b%) for some a;,c; € R and r;,s; € N. Then equation (8) implies
that there exist/ € N and ¢ € R \ p such that

alblcyl 4+ 4 arblcyr e N,
Since y; + N*t1, ...y, + N"t! are Req-linearly independent, this implies that
aiblc eN foreveryi,l <i<r.

Since N is prime (this is a consequence of the fact that it is the only associated
prime ideal of R) and b, c € R\ N, we obtain that ay, ..., a, € N. Consequently,
ai, ..., o € Ny, which concludes our proof. O
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Proof of Proposition 5.1. By assumption we have that Ng / N;‘H is (Ryp)red-free
for every n € N. Hence, by Proposition 2.8, for every vi-compatible local blow-
ingup R — R, we have that NZ“)/N:(T)I is (R;l(?))red-free for every n € N.
Therefore, it suffices to show that, for a fixed n € N, there exists a local blowing
up R — R along an ideal (b, ay,...,a,) withb ¢ panday,...,a, € N such
that Nf%, /N("g1 is (RMW),eq-free.

Take elements yi /b1, ..., yr/br € Ny, y1,....y- € R,and by, ..., by € R\ p
such that

yi/b1+ N,§’+l, ce Y /b + NSH

form a basis of Ng/NgH. We observe first that since N is prime and y; /b; € Ng,
we have y; € N" for each i, 1 <i <r. We claim that if

y1+Nn+17---,yr+Nn+l

generate N" /N n+1 a5 an Ryeq-module, then this module is free. Indeed, if there
exist aj + N € Ryeq such that ajy; + - - +a,y, € N"*1, then

arbi/1-y1/br+ -+ ab /1y, /by = (@iyr + -+ +ary,)/1 € N+

This implies that, for eachi, 1 <i <r, a;b;/1 € Ny and consequently a;b;c; € N
for some ¢; € R\ p. Since N is prime and bicy, ..., b,c; € R\ N, we conclude
thatay, ..., a, € N, which is what we wanted to prove.

If y; + N1 ...y, + N"T! do not generate N /N"*! (as an R;eq-module),
then we take y, 41, ..., yr4s € N" such that y; +N"T1 ...y, 4+ N"! generate
N"/N"“. For each k, 1 <k <, since y,x € N", there exist by € R \ p such
that

bkyrik —buyt — - — by, € N )
for some bk, ..., brr € R. Consider now the local blowing up along the ideal
b1, y1,--.,¥r). Set

vy = m(yi)/br e RV foreachi, 1 <i<r

and
yr(Bk = (Vrqk) € RW  for each k,1<k<s.
From equation (9) we obtain that
1 1
Y = w @y = = m )y e NG
and |
1
T b)Yy = T G1bi)yy = = w(brb) Y € N
for every k, 2 < k < s. Consequently, yr(i_)l + N ("Jl is generated in the (R1)eq-
module N(”l)/N("l';'1 by y{l) + NE’JI, o 4 N("l‘)H. Moreover, using Lem-
ma 5.2, we obtain that N ("1) /N ("1*)'1 is generated as an Rr(el(i—module by the images
of (M 1) M
1 1 1
Y ,...,yr( ),yr<+2,...,y,+x.
Also, by Lemma 5.3 the ima £ yth D in N2 /NI RW) eg-
, by gesof y,',...,y " in (1)/ Rt are ( red

linearly independent.
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We proceed inductively to obtain a local blowing up R —> R®) such that the

(R®))eq-module N Els) / N('S“l is generated by the images of yfs), ces yr(s) and the

images of yfs), e y,(S) in NZ’Y) /N, ("Y‘)H are (R®));eq-linearly independent. O

6. Proof of the Main Theorem
In this section we present the proof of our main theorem.

Proof of Theorem 1.1. We will prove the assertion by induction on the rank. Since
all rank one valuations admit local uniformization by assumption, we fix n € N
and will prove that if all valuations of rank smaller than n admit local uniformiza-
tion, then also valuations of rank n admit local uniformization.

Let v be a valuation centered in the local ring R € Ob(M) such that rk(v) = n.
By Lemma 3.2 there exists a local blowing up R — R with respect to v such
that Nil(R1) is the only associated prime ideal of R‘". Hence, replacing R by
R, we may assume that the only associated prime ideal of R is Nil(R).

Decompose v as v = vy o vy for valuations v; and v, with rank smaller
than n. By assumption we know that v; and v, admit local uniformization. Since
V1 admits local uniformization, by Lemma there exists a local blowing
up R — R with respect to v such that R;l(?) is regular and N;’(])/N;’(T)l is

(R;l(?))red-free for every n € N. Replacing R by R M we may assume that (Rp)red

is regular and N";/N{J"H is (Rp)red-free for every n € N.
Since v, admits local uniformization, we can use Lemma to obtain that

there exists a local blowing up R —> R1 with respect to v such that (R;l(f))red

and R /p(M are regular and N;’(l)/N;'(T)l is (R;lg))red—free for every n € N. Re-

placing R by R, we can assume that (Ry)req and R/p are regular and that
N{;/N{;+1 is (Rp)red-free for every n € N.

Since (Rp)red and R/p are regular, we apply Proposition to obtain a v;-
compatible local blowing up R — R such that (R™"),eq is regular. Using
Proposition , we have that Ng(l)/N;(T)l is a free (R;l(?))red-module for ev-
ery n € N. By Proposition there exists a p)-compatible local blowing up
RW —s RD gsuch that N (”2)/ N (”2‘)H is an (R®),eq-free module for every n € N.
Moreover, since this local blowing up is along an ideal (b,a,...,a,) with
b ¢ pY and ay,...,a, € Ny, we use Proposition to obtain that (R®)eq
is regular. This concludes our proof. (]
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