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The Linear Strand of Determinantal Facet Ideals

JURGEN HERZOG, DARIUSH KIANI, & SARA SAEEDI MADANI

ABSTRACT. Let X be an (m x n)-matrix of indeterminates, and let J be
the ideal generated by a set S of maximal minors of X. We construct

the linear strand of the resolution of J. This linear strand is determined
by the clique complex of the m-clutter corresponding to the set S. As a

consequence, we obtain explicit formulas for the graded Betti numbers
Bi.i+m(J) for all i > 0. We also determine all sets S for which J has
a linear resolution.

Introduction

In this paper, we consider ideals generated by an arbitrary set of maximal minors
of an (m x n)-matrix of indeterminates. Such ideals have first been considered
when m = 2, in which case the set of minors (which is a set of binomials) is in
bijection with the edges of a graph G and therefore is called the binomial edge
ideal of G. This class of ideals has first been considered in [13] and [21]. In [13],
the relevance of such ideals for algebraic statistics has been stressed. In the sequel,
binomial edge ideals have been studied in numerous papers with an attempt to
better understand their algebraic and homological properties; see, for example,

[8; 95 15; 24] and [25]. In some particular cases, the resolution of such ideals has
been determined, and upper bounds for their regularity have been given; see [4;
;145165 18; 22] and [23].

When m > 2, these ideals are called determinantal facet ideals. Here their gen-
erators are in bijection with the facets of a pure simplicial complex of dimension
m — 1. These ideals were introduced and first studied in [10]. Less is known about
the resolution of determinantal facet ideals, even less than in the case of binomial
edge ideals. Apart from a very special case considered in [19], the resolution of a
determinantal facet ideal is only known when the underlying simplicial complex
is a simplex, in which case the Eagon—-Northcott complex provides a resolution.

One of the motivations for writing this paper was a conjecture made in [14]
by the second and third authors of this paper. Given a finite simple graph G, let
Jg be its binomial edge ideal. Then the graded Betti numbers S; ;12(Jg) give the
ranks of the corresponding free modules of the linear strand of Jg. The conjecture
made in [14] says that 8; j42(Jg) = (@ + 1) fi+1(A(G)) for all i > 0. Here A(G)
is the clique complex of G, and f;+1(A(G)) is the number of faces of A(G) of
dimension i 4 1. In this paper, we not only prove this conjecture but also prove an
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analogous statement for determinantal facet ideals (Corollary 4.3). In fact, the lin-
ear strand of any determinantal facet ideal, which is a subcomplex of its minimal
graded free resolution, is explicitly described in Theorem

In general, the linear strand of a graded minimal free resolution is a linear com-
plex, that is, a complex whose matrices describing the differentials of the complex
have linear forms as entries. Now given any finite linear complex, we may ask
when such a complex is the linear strand of the graded minimal free resolution of
a suitable graded module. This question, which is of interest by itself, is answered
in the first section of the paper; see Theorem 1.1. A different description of the
linear strand is given by Eisenbud [7, Thm. 7.4]. Our characterization of linear
strands is then used to prove that the complex constructed in Section 2 is indeed
the linear strand of the corresponding determinantal facet ideal.

In order to describe this complex, let A be a simplicial complex on the ver-
tex set [n], and let ¢ be a linear map between free modules of ranks m and n.
We define a subcomplex of the Eagon—Northcott complex C(¢) associated with
@, which we denote by C(A; ¢). The complex C(A; ¢) is obtained from C(¢) by
restriction to basis elements determined by the faces of A. In order to see that this
is indeed a well-defined subcomplex, we have to describe the differentials of C(¢)
explicitly in terms of the given natural bases. For the convenience of the reader,
we include this description of the Eagon—Northcott complex. We call the subcom-
plex C(A; ¢) the generalized Eagon—Northcott complex (determined by A and ¢).
When m =1, C(A; ¢) is a very special cellular complex. Cellular complexes were
considered by Bayer, Peeva, and Sturmfels [2; 1]. Flgystad [12] considered this
cellular complex and called its homology to be the enriched homology module of
A with respect to K.

In Theorem 3.1, we show that C(A; ¢) is the linear strand of a module with
initial degree m if and only if A has no minimal nonfaces of cardinality > m + 2.
Here and in all the following statements, ¢ is defined by an (m x n)-matrix X of
indeterminates. We use this result in Section 4 to obtain one of the main results of
this paper: let C be an m-uniform clutter, that is, a collection of subsets of [n] of
cardinality m. The elements of C are called the circuits of C. The clique complex
of C, which we denote by A(C), has as faces all subsets o of [n] with the property
that each m-subset of o belongs to C. The clique complex A(C) has no minimal
nonfaces of cardinality > m + 2, and hence Theorem can be applied, and it is
shown in Theorem that C(A(C); ¢) is the linear strand of the resolution of J¢
where Jc is generated by all maximal minors of X whose columns are determined
by the circuits of C. From this fact we deduce immediately the formula for the
Betti numbers of the linear strand of Jc, namely,

m—4+i—1
m—1

Bii+m(Jc) = < )fm—H'—l(A(C))-

In Section 5, we characterize the determinantal facet ideals with linear resolu-
tion and show in Theorem 5.1 that J¢ has a linear resolution if and only if J¢ is
linearly presented, and that this is the case if and only if the clutter C is complete,
which means that C consists of all m-subsets of a given set V C [n].
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1. The Linear Strand of a Graded Free Resolution

Let K be a field, and S = K[xy, ..., x,] be the polynomial ring over K in the in-
determinates xi, ..., x,. We view S as a standard graded K -algebra by assigning
to each x; the degree 1. Let M be a finitely generated graded S-module. Let d be
the initial degree of M, namely, the smallest integer i such that M; # 0.

Let (I, 9) be the minimal graded free resolution of M. Then we have F; =
@j S(—j)ﬂiv-/' where B;; = dimg Tor; (K, M); is the ijth graded Betti number
of M. Note that 8;; = 0 for all pairs (i, j) with j <i +d.

Let F/™ be the direct summand S(—i — d)fii+d of F;. It is obvious that
d(F!imy ¢ FI, for all i > 0. Thus,

Fir: o B s R BN 0
is a subcomplex of I, called the linear strand of the resolution of M. Throughout
the paper, by the linear strand of a module M we mean the linear strand of the
resolution of M.

A graded complex G : --- - G2 > G| — Gg — 0 of finitely generated
graded free S-modules is called a linear complex (with initial degree d) if for all
i,Gi=S(—i— d)bi for suitable integers b;. Obviously, Fi" is a linear complex.

The question arises which linear complexes are the linear strands of a finitely
generated graded module. The following result answers this question.

THEOREM 1.1. Let G be a finite linear complex with initial degree d. The following
conditions are equivalent:

(@) G is the linear strand of a finitely generated graded S-module with initial
degree d.
(b) Hi(G)iyayj=0foralli > 0andfor j=0,1.

Proof. We may assume that d = 0.

(a) = (b): Let G = F'" where F is the minimal graded free resolution of a
finitely generated graded S-module M. We denote by D the quotient complex
F/F'" From the exact sequence of complexes

0—F" S F—>D—0
we deduce that

Hy (F™); 4 = Hi (D)ip14(—1) )]

foralli > 0 and all j.

Since (D;)j =0foralli >0 and all j <i, we see that H;  1(D);y14(j—1) =0
for j =0 and j = 1. Thus, (1) yields the desired conclusion.

(b) = (a): Let M be a graded module whose minimal graded free resolution F
satisfies the condition that F’ 1““ — F(l)in is isomorphic to G| — Gy. (For example,
we could choose M = Hy(G).) We prove by induction on i that the truncated
complex

Gi—>Gi_1—> -+—>G;—>Gyg—0
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is isomorphic to the truncated complex
Filin — Filifl — . Fllin — Féin — 0.

By the definition of M this is the case for i = 1. Now let i > 1. By induction
hypothesis we have

Ker(G; — G,_1) = Ker(F/™ — F'").

Let Z = Ker(G; — Gi_1), and let W be the submodule of Z generated by all
elements of Z of degree i + 1. Similarly, we let Z' = Kelr(Filin — Fl.li_nl) and W'
be the submodule of Z’ generated by all the elements of Z’ of degree i + 1. Then
the isomorphism Z = Z’ induces an isomorphism W = W',

Since by assumption H;(G);+1 = Hi+1(G);+1 = 0, it follows that G;+|; —
W is a minimal free presentation of W. By the same reason, Fl.”fl — Wisa
minimal free presentation of W’. This shows that the truncations of G and F'" are
isomorphic up to homological degree i + 1. O

We would like to remark that the linear strand F'" of a module M with initial
degree d is only determined by the submodule N of M generated by the elements
of degree d of M. Moreover, N = Coker(F’ P“ — F(l)in) if and only if N is linearly
presented.

Consider, for example, the ideal I = (xz,xy, y3, 22)Cc S =K|x, v, z] with
minimal graded free resolution F. Then / and J = (x2, xy, z?) have the same
linear strand. We have that J # Coker(F llin — Féi“), since J is not linearly pre-
sented. Indeed, Coker(Fllin — Féi“) is isomorphic to (x2, xy)S @ S(—2).

COROLLARY 1.2. Let G be a finite linear complex with initial degree d satisfy-
ing the condition (b) of Theorem 1.1. Furthermore, let W be a finitely generated
graded S-module with minimal graded free resolution F satisfying the property
that G1 — Gy is isomorphic to F%in — F(l)in. Then G is isomorphic to the linear
strand of W.

Proof. In the proof of Theorem (b) = (a), we have seen that if G is a finite
linear complex with initial degree d satisfying condition (b) of Theorem and
such that G| — G = F{‘“ — F(l)‘“, then G = Flin, O

2. The Generalized Eagon—Northcott Complex

Let F and G be free S-modules of rank m and n, respectively, with m < n, and let
¢: G — F be an S-module homomorphism. We choose a basis f1, ..., f of F
and abasis g1, ..., g, of G. Let(g;) = Y it a;j f; for j =1, ..., n. The matrix
a = (a;;) describing ¢ with respect to these bases is an (m X n)-matrix with
entries in S. The ideal of m-minors of this matrix is independent of the choice of
these bases and is denoted I, (¢). It is known that with suitable grade conditions
on I,,(¢), the so-called Eagon—Northcott complex provides a free resolution of
I, (¢); see [5]. There are nice and basis-free descriptions of the Eagon—Northcott
complex, see, for example, [3] and [6]. For our purpose, however, a description
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of the Eagon—Northcott complex and its differentials in terms of natural bases
is required. For the convenience of the reader and due to the lack of a suitable
reference, we recall this description.

We denote by S(F) the symmetric algebra of F'. Then S(F) is isomorphic to
the polynomial ring over S in the variables fi, ..., f;,. The module G ®s S(F) is
a free S(F)-module with basis g1 ® 1,..., g, ® 1, and ¢ gives rise to the S(F)-
linear map

G®S(F)— S(F) withg; ® 1~ ¢(g;) forall j,

which in turn induces the Koszul complex

n 1 0
K((p):O—>/\G®S(F)—>--~—>/\G®S(F)—>/\G®S(F)—>O,

whose differential § is defined as follows:
S(gjl NEjp N Ngj; ®1)

l
= Z(_l)k+lgj1 ANBjp N AN&j i N8 NN &ji ®e(gj)-  (2)
k=1

The Koszul complex K (¢) splits into graded components

i 1 0
K@i: 0> \NG®Sy(F)— - NG®Si_1(F) > \ G®Si(F)— 0,

each of which is a complex of free S-modules.
We are interested in the S-dual of the (n — m)th component of K (¢), which is
the complex

0 3 }’L*I’I’lfl E3

N ( INE: SO(F)> S0 3)

Let

;L:n/\iG—>Hom5</i\G,/n\G>

be the isomorphism that assigns to a € /\"ﬂlG the S-linear map u, €
Homg(A\' G, \" G) with p,(b) = a A b. Composing p with the isomorphism

i n i *
H0m5</\G, /\G) — (/\G) ,
which is induced by the isomorphism Sgi A---Ag, =S withgi A---Ag, =1,
we obtain the isomorphisms

i

/_\G;</\G>* fori =0,...,n. 4)
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Furthermore, if we use that, for any two finitely generated free S-modules A and
B, there are natural isomorphisms

(A® B)* =ZHom(A, B*) £ A* ® B*, 5)
then the complex (3) becomes the complex

n m+1 m
C@): 0> NGRSy m(F)* == N\ GRSI(F)* - \ GRSo(F)* -0,

which is called the Eagon—Northcott complex.
There is a natural augmentation map

e /\G®So(F)* = Iu(p)

that assigns to g;; A--- A g;,, ® 1 the m-minor of o with the columns iy, iz, . .., .
It is known that grade I, (¢) < n —m + 1 and equality holds if and only if C(¢) —
I, (¢) — 0Ois exact, that is, if and only if C(¢) provides a free resolution of I, (¢);
see [3].

We now describe the differential of the Eagon—Northcott complex. The map

r * r+1 *
5* ( AG® sn_m_r(m) - </\ G ® Su-m—r-1(F )>

is just the dual of the differential § defined in (2). Thus, if we set go = gj, A
cngj foro={ji<jo<-<j}and set f2= f" 32 f" with |a| =
ay+---+a, =n—m—r,then
r
8(8s ® 1) =Y (=1 go\(jny @ 0(g)i) f*
k=1
r m

i+1 m
=D > DM (gorn ® A T

k=1 i=1

Therefore,

(S*((g(r ® fa)*) = Z (_l)Sign(o,j)
jeln]\o

m
i—1 m
Xzaij(gau{j}®f1al'”fia cee fam ¥, (6)
i=1
z;>0
where sign(o, j)=|{i €o:i < j}.

Let f@ = fl(a') ‘e ,,(f’”) denote the basis element in (S;(F))* that is dual
to f*= f""--- f". Furthermore, we set f® =0 if a; < 0 for some i. Then
by using the isomorphisms (4) and (5) we see that (g, ® f?)* is mapped to
(1)’ Dg,c® f@ where 0¢ = [n]\ o, and where s (o) is defined by the equation

8o N 8o¢ = (_I)S(U)g[n]'
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Thus, §* identifies with the map

m+i m

38 ® f@) = (~DI" I 3 (k!
k=1i=1
i—1 m

xatij (go\(jn) ® i - f14T o fim), (7)
which is the differential of the Eagon—Northcott complex. In this formula, the
sign (—1)!°°! that only depends on the homological degree of g, ® f® may be
skipped, and we will do this in the final presentation of d.

Indeed, to see that (7) holds, we note that, due to (0),

§* (1) gpe @ £O)

m

— Z (_1)Sigﬂ(0,j) Z(_I)S(GUU})
jeo¢ i=1
a;>0

i—1 m
xatij (goer(jy ® f1 oo LTV o fplam)),

Thus,
8*(80 ® fV)
m
— Z Z (_1)s(ac)—i-sign((r",j)+s(a"U{j})
jeo i=1
a; >0
i—1 m
xij(8o\) ® f{™) o [TV fim),
Finally,

(_l)s(a”U{j})g[”] = 8ocUlj} A 8o\(j} = (_1)\Ucl—sign(a(',j)gac Agj A go\L)
— (_1)\UC|7Sign(<rf,j)+sign(<7,j)ggﬂ A 8o

= (- 1)\(rc|—sign(a",j)+sigr1(d,j)+s(a”)g[n].

It follows that (—1)17°I(—1)sign@.)) = (—1)s(@)+sign(@.)+s@ VD 45 desired.

In order to simplify notation, we set b(o; a) = g, ® f®. Then the elements
b(c;a) with |c| =m +i and a= (ay, ..., a;) such that a; + - -- + a,, = i form
a basis of A" G ® S;(F)*, and

m+i m
db(o:a) =Y > (=D ayb(o\ (i)ia—ep).
k=1 t=1
Here ey, ..., e, is the canonical basis of Z™.

COROLLARY 2.1. Suppose that grade I,,,(p) =n —m + 1. Then I,(¢) has a linear
resolution, and

(I . n m+i—1 0
ﬂl(m(<p))—<m+i>< m—1 ) fori=0,...,n—m.
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Now let A be a simplicial complex on the vertex set [n]. We set C;(¢) =
A" G ® S;(F)* and denote C;(A; ¢) the free submodule of C;(¢) generated
by all b(o'; @) such that 0 € A with 0| =m +i and a € Z”, with |a| =i. Since
d(b(o;a)) € Ci—1(A; @) for all b(c; a) € C;(A; ¢), we obtain the subcomplex

CA;9): 0= Chp(As90) = -+ = C1(A; 9) = Co(A; ) — 0

of C(¢), which we call the generalized Eagon—Northcott complex attached to the
simplicial complex A and the module homomorphism ¢ : G — F. The degree of
a basis element b(c; a) is given by |o|.

In particular, if A is just a simplex on n vertices, then C(A; ¢) coincides with
C(¢). Moreover, note that the generalized Eagon—Northcott complex of a simpli-
cial complex A is determined by those facets of A whose dimension is at least
m — 1. More precisely, if we obtain the simplicial complex A’ from A by re-
moving all facets of dimension less than m — 1, then the complexes C(A; ¢) and
C(A’; @) are the same.

ExampLE 2.2. Let S = K|[x;; :i=1,2,j=1,...,4] where K is a field, and
suppose that ¢ is given by the (2 x 4)-matrix

X = X111 X122 X13 X4
X21  X22 X23  X24

Let A = ({1, 2, 3}, {2, 3,4}). Then we have
C(A; 9) :0—>Ci(A; 9) = Co(A; 9)—>0,

where Co(A; ) = $(=2)° and C; (A; ) = S(—3)*. Here, « is given by the (5 x
4)-matrix
X11 X21 X14 X24

—X12 —X22 0 0
X13 X23 0 0
0 0 X12 X220
0 0 —X13 —X23

3. The Generalized Eagon—-Northcott Complex
as a Linear Strand of a Module

Let X be an (m x n)-matrix of indeterminates x;;. We fix a field K and let S be
the polynomial ring over K in the variables x;;. Moreover, let ¢ : G — F be the
S-module homomorphism of free S-modules given by the matrix X. In the rest of
this paper, we fix this situation.

Now we give a (Z™ x Z")-grading to the polynomial ring S by setting
mdeg(x;;) = (e;, &j), where e; is the ith canonical basis vector of Z™, and ¢;
is the jth canonical basis vector of Z". Now, let A be a simplicial complex. Then
the chain complex C(A; ¢) inherits this grading. More precisely, for each i, the
degree of a basis element b(o; a) of C;(A; ¢) with o = {1, ..., jm+i} is set to
be (a+1,y) € Z" x Z", where y =¢j, +--- +¢€j,.,, and 1 is the vector in Z"
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whose entries are all equal to 1. Then, we can see that all the homomorphisms in
the chain complex C(A; ¢) are homogeneous.

To characterize all simplicial complexes for which the generalized Eagon—
Northcott complex C(A; ¢) is the linear strand of a finitely generated graded S-
module, we need to introduce a concept about simplicial complexes that is crucial
in the sequel. Let A be a simplicial complex on the vertex set [n], and let o be a
subset of [n]. Then recall that o is called a minimal nonface of A if o ¢ A but all
its proper subsets belong to A.

THEOREM 3.1. Let A be a simplicial complex on n vertices, and let m be a positive
integer. Then the following conditions are equivalent:

(@) C(A; @) is the linear strand of a finitely generated graded S-module with
initial degree m.
(b) A has no minimal nonfaces of cardinality > m + 2.

Proof. We may assume that m < dim A + 1 because otherwise C(A; ¢) = 0 and
the assertion is trivial. By Theorem 1.1 it suffices to show that A has no minimal
nonfaces of cardinality > m +2 if and only if H;(C(A; ¢))i4m+; =0foralli >0
and for j =0, 1.

First, suppose that j = 0 and let z be a nonzero cycle of degree m 4 i in
Ci(A; @) for some i > 0. Then z is also a cycle in C;(¢). Since C(yp) is exact,
z is a boundary in C;(¢). So there is a nonzero element f of degree m + i in
Cit1(¢) such that 3(f) = z, which is a contradiction since C;1(¢),,,; = 0. This
implies that there is no nonzero cycle of degree m + i in C;(A; ¢), and hence
Hi(C(A; 9))im =0

Therefore, to prove the theorem, it suffices to show that A has no minimal
nonfaces of cardinality > m + 2 if and only if H;(C(A; ¢))i+m+1 = 0 for all
i > 0. Equivalently, we show that A has a minimal nonface of cardinality at least
m + 2 if and only if H; (C(A; ¢))i+m+1 # 0 for some i > 0.

To prove this, suppose that there is a minimal nonface o = {ji, ..., jm+1+i}
of A for some i > 0. Therefore, 0 ¢ A, and foreacht =1,...,m+1+1i, we
have o \ {j;} € A. Now let z = d(b(c; a)) for some a € Z’fo with |a| =i + 1.
Then z € C;(A; ¢), and z is a nonzero element of C;(¢). Since z is a cycle in
Ci(p), it is also a cycle in C;(A; ¢). On the other hand, the multidegree of z is
(a+1,y)wherey =¢j, +---+¢j,,,,,. Since o ¢ A, there is no basis element of
multidegree (a+ 1, y) in Ci+1(A; ¢), and hence z is not a boundary in C; (A; ¢).
This implies that H; (C(A; ¢))i+m+1 # 0.

Conversely, suppose that H; (C(A; ¢))itm+1 # 0 for some i > 0. Then there
is a cycle z € C;(A; ) that is not a boundary. We may assume that z is mul-
tihomogeneous with mdeg(z) = (a+ 1,y) with y = ¢ +--- +¢j,,,, and
la| =i + 1. Since z is also a cycle in C;(¢) and since C(g) is exact, we deduce
that z is a boundary in C; (¢). Thus, there is a nonzero multihomogeneous element
f € Ci+1(p) such that d(f) = z. Since C(¢p) is a multigraded resolution, it fol-
lows that mdeg(f) = (a+ 1, ). Since any two basis elements of C;1|(¢) have
different multidegrees, it follows that f = Ab(o;a) for some 0 # A € K with



116 J. HErRZz0G, D. KiANI, & S. SAEEDI MADANI

o ={j1,..., jm+1+i}- Because z is not a boundary in C; (A; ¢), the basis element
b(o; a) does not belong to C;i+1(A; ¢), and hence o ¢ A. On the other hand, we

have
m+1+i m

e=3(H) =1 ) D =D aybo\ Liia—eo).
k=1 ¢=1
Since the basis elements of C;;1(A; ¢) form a subset of the basis elements of
Ci+1(yp), it follows from this presentation of z that b(o \ {jx}; a —ey) € Ci(A; @)
for all ji and € for which b(o \ {ji}; a —ey) # 0. Since z is not zero, there exist ji
and [ with b(o \ {jx}; a—e¢) # 0. Therefore,a—e; € ZZ’O. Hence, b(o \ {j;};a—
e)) #Oforallr =1,...,m+1+i.Itfollows thatb(o \ {j;}; a—ey) € Ci+1(A; @)
forallt =1,...,m+1+i. Therefore, o \ {j;}isaface of Aforallz=1,...,m+
1 + i, so that o is a minimal nonface of A of cardinality m + 1 4+i >m + 2, as
desired. O

We would like to remark that a subclass of simplicial complexes satisfying condi-
tion (b) of Theorem 3.1 has been considered in [20] for a different purpose. There,
minimal nonfaces are called missing faces.

Now, we give some examples of other classes of simplicial complexes that sat-
isfy condition (b) of Theorem 3.1. First, recall that a flag simplicial complex is
a simplicial complex whose minimal nonfaces all have cardinality equal to two.
Flag complexes are exactly clique complexes of graphs, that is, a simplicial com-
plex whose faces are cliques of a graph. In [17], a generalization of flag complexes
has been introduced, which we recall it in the following.

Let A be a simplicial complex on the vertex set [#]. In [17], a subset T of [n] is
called a critical clique of A if each pair of vertices form a one-dimensional face of
Aand T\ {v} € Aforsome v e T.LetdimA =d — 1, and let i be an integer with
1 <i <d. Then A is called i-banner if every critical clique T of cardinality at
least i 41 is a face of A.In[17, Lemma 3.3], it is shown that a simplicial complex
is 1-banner if and only if it is 2-banner, and this is equivalent to being flag.

Now, let 1 <m <d. Then an (m + 1)-banner satisfies condition (b) of Theo-
rem 3.1, namely, it has no minimal nonfaces of cardinality > m + 2; see also [
Lemma 3.6]. In particular, all flag complexes satisfy condition (b) of Theorem
because i-banner implies (i 4+ 1)-banner for all 7.

We also would like to remark that not all simplicial complexes with no mini-
mal nonfaces of cardinality > m + 2 are (m + 1)-banner. For example, let A be
the simplicial complex with the vertex set {1, 2, 3, 4} whose facets are {1, 2, 3},
{1,3,4}, and {2, 3,4}, and let m = 2. Then A has no minimal nonfaces of car-
dinality 4, but it is not 3-banner. Indeed, T = {1, 2, 3,4} ¢ A, but it is a critical
clique of A.

4. The Linear Strand of Determinantal Facet
Ideals and Binomial Edge Ideals

A clutter C on the vertex set [n] is a collection of subsets of [n] such that there
is no containment between its elements. An element of C is called a circuit. In
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this paper, we assume that each element of [n] belongs to some circuit of C. If all
circuits of C have the same cardinality d, then C is said to be a d-uniform clutter.

Let C be an m-uniform clutter. To each circuit t € C with T = {1, ..., j,} and
1 <ji<ja<- < jm<n,we assign the m-minor m; of X that is determined
by the columns 1 < j; < j» < --- < j,, <n. We denote by Jc the ideal in S gen-
erated by the minors m; with 7 € C. This ideal, which has first been considered
in [10], is called the determinantal facet ideal of C since the circuits of C may be
considered as the facets of a simplicial complex. In the case that C is a 2-uniform
clutter, C may be viewed as a graph G, and in this case, J¢ = Jg, where Jg is the
binomial edge ideal of G, as defined in [13].

A cligque of C is a subset o of [n] such that each m-subset t of o is a circuit
of C. We denote by A(C) the simplicial complex whose faces are the cliques
of C, which is called the clique complex of C. A clutter is called complete if its
clique complex is a simplex.

Note that the clique complex of an m-clutter has no minimal nonface of car-
dinality > m + 2. The example at the end of Section 3 also shows that not all
simplicial complexes that satisfy condition (b) of Theorem are clique com-
plexes of clutters. Here we also give an example of a 3-clutter whose clique com-
plex is not 4-banner, although all clique complexes of 2-clutters are 3-banner, as
mentioned before. Let C be the 3-clutter on the vertices {1, ..., 6} with the cir-
cuits {1, 2, 3}, {1, 3,4}, {2, 3,4}, {3,4,5}, {3,4,6}, {3,5,6}, and {4, 5, 6}. Then
AC) = ({1,2,3},{1,3,4},{2,3,4},{3,4,5,6}). Thus, A(C) is not 4-banner,
since {1, 2, 3, 4} is a critical clique of A(C), which is not a face.

The following theorem is the main result of this section.

THEOREM 4.1. Let C be an m-uniform clutter on the vertex set [n], and let I be
the minimal graded free resolution of Jc. Then

Flin = C(A(C); ).

Proof. To prove the theorem, by Corollary and Theorem it suffices to
prove that

Fi" = F" ZCi(A(C); 9) = Co(A(C); 9).
First, note that J¢ is a homogeneous ideal of S with respect to the (Z™ x Z")-
multigrading introduced in Section 3. Now, we define
14
Co(A(C); ) — Jc

with ¥ (b(o; 0)) = m, for each o = {1, ..., jiu} € C, so that it is a minimal free
presentation of J¢. Since C(¢) is the resolution of 7,,(¢), the following commu-
tative diagram implies that ¢ o d = 0:

CLA(C): ) —2 = Co(A(C): ) L U

|

Ci(p) — = Co(p) —— In(9)
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Let Z = ker ¢, and Z""™ be the S-module generated by the elements of Z whose
degree is m + 1. Since C1(A(C); ¢) is generated in degree m + 1, it follows that

9 induces a homogeneous homomorphism C; (A (C); ¢) %, 7lin_ The desired re-
sult follows once we have shown that 8’ induces an isomorphism of vector spaces
CI(AC); @)yt —— (Z5), 41 = Zyus1.

Let z be a nonzero element of Z'" of multidegree (e; + 1, y) for some s =
I,...,m where |y|=m+ 1. Lety =¢j, +--- +¢j,,,. Since z # 0, at least m
vectors among €5, ..., &j,, are distinct, say ¢;,, ..., &,, and the basis element
b(o; 0) appears in the presentation of z as the linear combination of the basis
elements of Co(A(C); @), where 0 = {j1, ..., jm}-

First, suppose that j,,4+1 € o. Then according to the (Z™ x Z™)-multigrading,
the only basis element of Co(A(C), ¢) that contributes to this multidegree in z is
b(o; 0). Then, it follows that z = Ax;;,,b(o; 0) for some 0 # A € K, and hence
we have ¥ (z) # 0, a contradiction. Therefore, j,,+1 ¢ 0. Let Tt = {j1, ..., jm+1}
and without loss of generality assume that j; < --- < j,41. Then all possi-
ble basis elements of Co(A(C), ¢) that could contribute to this multidegree in
z are of the form b(z \ {ji};0). By comparing the multidegrees we observe
that z = Zfll Aexsj (T \ {ji}; 0) for some Ay € K. From the previous di-
agram it follows that z is a boundary of C(¢). This implies that there ex-
ists a nonzero multihomogeneous element f € C{(A; ¢) with d(f) = z. Since
mdeg(f) = mdeg(z), it follows that f = Ab(t; es) for some 0 # A € K. There-
fore, z = d(f) = A 37 (—=1)*+1xy;, b(z \ {jix}: 0). This implies that, for each
k=1,...,m+ 1, we have Ax = (—1)**t1, and the basis element b(z \ {jr}; 0)
appears in the presentation of z with a nonzero coefficient. Hence, for each
k=1,...,m+1, v\ {ji}is acircuit of C, which implies that 7 is a clique of C.
This shows that the set {r;(7): 1 <s <m, 7 € A(C), |t| =m + 1} with ry(7) =

2”;11 (—l)k“xsjkb(r \ {Jjx}; 0) for each clique T = {1, ..., jiut1} of C is a sys-
tem of generators of Z'". Since mdeg(r; (7)) # mdeg(ry (t')) if (s, T) # (s, '),
we conclude that these elements form a basis of Z,,,1. Moreover, each basis ele-
ment b(t; e;) is mapped by 98’ to ry(t). Thus, we get the desired result. U

Let G be the graph with the vertex set {1, 2, 3,4} and the edges {1, 2}, {1, 3},
{2, 3}, {2, 4}, and {3, 4}. Then the clique complex of G is the simplicial complex
A given in Example 2.2. The Betti table of S/J¢ is the following:

0 1 2 3 4
0: 1 - - - _
1: - 5 4 - -
2: - - 3 4 1
total: 1 5 7 4 1

Wee can see in the table that the linear strand coincides with C(A; ¢) given
explicitly in Example



The Linear Strand of Determinantal Facet Ideals 119

Recall that, for a simplicial complex A and an integer i, the ith skeleton A® of
A is the subcomplex of A whose faces are the faces of A of dimension at most i.

COROLLARY 4.2. Let A be a simplicial complex whose facets all have dimension
at least m — 1, and let C be the m-clutter whose circuits are exactly the facets of
A™=D Then C(A; @) is the linear strand of Jc if and only if A = A(C).

Proof. 1t suffices to note that by our assumptions we have A C A(C), so that by
Theorem the conclusion follows. O

Recall that the f-vector (fo(A), f1(A),...) of a simplicial complex A is the
integer vector such that f;(A) = |{oc € A :dimo =t}| foreacht =0, ...,dimA.
The following corollary is a consequence of Theorem 4.1. In particular, in the
case m = 2, it proves the conjecture in [22, p. 338].

COROLLARY 4.3. Let C be an m-uniform clutter. Then

m+i—1

Biixm(Jo) = < )fm+i1(A(C))
m—1

foralli.
Another straightforward consequence of Theorem 4.1 is the following result.

COROLLARY 4.4. Let C be an m-uniform clutter. Then the length of the lin-
ear strand of Jc is equal to dim A(C) — m + 1. In particular, projdim J¢c >
dimA(C) —m + 1.

The projective dimension of the determinantal facet ideals in general is greater
than the lower bound given in Corollary 4.4. This could be the case, even for 2-
uniform clutters, namely binomial edge ideals of graphs. For example, it follows
from [8, Thm. 1.1] that, for a block graph G with n vertices, projdimJg =n —
¢ — 1 where c is the number of connected components of G. We can see that if G
is an incomplete block graph G over n vertices, n —c — 1 > dim A(G) — 1, and
hence in this case, the lower bound given in Corollary 4.4 is strictly less than the
projective dimension.

5. Determinantal Facet Ideals with Linear Resolution

In this section, we determine when the minimal graded free resolution of deter-
minantal facet ideals coincide with their linear strand. In other words, we charac-
terize all m-uniform clutters whose determinantal facet ideals have a linear reso-
lution. Moreover, we show that having a linear resolution is equivalent to being
linearly presented for such ideals. Indeed, applying Theorem 4.1, we show that
these properties occur for J¢ if and only if C is a complete clutter.

Recall that a graded ideal 7 in S generated in degree d is called linearly pre-
sented if By, j(I) =0 for all j # d + 1. Moreover, [ is said to have a linear reso-
lution if B; j(I)=0foralli and j #i +d.
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The following theorem is the main result of this section, which in particular
recovers the case of binomial edge ideals from [14]. Here, we consider S as a Z"-
graded ring by setting deg(x;;) =¢; foralli =1,...,m, where by &; we mean
the jth canonical basis vector of Z".

THEOREM 5.1. Let C be an m-uniform clutter. Then the following conditions are
equivalent:

(a) Jc¢ has a linear resolution.
(b) Jc is linearly presented.
(c) C is a complete clutter.

To prove the theorem, we need the following lemma.

LEMMA 5.2. Let C be an m-uniform clutter on [n] and suppose that Jc is linearly
presented. Then the following conditions hold:

(a) forall 01,07 € A(C) with |o1 Noz| >=m — 1, we have o1 U oy € A(C).
(b) for circuits T and o of C, p € A(C) with o,T C p, and ¢ ¢ p, it follows that
tU{c} e A(C) ifand only if o U {c} € A(C).

Proof. (a) Before proving (a), we first show that

(%) for each (m + 1)-subset o of [n] that contains at least two circuits of C, we
have o € A(C).

Suppose on the contrary that this is not the case, and suppose that o =
{ai,...,am+1} is an (m + 1)-subset of [n] that contains at least two circuits of C,
but o ¢ A(C). We may assume that t; = {ay,...,an,} and 5 = {as, ..., dm+1}
are circuits of C. Let (F, §) be the minimal graded free resolution of Jc. Note
that Fy = Co(A(C); ¢) and FI" = C;(A(C); ¢) by Theorem 4.1. So, F =
C1(A(C); ¢) & F| for some free graded S-module Fj. Let z = my b(r;0) —
m;,b(11;0) € Co(A(C); ). Since z € ker v, there exists a nonzero homogeneous
element f = (fi, f2) € F| where f; € C{(A(C); @), f> € F{, and §(f) =z. On
the other hand, deg(z) = &4, + 284, + -+ + 284, + €q,,,,, 0 that deg(f1) =
deg(f2) = €4, + 284, + - -- + 2¢&4, + €q4,, ., because § is homogeneous. Any basis
element of C; (A(C); ¢) appearing in the presentation of f] is of the form b(c'; ¢;)
for some r =1, ..., m. Since by the assumption ¢ is not a clique in C, no such ba-
sis element exists in C; (A(C); ¢), and hence f; = 0. Therefore, we have f> #0
since f # 0. This contradicts to our assumption that J¢ is linearly presented.

Now we show that () implies (a). Suppose that condition (x) holds. Let o1 =
{vi,..., vk, u1,...,u;} and oy = {v1, ..., vk, Wy, ..., ws} be two cliques of C
with |01 Noy| =k > m — 1. We show that o1 Uo is a clique. For this, it suffices to
show that each m-subset H = {vg,, ..., Vg, , Upys -+ -5 Up,s Weyps-ees wcq} of o1 Uonp
in whicht 4+ p+q =m and p, g > 1 is a circuit of C. We prove this by induction
on p +q. First, assume that p =g = 1. Then we have 11 = {vg;, ..., Vg, ;, U} €
C and 5 = {vg, ..., V4, ;, We,} € C since k >m — 1 and 01,02 € A(C). Thus,
{Vays -+ s Vg, > Ub,, We } contains at least two circuits 71 and 7, of C, and hence
by () itis a clique in C on m 4 1 vertices. Therefore, all its m-subsets are circuits
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of C, and, in particular, {vg,,..., Vq, ,,Up, We;} € C, so that we are done in
this case. Now suppose that p + g = £ > 2. Then by the induction hypothesis
we have (H U {vg, D) \ {up,} € C and (H U {vg, D) \ {we,} € C forall ary €
[k]1\ {a1, ..., a:}. Therefore, by (x) H U {vg,,,} € A(C), which implies that H is
a circuit of C, as desired.

(b) It suffices to show that o U {c} € A(C) if Tt U {c} € A(C). If t =0, then
there is nothing to prove. Suppose that T U {c} € A(C),aco \t,andbe 1\ 0.
Then (7 \ {b}) U {c} is a circuit of C. Since p € A(C), we have that T/ = (1 \
{b}) U {a} is also a circuit of C. Then it follows by (a) that T’ U {c} € A(C). Since
o\ t/| <|o \ |, induction on |o \ 7] yields the result. O

Now we are ready to prove Theorem

Proof of Theorem 5.1. (a) = (b) is clear, and (c) = (a) follows since the Eagon—
Northcott complex is the minimal graded free resolution of the determinantal facet
ideal of a complete clutter.

(b) = (c): We may assume that C is a clutter on the vertex set [n]. Assume that
Jc is linearly presented, and let F be the minimal graded free resolution of Jc.
Then by Theorem we have F| = C{(A(C); ¢). Now suppose on the contrary
that C is not complete. We claim that there exist two circuits in C whose union is
not a clique in C. Now we prove the claim. Since C is not complete, there is an
m-subset A = {cq, ..., c;y} of [n] that is not a circuit of C. Let k be the greatest
integer such that {cy, ..., cx} is contained in a circuit 7. Then k < m because A
is not a circuit. On the other hand, cx41 € 07 for some o5 € C, but ¢4+ ¢ o1, and
therefore o, # o1. Moreover, o1 U 03 is not a clique in C since otherwise the set
{c1,...,Ck, ck+1} 1s contained in a circuit of C, which is a contradiction because
k is the greatest integer with this property. This proves the claim.

Let z = mg,b(o1; 0) — m,, b(02; 0). Since z € ker/, there exists a nonzero
multihomogeneous element w € C;(A(C); ¢) of the same multidegree as z with
dw)y=z.let A={aeco\om:0pU{a}e A(C)land B={beor\o1:01U
{b} € A(C)}. Since d(w) = z, it follows that A, B ## (. Now let p; =01 U B and
p2 =02 U A. Using repeatedly part (a) of Lemma 5.2, we get that p1, oy € A(C).
Since p1 U pp = 01 U oy, we deduce that p; U po ¢ A(C). Then by Lemma 5.2(a)
we have |p;1 N p2| <m — 1. So, for i = 1,2, we choose t; such that p; N pr C
7; € p; and |t;| = m. In particular, ) # 12. Now consider z’ = my,b(7; 0) —
mq, b(72; 0), which is a nonzero element of ker .

We claim that 71 U {c} ¢ A(C) for any c € 75 \ t1. Then it follows that there is
no nonzero multihomogeneous element in C1(A(C); ¢) of the same multidegree
as 7/, so that 7’ ¢ 3(C1(A(C); ¢)), which is a contradiction, and hence C is a
complete clutter, and the desired result follows.

Now, we prove the claim. Suppose that there exists ¢ € 12 \ 71 such that 71 U
{c} € A(C). We have ¢ ¢ p; since ¢ ¢ t1. Then by Lemma 5.2(b) it follows that
o1 U {c} € A(C) since o1 C p;. This is a contradiction since ¢ € 7o C p;, which
implies that ¢ € 07 because c ¢ A Co1,andso c € B C pj. O

The following is a straightforward consequence of Theorem
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COROLLARY 5.3. Let C be an m-clutter. Consider the augmentation map

Co(A(C): @)~ Je —> 0.

Then the complex C(A(C); @) l) Jc — Ois exactif and only if C is a complete
clutter.
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