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Intersection of Positive Closed Currents
of Higher Bidegrees

Duc-VIiET VU

ABSTRACT. Let X be a compact Kéhler manifold of dimension 7. Let
T and S be two positive closed currents on X of bidegrees (p, p) and
(g, q), respectively, with p + ¢ < n. Assume that T has a continuous
superpotential. We prove that the wedge product 7' A S, defined by
Dinh and Sibony, is a positive closed current.

1. Introduction

Let X be a compact Kédhler manifold of dimension n. Let T and S be two positive
closed currents on X of bidegrees (p, p) and (g, q), respectively, with p + g <n.
Demailly [4] asked the question to define the intersection T A S. The theory of
intersections of currents of bidegrees (1, 1) is well developed (see, e.g., [1; 3; 5;

1). So the question of Demailly concerns currents of higher degree.

The problem was recently solved by Dinh and Sibony [9] using their theory
of superpotentials (see also [7]). Assume that T has continuous superpotentials
(see [9] or Section 2 for the terminology). Then the wedge product T A S is well
defined. It is known that this product is the difference of two positive closed cur-
rents. The operator satisfies basic properties like the commutativity and associa-
tivity when several currents intersect. The Hodge cohomology class of T A S is
the cup product of those of T and S. Moreover, T A S depends continuously on S.
Therefore, it is positive when S can be approximated by smooth positive closed
forms. The last property of approximation is satisfied when X is a homogeneous
manifold and also in the case of some dynamical Green currents. The purpose of
this work is to prove the positivity of 7 A S in the general setting. We have the
following theorem.

THEOREM 1.1. Let X be a compact Kdihler manifold of dimension n. Let T and
S be two positive closed currents on X of bidegrees (p, p) and (q, q), respec-
tively, with p + q < n. Assume that T has a continuous superpotential. Then the
intersection current T A S is a positive closed current of bidegrees (p+q, p+q).

In Section 2, we recall some basic properties of positive closed currents and their
superpotentials. In Section 3, we introduce an alternative definition of 7' A S,
which is a positive closed current. We then show that this definition is equiva-
lent to that by Dinh and Sibony. The theorem then follows immediately. We will
present now the main idea.
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Suppose first that 7 and S are positive closed smooth forms of X. Let 7;
(j = 1,2) be the projections from X x X to the first and second components,
respectively. We have T ® § = nT(T) A 7r2*(S). This is a positive closed smooth
form on X x X. Then we can compute 7' A S via the formula

TAS=(mj)«(T®SA[A]) forj=1,2, (1.1

where [A] is the current of integration on the diagonal A of X x X.

Observe that because of [A], formula (1.1) cannot be extended to general sin-
gular currents 7 and S. We can, however, use the theory of intersection with
(1, 1)-currents if, instead of A, we have a hypersurface. This is the reason why we
consider the blow-up X x X of X x X along A. Let IT be the natural projection
from X x X to X x X ,and A =TT"!(A) be the exceptional hypersurface. Recall
from [2; 15] that the blow-up of a compact Kihler manifold along a submanifold
is also Kihler. Let & be a Kihler form of X x X. Observe that ML.@" ' A[A]
is a nonzero positive closed current of X x X supported on A and has the same
dimension as A. Therefore, it equals a constant times [A] (see, e.g., [5]). By nor-
malizing @ we can suppose that

M,(@" ' A[A]) =[A] (1.2)

PuT®S=M*(T®S)and 1; =7, o1 (j = 1,2). Then (1.1) can be rewritten
as

TAS=)(T®SA"" A[A]). (1.3)

In general, when T and § are only positive closed currents, we still can define
@ as a positive closed current outside A and extend it by 0 through A. We can
show that f@?S A A [Z] is well defined, provided that T has a continuous
superpotential. In this case, we can use (1.3) as an alternative definition of 7 A S,
which gives a positive closed current; see Corollary 3.5. Proposition shows
that this definition is equivalent to that of Dinh and Sibony.

2. Superpotential of Positive Closed Currents

We will recall now some basic facts and refer to [9] for details. Let X be a com-
pact Kéhler manifold of dimension #, and w be a Kéhler form on X. It is well
known that the de Rham cohomology of currents and smooth forms are canoni-
cally equal (see [12, Chap. 3]). Denote them by H" (X, C) with 0 <r < n. For any
closed current 7' of degree r, we denote by {7’} its cohomology class in H" (X, C).
Let H?? (X, R) be the vector subspace of H”-? (X, C) spanned by the classes of
closed real 2p-forms. Since a closed positive (p, p)-current is real, its class be-
longs to HP-P (X, R). If V is an analytic subset of X of dimension n — p, then it
defines a positive closed current [V] of bidegrees (p, p) by integration over V.
We denote its class by {V} for simplicity.

Let C,, be the convex cone of positive closed (p, p)-currents on X, and D), be
the real vector space generated by C,,. Since the Kéhler form w is strictly positive,
the set D), contains all real closed smooth (p, p)-forms. Let Dg be the subspace
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of D, of currents belonging to the class 0 in H”*?(X, R). We recall the notion of
*-norm on D,,. Consider first a positive closed current S in D),. Define its *-norm
by

[S1ls = 1(S, &" 7)),
which is equal to the mass of S. In general, since any S € D), can be written as
the difference of two positive closed currents, define

IS = (ST [l 4 157 114),

where the infimum is taken over all ST, S~ € C,, such that § = St — §~. By
the compactness property of positive closed currents, this infimum is attained for
some ST and S~. We say that S; converges to S in D), for the x-topology if Sk
converges to S weakly as current and || Sk ||« is bounded independently of k. The
following result is due to Dinh and Sibony; see [9. Th. 2.4.4] and also [6, Th. 1.1].

ProPOSITION 2.1. There is a positive constant ¢ such that for all S € D), there
exist smooth forms Sy € D, with k € N such that S,, converges weakly to S and
I Skll« < clISll« for all k.

Let T be in D)y, and R be in DS. By the dd¢-lemma for currents (see [
Th. 1.2.1]) there is a real (¢ — 1, g — 1)-current Ug such that dd°Ug = R. We
call Ug a potential of R. Consider the following important example of R. Let V
be a hypersurface of X, and By be a smooth form of the same cohomology class
with [V]. Then R =[V] — Bp is in D?. We can construct an explicit potential
Ur as follows. Consider the holomorphic line bundle of X associated with V and
a holomorphic section o whose divisor is V. Take a smooth Hermitian metric
on this line bundle and denote by | - | the norm induced by this metric. By the
Poincaré—Lelong formula, there is a smooth form S such that

dd‘loglo| =[V]— B1.

Since {Bo} = {V} = {B1}, there is a smooth function f on X such that dd¢ f =
Bo — P1. The function Ug :=log|o| — f is a potential of R. Note that Uy is
smooth outside V and if ¢’ is a holomorphic function on an open neighborhood
W of a point of V such that its divisor is V N W, then

Ugr(x) —log|o’| is smooth on W. 2.1

Consider now a current R € Dgf Pl and an (n — p,n — p)-current Ug that
is a potential of R. Let « = («y,...,a;) with i = dim H?-?(X,R) be a fixed
family of real smooth closed (p, p)-forms such that the family of classes {«} =
({oer}, ..., {a@n}) is a basis of H”"?(X,R). By adding to Ug a suitable closed
smooth form we can assume that (Ugr, ;) =0 fori =1,...,h. We say that Ug
is a-normalized.

DEeFINITION 2.2 ([9, Def. 3.2.2]). Let T be a current in D), as before. The a-
normalized superpotential U7 of T is the function defined on smooth forms R €
Dg_ P and given by

Ur(R) = (T, Ug),
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where Ug is an «-normalized smooth potential of R. We say that 7' has a contin-
uous superpotential if U7 can be extended to a function on D?lf Pt that is con-
tinuous with respect to the x-topology. In this case, the extension is also denoted

by UT.

By [9, Lemma 3.2.1], U7 (R) does not depend on the choice of an o-normalized
Ug. The continuity of Ur also does not depend on «. Observe that when {T'} =0,
the o-normalized superpotential of 7' does not depend on «. Indeed, in this case, it
is the restriction of any potential Ur of T to the set of smooth forms in Dgf Pl
Assume that T has a continuous superpotential. Take any current S € D,. Let
(ai, ..., ap) be the coefficients of {T'} in the basis {«}. Define T' A S to be the real

(p +4g. p+ q)-current satisfying

(TAS, @) =Urdd“®AS)+ Y ajlaj, ®AS) (2.2)
1<j<h

for any real smooth (n — p —gq,n — p — g)-form ®.

3. Alternative Definition for the Intersection of Currents

Let X, X/x\X, w, o, I, I, n;, A, A be as in the previous sections. Consider
two currents T € D, and S € D, as before with p+¢ < n.Let h, a;, and o; with
1 < j < h be as in the last section. From now on, assume that 7 is positive and
has a continuous superpotential. Note that I1; = 7r; o I1 are submersions; for a
proof, see [9] or the proof of our Lemma 3.2. Define T= IT7(T) and S= I15(S).

They are positive closed currents on X x X. Put a; =T (aj) for 1 < j <h.
LEMMA 3.1. The current T has a continuous superpotential.

Proof. Suppose that the classes {&;} are linearly dependent. Then there exist real
numbers b; with 1 < j < h that are not simultaneously equal to zero and a smooth
form y such that Z?: \bjoj = d(y). Taking the wedge product with @" in the
last equality and then using the push-forward by (I1}), give

h
ijotjA(Hl)*@")=d((H1)*(?A5"))- 3.1
j=1

Note that (IT),@" is actually a nonzero constant since @" is closed and positive.
We deduce that the left-hand side of (3.1) is a nontrivial linear combination of o,
1 < j < h. However, this contradicts the fact that {«;} are linearly independent.
Hence, the classes {&;} are linearly independent. Complete them to be basis &’ of
HP?(X x X, R). Let Uz be the @’-normalized superpotential of T.

Put a7 = 27:1 ajoj and @y = I[Tjar. Remark that oy and o7 are in the
same cohomology classes with T and T, respectively. Let Ur_q; be a potential
of T — ay. Then UT—&T = H’I‘UT_(,,T is a potential of T— ar. By definition, for



Intersection of Positive Closed Currents of Higher Bidegrees 867
any smooth form Re Dgn— ol (X/>-<\X ), we have
Up(R) = (T, Ug) = (T —@r,Ug) = (Uj_g,. R).
By our choice of potentials, the last quantity equals
(Ur—ar, (M)xR) =Ur (M) «R).

The continuity of U7 now implies immediately the same property for U/7. The
proof is finished. O

Thanks to Lemma 3.1, we can define T AS as in (2.2). Recall that T ® S is a
positive closed (p + ¢q, p + g)-current on X x X depending continuously on T
and S. Its action on smooth forms can be described as follows. Let x be local
coordinates of X. They induce naturally local coordinates (x, y) on X x X. For a
smooth form @ (x, y) of X x X, we have

(T®S,P)=(T, S(P(x,-) = (S, T(P(, y)). (3.2
Let IT’ be the restriction of IT to X x X \A. The current
T®S=T"T®S)
is well defined and positive closed on XxX \Z because I’ is biholomorphic. By
Proposition 5.1 of [8] the mass of 7 ® S is bounded. Hence, it can be extended
by zero to be a positive closed current of X ® X through A; see [5; 13; 14]. We

still denote by @ the extended current. Take a smooth closed (1, 1)-form E
with {8} = {A}. Since A is a hypersurface, choose a potential

of [K] — 3 as in Section 2. It is smooth outside E, and its behavior near A is
described by (2.1). By adding a constant to # if necessary we can assume that
n<-l1.

LEMMA 3.2. The current iiS is well defined. Moreover, if smooth forms Sy € Dy
converge to S in the x-topology, then Sy converge weakly to i S.

Proof. We prove the first assertion. For any smooth (2n — g, 2n — g)-form 7 on

m, we will show that (ITy). (7)) is a smooth form on X. This allows us to
define

(@S, 7) = (S, (M) (@n)). (3.4)
To see that (IT3)4(%7) is smooth, we just need to work locally. Consider local co-
ordinates (W, x = (x1, ..., x,)) on achart W of X. Without loss of generality, we

can suppose that W is diffeomorphic to the unit ball B; in C". Consider induced
local coordinates (x,y) on W x W. We have A N (W x W) = {x = y}. Define
new local coordinates (x’, y) on W x W by putting x" := x — y. Hence, A is given
by the equation x’ = 0. The set [T~ (W x W) is biholomorphic to the manifold
M in C" x C" x P"~! defined by

M={xy,[v]):yeBy,x' +yeB,[v]eP" " and x" € [v]},
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where [v] =[v] : v2: - - - : v,] denotes the homogeneous coordinates of P*~!. Let
M; (1 < j <n) be the open subset of M containing all points & y,v) e M
with v; # 0. They form an open covering of M. For (x', y, [v]) € My, we have

x{v; =x;.v1. Choose v; = 1. Then x} = xv;. We deduce that (x{,v2,...,v,,)
are coordinates on My and A N M = {x{| = 0}. Since [Ta(x], v2,...,v,, ¥) =y
we see that
(Hz)*(ﬁﬁ)=/ A, 02, Uy (X, 02,00, Vs )
X[ V240U
Z/ 10g|xi|ﬁ(xi5v27"'avnay)
X{ V2,...,Up
+/ W (X, 02, U, N, V2, ey Uy ),
X[ V24ees Uy

where ﬁ’(xi, V2, ..., Uy, Yy) is a smooth function; see (2.1). This implies that the

last integral defines a smooth form in y. It is also clear that the integral involv-
ing log |x{| depends smoothly in y. The proof of the first assertion is finished.
The second assertion is a direct consequence of identity (3.4). The proof is fin-
ished. (]

PROPOSITION 3.3. We have T A S = f&?

Proof. Consider first the case where S is smooth. So T A S is the usual wedge
product of a current with a smooth form. We then see that TAS= nm(res)=
@ outside A. Observe that the ﬁbers of the submersron IT; are transverse
to A. Therefore T has no mass on A. Hence, T A S has no mass on A. We
deduce that T A S =T ® S in this case because 7 ® S has no mass on A by
definition.

In general, by Proposition there is a sequence of smooth forms S; € D,
converging to S in the x-topology. The first case and the continuity on S imply
that T A S = f@?ﬁ outside A. It remains to show that the restriction 13(’T\ A §)
of T A S vanishes. This is equivalent to say that

/A?/\@\%:o (3.5)
A
for any smooth form ® of bidegrees 2n — p — q. By Proposition 2.1 we can write

S =S5t — S where ST and S~ are approxrmable by smooth positive closed
forms. Since TAS=T A ST —T A S, we only need to verify that 13 (T A
Si) = 0. Therefore, without loss of generallty, assume that T A S is positive.
Consequently, it suffices to prove (3.5) for D =P,

Let x be a convex increasing smooth function on R such that x(z) = 0 if
t<—1/4, x(t) =t fort > 1/4 and 0 < x’ < 1. For each positive integer k, put

up=x@+k)—

This is a smooth negative quasi-p.s.h. function since # < —1. The functions iy
decrease to i1, and —iiy/k decrease to the characteristic function 1z of A as
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k — o0. The first property implies that SAdd iy converges weakly to SAddi;
see Lemma 3.2. We also have

ddty =[x"(h +k)di Ada + x' (@ +k)dd i > x' (@ + k)ddi > —co
for some positive constant c. This yields that dd€iy = (dd iy + c@) — cw, which
is the difference of two positive closed currents in the same cohomology class

c{w}. We deduce that dd iy is *-bounded uniformly in k, and then so is S A
ddChy A ®2"~P~4 because we have
IS Add i A& P74, < cl| S|l lldd ik |« (3.6)
for a positive constant ¢ depending only on (X, w). It follows that
SAddig A& TPT1 — S AddCa AP

in the x-topology. Equality (3.5) with D =p""P4is equivalent to
<TA§,—7"-A2" p- q>—>0 as k — 00. (3.7)
Applying the formula (2.2) to TAS gives
(7 5.~ ara)
k
1 < cn ~2n—p— 1 o & onpe
= —%Uf(S/\dd g Ao P79y — E((XT,M](S/\C() P4y

where o7 = Z?:l

mass norm of ﬁk§ is bounded independently of k by Lemma 3.2. On the other
hand, the continuity of U3 gives

Uz(S Add g A P7) — Un(S A ddi AP P7),

which is finite, as k — oo. Hence, we get (3.7). The proof is finished. O

a;aj. The last quantity converges to 0 as k — oo since the

LEMMA 3.4. The current i(T A 'S) is well defined. Denote it by aT A S for sim-
plicity. For any closed real smooth form ) of XxX of the right bidegrees, we
have
h
(AT NS, @) =Up(dd“(GS A D)) + Y _a;(S.ia; A ®). (3.8)
j=l1

o~ -~

In particular, (4T A §, @) depends continuously on S.

Proof. Using the computation in the proof of Proposition 3.3, we have
(TAS, G- P9 = Jim Uz(S A ddCiy ABPPI)
+ (@r. akS AP,

where i is defined as in Proposition 3.3. The same arguments as at the end of
the proposition show that the last limit is finite. The first assertion follows. Note
that each smooth closed form @ can be written as the difference of two positive
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closed forms. Hence, it suffices to prove (3.8) for positive closed forms ®. The
computations in Proposition 3.3 still hold for ® in place of @>"~?~4. Hence, (3.8)
follows.

In order to prove the last assertion, it suffices to prove it for positive closed
forms @ by the same reason as before. Let {S;};en be a sequence of currents
in D, that converges to S in the *-topology. Put S = IT5(S)). It is clear that S
converges to S'in the x-topology. Lemma 3.2 implies that dde (@S A ) converges
weakly to dd°(iiS A ®) and

klim dd  (GixS; A D) = dd° (S A D) (3.9)
— 00

for any / € N. Applying (3.0) to S in place of S, we see that the mass of
dd° (ﬁ,j, A 6) is bounded independently of k and /. This, combined with (3.9),
yields that the *-norm of dd*(u Sl A d>) is bounded independently of /. We deduce
that dd° (i S; A <I>) converges to ddc(uS A <I>) in the *-topology. The continuity of
Uz now implies that the right-hand side of (3.8) depends continuously on S. The
proof is finished. O

COROLLARY 3.5. Define the intersection f@)\S A[A] by putting
TRSA[Al=dd*GT ®S)+T @3S A B: (3.10)
see (3.3) for the definition ofg. Then @ A [Z] is positive when S is positive.

Proof. We only need to prove the positivity. This property is classic since the cur-
rent [A] is of bldegrees (1, 1) We give here a proof for the sake of the reader. Fix
a small open subset Wof X x X b1h010morph1c to a ball. We can find a smooth
function  on W such that dd“d = ,B Hence, the functlon i =i + 0 satisfies
ddC [K]>O So i isp.s.h. onW. WethenhaveT(X)S/\[A] dd®(u T/(XTS')
on W.If i, & 18 a sequence of smooth p.s.h. functions on w decreasing to i/, then

the last current is the limit of dd® (i m) which is clearly positive since it
equals dd“ip AT ® T ®S. The proof is finished. ]

LEMMA 3.6. Let Y be a closed subset of X. Let R be a positive (p, p)-current of
X, and let Ry be a sequence of positive (p, p)-currents of X converging weakly
to R as currents in X\Y. Assume that R has no mass on Y and the masses of Ry
converge to that of R. Then Ry converges weakly to R in X.

Proof. For each ¢ > 0, let Y, be the set of points in X of distance less than e to Y.
Let x. be a continuous function on X such that 0 < . <1, x. =1 on X\Ya,,
and x, =0 on Y. Take any continuous real form ® on X of bidegrees n — p. We
need to prove that

Re(®) — R(P) ask — oo. @3.11)

Since a continuous form can be written as the difference of two continuous pos-
itive forms, we can assume that @ is positive. The hypothesis on Rj implies that
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Ry (xe ®) converges to R(x.®P). Hence, in order to prove ( ), it is sufficient to
show that

lim 8, =0, (3.12)

e—0

where

k—o00

Se =limsup/ Ry (D).
725

Let ur = Ry A @" P and u = R A "~ P be the trace measures of R; and R,
respectively. Observe that §; is less than a constant times

limsup ug (Y2e) = [|RI| — hmlnfﬂk(X\st)

k—o00

Since the set X \Y7, is an open subset of X\Y, the last limit is greater than
w(X\Y2:). Hence, we get

k— 00

limSllP/7 Ri(®) SIRI — w(X\Y2¢) = (Y 2e).
2e

The last quantity converges to zero as ¢ — 0O because p has no mass on Y. The
proof is finished. O

PrOPOSITION 3.7. For j =1 or 2, we have
TAS=).T®SAAIAD""), (3.13)
where T A S is defined as in (2.2).

Proof. As explained in Introduction, formula ( ) holds for smooth forms T
and S. We consider now the general case. We already know that T A S depends
continuously on S for the *x-topology. Let {Sk}keN be a sequence of smooth forms
in D, that converges to S in the *-topology. Put Sk = H*(Sk) and R, = aT A Sk

It follows from Lemma that the masses of Ry converge to the mass of
R =iT A S. Moreover, Ry converges to R in X x X \/A\. Applying Lemma

to m in the place of X, Ry, and R, we see that the right-hand sides of
(3.13), which is defined in Corollary 3.5, also depend continuously on S for the
x-topology. Hence, approximating S by smooth forms allows us to assume that S
is smooth. Now Lemma 3.2 applied to T in place of S implies that the right-hand
side of ( ) is continuous in 7. When S is smooth, it is clear that 7 A S depends
continuously on 7. Therefore, (3.13) holds since we can approximate T by closed
smooth forms. The proof is finished. (]
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