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Universality in Measure in the Bulk for Varying Weights
EL1 LEVIN & DORON S. LUBINSKY

ABSTRACT. We prove that universality holds in measure for sequences
{gne= 22} of varying weights, where e~ < isan exponential weight,
and the functions {g,} admit suitable polynomial approximations.

1. Introduction

In the theory of random Hermitian matrices, one considers a probability distribu-
tion P™ on the eigenvalues x| < x <--- < x, of n x n Hermitian matrices,

PO (et 2, g) = ce” 20 21000 T — )2,
i<j
See [5. p. 106 ff.]. Here, c is a normalizing constant, often called the partition

function, and Q,, is a given function. In the Gaussian unitary ensemble, Q, (x) =
1,2
X%,

Orthogonal polynomials play a crucial role in analyzing these. For n > 1, let
My be a finite positive Borel measure with support supp[it,] containing infinitely
many points. We may define orthonormal polynomials

pm(,un,x)=ym(:un)xm+"' v Ym(n) > 0,

m=0,1,2,..., satisfying the orthonormality conditions

/pk(un,x)pz(un,X)dun(X) = Ske.

Throughout we use u, to denote the Radon—Nikodym derivative of ji,,. The nth
reproducing kernel for p,, is [10; 23]

n—1

K, x,3) =Y pkthn, X) i, ¥), (1.1)
k=0

and the normalized kernel is
Ko (s %, ) = 1y 002 10, ()2 Koy (i, %, ). (1.2)
The nth Christoffel function is
Do (s %) = Ko %, )~

When
diin(x) = e 22 gy
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there is the basic formula for the probability distribution P [5. p. 112]:
1 ~
PO (x1,x2, ..y X)) = - det(Ky (tn» Xi, Xj)1<i, j<n-

Note that this is the standard definition, which includes the factor w), (x1) ), (x2) -
-+ iy (xy) in the right-hand side. One particularly important quantity is the m-
point correlation function,

Rm(/“l/l’lax]a X2y .nn »xm)
n!
= / ~-/’P(")(x1,x2,...,xn)dxm+1dxm+2 codxy,.
(n —m)!
The function R, admits the remarkable identity [5. p. 112], first proved by Free-
man Dyson,
Ry (ns X1, X2, oo oy X)) = det(kn (s Xis Xj)1<i,j<m-

The universality limit in the bulk asserts that, for fixed m > 2, & in a suitable
subset of the (common) supports of {u,}, and real ay, as, ..., a,, we have

lim ——— Ry pn 6+ — g4
n=>00 Ky (tn, &, &))" ( K, (pn, §,8) Kn(un,§,8)

am )
+ =
Ky(un, §,8)

=det(S(a; —a;))i<i,j<m-

where

is the sinc kernel. Because m is fixed in this limit, this reduces to the case m =2,
namely

Izn(ﬂn,é‘l‘ % 4 ’E—i_ % b )
lim K:l(ll«nf,é) Kn(1n,§.8) — S(a _ b) (13)
n—00 Kn(:“«m&é)

Typically, this is established uniformly for a, b in compact subsets of the real line.
Thus, an assertion about the distribution of eigenvalues of random matrices has
been reduced to a technical limit involving orthogonal polynomials. See [1; 2;

;55 05 8;9; 13; 155 16; 17; 18; 19; 23; 24; 27; 28] for some references to the
extensive literature on this topic.

We shall need some concepts from potential theory for external fields [22].
Let ¥ be a closed set on the real line, and W(x) = exp(—Q(x)) be an upper
semicontinuous function on X that is positive on a set of positive linear Lebesgue
measure. If ¥ is unbounded, then we assume that

lim . W(x)|x|=0. (1.4)

|x]—o00,x€
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We say, following Saff and Totik, [22], that W is admissible. Associated with X
and Q, we may consider the extremal problem

mf< / / log

where the inf is taken over all posmve Borel measures v with support in ¥ and
v(X) = 1. The inf is attained by a unique equilibrium measure wg, characterized
by the following conditions: let

1
U“’Q(Z)=/10g
|z —1]

denote the logarithmic potential for wg, and let

dv(x)dv(t) —1—2/ Qdu>

dwg(t)

S = supplwg]

denote the (compact) support of the equilibrium measure. Then [ Theo-
rem [.1.3, p. 27]

U“2+Q=>Fp qe.onX; (1.5)
UwQ+Q=FQ g.e.in Sp. (1.6)

Here the number Fy is a constant, and g.e. stands for quasi-everywhere, that is,
except on a set of capacity 0. Notice that we are using wp for the equilibrium
measure, rather than the more standard pw or vy, to avoid confusion with u,
or vy,.

Our first result in [15, p. 747, Theorem 1.1] was the following. Its proof de-
pended heavily on asymptotics of Christoffel functions that has been established
by Vili Totik [26]:

THEOREM A. Let W = e~ € be a continuous nonnegative function on the set %,
which is assumed to consist of at most finitely many intervals. If ¥ is unbounded,
then we also assume (1.4). Let h be a bounded positive continuous function on X,
and forn > 1, let
dpin(x) = (W) (x) dx.

Let J be a closed interval lying in the interior of Sg = supplwgl, where wg
denotes the equilibrium measure for W. Assume that wg is absolutely continuous
in a neighborhood of J and that a)’Q and Q' are continuous in that neighborhood
with a)’Q > 0 there. Then, uniformly for & € J and a, b in compact subsets of the
real line, we have

K (Un, & +
lim K (Mn &, E)
n—00 Kn(1n, £, 8)

In particular, if Q’ satisfies a Lipschitz condition of some positive order in a neigh-
borhood of J, then [22. p. 199] a)’Q, is continuous there, and hence we obtain
universality except near zeros of a)’Q Note too that when Q is convex in X, or
xQ'(x) is increasing there, the support of wg consists of at most finitely many
intervals, with at most one interval per component of X [22, p. 199].

Et o)
Ky (1n.8.8) :S(Cl—b) (17)
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Theorem A is a particular case of a more general result in [15, p. 748, The-
orem 1.2], which allowed fairly general sequences of weights, but involved hy-
potheses on asymptotics of ratios of their Christoffel functions. In [15], appli-
cations were also made to universality for fixed exponential weights on the real
line.

Our goal in this paper is to prove that universality holds in measure for varying
weights under more general hypotheses than those in Theorem A. Our first re-
sult is an equiconvergence result. Throughout, meas denotes the linear Lebesgue
measure. We also say that a sequence of real-valued functions {f,} defined on a
compact set X converges in measure to a function g if for each ¢ > 0,

meas{x € X :|f,(x) —g(x)|>e} >0 asn— oo.
THEOREM 1.1. Let X be a closed set, and {v,} and {1} be sequences of positive
measures on .. Assume that, forn > 1,
wo(x) =h(x)e "W yex, (1.8)

where h is bounded, positive, and continuous on X, and e~ is admissible, and
also, as n — o0,

1
—K, (n, x, x)u;(x) — a)/Q in measure in Sg. (1.9)
n
Assume also that, forn > 1,
v, () =g, (x), x€X, (1.10)
and for n > 1, there exists a polynomial S, of degree €, that is positive in X, with
£y =o0(n), n—> o0, (1.11)
and
S2(x)gn(x) <1, aexeX, (1.12)
while as n — 00,
S,%gn — 1 inmeasurein Sy. (1.13)

Let R, & > 0. Then for large enough n, there exists a set &, of linear Lebesgue
measure < € such that
lal,|bI<R, Tt

a b
Kn(”mé"‘_ag"'_)
n n
EESQ\Sn

—Sn<s+E)Sn<s+9)l<n(un,é+c—l,é+ 9)
n n n n

The set &, does not depend on R.

1
sup  —

v, (§) =o0(1). (1.14)

REMARKS. (a) Note that in ( ), a, b are complex numbers.

(b) In (1.9), we could equivalently assume that the convergence in measure
takes place in X.

(c) Note that (1.9) holds under the conditions of Theorem A; see [26].

(d) A more explicit form of Theorem 1.1 is given in Theorem
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(e) The conclusion of Theorem is in fact almost uniform convergence, as
used in Egorov’s theorem, and so is a little stronger than convergence in measure.

One case where we can find suitable approximating polynomials {S,} is in the
following result, where ¥ is assumed to be a union of finitely many compact
intervals. Let o € (0, 00), and for n > 1, let ¢, : ¥ — R. We say that {¢,} is
uniformly smooth of order o if

(i) when o = k, where k is a positive integer, (p,gk_l) is absolutely continuous for
each n > 1, with

sup 9P| L (s < 00,
n

(ii)) when o = k + A, where k is a nonnegative integer, and 0 < A < 1, <p,(,k)

satisfies a uniform Lipschitz condition of order A:
k k
o () — o ()]
sup sup A <00
n x,yex |x - )’|

THEOREM 1.2. Let X consist of finitely many compact intervals, and let

N n
v (x) = h(x)e™n®) (]_[ Ix — bnj|ﬂnf> e M0 ey, (1.15)
j=1
where h is a positive continuous function on %, and where Q is continuous, while
Q' is continuous in T, except perhaps at finitely many points. Assume, moreover,
that the equilibrium measure wg is absolutely continuous and that a)’Q is positive
and continuous in Sé, except perhaps at finitely many points. Assume also that
N > 1 and all {by;}y,; lie in some compact subset of the real line, while
max f,; — 0 asn— oo. (1.16)
I<j<N
In addition, assume that o € (0, 00) and {¢,} is a sequence of real-valued func-
tions on X that is uniformly smooth of order o, whereas forn > 1,

lonllLez) <1 (1.17)
and
T, =o(nTe), n— oo. (1.18)
Then, given & > 0,
% a b
Kn(vp, &+ nwb(g),é + nw’Q(é))
measjx € Sg: sup ; —S(a—b)|>¢
lal.Ib|<R nwg (&)
—0 asn— oo. (1.19)

REMARKS. (a) Note that in ( ), we restrict x to lie in S since we cannot have
universality (at least in the sense above) outside this set. Moreover, a, b are real
since K, is only defined in X.
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(b) The requirement that ¥ is compact can be removed if we assume that the
measures decay exponentially at 0o, allowing us to apply restricted range inequal-
ities from, for example, [14; 22].

(c) We could allow more general rates of growth of {z,,} than ( ). Moreover,
if all {¢,} are analytic and uniformly bounded in an open set containing X that is
independent of n, we could replace ( ) by

(ien)
T, =0 , n— oo.
logn

o(n)Urn

(d) We could multiply by other factors, such as e , where {p,} are a se-
quence of measures supported on ¥ = [0, 1] that admit polynomial approximation
of the type described in [25, Theorem 8.1, p. 49].

2. An Integral Estimate

We start with the following simple comparison inequality.

LEMMA 2.1. Let m,n > 1, and p, and v, be positive measures on the real line.
Assume that S, is a polynomial of degree £ < n and

n=m+{. 2.1

Assume also that on R,
S2dv, <du,. (2.2)
Then

1
o=~ / / (Kn(n %2 ) — Sn (S0 (5 Ko (1 X, )% v (6) dvn ()

¢ 1
< 4<1 +o- / Sa () Kn(ns v, ¥) dvn(y))~ (2.3)

Proof. Using the reproducing kernel property and (2.1), followed by (2.2), we
have

Ay = //(Kn(vn,x,y)—Sn(X)Sn(y)Km(Mn,x,y))zdvn(X)dvn(y)
- / / Ko, %, )2 v (¥) dv (3)
—Z/Sn(w[f sn(x>1<mwn,x,y)1<n(vn,x,y)dw(x)] dvn(y)
+ / S,,(y)2|: / S,,<x)21<m(un,x,y)zdvnu)]dvn(y)
= [ Koty ) —2fsz<y>1<m(un,y,y>dvn(y>

+ / Sn<y)2[ / Sn<x)21<m(un,x,y)zdvn<x)]dvn(y)
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<n —2/si<y)Km<un,y,y>dvn<y>
+// Ko (ns %, ) din (x) dtn ()
- n+m—2/5,%(y)1<m(un,y,y)dvn(y>. 2.4)
Next,
/ Sy (K = Kun) (i, ¥, ¥) A (y)
< /(Kn = Kn)(n, ¥, y)diun(y) =n —m.
Substituting into (2.4) and using n —m = £ give
Aw<ntm— z/ S Kn (i, ¥+ ) dvn () + 20 — m)

=2n+€—Z/Sﬁ(y)Kn(/Ln,y,y)dvn(y)- (2.5)
Using the inequality (x + y)? < 2(x? + y?), we see that

ATy <28, +2 / f (Ko (bt %2 ¥) — Ko (b, %3 )2 S2 () S2(3) v () dvn (3)

<28, 42 [ [ (Kl .) = Kot 3.0 it 05) dian ()

=2A, +2(n —m)=2A, +2¢L.
Now use (2.5). U
Under the hypotheses of Theorem 1.1, we can estimate I',, defined by (2.3).

LEMMA 2.2. Assume the hypotheses of Theorem |.1. Then
lim T',, =0. (2.6)

n—oo

Proof. By our hypotheses,

1 1
K (. Xy (x) S5 (x) = ~ K (b, x, Xy () [S7 () gn ()] = )y

~el,

in measure in Sp as n — oo. Let ¢ > 0 and

1
&, = {x €Sp: ‘;Kn(un,x,x)v,/l(x)S,zl(x) — w’Q(x)

so that meas(&,) — 0 as n — oo. Then, as n — o0,

% / S2(0) K (tts %, x) d o ()

> / (wp(x) — &) dx
SQ\gn

—>/ (@) —e)dx=1—¢.
So
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Since ¢ > 0 is arbitrary,

1
1iminf—/S,f(x)Kn(Mn,x,x)dvn(x) > 1

n—oo n

because of integrability of a)’Q Together with our hypothesis (1.11) and (2.3), this
gives (2.6). O
3. Potential Theoretic Estimates

Next, we turn to some potential theoretic estimates. Given a positive measure p
with compact support in the plane, recall that [20]

Pl —
v = foer

denotes the associated potential. We need a general growth estimate.

dp(r)

LEMMA 3.1. Let p be a measure with compact support in the real line and with
total mass < 1. Let ¢ > Q. There is a set F C R with meas(F) < ¢ such that, for
EeR\FandallueC,

UP(E) —UP(E +u) < Colul/e. (3.1
Here Cy is independent of p, &, ¢, u.

Proof. This is essentially the same as that of Lemma and Corollary 4.2 [

pp. 232-233]. There estimates were made for the Green’s function, but replac-
ing the equilibrium measure by the measure p, we obtain essentially what we
need. Nevertheless, we provide the details. Recall that the maximal function of

the measure p is
1 X+h
M[pl(x) = sup — dp.
h=02h Jx—p

Moreover, H* denotes the maximal Hilbert transform of p defined by

1
/ dp(1)
t—x|ze I —X

Step 1: A growth estimate. We first show that
UP () = UP (& +u) <26[ul M[p](¢) + |Reu|H*[p](§). (3.2)
Write u = x + iy. Now, for real &,
U —U"¢E +u)

1/1 PRI S UGl PP
=—{lo .
2] e T2 ]
Let S; denote the set of ¢ for which

‘2x - 2|ul? — e t|<|u|2
E—1| 7 (E—1)? x|

H*[p](x) = sup

e>0
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Let Sp denote the complementary range. In the case where x = 0, of course, S is
empty. Let us assume that x # 0; the case x = 0 is easier. We see that

2x lu|?
/sl log[ 1 G- t)2}dp ©
3|ul? }
log| 1+ d
S/s <k og[ R
<Z/ log 1+&22k dp(t)
k— l‘“‘ <|§— tlSz—k%‘f | |2

< Zlog[ 2ﬂ2—k+1 o '| MIpI(®)

| |2 12x2
= |u|M[p](s)8f 37, (3.3)

cf. [12. p. 525, no. 4.222.1]. Next, in S, we have |& — | > |u|?/|x|, so using the
inequality log(1 +¢) <t,t > —1, we obtain

2x |u|2]
log| 1 d
[SZOg[+$—r+<s—z>2 a

</ [2x MU }d )
T gtz LE -1 (=02 P

< 20x|[HTP1E)] + Jul /

o & — D2 dp(1). 34

Here,

1
/ —t1=ul2/1x E—1? ap ()

Y| s dp()
T S e s - =24 i1 (2K [l /1)

< % 2 g el e
=t uf? x|

|| ||28M[ 1©).

Combining this with (3.3) and (3.4) gives

UrE) -U¢E+uw
<43 |ul MIp1E) + [xIH*[p1E)] + [x[4Mp](&).

Estimating the constants gives (3.2).
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Step 2: Estimate the maximal function and Hilbert transform. Next, we use
the fact that both the maximal function and the maximal Hilbert transform are
weak type (1, 1). Thatis, [21, p. 137, Theorem 7.4],

meas(& : MIp](€) > A} < %fdp < %

and [3, p. 139], [1 1, p. 128 {f.]
meas(é s Hp1(E) > 1) < S [ dp = T

Here C; is independent of p and A. Note that in these references the bound for
H*[p] is proved assuming that p is absolutely continuous. However, it is true
without this restriction. Indeed, John Garnett emailed to the authors about [11]:
“The proof of Theorem 2.1 of Chapter III about the maximal conjugate function
goes through with the L function replaced by a finite measure. Also, on the line it
is easy to estimate the difference between the truncated Hilbert transform of |x| >
¢ and the conjugate function at i /¢ by the ordinary maximal function”. Choosing
A= %max{B’, C1}, we obtain a set F of measure < ¢ such that, for & € R\ F and
all complex u, (3.1) holds with a constant C¢ independent of p, &, u, €. O

LEMMA 3.2. Let X be a closed set, let Q : ¥ — [0, 00) be such that e @ s
admissible, and let wg denote the equilibrium measure for e~ 2, with support S 0-
Let L be a compact subset of X, and assume that L is the closure of its (nonempty)
interior. Let n > £ > 1. Let S,, be a polynomial of degree £ that has no zeros on
Y. Lete > 0,and R : C — C be a function such that log |R| is subharmonic in C.
Assume also that

lz}iinoo(log |R(2)| — (n+ £)log|z]) (3.5)
exists and is finite and that
IR(x)|e ™2™ /1S,(x)| <1 forxelL. (3.6)
Then there exists a set F,, C R with meas(F,) < € such that, for £ € (LNSp)\Fn
and allu € C,
[R(E +u)|e™" /1S, (6)| < Ve, ueC. (3.7)

The set F,, depends on Q,¢e,n,t,S, but not on the particular R. Also, Cy is
independent of Q, R, n, &, ¢, u.

Proof. Recall that
U”?+Q=Fp qe.inSp.
Now balayage that part of wg with support in Sp\L? onto L. More precisely,
we apply Theorem I1.4.7 in [22, p. 116] with the domain G = C\L giving the
balayage measure
v =GgiG.
It has the property that, for some constant Cy,

UY(x) = U2 (x)+ Cy, qe.xeL.
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If we let
o =wo|L +V
(the sum of v and the restriction of wg to L), then for g.e. x € LN Sp,
U®(x)=U"?(x)+ Co=—Q(x) + Fg + Co (3.8)

(recall (1.6)). Note that @p has support in L. Next, we may assume that S, is
monic (a constant can be absorbed into R). Then we can write

14

S0y =] Jx = by,

j=1
and if

¢
p=2 %
j=1
is a measure with compact support in C\ X, then we have

—log S, (2)| =U’(2).

Let o denote the balayage measure of p onto L N Sp, so that by [22. Theo-
rem I1.4.7, p. 116] it has total mass £, supportin L NSy, and for some constant Cy,

UP(x)=U"(x)+C1 qe.in LNSp. (3.9)

Let
Cr=n(Fg + Co) + Cy.
Then for g.e. x € L N Sgp, we have from (3.8) and (3.9)

enU“-’Q(x)JrU";(x)sz — ean(x)/|Sn (x)l7 (310)
so we can recast (3.6) as
|R(x)|e"UwQ WD+U7x)=C2 <1 forqe. xeLNSgp.

Moreover, since @p and p have supports in L N Sg, their potentials are harmonic
outside this set, so log|R(z)| + nU®2(z) 4+ UP(z) — Cs is subharmonic in C\(L N
Sp), with a finite limit at oo in view of (3.5). By the maximum principle for
subharmonic functions, we have

IR(z)|e"V ¢ O-C 1 zeC, 3.11)

Now let
1

W=
n+¢
which is a measure of total mass 1 with support in L N Sgp. From ( ) we have

IR(2)[e"HOV@D=C2 <1 e,

[nog + pl,

Then for £ € R and complex u, we have
|R(& + u)|e(ﬂ+l)U‘“(é)7Cz < e(ll+€)[U“’(§)*U“’(§+u)]7
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and now we can apply Lemma 3.1. Note that the set F,, in Lemma does not
depend on the particular R since @ does not depend on R. Finally, by (3.10), in
LNSgp, we have

eMTOUCE)-Ca e*nQ(é)/lsn &) O

4. Pointwise Estimates and Proof of Theorem

Throughout, we assume the hypotheses of Theorem and the notation of the
previous sections. In particular, I';, is defined by (2.3). We begin with the follow-
ing:

LEMMA 4.1. Let ¢ > 0. For n > nq(¢), there exists a set G, of measure < F,iﬂ +e
such that, for & € Sp\G, and for all u, z € C, we have

1
K (v & 10,2) = S (& )0 Q) Kot &+ 10, )]0, )
1 172
§4|:—Kn+£(vn,z,2)vﬁ,(§)} I/ eConlul/e (4.1)
n

Proof. Step 1: An integral estimate and exceptional set. Let £, denote the set of
x € X for which

1
- /(ann,x, V) = S0 () S0 () K (ttns 32 Y)* dun )V, () > /T

Then

meas(En)\/Fn

1
= ;//(Kn(vn,x, y)_Sn(x)Szz(Y)Kyz(Mn,x,y))zdvn(y)dvn(x):I‘n

= meas(&,) < /Th. 4.2)

Step 2: A Christoffel function estimate.
We use the inequality

|P(z)|2sKn+z<vn,z,z>f|P|2dvn,
valid for all polynomials P of degree < n + £ and all z € C, applied to
P(z) = %(Kn(vn, x,2) = Sn(x)Sn (2) Kn (in, X, 2))
with x € X\&, fixed. We then obtain from Step 1, for x € £\&, and all z € C,
nilen(vn, X,2) = Sy (X)Su(2) Kn (in, X, )P0y (x)
=Py, ()

_ 1 _
< Kn+e(vn,z,z)</ |P|2dvn)v,2(x> < ;Kﬁe(vn,z,z)Fi”.
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Now take square roots: for x € X\&, and all z € C,

1
1K (0, %, 2) = $0.(0) S0 Ko (1, X, D, ()12

1 12
<(-k 7)) 4 43
=\ n—HZ(Vn,Z,Z) no- (4.3)

Step 3: Fix z and apply Lemma
Fix n > 1, fix z € C with S,,(2) pu—1(2) # 0, let L,, = Sp\&, (which is inde-
pendent of z), and denote

1 ) /
A, = |:;Kn+f(vn7Z,Z)i| ry/*

R(t) =

i (K (vp,t,2) = Sp(0)Sn(2) K (n, £, 2)).

n
Then log | R(¢)| is subharmonic in the plane, and (assuming that S,, has full degree
£ > 1,as wemay) log|R(#)| — (n+£—1)log |t| has a finite limit as |¢| — 0o since
we assumed that (S, p,—1)(z) # 0. Moreover, for x € L,,, we can recast (4.3) as

|R(x)|h(x)2e™ 2D g, ()12 < 1.

(Recall (1.8) and ( ).) Since A is bounded above and below by positive con-
stants in X and does not depend on n, we can simply assume that # = 1. Next,
by our hypothesis that g, S,zZ — 1 in measure in Sp, for large enough n, we may
replace g,l,/ % in this last inequality by %|Sn | =1 except on a set of small measure.
Absorbing that set of small measure into £, (perhaps by replacing ¢ by £/2), we
obtain, for large enough n,

1
5|R(x)|e*"Q<">|Sn<x)r1 <1, xelL,.

Since the left-hand side is continuous, we may assume that L, is closed and (by
removing isolated points) is even the closure of its interior. Moreover, the new L,
is still independent of z above. Then by Lemma 3.2 there exists a set F,, C R with
meas(F,) < e such that, for § € L,\F,, =So\(&, U Fy) andall u € C,

|Ky (Vs € 1, 2) — Sp(E 4 1) S (2) Kn (in, € + 1, 2)|e ) /18,(8))

2nA,
< eCOnlu\/s.

Note that the set F, did not depend on the particular R, so it works for all com-
plex z. We may replace e "2 /|5, (£)| by v (€)% in this last inequality, at the
cost of adding a set of small measure to &, U F,,. Finally, we set G, = &, U F,,
multiply by v/, (£)1/2, and take into account the definition of A, to obtain the
result, at least when (S, p,—1)(z) # 0. Since this last condition holds except at
finitely many z, we can use continuity in z to deduce (4.1) for such z also. O

Next, we estimate K,,. We shall assume that in u/, h = 1. The general case
involves trivial modifications.
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LEMMA 4.2. Let ¢ > 0. There exists a set H, of measure at most 2¢ such that, for
& € Sp\Hn and all complex v,

1 _ 4
1Ko, § 0,8+ D)y, () < —e" M, (4.4)
where C| is independent of n, &, v, €.

Proof. We shall abbreviate pi(vy, z) as px(z). First, we note that, for n > 1,

n—1

10g K (v, 2,7) = 1og<Z |Pk(Z)|2>

k=0
is subharmonic in the plane. Indeed, if we fix z and » > 0, we can choose unimod-
ular constants {ay} such that

n—1
log K (v, 2,2) = log| Y " ax pi(2)°
k=0
- n—1 -
<o | log]Y arpr(z+re)?|de
27 k=0
1 T n—1 ‘
<= log<Z|pk(z+rele)|2> de
2 Jx k=0
1 T 0 ——%
= — log K, (v, z +re'’, z +ret?)do.
27 J_»

In the second last line, we used the subharmonicity of absolute values of analytic
functions. Moreover, we see that, as |z| — oo,
log K, (vy,z,2) = (2n —2)log|z| + 2log y,—1 + o(1).
Now, for small € > 0, let
1 , 2
In=\t€S0: —Kpie(p,1,0)v, (1) = — 1.
n €
Observe that
2 1
meas(Z,)~ < [ L seon 1. dvn () <2
e n
since n > £, so

meas(Z,) < e. 4.5)

Since S,% gn — 1 in measure, we may absorb a set of small measure into Z,, and
obtain

1 2

o Kt a1, 070 S0 < =, 1 € S\T,.

n e
We now let L, = Sp\Z,. Since the left-hand side in this last inequality is contin-
uous, we may assume that L, is closed and (by removing isolated points) is also
the closure of its interior. Next, by Lemma with R(t) = K, ¢(vp, 1, 1), with
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L taken as L,, Q replaced by 20, and S, by S%, there is a set 7, of measure at
most ¢ such that, for & € L,\J, = Sp\(Z, U J,) and all complex v,

£ -
Koo, £+ 0.8+ v)e 219®) /52 (g) < nC1lvl/e, (4.6)

Here C; is independent of n,v,e,&. Setting H, = Z, U J,, we see that
meas(H,) < 2¢, and for § € Sp\'H, and all complex v, we have (4.4), except
that v;, is replaced by e 2n0E) S,% (&). Again, we can add a small set to H,, and
replace e‘z"Q@)/S,%(é) by v}, (&). O

Now we put it all together:

Proof of Theorem 1.1. We apply Lemmas and 4.2: let &, = G,, U H,, so that
meas(&,) < 3¢ + 2F,1,/2 and, for £ € Sp\&, and all u, v € C,

1
;|Kn(‘)n’$ +u, & +v) = S (E+u)Su(E +0)Ky(tn, & +u, & +0)|v,(§)
< B Pl contul+un/e.
T JE
Finally, we know that (2.6) holds, so we can just choose u = a/n,v = b/n, and
replace € by /4. (]

For future use, we record this last inequality as the following:

THEOREM 4.3. Assume the hypotheses of Theorem 1.1. Let € > 0. Then, forn > 1,
there exists a set &, of measure < ¢ such that, for § € Sp\&, and all complex a, b,

1 a b
Kn(”n’g + =&+ _>
n n n

a b a b
_Sn(%_+;)Sn<$+;>l<n<ﬂnvg+;vg+ ;)

8 14
< TF"/ eCollal+1bh /e 4.7

v (§)

T JE
Here Cy is independent of n, &, a, b, . We may replace v),(§) by ), (“.;‘)/S,%(é) in
this last left-hand side.

5. Proof of Theorem

Our main task is to find approximating polynomials {S,} satisfying hypotheses
( )—~( ) of Theorem 1.1. We begin with the following:
LEMMA 5.1. Let {§,} C (0, 00) with

lim &, =0. (5.1

n—oo

Let r > 0. There exist nonnegative polynomials { P,} with

deg(P,) =o0(n), n— oo, 5.2)
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and, as n — oo, uniformly in compact subsets of (—r, r)\{0},

|x [ Py (x) — 1, (5.3)
while forn > 1,
sup |x[" Py (x) < L. (5.4)
x€[—r,r]

Proof. First, note that by dilating the variable we may assume that r = 1. Next, it
suffices to find nonnegative polynomials { P,} of degree o(n) satisfying (5.2) and
also, as n — o0,

X" P (x) —> 1 uniformly in compact subsets of (0, 1), (5.5

whereas, forn > 1,
0<x"P,(x)<1 in[0,1]. (5.6)
Indeed, we can always replace P,(x) satisfying these last two conditions by
P, (x?), after also replacing §, by 6, /2.
Next, we recall classical results from the theory of incomplete polynomials.
Let 0 € (0, %), and fp : [0, 1] — [0, 1] be continuous with fy =0 in [0, 921U {1}.
Then by [22, p. 283] there exist polynomials R, g of degree < m such that

lim xR, o(x) = fo(x) (5.7)

m—0oQ

uniformly in [0, 1]. We may also assume that R, o > 0 in [0, 1]. (If not consider
ernﬂ after modifying the value of 6). By dividing by R, ¢ by 1 + n,,, where 1,
decreases to 0 sufficiently slowly, we can also assume that

0<x™/U=DR 4(x) <1 in[0,1]. (5.8)

We shall choose our fy sothat0 < fy <1in[0,1]and fy =1in[0,1 —6].
Next, fix ¢ € (0, %) and set 0 = % For large enough n, write

1-6
Tann:mn + Ay,

where m, is a positive integer, and A, € [0, 1). We shall set, for some suitable
polynomial V;,,

Py (x) = Rm,,,t‘)(x)vn(x)a
so that
X Py () = (O IO Ry () (077 20V, ().
Assume now that deg(V,,) <logn and

0<x™7V,(x) <1 in0,1], (5.9)
while uniformly in compact subsets of (0, 1],
lim xT7% Y, (x) = 1. (5.10)
n—o0

Then P, has degree <m, + logn < 10%98,,11 +logn, and by (5.8) and (5.9)

0<x"P,(x) <1,
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while uniformly in [§, 1 — 5], by (5.7), ( ), and our choice of fy,

lim x> P, (x) = 1.
n—oo

(Recall that fp =1in [5,1 — 5]1=[6, 1 — 6].) The conclusion of the lemma then
follows by choosing a sufficiently slowly decreasing sequence of values for ¢ and
corresponding {P,} (with “long” subsequences of { P,} arising from each of the
values of ¢).
It remains to prove the existence of {V,,} satisfying (5.9) and ( ). Let
4 lj
Ac)=—) —
=17

denote the £th partial sum of the Maclaurin series of log(1 — ¢), so that

Aty = log(1 —1), 1€[0,1), (5.11)
and
sup |Ag()] <1+ logt. (5.12)
tel0,1]

Also, let By denote the £th partial sum of the Maclaurin series of exp(—t), so that,
by straightforward calculations,

sup |Be(t)exp(t) —1|=o0(1) asf— oo. (5.13)
|t]<£/10

We let £ = [/logn] (where [x] denotes the greatest integer < x) and

0
Wﬂx)=lﬁ¢ﬁyn<—1i?§AnAummu<1—x))7
so that, in view of ( )—( ), uniformly for x € [0, 1],

0<xT7%V, (x)

0

—(+ o(l))exp<mAn{1og(1 — (1= 2)) — Ay yiogn (1 - x)})
<14o(1).

Moreover, the desired uniform convergence in compact subsets of (0, 1] in ( )

follows from the convergence of the partial sums {A,} and {B,}. The factor 1 +

o(1) may be replaced by 1 by dividing by 1 + n,, for some slowly decreasing

sequence {1, } with limit 0. O

Next, we handle the factors e™%n.

LEMMA 5.2. Let o, {1,}, and {¢,} be as in Theorem 1.2. Then there exist polyno-
mials {Ry,} with

deg R, =o(n), n— oo; (5.14)

0<R,(x)e™”™ <1, xex; (5.15)

lim R, (x)e"*®) =1 uniformly in . (5.16)
n—oo
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Proof. For the purposes of this lemma, we can assume that X is a single closed
interval since we can extend the domain of definition of the functions {¢, } without
increasing the sup norms of ¢, and their derivatives or Lipschitz norms. Let

tn=[nT3], n>1, (5.17)
so that by (1.18)
lim 7,/¢5 =0. (5.18)
n—oo

By Jackson’s theorem [7. Theorem 6.2, p. 219] and our hypothesis of uniform
smoothness of order o we can find a polynomial A, of degree < ¢,, such that

lon — AnllLo sy < C/E5.
Here C is independent of n. Then
I Tnen — thAnllLy(z) < Ctn/ly — 0, n— oo. (5.19)
By adding a sequence of positive numbers with limit 0 we may assume that
Thon <1, A, in X. (5.20)

Next, let B, (¢) denote the nth partial sum of the Maclaurin series of e. We use
( ) and choose
Ry (x) = Bio[r,1(—Tn An (x)).
Note that this has degree at most 10[z,]¢, = o(Z,ﬁo‘) =o(n) by ( )and ( ).
Also,
ITnAnllLo(z) < (14 O1/€))) = 1 + o(1),
so ( ), followed by ( ), shows that, uniformly for x € %,

Ry ()™ ™) = exp(t (9 (x) — An () (1 +0(1) < 1+ o(1),
and by ( ) we also have, uniformly for x € ¥,
Ry (x)e™ ™) = exp(1, 0 (1/£%)) = 1 + o(1).
Now multiply R, by a sequence that is 1 4 o(1) to ensure inequality (5.15). [

We need one more lemma on local growth of v),.

LEMMA 5.3. Let R,& > 0. There exist C > 1 and, for n > 1, a set &, of measure

< & such that )
LA (5.21)

cls o (L _ad =
£eSp\En lal<k Vn(E + W)

Proof. In view of the form ( ) of v/, it suffices to show the following three

estimates:

. Tl (€)= n 6+ ) c (5.22)
< sup e = .
£€S0\En,1:lal<R

g_bn

B
———| <C, (5.23)
§—but nwpy )

cl< sup
£eSp\En2.lal=R
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_1 n[Q(§)— Q(E+nw o)
CcC ' < sup e <C, (5.24)
geSQ\gnﬁﬁlalSR

where &, j, j =1,2,3, are sets of small measure, and where lim,, o 8, = 0,
while {b,} is a sequence of real numbers. The proof of ( ) is easy and follows

from the mean value theorem or from our assumed Lipschitz condition (ifa<1).
Note that since X consists of finitely many intervals, § and § + —~— belong to

the same interval for large enough n and for £ outside a set &, 1 of small measure
(outside which «/, is bounded above and below by specified constants). Then,
recalling ( ), we have

sup Tn ‘/’n(é)_ﬁon<g+ /a >‘
£€50\En 1 lal<R nwg (&)

- C( R >mm{l o}
=T .
" nlnfEESQ\SH‘l w/Q (5)

—o(nmramntbely g 5 0.

So we have ( ).
Next, for |[a] < R,
’ E - bn
_ _a
§-b+ 0@

= exp(—n,Bn log|1

nfn

a
Ry ©)E — b )

R
= exp(nﬂn 0 <m)) =exp(o(1)),

uniformly for |a| < R and & € Sp\&, 2, where again &, > is a set of small mea-
sure, chosen so that a)’Q (&) is bounded above and below outside &, 2, whereas a
small interval around b,, is excluded. Then ( ) follows.

Finally, recall that Q' is assumed to be continuous except at finitely many
points in X, whereas a)’Q is positive and continuous except at finitely many points.
Taking &, 3 consisting of small intervals centered on these points, we obtain a
small set &, 3 such that

sp 200 - Q(s 4 )‘
£€Sp\&En3.lal<R Q(f)
2 <C
=i Sp QO Q@) =C=oe
So we have ( ). O

Proof of Theorem 1.2. We apply Theorem with
iy, (x) = h(x)e~ "W
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and
v, (%) = gn (X)), (%),
where

N n
gn(x) = ™t (1"[ e — anj|ﬂ"f) :

j=1
By a result of Totik [26, Theorem 1.2, p. 326], uniformly for x in compact subsets
of Sp omitting discontinuities of a)’Q, we have

1
im — Ky (s X, )y, (x) = @ (1), (5.25)
n—oon
so (1.9) is certainly true, and we can apply Lemma 2.2. Note also that by the

aforementioned Theorem A of the authors [15, Theorem 1.1, p. 747],
- a b

lim Knln, & + I@(un,s,s)’é Rt _Sa—b).

n—o0 Ky (pn,§,8)
uniformly for & in compact subsets of Sp omitting zeros of Q' and zeros or dis-
continuities of a)/Q We can replace K, (vy, &, &) in this limit by na)’Q (&) in view
of Totik’s asymptotics for Christoffel functions and the uniform convergence in
a, b, giving, for the same range of &, a, b,

% b
K}’L(H’)’lss—i_ nwg(s)’s + ”w/Q(S))

lim =S(a — b). 5.26
Tim oy ®) (a—b) (5.26)
Now let us turn to the construction of the polynomials {S,} in Theorem 1.1. We
apply Lemmas 5.1 and 5.2. In applying Lemma 5.1, we choose r sufficiently large

and form a product of N terms of the form P, (x — b, ;), each with appropriately
chosen §;. We multiply the polynomials from Lemmas and 5.2 to obtain {S,}
satisfying ( )—( ). In fact, Lemma and give much more than ( )—

( ). Indeed, let 0 < n < ﬁ and

N

Un () = J1bn.j =1, bnj + 1),
j=1
a set of measure <2Nn. Lemmas 5.1 and 5.2 give polynomials S, of degree o(n)
such that, for each small enough 7,

sup  [(gnSp)(§) — 1| =0, n—o0.
EeX\Un(n)

Note that also, given R > 0 and n > 0,

sup

(8nSn)<$ + Z) — l‘ —0, n— oo. (5.27)
§eX\Un(n).lal<R n

Next, let us set

gn,a = é + /L
nay (&)
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with a similar notation for &, ;. Also, let us replace a, b in (4.7) by a/w’Q (¢§) and
b/ a)’Q (). We add to the set &, in Theorem small intervals centered on the
zeros and discontinuities of a)’Q. We obtain for £ € Sp\&, and all complex a, b,

1 - 2 2 1/2 &
,—|Kn(vna En,a, En,b) - [(gnSn)(gn,a)(gn Sn)(gn,b)] Ky (un, é;-n,aa é;‘n,b)|
na)Q(é)

y v, (£)
[V,/l (En,a)vy/, (Sn,h)]l/z
8 I/ Collal+b/e.

S =
\/EwQ é)
Applying (5.26) and (5.27) and Lemma 5.3, we obtain for some suitable set H,,
of small measure and for each R > 0,
1 -
sup /7Kn(‘)n7 Sn,av én,b) —S(a —b)
€S0\ Mo lal.b|<RI 1@ (§)
14 eC()R/s

< — sup —0, n—oo.

T VEtem\ b=k | @)
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