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Spectral Characteristics and Stable Ranks
for the Sarason Algebra H* + C

RAYMOND MORTINI & BRETT D. Wick

0. Introduction

We prove a corona-type theorem with bounds for the Sarason algebra H* + C
and determine its spectral characteristics, thus continuing a line of research initi-
ated by N. Nikolski. We also determine the Bass, the dense, and the topological
stable ranks of H* + C.

To fix our setting, let A be a commutative unital Banach algebra with unit e
and let M (A) be its maximal ideal space. The following concept of spectral char-
acteristics was introduced by Nikolski [15]. For a € A, let a denote the Gelfand
transform of a. We let

8(a) = min |a(7)].
teM(A)

Note that §(a) < ||dlleo < llalla. When a = (ay,...,a,) € A" we define

8,(a) = min |a(t)l,
teM(A)

where |a(t)| = Z;l:ll&j(t)l fort € M(A), and we let
llallan = max{llailla, ..., [lanlla}.
. . . noA 1/2
Typ:lcally, onel/(;eﬁnes la()=la)lz:= (X j_1a;0*) "% and ||a|| 4 = ||lall2 :=
(X7—illajliZ) " Our later calculations will be easier, though, with the present
definition.

Let § be a real number satisfying 0 < § < 1. We are interested in finding, or
bounding, the functions

c1(8,A) = sup{lla”'[la : lalla <1, 8(a) > 8}
and
cn(8, A) = sup{inf{nbnm > ajh; = e}, lallan <1, 8,(a) > 5} 0.1)
j=1

when A is the Sarason algebra H*°+C. If a is not invertible, we define ||a~'|| = oc.
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It should be clear that 1 < ¢,(8, A) < ¢,+1(8,A) and, if 0 < §' < § < 1, then
cn(8,A) < c,(8,A). This implies the existence of a critical constant, denoted
here by §,(A), such that

cy(8,A) =00 for0 <8 <6,(A) and c,(8,A) < oo for§,(A) <8 <1.

It is clear that if A is a uniform algebra, then §;(A) = 0 and (6, A) = 1/5. It
is not known for which uniform algebras §,(A) > 0.

If A = H®, the algebra of bounded holomorphic functions in the unit disk
D, then the famous Carleson corona theorem tells us that §,,(H*°) = 0 for each
n. Estimates for ¢, (§, H>) were given by (among others) Nikolski [14], Rosen-
blum [17], and Tolokonnikov [25]. The best-known estimate today seems to appear
in [27] and [28]; see also [29]. Here, for the lower bound, § is close to 0 and « is
a universal constant:

1 1 17 1
) 210g10g(§> <P, H®) < 3 + 7 log 3
where ¢(?(8, A) denotes the spectral characteristic c,(8, A) described previously
whenever defined with the Euclidean norms |-|, and || -||5.

The structure of the paper is as follows. In Section 1 we consider the problem
of solving Bezout equations in the Sarason algebra H* + C. Indeed, we prove
that the corona theorem with bounds holds in H* + C (i.e., §,(H* 4+ C) = 0 for
each n). We also give explicit estimates of the associated spectral characteristics.

In Section 2 we present different notions of stable ranks that are relevant to the
topic of this paper. We also show the relationships between these various notions
of stable ranks.

In Section 3 we determine the Bass and topological stable ranks of H* + C.
These results can be considered as a generalization of the corona theorem for H *°.
In particular, we investigate whether any Bezout equation af +bg = 1in H* +C
admits a solution where «a itself is invertible. We also show that, on (H* + C)-
convex sets in M (H* + C), zero-free functions admit (H* + C)-invertible ap-
proximants. This will be used to determine the dense stable rank of H* + C.

1. Spectral Characteristics of the
Sarason Algebra H* + C

Since we are dealing only with uniform algebras A, we shall identify the elements
in A with their Gelfand transform f .

Let L°°(T) denote the algebra of essentially bounded, Lebesgue measurable
functions on the unit circle T. Then a Douglas algebra is a uniformly closed sub-
algebra of L°°(T) that properly contains the algebra, H, of (boundary values
of)) bounded analytic functions in the open unitdisk D = {z € C : |z| < 1}. We
refer the reader to the book by Garnett [7] for items and results not explicitly de-
fined here.

The simplest example of a Douglas algebra is the algebra H* 4 C of sums of
(boundary values of)) bounded analytic functions and complex-valued continuous
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functions on T. This algebra is frequently called the Sarason algebra because it
was first shown by Sarason that this space is a closed subalgebra of L*°(T); see
[22]. He showed that (on T') H* + C is the uniform closure of the set of functions
{fz": fe H® neN}. Thus, H*® + C = [H™, z], the closed algebra generated
by H and the monomials z".

Let M (H®) denote the maximal ideal space of H. It is well known that the
spectrum of M (H* + C) can be identified with the corona of H*—namely, the
set M(H*) \ D; see [7, p. 377]. We denote by

Z(f)y={meM(H™): f(m) =0}

the zero set of a function in H *°. We will also need the notion of pseudo-hyperbolic
distance, p(x,m), of two points m,x € M (H). Recall that

p(x,m) = sup{[f(m)| : | fllc =1, f(x) =0}

and that for z, w € D we obtain p(z,w) = ‘% !, where we identify the point
evaluation functional f — f(z) with the point z itself.

Also, for a set E in M(H*), we let p(E,x) = inf{p(e,x) : e € E} be the
pseudo-hyperbolic distance of E to a point x € M (H*). Similarly, p(E,U) =
inf{p(E,u) : u € U} = inf{p(e,u) : e € E, u € U}. It is well known that for
closed sets E the distance functions p(-,-) and p(-, E) are lower semicontinuous
on M (H®); see [8] and [9]. In particular, if p(E,x) > 1 > 0O then there exists an
open set U containing x such that p(E,U) > n.

Finally, for a point m € M(H®), let P(m) = {x € M(H®*) : p(x,m) < 1} de-
note the Gleason part associated with m. For example, D itself is the Gleason part
asociated with the origin. By Hoffman’s theory, there exists a map L,, of D onto
P(m) such that f o L,, is analytic for all f € H*. If (ap) is any net in ID that con-
verges to m, then L, is given by L,,(z) = lim 2= , where the limit is taken in
the topological product space M (H>). '

I+apz

1.1. The Corona Property for H*® + C

Our first theorem is based on Axler’s result that any function # € L® can be multi-
plied by a Blaschke product into H* 4 C. See [1]. Using this result, it is possible
to prove the following assertion.

THEOREM 1.1. The corona theorem with bounds holds on H* + C.

Proof.

Step 1. We first consider H°°-corona data on M (H* + C). The goal is to find
H® + C solutions.
Let fi,..., fu € H® satisty || fillo < land |[fi| +---+|f,] = 6 > O on

M(H* + C). In particular, | fi| + - +|fn| >4 >an on T. Hence

ijZk TG ae.onT.
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Note that the functions ﬁ/zk|fk|2 belong to L*°(T). By the Axler multiplier
theorem [1], there exists a Blaschke product B such that for all j € {1,...,n}

i
AR SAVALE
So, a.e.on T, we have B = ), ®; f;. Moreover, || @)« < 1/8%

We know that, by continuity, there exists an annulus A, := {r < |z| < 1} such
that | fi| + - + | fu] = 8/2 on A,. Choose a tail B of B such that |B;| > §/2
on {|z| <r}. Let b; = B/B. Note that by, viewed as a function on T, belongs to
H>® 4+ C.

Now consider the ideal I(fi,..., fu, B1) in H*. We obviously have that
|fil + -+ |ful + |Bi] = /2 on D. Hence, by the H*-corona theorem, there
exists a constant depending on §, C(8), and functions xy, ..., x,,t € H* with

[Xilloo + -+ 4 [Xnlloo + lI]loc = C(8)

such that 1 = Z;’zl x;fj + tBy on D, and thus almost everywhere on T we have
l= Z?:l xjfj + tBy. Switching again to H* + C, we see thata.e.on T

eH® +C.

n

Bi=bB =) (hi®)f

Jj=1

1= Zx.ifj + t(Z(BlCDj)f/) = Z fi(xj +th®;),
=1 =1

j=1

Hence

where »7_,[lx; + th1®jlloc < CO)(1 + n?/8%) =: x(8). Since H® + C is an
algebra, the functions ¢; := x; + tI;ICDj belong to H* 4+ C. Thus, we have found
a solution with bounds to the Bezout equation Z;’zl @;jfj =1a.e.onT or, equiv-
alently, on M(H* 4+ C).

Step 2. We now look at general H* + C corona data.
Let Fy,...,F, € H® 4 C satisty || Fjllo < 1 and 27=1|F,-| > 3§ > 0on

M(H* + C). Let x(5) be the function described previously. We uniformly ap-
proximate F; by functions of the form zVif;; say

STIE — 29filln < & = () 1= min{8/4, [4x(3/2)] 7'},
j=1
where f; € H* and || fjllc < 1.
Then Z?:,|fj| > 8/2 on M(H* + C). We apply Step 1 to the functions f;
and find H* 4 C functions ¢; and a constant x(5/2) that bounds the sum of the
norms of these functions and such that 1 = Z?zl @, fi- Now

n n n
wi= ) el =) e (F =N + ) eif;

j=1 j=1 j=1
=y+1,
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where y =3 7_, zNig;(F; — zVif;) € H*® + C is majorized by & > iallgille <
ex(8/2) < 1/2. Thus |u| > 1/2 0on M(H®> + C); hence u is invertible in H* + C
with ||u 7"l < 2. We conclude that

n
1= Z(u_lsz(pj)F,
Jj=1
where the coefficients are bounded by 2x(5§/2). UJ

An immediate corollary (at least for the upper bound) is the following.

COROLLARY 1.2.  For every integer n we have §,(H* + C) = 0 and, for § close

1 8
K82 log<10g<3>) <8, H+C) < 2x<5),

where x(8) = (1 + n?/82)C(8) with C(8) the best constant in the H*-corona
problem and where k is an absolute constant.

il

Proof. It remains to verify the lower estimate. Here we use a result of Treil [27,
p. 484] that tells us that there exist two finite Blaschke products B; and B sat-
isfying |Bi| + |B2] > 8 > 0 on D such that for any solution (g;, g>) € (H®)?
of the Bezout equation g|B; + g2B, = 1 we have ||g|]lo > x8%1log(log(1/8))
whenever § > 0 is close to 0. Now, of course, this does not give us an example in
H® + C, since 1 = B;B; + 0B, is a solution with coefficients bounded by 1. We
proceed to the following modification.

Let m be a thin point in M (H* + C)—that is, a point lying in the closure
of a thin interpolating sequence, say (z,) = (1 — 1/n!). Since the associated
Blaschke product b satisfies (1 — |z,|?)|b’(z,)| — 1, Schwarz’s lemma implies
that (b o L,,)(z) = ez for every z € D. Now consider the functions

fi=Bio(e) and fo = Byo (e D).

Clearly | fi| + | f2| = & on D and hence, viewed as functions in H* + C, we
have |fi| + |f2| = 8 on M(H® + C). Let (hy,hy) € (H® 4 C)? be a solu-
tion of hyfi + hafo = 1in H* 4 C. Since fj o L, = Bj, we get that 1 =
(hyoL,y)By+ (hy o L,,)By in D. Thus, by Treil’s result mentioned before,

Il = 10 Linlloo = k872 log(log(1/8)).

Thus,
a8, H® + C) > c2(8, H® + C) > k8 log(log(1/8)). O

2. Several Notions of Stable Ranks

Let A be a commutative unital ring. An n-tuple (aj,...,a,) € A" is said to be
invertible (or unimodular) if there is a solution (xy,...,x,) € A" of the Bezout
equation Z?:, ajx; = 1. Of course, this is equivalent to saying that the ideal gen-
erated by the a; is the whole ring. The set of all invertible n-tuples in A is denoted
by Un(A).
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An (n + 1)-tuple (ay,...,a,,ay,+1) € U,+1(A) is said to be n-reducible (or sim-
ply reducible) in A if there exists (xy,...,x,) € A" such that (a; + x1a,+1,-..,
a, + x,a,41) is an invertible n-tuple in A”. It can be shown that if every invertible
n-tuple in A is reducible, then every invertible (n + 1)-tuple is reducible (see e.g.
[30]). The smallest integer n € {1,2, ...} for which every invertible (n + 1)-tuple
is reducible is called the Bass stable rank of A and is denoted by bsr(A). This
notion was introduced in K -theory.

For algebras of continuous or analytic functions, this has been studied for ex-
ample by Corach and Larotonda [3], Rupp [18; 19; 20; 21], Sudrez [23; 24], and
Vasershtein [30]. It was shown by Jones, Marshall, and Wolff [10] that the Bass
stable rank of the disk algebra A(D) is 1. Later, simpler proofs were given by
Corach, Sudrez [4], and Rupp [18; 19]. Treil [26] later showed that the Bass stable
rank of H* is 1.

A notion related to the Bass stable rank is that of the topological stable rank.
Let A be a commutative unital Banach algebra. The smallest integer n for which
the set U, (A) of invertible n-tuples is dense in A" is called the topological stable
rank of A, denoted by tsr(A). This notion was introduced by Rieffel [16] in the
study of C*-algebras.

Finally, we recall two additional notions of stable ranks. Let & be the class of
all commutative unital Banach algebras over a field K. We will always assume
that algebra homomorphisms f between members of Z are continuous and sat-
isfy f(14) = 1. Also, if f: A — B is an algebra homomorphism, then f will
denote the associated map given by f: (ai,...,a,) — (f(ai),..., f(an))_from
A" to B". B

By [6, p. 542], the dense stable rank dsr(A) of A € & is the smallest integer n
such that for every B € 4 and every algebra homomorphism f: A — B with
dense image the induced map U,(A) — U,(B) has dense image. If there is no
such n, we write dsr(A) = oo. We note that if for some n € N, all B € 4 and
all homomorphisms f: A — B with dense image the set f(U,(A)) is dense in
U,(B), then f(U,+1(A)) is dense in U,+(B) (see [6, p. 543]_).

The surjective stable rank ssr(A) of A € 4 is the smallest integer n such that
for every B € & and every surjective algebra homomorphism f: A — B the in-
duced map of U,,(A) — U,(B) is surjective, too. Again, if there is no such n, then
we write sst(A) = oo. Let us point out that the assumption f(U,(A)) = U,(B)
for some 7, all B € %, and all surjective homomorphisms f: A — B implies that
fU,+1(A)) = U,11(B). This works similarly to the proof for the corresponding
statement for denseness in [6, p. 543].

In fact, let b := (by, ..., b,41) € Uy+1(B). Consider for I = (bn_+1) (the closure
of the principal ideal generated by b, ;) the quotient algebra B := B/I and the
quotient mapping 7 : B — B. Then

(b1 +1,....,b, + 1) € UyB).

By our hypothesis, since xf is surjective, there exists a := (ay,...,a,) € U,(A)
such that 7f(a;) = nb; for1 < j < n. Choose ¢ > 0 so that every perturba-
tion (a; —ry,...,a, —r,) of a with ||rj||4 < & isin U,(A) again. Using the open

mapping theorem, let n = n(¢e) be such that
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{yeB:lylls <nt S f{xeA:|xla<e}.
Since f(a;) — b; € I, there exist k; € B such that || f(a;) — b; — k;jb,11llp < 1
(j =1,...,n). Since f is surjective, we may choose rj,x; € A, ||rjlla < €, and
ap+1 € Asuchthat f(r;) = y; := f(a;)) —bj —kjbuy1, f(x)) =k; (j=1,...,n),
and f(an+1) = bﬂ+1' Then
(al —rI,...,ay — rn) € Un(A)
and so

(a{, .. "ar/erl) = (Cl] —F—X14p+15---50p — Ty — Xpdp41, anJrl) € Un+1(A)-
Moreover, f(ajf) = f(aj) — f(xj)) f(ans1) — f(rj) = f(aj) — kjb,y1 — y; = b
forl < j <nand f(a,,,) = bt1. Hence f(U,11(A)) = Upt1(B).

Next, we present relations between these notions of stable rank. Most of these
relations are known and can be found in the papers of Corach and Larotonda [3]
and Sudrez [23; 24]. Many of the proofs in these papers are based on far-reaching
concepts and techniques from algebraic geometry, such as Serre fibrations and ho-

motopy classes. For the reader’s convenience we present short direct proofs of
some of these facts.

PROPOSITION 2.1 [3,p.293]. Suppose that U,(A) is dense in A". Then the stable
rank of A is less than n. Namely, bsr(A) < tsr(A).

Proof. Let (fi,..., fu,h) € U,41(A). Then there exist x; € A and x € A such that
1= Z;zl xjf; + xh. Since U,(A) is dense in A", for every ¢ > 0 there exists
(ur, ..., u,) € Uy(A) such that |lu; — xjlla < e. Also, x = Y °7_, hju; for some
hj € A because (u, ...,u,) is invertible. Hence

D ui(fi +hih) = ujf + xh

j=1 j=1
= <ijfj —|—xh> —I—Z(uj —x)fi=1+u,
j=1 j=1

where we have defined u := Z;zl(uj — Xj) fj. Moreover, we have [ulla <
£ Z;‘:]HfjHA. Hence, for ¢ > 0 small enough, 1 + u is invertible in A and so
(fi+mh,..., fu+hh)eU,(A). O

The following lemma is due to Corach and Sudrez [4; 5].

LEmMMA 2.2 [4, p. 636; 5, p. 608]. Let A be a commutative unital Banach alge-
bra. Then, for g € A, the set

R ={(f1,.... fn)€A" : (f1,..., [x. &) is reducible)}
is open-closed inside

In(g) = {(fl?'-" fn) eA": (fl""s fmg) € Un+1(A)}

In particular, forn = 1, if ¢: [0,1] — I,(g) is a continuous curve and (¢(0), g)
is reducible, then (¢(1), g) is reducible.
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A very useful characterization of the Bass stable rank is the following. Here the
equivalence of items (2) and (3) was known (see [3]).

THEOREM 2.3. Let A be a commutative unital Banach algebra. The following
assertions are equivalent:

(1) w(U,(A)) is dense in U,(A/I) for every closed ideal I in A;

(2) bsr(A) < n;

3) (U, (A)) = U,(A/I) for every closed ideal I in A.

Here wm: A — A/l is the canonical quotient mapping and 1 the associated map
on A".

Proof. (1) = (2): Let(ay,...,an,a,+1) € U,11(A). Consider the closure 7 of the
ideal generated by a,, . Then A/I is a Banach algebra under the quotient norm and
(@, +1,....a, + 1) € Uy,(A/I). By (1), there exists a sequence (b",...,b®) e
Un(A) such that || (6{) — m(a;)|lays — 0ask — oo for j = 1,...,n. Hence
there are xj(k) € A such that

la; = b + xPansilla = 0.
Now for every k we have that the (n + 1)-tuples

k k k k
(bg )~ Xf )al’l-‘rl’ 7b£l ) — x,(, )an+l, an+1)

are invertible and reducible, since
k k k k k
b —xPa,) +x a0 =" and G, bP) € U (A).

Using Lemma 2.2, which tells us that R, (a,,+1) is closed inside /,,(a,+1), and notic-
ing that b](-k) — x;k)a,,ﬂ — aj for j =1,...,n, we see that (ai,...,a,,a,+1) is
reducible and so bsr(A) < n.

(2) = (3): This appears in [3, p. 296]. For the reader’s convenience we present
the argument. Let (a; + 1,...,a, + I) € U,(A/I). Then there exist yy,...,y, €
A and b € I such that Zle yjaj = 1+ b. Hence (ay,...,a,,b) € U,11(A) and

s0, by (2), there exist xy, ..., x, € A such that
(a1 +x1b,...,a, + x,b) € U,(A).
Itis clear that 7w (a; + x;b) = a; + 1. Hence  (U,(A)) = U,(A/I).
(3) = (1): This is immediate. O
Parts of the following result appear without proof in [6, p. 542].

THEOREM 2.4. If A is a commutative unital Banach algebra, then
bsr(A) = ssr(A) < dsr(A) < tsr(A).

Proof. The assertion that bsr(A) = ssr(A) follows from Theorem 2.3. Indeed, let
n = ssr(A) < oo. Since for any closed ideal I the canonical map wr: A — A/l
is surjective, ssr(A) = n implies that 7 (U, (A)) = U,(A/I). Hence, by Theo-
rem 2.3, m := bsr(A) < n. To show thatn < m, let f: A — B be a surjective
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homomorphism. Then the canonical injection f A=A /Ker f — B is an alge-
bra isomorphism and so U, (A) is mapped onto U,,(B) by f Since m = bsr(A),
by Theorem 2.3, n (U, (A)) = U,(A/Ker f). Thus f(U,,,—(A)) = U,(B). This
means that ssr(A) < m. Altogether we have shown that bsr(A) = ssr(A).

Now suppose that dsr(A) = n. Consider the algebra B := A/I, where [ is any
closed ideal in A. Then the assertion that bsr(A) < dsr(A) follows from Theo-
rem 2.3 when applied to the epimorphism f = 7.

Next we suppose that tsr(A) = n. To show that dsr(A) < tsr(A), we note that
if f: A — B has dense image then f: A" — B" has dense image as well. Now,
the continuity of f and the density of U,(A) in A" imply that

T A) 2 fTA) = f(A").

Therefore,

Uu(B) € B" = F(A") € F(U(A)).

Since f(Uu(A)) S U,(B), we finally obtain that f(U,(A)) is dense in U,(B).
Therefore dsr(A) < n = tsr(A). O

It is not known whether always bsr(A) = dsr(A). For A = H®, for instance, we
have bsr(H®°) = dsr(H*°) = 1 (see [13; 23; 26]) and tsr(H>°) = 2 (see [24]);

for A = H? = {f € H® : f(2) = f(z)} we have bsr(Hy°) = dsr(HR’) =
tsr(HR°) = 2 (see [12]).

Our next result, which seems to be new, gives a version of Lemma 2.2 with
bounds.

PrROPOSITION 2.5.  Let (f, g) be an invertible pair in the commutative unital Ba-
nach algebra A. Suppose that f, converges to f and that there exist a constant
K > land u, € A such that f, + u,g is invertible with

lunlla + 1 fo 4 unglla + 1(fo +uag) " lla < K.
Then there is an h € A such that f + hg is invertible and

IRlla + 11f +hglla + 11(f +he)'lla < 8K.
Proof. Let (x,y) € A% be such that 1 = xf + yg. Then

JoFung = fxfu +y8) + (fu — f) +un)g.
Since || f, — flla — 0 we may choose ng so big that for all n > n( the elements

xf, + yg are invertible in A, such that

Ixfy + yglla <2 and [[(xf, + yg) 'lla <2,
and such that
If = fulla < minfL, [lyll,"}.
If we let
h=y(fu— ) +u)(xfo +y2) 7",

then f + hg is invertible. Noticing that by hypothesis |lu, |4 < K, we get
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Ihlla <21+ K),
I (f + ung)(xfy +y8) 'lla < 2K,
and
I (xf + y8) (fo + uag) 'lla < 2K.
Since K > 1,

IRlla =+ 1Lf +Rgla+ I1(f +hg)~'lla < 8K. o

3. The Stable Ranks of H>* 4+ C

It is the aim of this section to determine the stable ranks defined previously for the
Sarason algebra H* + C. Toward this end let us recall the following theorem of
Treil [26], which tells us in particular that bsr(H*>) = 1.

THEOREM 3.1. There exists a constant C(8) depending only on & € 10, 1[ such
that for every pair (f, g) of elements in the unit ball of H* satisfying | f|+ |g| >
6 > 0 in D there are functions u,h € H* with u invertible in H* satisfying 1 =
uf + hg and ||ulloo + 4 Moo + 12lloc < C(8).

The following well-known result can easily be deduced from Treil’s theorem.

PROPOSITION 3.2. There exists a constant C(§) depending only on § such that,
for every fi,..., fu in H*® satisfying 1 > Z;.Z:l|fj| > § > 0in D, there exist
aj, t; € H* bounded by C(8) such that

n—1
1= ai(fi + i)

j=1

Proof. By the H-corona theorem [2], there is a constant C;(§) such that the
Bezout equation Z}’:l xjf; = 1 admits a solution (xy,...,x,) € (H*)" with

D 1l < C1(3).

Jj=1

We may assume that C;(§) > 1. Now

> oxif;

j=2

I < |lxtllool fil +

> xif;

j=2

§C1(5)<|f1|+ );
hence

2+ Ci(8) = |fil +

lefl

By Treil’s theorem there is a constant C;(¢) and u, v € H® such that u is invert-
ible in H* and [[u]loo + 4™ loo + [V]lec < Ca(e) with

1=uf —i—v(ijfJ).

j=2

SO
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The latter equation can be rewritten as

n—1
L=u(fi+u"vxafo) + Y vx(fi +0- fu).

j=2
It is clear that the functions a; := u, t; := u‘vx,, aj := vxj,and ¢; := 0O for

Jj =2,...,n—1are bounded by a constant C(§) depending only on §. O

The following theorem, given by Laroco [11, p. 819], will be essential for our de-
termination of the stable rank of H* + C.

THEOREM 3.3. Let f € H*. Then, for every ¢ > 0, there exist a Blaschke prod-
uct B and an outer function v, invertible in H*, such that

If — Bvlleo <& and |v|>¢e/4 ondD

aswell as |V]loo <1+ || flloo-

We note that, because v is invertible, we actually have |v| > ¢/4 on D. We addi-
tionally need the following lemma.

LEMMA 3.4. Let B be a Blaschke product and g € H* with || gllcc < 1. Suppose
that |B| + |g| = 8 > 0 on M(H™ + C). Then there exists a constant C(8), de-
pending only on 8, and functions h and u in H*> + C with u invertible in H* + C
such that ||u]|e, |t )| oe, and || ||lee are bounded by C(8) and such that

1=uB + hg.

Proof. By continuity, there exists an » > 0 such that on {r < |z| < 1}
|Bl + 18] = /2.
Let B* be a tail of B such that |B*| > §/2 on {|z| < r}. Hence
|B*| + gl = 8/2 on M(H™).

Let b = B/B*. Note that b is a finite Blaschke product and hence b € H* +C. By
Treil’s result [26] (here Theorem 3.1), there is a constant C(6) and two functions
R, h € H*, R invertible in H°, such that

1= RB*+hg
and
[ Rlloo + 1R oo + 1Ello < C(8/2).

Therefore, as (H*° + C)-functions,
1 = (Rb)B + hg. O
THEOREM 3.5. The Bass stable rank of H* + C equals 1.

Proof. Let (¢, ) be an invertible pair in H*° + C. We may assume that ||¢ || <1
and ||[Y¥]loc < 1. Since H* + C is the uniform closure of the set of functions
{z"f : f € H® n € N} (see [7]), there exist n € N and f € H®™ such that
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log — fz"loo < €. By Theorem 3.3, there is a Blaschke product B and a func-
tion v invertible in H* such that || f — vB|| < ¢. Hence the set of functions

{z"vB : n €N, B Blaschke, v invertible in H*°}

is dense in H* + C. By Lemma 2.2 and the fact that the factors z"v are invert-
ible in H* + C, it suffices to show the reducibility of the pairs (B, i), where B
is any Blaschke product such that |B| + || > § > 0on M(H* + C).

To do this, we shall use Lemma 3.4. Choose n € Nand g € H®, ||glloc < 1,
such that

(s 1
z"g wlloo<mm{2,2c(5/2)},

where C(§) is the constant from Lemma 3.4. Now consider the pair (B, g). We
obviously have (on M(H* + C))

Bl + gl = |B| +12"g| = Bl + |¥| — | —2"gl = §/2.
By Lemma 3.4, there exists u € H® + C, u invertible, and h € H*® 4 C with
lulloo + lu oo + lAlloo < C(8/2) such that
1 =uB + hg.
Hence
|uB + (hz")¥| = [uB + hg + h(z"¢ — g)|
1 1

- > .
2C(8/2) — 2

Thus uB + (hz")y is invertible in H*® + C. Hence 1 = xB + yy, where x €
H* + C is invertible and

max{||xXlcos ¥ lloc} <2C(8/2) and [[x oo < 2C*(5/2).

This shows that the pair (B, 1) is reducible in H* + C. O

> 1= lhlloclly —2"8lloc = 1= llAllso

Combining Proposition 2.5 with the proof just given, we get the following exten-
sion of Theorem 3.5.

THEOREM 3.6. There exists a constant C(8) depending only on § € 10, 1[ such
that for every pair (¢,vV) of functions in the unit ball of H>® + C satisfying
lo| + || = & on M(H® + C) there is a solution (u,v) € (H*® + C)? of the
Bezout equation up + vy = 1, where u is invertible in H*® + C and such that
lulloo + Nl oo 4 IVlloe < C(8).

Proof. According to Theorem 1.1, let (x, y) be a solution in H* + C of the Bezout
equation x¢ + y¥ = 1 with ||x]|e + [|Ylloc < X(8). Using Theorem 3.3, we may

choose a Blaschke product B and a function 4 invertible in H* such that
lp — Z'Bhllo < 0/(8) := min{8/2, (2x(8)) "}

and 2 > |h| > o(§)/4. Since |B| + || > §/4 on M(H*> + C), there exists by
the proof of Theorem 3.5 a constant C;(§) and a function g € H* + C such that
F := B + g is invertible in H* + C and such that
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1glloc + 1 Flloo + IF Moo < Ci(5).

Let f*:=Zz"hB and u™ := z"hq. Then we have that v* := f* + u™ is invert-
ible in H* + C and
4
4 lloo + 10" oo + 1 (") oo < C2(8) := 6C1(8) + @C’l(c‘i).

Now, as in the proof of Proposition 2.5, we see from
[Py =of +y) + (f" =) +ud)y
that 1 = u¢p + vy with
lulloo + 4™ Moo + Vll00 < C3(8). o

In [24], Sudrez showed that tsr(H°°) = 2. Using this result, we deduce the topo-
logical stable rank for H* + C.

THEOREM 3.7. The topological stable rank of H* + C is 2.

Proof. First we show that the topological stable rank of H* + C is at most 2. Let
(@1, 92) € (H® + C)% Approximate @; by functions of the form z_”ffj where f; €
H™, say |27f; — gillo < £.j = 1.2.

Since the topological stable rank of H* is 2, there exist g; € H* such that
g — fillo < &and (g1, g2) € U2(H*). Obviously, (z"g1,2"2g2) € Ur(H*+C)
and ||27g; — @jlloc < 26. Thus tst(H® + C) < 2.

Let b be an (infinite) interpolating Blaschke product. Note that b is not invert-
iblein H* + C. Letm € M(H* + C) be a zero of b and let L,, be the associated
Hoffman map. Since b o L,, is analytic but not identically zero, we see that b can-
not be uniformly approximated on M (H* + C) by invertibles in H* + C, say
u,, since otherwise ||bo L,, —u, o L,,||oc — 0—a contradiction to Rouché’s the-
orem. Thus tst(H* + C) > 2. O

Next we deal with the dense stable rank of H* + C. Recall that if A is a commu-
tative unital Banach algebra, then E is an A-convex subset of M (A) if

Vx¢E 3dfeA:|f(x)| > supglf].
We let £ denote the A-convex hull of a closed set E € M (A). This is given by
E = {meM(A):|f(m)]| < supg| f| Vf € A}.

Note that E is A-convex if and only if £ = E. We say that E is a proper A-convex
setif E = E and E # M(A).

THEOREM 3.8. The dense stable rank of H*® + C is 1.

Proof. Let E be an (H* + C)-convex subset of M(H* + C). By [13] it is suf-
ficient to prove that any function ¢ € H* + C that does not vanish on E can be
uniformly approximated on E by invertible functions in H* 4 C. Toward this
end, we first approximate ¢ on T (hence on M(H> + C)) by a function of the
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form z"f, where n € Nand f € H®, say |l¢ — 2" flloc < €/2. By choosing ¢
sufficiently small, we see that f does not vanish on E, too. Let

E={meM(H®): |h(m)| < supg|h| Vh € H>}

be the H>-convex hull of E. We show that E N M(H*® + C) = E. Toward this
end, letmoe M(H*+C)\ E. Since E is (H* 4+ C)-convex, there exists a func-
tion ¥ € H* + C such that | (mg)| > supg|¥|. Uniformly approximating v by
a function of the form z"g shows that |g(m()| > supE|g| for some g € HOo Thus
mo ¢ E, the H°-convex hull of E. This shows that E NM(H*®+C) =

Now E can be written as E = E U S, where S = E ND. We probably have S =
?; however, this isn’t necessary for the rest of the proof. Note that E is closed and
S\ D C E. Recall that our function f described previously does not vanish on
E; hence f can have only finitely many zeros in S. Write f = gF, where g is the
finite Blaschke product formed with the zeros of f in S. Thus F does not vanish
on E. By [13], for every € > 0 there is an invertible function & € H such that
supi|F — h| < &/2. Hence, by noticing that |g| = 1 on M(H* + C), we have
|gh — f| = |gh — qF| < ¢/2 on E. Therefore, on E,

1Z"qh — @l = 12"(gh — fllco + Il — 2" flloo < €.

Since z"gh does not vanish on M (H* + C), that function is invertible in H*° 4 C.

O
ReEMARK. Using Theorem 2.4 and Theorem 3.8 we get a second proof of the fact
that bsr(H* 4 C) = 1 (see Theorem 3.5).
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