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0. Introduction

Let X =P”" and let Y C X be a hypersurface defined by a reduced polynomial f
of degree d. Set U = X \ Y. Let F and P denote, respectively, the global Hodge
and pole order filtrations on the cohomology H"(U, C) (see [5; 6]). Locally it is
easy to calculate the difference between these two filtrations at least in the case
of isolated weighted homogeneous singularities; see (1.3.2) in the next section.
However, this is quite nontrivial globally (i.e., on the cohomology). It is impor-
tant to know when the two filtrations coincide globally, since the Hodge filtration
and especially the Kodaira—Spencer map can be calculated rather easily if they
coincide (see [9, Thm. 4.5]). It is known that they are different if ¥ has bad sin-
gularities (see [7] and also [9, 2.5]). In case the singularities consist of ordinary
double points, however, it was unclear whether they still differ globally. They co-
incide for n = 2 in this case [7; 9], but the calculation for the case n > 2 is quite
complicated in general. In this paper we prove the following result.

THEOREM 1. Assumed = 3withn > Sord = 4 withn > 3. Setm = [n/2], and
assume that 1 + (n +1)/d < p < n —m. Then, for a sufficiently general singular
hypersurface Y, we have FP # PP on H"(U,C).

Here a sufficiently general singular hypersurface is one that corresponds to a point
of a certain (sufficiently small) nonempty Zariski-open subset of D\ Sing D, where
D is the parameter space of singular hypersurfaces of degree d in P"; see Sec-
tion 3.6. In particular, Sing Y consists of one ordinary double point. It is unclear
whether the two filtrations differ whenever Sing Y consists of one ordinary dou-
ble point. According to Theorem 1, the formula for the Kodaira—Spencer map in
[9, Thm. 4.5] is effective only for p > n — m in the ordinary double point case.
By Theorem 2, however, we can show a similar formula in the ordinary point case
that is valid also for p < n — m; see Corollary 4.5. In the case of n odd, we can
also use the self-duality for the calculation of the Kodaira—Spencer map; see Re-
mark 3.9(ii).
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Theorem 1 implies that F” # PP on H,’}H(X, C) by the long exact sequence
associated with local cohomology. If n is odd and Y has only ordinary double
points as singularities, then Y is a Q-homology manifold and so H"~'(Y, Q) coin-
cides with the intersection cohomology IH" (Y, Q) (see [2; 10]) and also with the
local cohomology H;”“l (X,Q)(1). In particular, they have a pure Hodge structure
in this case. If n = 3 then we cannot directly calculate F' on IH?(Y, Q), but this
can be obtained from F? if we can calculate the intersection pairing. For exam-
ple, if (n,d) = (3,4) then Y is a singular K3 surface—that is, its blow-up along
the singular points is a smooth K3 surface, and there is a lot of work on the lattice
and the intersection pairing.

Let R = C[xo,...,x,] with xo, ..., x, the coordinates of C"*!. Let J C R be
the Jacobian ideal of f (i.e., generated by f; := 9f/dx;) and let I be the ideal
generated by homogeneous functions vanishing at the singular points of Y. Let Ry
denote the degree-k part of R, and similarly for /; and so forth. Setg = n — p,
m = [n/2],and I’ = R for j < 0. Assume that Sing Y consists of ordinary dou-
ble points. Then Wotzlaw [23, 6.5] proposed the following.

CoNJECTURE 1. Gry H"(U,C) = (1‘1""“/Iq"”l)(qﬂ)d,n,l.

This is a generalization of the Griffiths’ theorem on rational integrals [12], but it is
quite different from the one in [9]. Indeed, the formula in [9, Thm. 1] is for the case
of general singularities, and it is not easy to calculate concrete examples because
of torsion and the inductive limit, which create infinite-dimensional vector spaces
and so make explicit calculations quite difficult. Conjecture 1 is much more ex-
plicit and algebraic (or ring theoretic). In the ordinary double point case it is much
easier to calculate concrete examples using Conjecture 1. The relation between
these two generalizations of the Griffiths’ theorem is unclear, since the results of
[9] imply only that Gry H"(U, C) is a quotient of (197" /f197™) 4 1ya—n—1.

The original argument in [23] was essentially correct for p > n — m (using [9;
19; 20]). Actually, Conjecture 1 holds for such p in the case of general singulari-
ties by modifying m and I appropriately; see Theorem 2.2. In the case p < n—m,
however, there are some difficulties: among others, the coincidence of the Hodge
and pole order filtrations—which is not true, as is shown in Theorem 1—was used
(in fact, this problem was rather extensively studied there using the theory of log-
arithmic forms for strongly quasi-homogeneous singularities; see e.g. a remark
after Theorem 3.14 in [23]). For other difficulties, see (2.3.1) and (2.3.4) in Sec-
tion 2.

Let Z C Oy be the reduced ideal of Sing Y C X. Set I{) = I'(X,Z'(k)) and
1D = @, I/). The difference between I’ and 1) is one of the main problems;
see the remarks after (2.3.1). We have by definition the exact sequences

(i)
0— I} — Ry A, B, csingr Ox.y/ W (0.1)

choosing a trivialization of Oy ,(k), where mx , = Z, is the maximal ideal of
Oy, y. In this paper we prove a variant of Conjecture 1 as follows.
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THEOREM 2. Assume that the singular points are ordinary double points. For
q =n — p > m = [n/2], we have canonical isomorphisms

Gry H"(U,C) = (1" /19" (g 1ya—n-i
= (4T N 1D a1, (0.2)
if the following condition is satisfied (notation as in (0.1)):
(A) ,B,(ci) is surjective for (k,i) = (qd —n,q —m + 1) and (qd —n —1,q —m).
Moreover, condition (A) is satisfied if

(B) fore = m(d —1) — p, the image of the singular points by the e-fold Veronese
embedding consists of linearly independent points.

Note that (1'9""J) g 41a—n-1= Y. }—g fjl((;;?;fnfd. Condition (B) means that,
for each singular point y, there is a hypersurface of degree e containing the singu-
lar points other than y but not y; see (2.3.5). In order to satisfy (B), there should
hold at least the inequality |Sing Y| < (ﬁ”) By [22], this is always satisfied for
even. For n odd, however, this is not necessarily satisfied—for example, if n = 3,
d =4,qg = 2,and Y is a Kummer surface with 16 ordinary double points where
condition (A) is not satisfied either but Conjecture 1 seems to hold. There seem
to be some examples for which condition (A) is satisfied but (B) is not; see Ex-
amples 4.7. The proof of Theorem 2 uses the theory of Brieskorn modules [3] in
the ordinary double point case by restricting to a neighborhood of each singular
point; see Section 4.

In a special case, we can deduce the following from Theorem 2 and Lemma 2.5.

COROLLARY 1.  Conjecture 1 is true if the singular points consist of ordinary dou-
ble points and are linearly independent points in P" (in particular, in this case
|SingY| <n+1).

In general, Conjecture 1 is still open.

The rest of the paper proceeds as follows. In Section 1, we review some basic
facts from the theory of Hodge and pole order filtrations for a hypersurface of
a smooth variety. In Section 2 we study the case of hypersurfaces of projective
spaces, and in Section 3 we prove Theorem 1 by constructing examples explicitly.
In Section 4, we prove Theorem 2 and Corollary 1 after reviewing some basic facts
about Brieskorn modules in the ordinary double point case.

1. Hodge and Pole Order Filtrations

1.I. Let X be a proper smooth complex algebraic variety of dimension n > 2,
and let Y be a reduced divisor on X. Set U = X \ Y. Let Ox(xY) be the local-
ization of the structure sheaf Ox along Y. We have the Hodge filtration F' on
Oyx (xY). This is uniquely determined by using the relation with the V -filtration
of Kashiwara [14] and Malgrange [16] (see [17]). Moreover, F induces the Hodge
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filtration F? of H/(U, C) by taking the jth cohomology group of the subcomplex
F? DR(Oy (xY)) defined by

F_,Ox(+Y) = -+ — F,_,Ox(+¥) ® Q}. (1.1.1)

Indeed, this is reduced to the normal crossing case by using a resolution of sin-
gularities together with the stability of mixed Hodge modules by the direct image
under a proper morphism. In this case the Hodge filtration F on Oy (xY) is given
by using the sum of the pole orders along the irreducible components, and the as-
sertion follows from [4] (as is well known).

Let P be the pole order filtration on Oy (xY') (see [6]); in other words,

{ Ox(@+DY) if i >0,

P,'O *xY) =
x(+Y) otherwise.

Note that the pole order filtration in [4, II, (3.12.2)] is by the sum of the orders of
poles along the irreducible components in the normal crossing case, and it actually
coincides with our Hodge filtration F on the de Rham complex.
If Y is smooth, then F; = P; on Ox (xY) (see also [11; 12]). So in the general
case we obtain
F; C P; on Ox(xY).

Let & be a local defining equation of Y at y € Y, let by, ,(s) be the b-function of 4,
and let ary,, be the smallest root of by, ,(—s)/(1 — s). Then by [18] we have

Fy= P, on Ox ,(xY) if i <ay, —1. (1.1.2)

If y is an ordinary double point, then b;, ,(s) = (s +1)(s +n/2) and hence ay,, =
n/2, as is well known. Note that (1.1.2) was first obtained by Deligne at least for
the case of & a homogenous polynomial of degree r with an isolated singularity
(where ary,, = n/r) (see e.g. [18, Rem. 4.6]).

As a corollary of (1.1.2) we have

FP = PP on H/(U,C) if p>j—ay+]1, (1.1.3)

where &y = min{ay,, | y € SingY}. Indeed, P on H/(U,C) is defined by the
image of the jth cohomology group of the complex P?” DR(Ox (xY)) as in (1.1.1)
with F replaced by P, and this coincides with the image of the cohomology group
of the subcomplex o<;P? DR(Ox (xY)), where o; is the filtration “béte” in [5]:

o2 ;PP DR(Ox (xY)) = [P_,Ox(xY) — -+ — P,_,Ox(+¥) ® Q1.  (1.1.4)

Indeed, the kth cohomology group of the quotient complex of P?” DR(Ox (xY))
by (1.1.4) vanishes for k < j.

If j = n =3 or4andif Sing Y consists of ordinary double points as in Theo-
rem 1, then &y = n/2,n —m = 2, and the equality in (1.1.3) holds for p # n — m.

1.2. LocaL CoHOMOLOGY. Because H/(X,DR(Ox(xY)/Ox)) = H}H(X,C),
we derive the Hodge and pole order filtrations on H}’,H(X ,C) in a similar way.
Moreover, we have the compatibility of the long exact sequence
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-.— H/(X,C) - H/(U,C) — H}T(X,C) = H/*(X,C) — ---, (1.2.])

with the pole order filtration (i.e., it is exact after taking P?) if X = P".
Indeed, we have a short exact sequence

where the filtration P on Oy and Oy (xY)/Oyx are, respectively, the induced and
quotient filtrations. This induces the long exact sequence

HI(PP DR(Oy)) <% HI(PP DR(Ox (xY))) LN H/(PP DR(Ox (xY)/Ox)),

where the cohomology group is taken over X and where the filtration P on DR(Oy)
and DR(Oyx (xY)/Ox)) is defined as in (1.1.1) with F replaced by P. Since X =
P", the restriction morphism H/(X,C) — H/(U, C) vanishes for j # 0 and the
long exact sequence splits into a family of short exact sequences. This implies that
a;j = 0for j # 0, using FF = P on DR(Oy), because o; with P replaced by F
vanishes by the strictness of the Hodge filtration F on RI'(X, DR(Ox (xY))). So
the assertion follows from the snake lemma and using the strictness of F = P on
RI'(X,DR(O%)).

1.3. SEMI-WEIGHTED HOMOGENEOUS CASE. Assume Y has only isolated singu-
larities that are locally semi—weighted homogeneous. In other words, Y is ana-
lytically locally defined by a holomorphic function b = )" ,_, hy, Where (a) the
hy for a € Q are weighted homogeneous polynomials of degree o with respect to
some local coordinates x,...,x, around y € Sing Y and some positive weights
wi, ..., w, and (b) hl_l(O) (and hence Y) has an isolated singularity at y. In this
case, it is well known that

Gyy =) w (1.3.1)

by Kashiwara’s unpublished work (this also follows from [15] together with [3]).
Let O;’i be the ideal of Oy, generated by [], x;" with Y, w;v; > B — @y,y.

Let Dy be the sheaf of linear differential operators with the filtration F' by the

order of differential operators. Put kg = [n — ay,y] — 1. Then by [19] we have

Fy(Oxy(+Y)) = Y F,Dx y (O A~

k=0
ko
=Y FpiDx (05, (1.3.2)
k=0
If w; = 1/b for any i with b € N, then (1.3.2) implies for p = m := [ay,,] that
Fu(Ox,,(+Y)) = 05 A=, (1.3.3)

This does not hold in general (e.g., if the weights are %, % % with n = 3).

1.4. OrDINARY DOUBLE POINT CASE. Assume that Sing Y consists of ordinary
double points. Then by, , = (s 4+ 1)(s + n/2) and hence ay,, = n/2, as is well
known (see also (1.3.1)). Setm = [n/2]. Then ky = m — 1 and (’);k;l = Oy, for
k < ky. Hence (1.3.2) becomes
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Fp(OX,y(*Y)) = prerlDX,y(OX,yh_m) if p=m—1, 1.4.1)

where F,(Ox,,(xY)) = P,(Ox ,(xY))if p <m — 1.
This implies the following lemma, which is compatible with (1.1.2) and was
conjectured by Wotzlaw (see [20]).

1.5. LEMMA. With the preceding notation and assumption, we have
F,(Ox(*Y)) = I " Ox((p + 1)Y) for p >0, (1.5.1)
where T is the reduced ideal of SingY C X and IP~"*' = Oy for p <m — 1.

Proof. We reproduce here an argument in [20]. By (1.4.1) it is enough to show the
following by increasing induction on p > 0:

FyDy,yh™" = I0h ™", (1.5.2)

Here 7 is the maximal ideal at y, and we may assume & = »_;_, x? (using GAGA
if necessary). We must show by increasing induction on p > 0 that

u=x"h"""ecF,Dx b~ if |v|=p, (1.5.3)

where x¥ = []; xl-”" forv = (vy,...,v,) € N". Here we may assume that v; # 1
for any i and p > 1, because otherwise the assertion is easy. Then we have x¥ =
xfx“ for some i, and

ai(xl-xl/-h*(erpfl)) = (i + Dh— (m+ p — Dx;hi)x"h™"7P.

Adding this over i yields (1.5.3), because || +n —2(m + p — 1) # 0. So (1.5.2)
and hence (1.5.1) follow. O

2. Projective Hypersurface Case

2.1. HopGE FILTRATION. With the notation of Section 1.1, assume that X = P"
with n > 2. Then by [9, Prop. 2.2] we have

H*(X,F,0x(xY)) =0 for k > 0. (2.1.1)
As a corollary, FPH/(U, C) is given by the jth cohomology of the complex
(X, F_,0x(xY)) = -+ = I'(X, F,_,0x (xY) ® Q%).

Let R = C[xo,...,x,], where xq, ..., x, are the coordinates of C"*!. Let J be
the ideal of R generated by f; := df/dx; (0 <i < n). Let R; denote the degree-
k part of R so that R = €D, Ry, and similarly for J,.... Let

1 a
§= gzxza—xl

sothat§f = f. Let ¢ denote the interior product by &. Let Q7 be the vector space
of global algebraic (i.e., polynomial) j-forms on C**!, and let Q/[ f '], be the
degree-k part of QIf —11, where the degrees of x; and dx; are 1. Then

Q0 = T, Q). (2.1.2)
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This is compatible with the differential d up to a sign because
tgod+dotg = Lg,

where L is the Lie derivation and L¢n = (k/d)n for n € (Q/[f~'])x. Forg € R
we have
d(gf " w) = (=D'(f3ig —kef) [, (2.13)
where w = dxg A --- Adx, and w; :dxo/\-~/\ch\,-/\~-~/\dxn.
Let
m = [ay].

For g e N, let Z,) be the ideal of Oy such that
F,(Ox(xY)) =I((Ox((g +1)Y). (2.1.4)
Then Z(4) = Ox for g < m by (1.1.2). Let

L =T(X,Zu(k) C Re, I=EDL R
keN

Taking local coordinates g, ..., y, of C"*!\ {0} such that /3y, = &, we get
(IQ" = Ime: N IQ" (2.1.5)
by using the injectivity of
e QI = QLT

We can also argue that, for g € Ry, we have g € I; if and only if x;g € I for
any i € [0,n]. (This follows from the definition of 1.)

Observe that m = @y = 400 if ¥ is smooth and that &y, = Y o w; if ¥
is analytically locally defined by a semi—weighted homogeneous function /4 with
weights wo, ..., w, at y € Sing Y; see (1.3.1).

From (2.1.1)—(2.1.5) we can deduce a generalization of a theorem of Griffiths [12]
as follows (here no condition on the singularities of Y is assumed).

2.2. THEOREM. With notation as before (e.g., m = [ay]), we have

R/J et i ,
Gr, “H"(U,C) = { (R/T)g+1d—n-1 {fq <m 21D
/T q+yd—n—1 if g =m.

Proof. Since f € J, the assertion immediately follows from (2.1.1)—(2.1.5). O

2.3. ORDINARY DOUBLE POINT CASE. Assume Sing Y consists of ordinary dou-
ble points so that m = [a@y] = [n/2] as in Section 1.4. Then Z,, in (2.1.4) coin-
cides with the (reduced) ideal Z of Sing Y C X by (1.5.1). Without our assumption
on the singularities, this claim does not hold; see (1.3.3). Using (2.1.1) and (1.5.1),
Wotzlaw obtained (2.2.1) in this case (i.e., Conjecture 1 for p > n — m); see
[23, 6.5].
Let
1) =T(P"I(k) C Ry, IV = @ 1) C R.
k
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Then (I'); C I C Ry, but it is not clear whether
(I =17, (2.3.1)

Note that (2.3.1) holds for k£ >> 0, because the restriction to Spec R \ {0} of the
sheaf corresponding to I’ coincides with that for 7). However, (2.3.1) for an ar-
bitrary k does not hold in general if ¢ > 2. For example, let f = xyz(x + y + z)
with n = 2. In this case there is no hypersurface of degree < 2 passing through
all the six singular points of ¥ (i.e., I; = 0 fori < 2),s0 g € Il” # (I%), = 0.
See also Section 2.4.

Choosing a section of Ox (1) that does not vanish at y € Sing Y, we can trivialize
Ox,y (k) so that we get exact sequences

0 JG+D 7 e M,y 232
— [ =10 P 23.2)
yeSing Y mX,y
where my , = 7, is the maximal ideal of Oy ,. Let
m,
0),(y) _ @) . 7@ X,y
I, —Ker<yk LY — @ F)
y'eSing Y\{y} " X,y’
It y,ii) is surjective, then we have the surjectivity of
y " [ il mi (2.3.3)

where y]fi)’('V) is the restriction of y,fi).

By (1.5.1) and (2.1.2), we have an injection
e ((UU7P7m QI g U)o T(U, By Ox (xY) @ 2).

Here (10Q7), = I{” ; ®c (Q7); because @/ = R @c ().
One of the main problems is whether the preceding injection is surjective—that
is, does
e(TOQ L =Tmee N (1R, (2.3.4)

where i’ = j — p—m+1land k' = (j — p + 1)d. Note that (2.3.4) for j = n
holds by the same argument as in the proof of (2.1.5). However, (2.3.4) for j < n
does not hold—for example, when i’ = kK’ — j (without assuming that i’, k" are as
before).

In Sections 2.6-2.8 we will show that (2.3.4) is closely related to the surjectiv-
ity of (2.3.3) and also to the following:
(2.3.5) for each y € SingY, there is a g(,) € I'(X, Ox(e)) such that y ¢ g(_yl) )

and Sing Y \ {y} C g(:l) (0), where e is a given positive integer.

This condition is satisfied for any ¢’ > e if it is satisfied for e. (Indeed, it is enough
to replace g(y) with h(y)g(y), where h(y) is any section of Ox (e’ — e) such that y ¢
h(_)l) (0).) Condition (2.3.5) means that the images of the singular points by the
e-fold Veronese embedding i(.) in Section 3.6 correspond to linearly independent
vectors in the affine space.
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2.4. LINEARLY INDEPENDENT CASE. Assume that the singular points correspond
to linearly independent vectors in C"*!. Replacing the coordinates if necessary,
we may assume that SingY = {Py,..., P}, where s € [0,n] and the P; are de-
fined by the ith unit vector 0f C"tL, In this case 1) C R is a monomial ideal, and
for a monomial x” := [ x we have

x"el® & x"|;— €m| foreach j €[0,s], (2.4.0)

where m; is the maximal ideal generated by x; (I # j). Let '@ ¢ N"*+! such that

19 = Z Cx".
vel'®
Set [v(jy = D44, vk- Then

' = (weN"™ |||, =i (jelo,s]) (2.4.2)
If |[v] = k, then the condition |v|(;) > i is equivalent to v; < k —i. If i =1, then
I is generated by x; for j > s and by x; x; for j,/ € [0,s] with j # [.
In the case s = 0, we have
I =1 forany i >1 if |SingY|=1. (2.4.3)

Assume s = n for simplicity. Then 7 is generated by x;x; fori # j, and 1 is
generated by x; x2 fori # j and by x;x;x; for i, j,/ mutually different. So we get
12 = (1%, for k > 4,but I £ (1%); = 0.

More generally, we have the following statement.

2.5. LEMMA. Assume that the singular points of Y correspond to linearly inde-
pendent vectors in C'"+'. Then

Iy =1" if k> 2i. 2.5.1)

Proof. We may assume that i > 2 and s # 0 by (2.4.3). With the notation of Sec-
tion 2.4, any x" € I(') is divisible either by x;j with j > s or by x,xl with j,l €
[0,s]1 (j # D). (Indeed otherwise x” = x; k¥ for some j € [0, s], butx ¢19) So
we can proceed by increasing induction on i, applying the inductive hypothesm to
the case where i and k are replaced by i — 1 and k — 2, respectively. U

2.6. LEMMA. Assume that SingY consists of ordinary double points and that
(2.3.5) is satisfied for e = k — i(d — 1). Then y(’) in (2.3.2) is surjective and so
we have a short exact sequence

(!)

(i+1) (i) 7k
0— Ik I @ 1+1 0,
yeSingY my Y

(2.6.1)

where my , = T, is the maximal ideal of Oy .

Proof. Foreach y € Sing Y, the fj € 14— forj € [0,n] generate Z, = my, ,, and

hence the g(,) ]_[ f for |v| =i generate m ,/ m”rl So the assertion follows.
O
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2.7. REMARKS. (i) The morphism B’ in (0.1) is surjective if and only if p

in (2.3.2) is surjective for any i € [0, j — 1]. Thus Lemma 2.6 shows that condi-
tion (B) in Theorem 2 implies (A), sincegd —n — (g —m)(d—1) =m(d —1)—p
and d > 2.

(ii)Letg =D = avx" € Ry. Then g € 17 if and only if

(0"g)(y) =0 forany yeSingY and ueN""! with |u|=i—1, (271

where d'g = []_,0g. Let M = (""}*")|Sing Y| and N = (“/"). The a, are
viewed as coordinates of C" parameterizing the homogeneous polynomials of de-
gree k, and (2.7.1) gives M linear relations among the a, defining the subspace
1 ,51) C Ry. Hence ﬂ,i is surjective if and only if these M relations are linearly in-
dependent (i.e., iff the corresponding matrix of size (M, N) has rank M).

2.8. PROPOSITION. Assume that Sing Y consists of ordinary double points. Then
(2.3.4) with J =n — 1 holds if y(') in (2.3.2) is surjective fork = k' —n — 1 and
anyi€[0,i’ —1].

Proof. By increasing filtration on i’ > 0, it is enough to show that
e e(TQ) if eI VQ,)e with () e 1R . (2.8.1)

For each y € SingY, take coordinates x”,...,x\" such that y = (1,0,...,0).
With the notation of Lemma (2.6), set k = k" — n — 1. Then, in the notation of
(2.3.3), the hypothesis of the proposition implies the surjectivity of

@'=D,(y) . (i'*l),(v) '—1 i’
Vi A m’X v/m’X7y.

)

So we may replace n with 3~ x¢"'n", where

10 e 180 @e @, with ¥ = Zykﬂl)())(x(y)’?m)

Then, for the proof of (2.8.1) we may assume that

nexd18 " @c (@), forsome y e SingY,

because g|x\(y) is a section of Z@)(k)| x\(y for any g € I,fi/_l)’(*").

Let 0 = dx§” A -+ Adxy” and a)(y) dx A A dxj(y) A Adx
Then

n
_ M7, (¥ : » [GER VRG]
n= E xg h w7 with by €I .
Jj=0

Calculating modulo 1) Q"~! the coefficient of
(y) (\) ) (6)) (y) (»)
dx, A dyx; -Adx,” in LS(Z)C h;” o >,
j=0

which belongs to 1) Q"1 by the hypothesis of (2.8.1), we see that h(y) € I(’ ) for
Jj # 0. Then we may assume h( = 0 for j # 0, so that
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n= x(()y)h%y)wéy)'
By the definition of I k(i D0 \ye have

xh o e 1919Q" for j #£0,

and
D (D h o) = 1 (s (hg ) = 0.
j=0
Hence the assertion follows. O

3. Proof of Theorem 1

3.1. PROBLEM. Assume that X = P” and that Sing ¥ consists of ordinary dou-
ble points. One of the main problems in generalizing a theorem of Griffiths [12]

is whether the following equality holds:

FPH™"(U,C) = PPH"(U,C), thatis,
3.1.1
Im(te (" g4naf 1) - H"(U,C)) C FPH"(U,C), @11

where g = n — p. This was rather extensively studied in [23] (see e.g. a remark
after Theorem 3.14 there). We show that (3.1.1) does not hold in general; see Sec-
tions 3.7 and 3.8. This implies that the isomorphism in Conjecture 1 for p < n—m
(i.e., ¢ > m) cannot be deduced by the method indicated there.

3.2. PROPOSITION. Let X and Y be as before. Assume thatq = n — p > m
and that FP™' = PP+ on H"(U,C). Then Gry H"(U,C) is a subquotient of
(/I g+nd—n—1-

Proof. From Section 2.1 we know that H"(U, C) is the cokernel of
d: I'(X, Q;’fl(*Y)) — (X, Q¥ (xY))

and that P?H"(U, C) is the image of I'(X, (Ox((¢ + 1DY)) ® %), and similarly
for F.

Let Z be the reduced ideal of SingY C X and let I, = ['(X,Z(k)) C Ri. By
assumption together with Lemma 1.5, it follows that

F,(Oz(xY)) C ZOx((g + )Y) and FP™ = PP on H*(U,C). (3.2.1)

Thus we obtain a commutative diagram

T(X,F, 10x @ Q) & (X, F, 0x ® Q) — I(X,F,0x ® Q%)

! J

F(X, Q1 (qY)) @ [(X, QL(gY)) ——— T(X,IQ%((g + DY)).

By (2.1.2) and (2.1.3) together with the inclusion Rf C J, we have
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Cokerqb = (I/J)(q+1)d,n,1. (322)
Thus the assertion is reduced to
Gr}7 H"(U,C) is a subquotient of Coker ¢. 3.2.3)

Taking the image of the diagram by the canonical morphism to H"(U, C) and then
adding the cokernels, we get

FPHH"(U,C) — FPH"(U,C) — Gr2 H"(U,C) — 0

| 4

PPHIH"(U,C) 2, PPH"(U,C) ——— Coker¢p ——— 0,

where the image of dI'( X, Q;’(_l(qY )) in H"(U, C) vanishes (considering the case

g = 00). Moreover, Coker ¢ is a quotient of Coker ¢ by the snake lemma. So the
assertion follows. O

3.3. HoDGE NUMBERS OF SMOOTH HYPERSURFACES. Define integers C(n + 1,
d,i) by
(n+1)(d-1)
(441 = N Cn+ L., (3.3.1)
i=n+l1
so that
Cn+1,d,i)=C(n+1,d,(n+1)d —i),

where C(n 4+ 1,d,i) = Ounlessi € [n 4+ 1, (n + 1)(d — 1)]. This is the Poincaré
polynomial of the graded vector space

Qi1+1/dg A Qn

if g is a homogeneous polynomial of degree d with an isolated singularity at the
origin (e.g., if g = Y, x¢). For the hypersurface Z' C X defined by g, we have
(by Griffiths [12])

C(n+1,d, pd) = dimGry " H;ri_ni(Z’, C) for pe[l,n], (3.3.2)
where H ;’rfnll(Z ’,C) denotes the primitive part.

3.4. ISOLATED SINGULARITY CASE. Assume that Y has only isolated singulari-
ties and that

n—p > qo:=max{q | Grj} H”_I(Fy,C) # 0 for some y € SingY}, (3.4.1)

where F is the Hodge filtration on the vanishing cohomology H"~(F,,C) at y €
Sing Y (see [21]). Here F), denotes the Milnor fiber around y. If Sing ¥ consist
of ordinary double points then gy = m := [n/2]; see (3.5.1). In general, we have
qo = (n —1)/2 by the Hodge symmetry.

Under the preceding assumptions, we have

dimGr? H"(U,C) = dimGr? H}*'(X,C) = C(n + 1,d, pd). ~ (3.4.2)
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Indeed, there is a perfect pairing of mixed Hodge structures

H{H'(X,Q) x H''(Y,Q) — Q(—n), (3.4.3)
and condition (3.4.1) (together with go > (n — 1)/2) and (3.3.2) imply
dim Gry. " H"'(Y,C) = C(n + 1,d, pd). (3.4.4)

The last assertion is reduced to the case of a smooth hypersurface by taking a
1-parameter deformation Z, =: {f +tg = 0} (t € A) of Y = Z whose general
fibers Z, and total space Z are smooth (we assume that the hypersurface {g = 0}
does not meet Sing Y). Here we use also the exact sequence of mixed Hodge
structures

0— H"'(Y) > H" (Zx)
LN @H"—I(Fy) — H"Y) > H'(Zs) — 0 (34.5)
(see also [8, 1.9]), where H"~!(Z.,) denotes the limit mixed Hodge structure.
Observe that Gry " H"(Z,C) = Gr, ” Hsr;(ZOO,C) because n — p >
(n—=1)/2.
3.5. REMARK. Assume that the singularities of Y are ordinary double points.
Since the weight filtration on the unipotent (resp. non-unipotent) monodromy part
of H ”‘I(Fy, Q) has the symmetry with center n (resp. n — 1) by definition (see
[21]) and since the monodromy on the vanishing cycles is (—1)", it follows that
H"'(F,,Q) = Q(~m), (3.5.1)
where m = [n/2]. In particular, p in (3.4.5) is surjective for n odd (considering
the monodromy), and by the preceding argument we have
[SingY| < C(n+1,d,(m+1)d) if n=2m+1. (3.5.2)

This is related to [22]. Note that p can be nonsurjective if 7 is even and Sing Y con-
sists of sufficiently many ordinary double points. Indeed, the Betti number b,,(Y)
may depend on the position of the singularities (see e.g. [7, Thm. (4.5), p. 208]).
In [7] the position of singularities enters via the dimension of 7,,4_7,,—; (Where
n = 2m). The proof of [7, Thm. (4.5)] uses an exact sequence

P"HIH"(P"\ Y) — EB H"(B,\Y) — H}(Y)(-1) - 0,  (3.5.3)
yeSingY

where B, C P" is a sufficiently small ball with center y. Here Hj(Y') denotes the
primitive cohomology defined by Coker(H"(P") — H"(Y)). Note that

H"(B,\Y) = Coker(N: H" '(F,) — H" '(F,)(=1)) = Q(—m — 1).
Using (3.4.5), (3.4.3), (1.2.1) and (2.2.1), we have also
dimKer p = dimGrj? H""'(Y,C) = dim Grj* H;™'(X, C)
=dimGr} H"(U,C) = dim(I/J) tn+1yd—2m—1-

If n is even and d = 2, then ngfnll(Zoo, C) = 0 and p vanishes. If n is even,

d > 3, and Sing Y consists of one ordinary double point, then H ”_I(Zoo, C)#0

prim
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and p is surjective (because p is nonzero by the theory of vanishing cycles). Hence
b,(Y) = 1 (for more general singularities, see [7, Thm. (4.17), p. 214]); thus, at
the level of topology, nothing surprising may occur.

3.6. DISCRIMINANT. Leti): X = P" — P = P" be the d-fold Veronese em-
bedding defined by the line bundle Ox(d) (i.e., by using the monomials x" of
degree d), where N = (":d — 1. Let P¥ be the dual projective space of P pa-
rameterizing the hyperplanes of P. Let X C P x PV be the universal hyperplane
whose intersection with P x {z} is the hyperplane corresponding to z € PV. Let
D be the discriminant of the projection

pr:(igy(X) x PYYNH — P".

This is called the dual variety of X C P. It is well known that D is irreducible
(because D is the image of a PY~"~!-bundle over X corresponding to the hyper-
planes that are tangent to X ). By the theory of Lefschetz pencils, it is also known
that Sing Y consists of one ordinary double point if and only if it corresponds to a
smooth point of D.

3.7. ProoF oF THEOREM 1. By Section 3.6 it is enough to show that
FPtl £ pPtloon H'(X \ Y,C)

for one hypersurface Y whose singularities consist of one ordinary double point,
assuming (n +1)/d < p <n—m (e, m < q <n— (n+ 1)/d). Indeed,
F~%°/FP+! defines a vector bundle on the parameter space of hypersurfaces ¥
whose singularities consist of one ordinary double point; and, in the notation of
Proposition 3.2, gf ~w for g € Ry4—,—1 defines a section of this bundle when f
varies. Because PP*! is generated by these sections where ¢ = n — p, the subset
defined by the condition PP*!/FP*1 o£ 0 is a Zariski-open subset.

Let n 2
_ i d—2 i
P AP
i=1 i=1
so that

3
Z L fi=x2—xox; 1<i<3) ifd=3;

,\)|,_

—Zxoxf, fi=x}—xixi(1<i<4) ifd=4.

Here I is generated by xi,...,x, so that R/I = C[x(]. By assumption, (3.2.1)
and (3.4.1) are satisfied (in particular, g > n/2 > p). Moreover,

C(n+1,d, pd) # 0;
see (3.3.1) for C(n + 1,d, k). The assumptions imply also that
p=>2,n>5 if d=3,
p>1,n=>3 if d=4.
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Since g > n/2, we obtain

ri=(@+0)d—n—-1>d.
We will show that

dim(1/J), < C(n +1,d, pd), 3.7.D)
contradicting Proposition 3.2 and (3.4.2).
Take x” = []/_, x;" € I, with v = (vg, ..., v,) € N"*! where
[v] = Zv,- =r, vy<Fr.
i=0

Using f; fori > 0, we can replace x” with x* mod J, (i.e., x* — x* € J,) so that

pi=d—=2 >0, vi—ped-2)Z.

n

So we may assume that v; <d —2fori > 0. Let [v|'=)_7_, v; and

s=min{se€Z||v] —se(d—-27Z,s>r — (d—2).
We first show that if |[v|" < r — (d — 2) (i.e.,if vg > d — 2) then
XV = (=M@ N, L 2 mod (3.7.2)

n

where the summation is taken over u such that ||’ = s and u; <d —2fori > 0
and where the e, , are nonnegative numbers with e, , 7 0 for some p (for each
v). By decreasing induction on v/, it is enough to show (3.7.2) with the summa-
tion taken over b such that |u|" = |v|' + (d — 2) instead of || = s. But this
modified assertion follows from

x'xg? Y xped, if vo>d-2, (3.7.3)

i=1
because for i > 0 we have (using f;)
x’ = x”)cgzxi2 mod J, if v; >0, vy > 2. (3.7.4)

(For the last argument we need the assumption d = 3 or 4.)

Let V, be the vector space with basis x* such that |u| =r and u; < d — 2 for
i > 0. Let V,.x be the vector subspace of V, generated by x* such that uo = k
(i.e., || = r — k). Then the preceding argument implies that (I/J), is spanned
by V, = Y"{Z0 V;.1 and, moreover, that x> >""_| x2 € J, gives a nontrivial re-
lation in V,. ,_,. Thus we get (3.7.1); that is,

dim(1/J), < dimV, = C(n + 1,d, (¢ + 1)d) = C(n + 1,d, pd).

Therefore, the assertion follows.

3.8. OTHER EXxaAMPLES. (i) Itis not easy to extend the argument just given to the
cased > 5. Letn =4,d =5, and
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xS

4
f=x3(x1x4 + x2x3) — Z ?l,

i=1
so that fo = 3x3(x1x4 + x2x3) and f; = x3xs_; — x} (1 < i < 4). Then
F’H*(U,C) # P?H*(U,C) for this hypersurface and hence for a sufficiently
general singular hypersurface.
(ii) In the previous examples, Sing Y consists of one point. Let n = 3 and

d =4; let
f= > ;2,-’ fi=xi) %

0<i<j<3 ki

Then Sing Y consists of four points corresponding to the unit vectors of C*. For
this hypersurface, F2H?3(U,C) # P*H3(U,C).

3.9. REMARKS. (i) In [9, Thm. 4.5], two of the authors gave this formula for the
Kodaira—Spencer map:

Grp Vi : G2 H"(U,, C) — Gr? H" (U, C), (3.9.1)

where {Y} is an equisingular family of hypersurfaces (see [9]). When the Y, have
only ordinary double points, Theorem 1 implies that the formula is useful only
for p > n — m. In this case, however, (3.9.1) is given by the multiplication by
—(n— p)(&f), for any p under the isomorphisms of Theorem 2 and Theorem 2.2;
see Theorem 4.5.

(ii) In case n is odd, Y is a Q-homology manifold and so

H"(Us, C) = HyH' (X, C)prim = HJih (Y5, ©) (—1).
Then the Kodaira—Spencer map for p < n — m can be calculated using duality,
because the horizontality of the canonical pairing on H Y;, C) implies that the

Kodaira—Spencer map is self-dual up to a sign.

n—1
prim(

4. Proof of Theorem 2

4.1. BRIESKORN MODULES FOR ORDINARY DOUBLE POINTS. We first review some
basic facts about algebraic Brieskorn modules. Let zj,...,z, be the coordinates
of Z=C"andleth =Y /_ z2. We denote by (2, d) the complex of algebraic
differential forms on Z. Let (A}, d) be the subcomplex defined by

Al =Ker(dhn: QL — QL.

Since (23, dhA) is the Koszul complex associated to the regular sequence h; =
2z; fori € [0,n], we have

H(Q,,dhn) =0 for i #n. 4.1.1)

This implies that the cohomology group H'Aj, is a left C[¢](d,)-module for i # n
and that the action of 9,”! is well-defined on the algebraic Brieskorn module
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H"A, = Q4 /dh A dQE 2
Here 9,[n] = [¢] forn, ¢ € A§1 if thereisao € A’;l such that
[n] = [dh A o], [¢] = [do], 4.1.2)

where [1] denotes the class of n in H iA'}, (see [3]). The action of ¢ is defined by
the multiplication by h. We have the finiteness of H'Aj over C[¢] by using the
canonical compactification of the morphism /. (The argument is essentially the
same as in the analytic case in [3].) Then H iA',l is t-torsion free for i < n, and by
the theory of Milnor fibration it follows that

H'A;, =0 for i # 1,n. (4.1.3)

We have the graded structure such that deg z; = degdz; = 1. This is compatible
with d and dAA (up to a shift of degree) and defines a graded structure on H"Aj,.
Let H"Aj, , denote the degree-k part of H"Aj,, so that

H"A, = @D H"Aj 4.
k>n
Using the relation ), z;h; = 2h yields a well-known formula:
2t0,[¢] = (k —2)[¢] for [¢]e H"A}, . (4.1.4)
This implies the ¢-torsion-freeness of H"Aj, (because we may assume k > n).
Fori =1, H 'A;l is a free C[t]-module of rank 1 generated by [dA]. Since
A9 = 0, this implies that
H'A; = C[h]dh = Ker(d: A}, — A3). (4.1.5)
Define Dy : QL — Q?l for g € Z by
D;n = hdn — gdh A 1.

This is compatible with the graded structure up to the shift by degh = 2, and we
have D, o D;_; = 0. We will denote by Q’Zj the degree-j part of Q.
The following lemma will be used in the proof of Theorem 2 in Section 4.3.

4.2. LEMMA. Assume that j # 2q # 0. Then the following statements hold.
() D): QY — Qf ., is surjective if j +2 > n.
(i) Im(D)_,: Q5 2, - Q) ) =Ker(D): Q) - Q4 ..))ifq # 1.

Proof. Let¢ € Q7 ;,. Thereisann € Q;fll suchthatdh Anp = ¢ since j+2 > n.
Then (4.1.2) and (4.1.4) imply that '

[D,n] = 13:[¢] — ql¢] = (j/2 — @)I].

So, replacing ¢ with ¢ — (xD(;n where o = (j/2 — ¢)!, we may assume that

[¢] = 0 (ie., ¢ € dh A dQ}7?). Take o € Q) such that ¢ = dh A do. Then
Dq’(—q’lda) = ¢, and assertion (i) follows.
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For assertion (ii), let n € 93711 be such that D[;n = 0. Set
¢ = qdh A n = hdn.
Then 19,[¢] = ql¢] by (4.1.2) and so [¢] = O by (4.1.4) (using j # 2q). Since
H"Aj, is t-torsion-free, we have [dn] = 0; that is, dn = dh A do witho € Qg_f

Then
d(D;_,0) = qdh Ado = gqdn;

replacing n by n —q_lD(;_1 (0), we may assume thatdn = 0 and hencedh An = 0.
If n > 2, then this together with (4.1.3) and (4.1.1) implies
n=do’' = —dh Ado" with 6'=dhrc" €A} 06",
and hence n = (¢ — 1)‘1D‘;71(d0”). Thus the assertion follows in this case.

For the case n = 2, by (4.1.5) we have n = Bh’dh with 8 € C if j is even and
positive (where j = 2i + 2) and n = 0 otherwise. If j = 2i 4 2, then

D, \h' = (i —q+Dh'dh
andi — g + 1 # 0by j # 2q. The assertion follows. UJ

4.3. PROOF OF THEOREM 2. Letgq =n—p,i =q—m+1,andk = (¢ + 1)d
where ¢ > m. By Lemma 2.6 and Remark 2.7(i), it is enough to treat the case
where condition (A) is satisfied. With the notation of Section 2.3, consider the
commutative diagram

(I(ifl)Qn)kid

0 —— IDPQ")y_y —— (IIVQ"Y)y — ———= — 0
( —d ( Yk—d T,
l"’ﬂ’ J"’“ lw!
0 (I(H-l)QlH-l)k (I(i)Qn+l)k (I(i)QnJrl)k 0
(F1G-DQntly, (FIG-DQn+1y, T (G Qe ’

where ¥/, ¥, . are induced by

D . fd—gqdfn if a =1,
T dfa if a=2.
Note that D, is closely related to (2.1.3). Using coordinates xo, ..., x,, we have

n
. - , )
A =P L5 e, AP =10, o,
j=0
and so forth, where w = dxg A - -+ Adx, and w; =dx0A-~-/\(I;j A Adx,.
Then we get

Coker Yy = Grj H"(U,C),  Cokeryr, = (I'/JI'™");. 4.3.1)

Indeed, the first isomorphism of (4.3.1) follows from Section 2.1 together with
Proposition 2.8, and the second is trivial because f € J. Observe that the assump-
tion of Proposition 2.8 is satisfied by condition (A) for (k,i) = (gd —n—1,q —m),
because i’ = ¢ — m and k' = ¢d in (2.3.4) with j =n — 1.
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Because 9; 1) C 1YY, we see that fd in v/ vanishes, and hence
Coker | = Coker yr5.
We will show that v is surjective for a = 1, 2 by identifying it with

D B2 ) @ (). @

yeSingY j=0 yeSingY mX y

mX)

where wj( and ©) are associated to some coordinates x{”,...,x\" depending

on y € Sing Y. By the snake lemma, we then have an exact sequence

)

Ker y;, 2> Coker y, —> Coker , —> 0. 4.3.3)

For a = 1 this implies the last isomorphism of the formula in Theorem 2. For the
first isomorphism of the formula, we will further show that

Im p; = Im p5. 4.3.4)

We start with the proof of the surjectivity of . For each y € Sing Y, choose

(y) (y)

appropriate coordinates x such that y is given by (1,0, ...,0) and

: f . :
h(z(y) 2O = o = X:(z;’))2 + higher terms,
(xo ) j=1
where z(. 2 xj(y )/x{". (The last condition is satisfied by using a linear transfor-

mation of z()) zn ) .) We trivialize Oy, ,(1) by using xo)) Then y(’) in (2.3.2)

is induced by substituting x” = 1 and x(” = z(y) for j > 0. So zj ) is identi-

fied with x(})/x(()’) Since fo/(x(y))d '€ mg , and since fi/(x{H =2 ;y) i
my,y / mX y for j # 0, we see that V) is 1dent1ﬁed with (4.3.2). Indeed, the asser-
tion is equlvalent to the surjectivity of yk s d and y,E')” 11n (2.3.2). But the first
surjectivity follows from condition (A) for (k,i) = (¢d —n,q — m + 1), and the
second is reduced to the first by using a commutative diagram as before together
with the surjectivity of the morphism (4.3.2) induced by dfA; see (4.1.1). So v,
is identified with (4.3.2), and we also get the surjectivity of ¥}’

The morphisms (4.3.2) induced by D, and dfA are compatlble with the direct
sum over y € Sing Y (using the pull- back by the surjection ykl nl) 4(1\)5 see (2.3.3)).
Moreover, the restriction of ',

n i—1 i
My y , My,
@(—>>wj‘> - (mﬁ)w(”’ (4.3.5)

j=1 My y X,y

is identified with Dé in Lemma 4.2. Here j :=i +n — 2 # 2q since ¢ > m. So
[/ is also surjective, and the kernel of (4.3.5) does not contribute to Im p; by us-
ing . . . .
qul . (11_29}1/11_19")/{,2,1 — (II_IQn/IZQn)k,d
because it lifts D, _; in Lemma 4.2 and satisfies D, o D,y = 0. For a = 2, the
kernel of (4.3.5) induced by d fA does not contribute to Im p, by a similar argu-
ment using (4.1.1).
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Hence it is enough to consider the contribution to Im p, of (m"Xf; / m"x7 y)a)ﬁ)y ),

which is contained in the kernel of (4.3.2) fora = 1,2. Because 9/ 8x(()" ) preserves

the maximal ideal of R generated by x;y) (j # 0), it does not contribute to Im p;

using the pull-back by the surjection y,ﬁ'jrfi)l in (2.3.3). Then the contributions to

Im p, for a = 1,2 are both given by using the pull-back by the surjection y,gf’n(f )1
together with the multiplication by df/ 8x(()y ). Thus we obtain (4.3.4). (Note that
the assertion (4.3.4) is independent of the choice of coordinates and that the iso-
morphism derived in the formula of Theorem 2 is well-defined.) This completes

the proof of Theorem 2.

4.4. PROOF OF COROLLARY 1. Letgq =n—p,i=q—m+1,andk = (g +1)d.
Since g > m > 1, the condition in (2.5.1) for d > 3 is satisfied when k and i in
251 arek—n—1landiork—n—dandi —1(i.e., wehave k —n —1 > 2i and
k—n—d>2i—2); see (2.4.3) for the case d = 2. Moreover, m(d —1) — p >
O whend > 3,becausen — p > m > 1. If d = 2, then |Sing Y| = 1 and (2.3.5)
is satisfied for ¢ = 0. So the assertion follows from Theorem 2 and Lemma 2.5.

From Theorem 2 we can deduce the following.

4.5. COROLLARY. Let Y be an equisingular family of hypersurfaces in P" that
are parameterized by a smooth variety S and whose singularities are ordinary
double points. Assume condition (A) for q in Theorem 2 is satisfied for any s € S
if g > m, and assume the same with q replaced by g —1ifq — 1 > m. Set Uy =
P" \ Y;. Then, for a vector field 0 on S, we have a commutative diagram

Grr Vp

Gr) " HM (U, P) G}~ H"(U,,P)

— —m—1 —q(0f)s —m+1 —
L") g —— LTI G ndns

where the vertical isomorphisms are given by Theorem 2 and Theorem 2.2.

Proof. The action of 6 on the relative de Rham cohomology can be calculated by
tp o d. Hence the assertion follows from Theorem 2 (using ts od +d otz = L¢
and ty otg = —1g otp), because the cohomology class is represented using the first
isomorphism in (0.2). U

4.6. REMARKS. (i) By Varchenko [22] (conjectured by Arnold) and [13], we have

ISing Y| < > C(n,d,i) = C(n+1,d,[nd/2] + 1)
(n—2)/2+1<i<nd/2

_ Z(n +1><[nd/2] —i(d— 1)) - ([nd/2]> 6.0
= i n n ’ o

where C(n,d, i) is asin (3.3.1). (This also follows from (3.5.2) applied to a hyper-
surface in P"* or P"*2 defined by f + x4, or f+ x4 +x7.,.)
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If n is even (i.e., if n = 2m), then (4.6.1) implies

<e+”) > (’"d+ 1) > <["‘f1/2]> > |Sing¥| for g >m+1, (4.62)

n n

and it is possible that condition (B) in Theorem 2 is satisfied. However, if n is
odd (i.e., if n = 2m + 1), then (4.6.2) does not hold and condition (B) cannot be
satisfied—for example, if n = 3, ¢ = 2, and Y is a Kummer surface with six-
teen ordinary double points where d = 4, ¢ = 2, and (“"") = 10 (see Example
4.7(i1)) or if Y has 65 ordinary double points with d = 6 as in [1] where ¢ = 4
and (“1") = 35.

(ii) For condition (A), we have matrices of size (M, N) with

M:(’_L+”>|Singy| and N=(kJnr”),

where (k,i) = (qd —n,g —m +1) and (qd —n —1,q —m). See Remark 2.7(ii).

4.7. EXAMPLES. (i) Assume thatn = 3,d = 4, and

f= Z Z 2x, j sothat f; = 4xj(sz _ in2>'

0<i<j<3 i#]j
This has twelve ordinary double points. Indeed, there are two singular points de-
finedby x? = x7 and x} = 0 (k € [0,3]\ {i, j}) foreach {i, j} C [0,3] withi # j.
Hence condition (B) cannot be satisfied for ¢ = 2 because 12 > (6;”) =10 in the
notation of Remark 4.6. However, condition (A) seems to be satisfied for g = 2
when, in the notation of Remark 4.6(ii), (M, N) = (48,56) and (12, 35).
(ii) Assume that Y is a singular Kummer surface defined by

f= Z Z X; x]2 sothat f; = 2x; <2xj2 - Z xlz)
i=0 0<i<j<3 i#]j
This has sixteen ordinary double points. Indeed, there are four singular points
defined by x; = 0 and xl.2 =1 # k) foreach k = 0,...,3. Condition (A)
for g = 2 cannot be satisfied because (M, N) can be (64, 56) in the notation of
Remark 4.6(ii). However, it seems that

&8+3

dim I;” = dim(1%)g = ( 3

) — 4|SingY| =101,  dim(1J)s = 100;

hence at least a noncanonical isomorphism still holds in Conjecture 1 for g = 2.
(iii) It would be difficult to calculate the right-hand side of Conjecture 1 for the
Barth surface [1], so we consider the case where Y is defined by

f=(z ) Zx so that ]3=6xj<(23:xi2>2—x;‘>_

i=0 i=0

This has 52 ordinary double points. Indeed, there are four singular points defined
by x; = land x; = 0 (k # i) fori = 0,...,3 as well as four singular points
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defined by x; = 1, x; = 0, and x,f = —1(k € [0,3]\ {i, j}) for each (i, j) €

[0,3]? \ {diagonal}. Condition (B) cannot be satisfied because (‘") = 35 < 52,

but it is not clear whether condition (A) is satisfied where (M, N) = (208, 220)

and (52,165). It seems that

1443
3

hence at least a noncanonical isomorphism still holds in Conjecture 1 for g = 2.

dim 1Y = dim(1%) 4 = ( > —4|Sing Y| =472,  dim(IJ) 4 = 462;
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