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Intersection Numbers and
Automorphisms of Stable Curves

KEFENG Liu & Hao XU

1. Introduction

Denote by M ¢,n the moduli space of stable n-pointed genus-g complex algebraic
curves. We have the morphism that forgets the last marked point

7w Mg g1 = Mg .

Denote by o1, ..., 0, the canonical sections of 7 and by Dy, ..., D, the correspond-
ing divisors in M, , 1. Let @ be the relative dualizing sheaf. Then we have the
following tautological classes on moduli spaces of curves:

Y = Cl(Ui*(wn));

orlole (20,

A= (me(wy)), 1=

The classes «; were first introduced by Mumford [22] on M ¢ their generalization
to M ¢,n here is due to Arbarello—Cornalba [1]. For background materials about
the intersection theory of moduli spaces of curves, we refer to the book [19] and
the survey paper [24].

Hodge integrals are intersection numbers of the form

k kg . d d k kg
(le"'tdnKal"'Kam|)\]]"')"£>~: ¢11...wﬂkal Kam)"ll'.')\’;’

Me,n

which are rational numbers because the moduli spaces of curves are orbifolds.
They are nonzero only when Y ", d; + Y 1" a; + Y 5_,ik; =3g — 3 +n.

Hodge integrals arise naturally in the localization computation of Gromov—
Witten invariants. They have been extensively studied by mathematicians and
physicists. Hodge integrals involving only ¥ classes can be computed recursively
by the the celebrated Witten—Kontsevich theorem [18; 26], which can be equiva-
lently formulated by the DVV recursion relation [5]
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(Tk+1fd, s Td,,)g

1 [Z 2k +2d; + D!
j=1

Ty Taprk o Tdy g

T Qk+3)! Q2d; — D!
1
+35 > @r DN Qs+ DI Ty  Ta e
r4s=k—1
1
+3 S er+nnes+nn Y <r,l_[zd,> ’<Tsl_[7-'d,> ) ]
rs=k—1 n=I11J" iel &Y ey 1878
(1
wheren = {1,2,...,n}.

Now there are several new proofs of Witten’s conjecture; see [3; 14; 15; 16;
21; 23].

Let denom(r) denote the denominator of a rational number r in reduced form
(coprime numerator and denominator, positive denominator). For2g —2 4+n > 1
we define

D, = lcm{denom(
Mg.n

vl w:’")

i=1
and for g > 2 we define

D, = lcm{denom(/ Y. wndn>
Mg,

5g = lcm{den0m</ Ky " Ka,,,)
M

where lcm denotes the least common multiple. Note that D, was previously de-
fined by Itzykson and Zuber [12].

We know that a neighborhood of ¥ € M ¢,n 18 Of the form U/Aut(X), where U
is an open subset of C3~3+". This gives the orbifold structure for M, ,. Since de-
nominators of intersection numbers on M, , all come from these orbifold quotient
singularities, the divisibility properties of D, , and D, should reflect the overall
behavior of singularities.

In Section 2, we study basic relations between D, ,, D, and 13g. In Section 3,
we briefly discuss automorphism groups of Riemann surfaces and stable curves.
In Section 4, we study prime factors of D, and prove a strong form of a conjec-
ture of Itzykson and Zuber [12] concerning denominators of intersection numbers.
In Section 5, we present a conjectural multinomial-type property for intersection
numbers and verify it in low genera.

Zdl=3g—3+n,d122»n21}’

i=l1

m

Zam=3g—3},

i=1
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2. Basic Properties of D,
If we take k = —1 and k£ = 0 respectively in DVV formula (1), we get the string

equation . .
(o] Tow) =2 (e1TTo)
i=l 8

j=1 i#j s

and the dilaton equation

<rl ka;> =Q2g-2 +n)<1_[rki> .
i=1 g i=1 Ig

Their proof may be found in [19].

LEmMMA 2.1. Ifn > 1, then
(1) DO,n = 1’

(i1) Dy, =24,

(iii) D, =24%-gl.

Proof. The lemma follows from the string equation, the dilaton equation, and the
following well-known formulas:

(o Ty o = n—-3Y\_ (=3
Td; " Td,)0 = dl"'dn _—dl!"'dn!,
1
(tih = R (T3g—2)g = 2avgl’
Their proofs can be found in [19; 26]. O

Note that Dy, = 11is expected since /WO,,, is a smooth manifold.

THEOREM 2.2. We have
Dg,n | Dg,n-H-

Proof. Letq* | Dy ,, where g is a prime number and ¢**' { D, ,.

We sort {(tg, -+~ Ta)e | 2orydi =38 —3+n,0 <d <--- <d,} in lexico-
graphical order, and we say (T, - - Tk, )¢ < (T, " - - Tm,)g if there is some i such
that k; = m;, j < i, and k; < m;. Let (g, - - - Tt, )¢ be the minimal element with
respect to the lexicographical order such that its denominator is divisible by g°.

There exist integers c¢,d, a;, b; wherei = 1,...,n — 1 such that
n—1
(ToThy *+* Thyt1)g = (Thy - Thdg + Z(Tkl S Th—1 Thy Th+1 g
i=1
c n—1 bl
"~ qd ai

We require g { ¢, ¢ 1 d, and (a;, b;) = 1.
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Fori =1,...,n — 1 we have (T, - Tt =1~ Tk, Thy+1)g < {Th; - Tk, )g and
so a; = g¥ie;, where s; < [ and ¢ t ¢;. We now have

n—1 g_g:i—
c[T;= lel+qd(2j 19" 7 'H,-#jei),
Sdl_[t le’ ,

we see that g cannot divide the numerator, so we have proved g° | Dy ,41. Since
q is arbitrary, this proves the theorem. O

(ToTh; -~ Thy+1)g =

THEOREM 2.3. We have D, , | 5g forall g = 2 and n > 1. Moreover, D, =
D

8,38—3"
Proof. Let
Ty - Mg,n - Mg,n—l
be the morphism that forgets the last marked point. Then (see [1]) we have
(Tt = Y kG, 2)
geS,

where k,, is defined as follows. Write the permutation o as a product of v(o) dis-
joint cycles, including 1-cycles: o = B - - - B (), Where we think of the symmetric
group S, as acting on the n-tuple (ay,...,a,). Denote by | 8| the sum of the ele-
ments of a cycle 8. Then

Ko = Kigi1Kigal =" K| B -
From equation (2), we get
/ ot gt 2 3 / B
f— g
Meg,n oes,

so we have proved Dy, | ZNDg.
. di
On the other hand, any |’ 4, Kai "+ Ka,, can be written as a sum of f/\_/lg,,, A

¥,9’s. This can be seen by induction on the number of kappa classes. For integrals

with only one kappa class, we have [ M, /calxp{’ A dn = = Mnii 1//,;’:]

1//‘1" we also have
d dn _ +1 wtl d da
/_ Kay " Kay, 11 : wn _/_ I/I:Jlrlwl;l+m 1l : wn
Mg,n Mg,rH—m
— {integrals with at most m — 1 « classes},
thus finishing the induction argument. So we have proved ZNDg = Dy 35-3. O
COROLLARY 2.4.  For g > 2, we have D, = 238.

We have computed D, for g < 20 using the DVV formula (1) and observed the
following conjectural exact values of D, (see also [20]).
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CONJECTURE 2.5. Let p be a prime number and g > 2. Let ord(p, n) denote the
maximum integer such that p°»" | n. Then:
(i) ord(2,D,) = 3g + ord(2, g!);
(ii) ord(3,D,) = g + ord(3, g!);
(iii) ord(p,D,) = L%J for p = 5, where | x] denotes the maximum integer that
is not larger than x.

On the other hand, we may obtain explicit expressions for multiples of D, by
applying either Kazarian—Lando’s formula [15] expressing intersection indices by
Hurwitz numbers or Proposition 4.4.

3. Automorphism Groups of Stable Curves

First we recall some facts about automorphisms of compact Riemann surfaces,
following [8].

Let X be a compact Riemann surface of genus g and let Aut(X) be the group of
conformal automorphisms of X. It’s a classical theorem of Hurwitz that if g > 2
then |[Aut(X)| < 84(g —1).

Let G C Aut(X) be a group of automorphisms of X, and consider the natural
map

T: X - X/G.
We know that 7 has degree |G| and that X/G is a compact Riemann surface of
genus go.

The mapping 7 is branched only at the fixed points of G, and the branching
order

b(P) =ordGp — 1,

where Gp is the isotropy group at P € X that is known to be cyclic.

Let Pj,..., P, be a maximal set of inequivalent fixed points of elements of
G\ {1} Ge., Pi #h(Pj)forallhe G and alli # j).

Let n; = ord Gp,. Then the total branch number of & is given by

B = Z%(m 1= |G|Z<l— %)
i=1 i=1

The Riemann—-Hurwitz formula now reads

d 1
2¢ —2=1G||2g0 — 2 1——1,
e-2=10120 -2+ (1~ )
so we have
IGl| 2g —2) -lem(ny,...,n,). 3)

This fact is crucial in the study of automorphism groups of compact Riemann
surfaces.
The following is a special case of a theorem due to W. Harvey [11, Thm. 6].
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ProposiTION 3.1 [11].  The minimum genus g of a compact Riemann surface that
admits an automorphism of order p” (p prime) is given by

-1 .
g :max{z’prll}.

In (3), we have n; = ord Gp, and Gp, is cyclic, so Proposition 3.1 implies the fol-
lowing result.

COROLLARY 3.2. Let X be a compact Riemann surface of genus g > 2 and let
G = |Aut(X)|. Then

2pg
ord(p,|G|) < logpm + ord(p,2(g — 1)).

In particular, p t |G| if p > 2g + 1.

DEFINITION 3.3. A node on a curve is a point that is locally analytically isomor-
phic to a neighborhood of the orgin of xy = 0 in the complex plane C>.

If ¥ is a nodal curve, define its normalization ¥ to be the Riemann surface
obtained by “ungluing” its nodes. Let p: & — ¥ denote the canonical normal-
ization map. The preimages in & of the nodes of ¥ are called node branches.

A stable curve is a connected and compact nodal curve, which means that its
singular points are nodes and satisfy the stability conditions: (i) each genus-0
component has at least three node branches; (ii) each genus-1 component has at
least one node branch.

Stability is equivalent to the finiteness of the automorphism group. Suppose ¥ is
a stable curve of arithmetic genus g such that its normalization has m components
Xi,..., 2, of genus gy, ..., gm.

DEFINITION 3.4. An automorphism ¢ of the dual graph I' of £ will be called
geometric if it is induced by an automorphism of the corresponding stable curve
3. All geometric automorphisms of I" form a group G Aut(I"), which is a sub-
group of Aut(I').

The notion of geometric automorphism is introduced by Opstall and Veliche [25]
in their study of sharp bounds for the automorphism group of stable curves of a
given genus.

THEOREM 3.5. Let &It(E,») be the group of automorphisms of X; fixing node
branches on ;. Then

|Aut(D)] = |G Aut(D)| - [ [IAW(E)].

i=1

Proof. First note the following fact. If f(x) and g(y) are two holomorphic func-
tions defined near the origin of C' and satisfy f(0) = g(0), then F(x,y) =
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f(x) + g(y) — f(0) is a holomorphic function near the origin of C? satisfying
F(x,0) = f(x) and F(0,y) = g(y). So to check whether a function on a nodal
curve is analytic, we need only check whether it is analytic restricting to each con-
nected component.

There is a natural map p: Aut(¥) — G Aut(I') mapping an automorphism of
% to the induced automorphism on its dual graph I'. ~

For each b € G Aut(I'), fix a T, € Aut(X) such that p(T,) = b. If f; € Aut(X;)
fori = 1,...,m, we denote by (fi,..., fiu) € Aut(X) the gluing morphism. We
define the map

G Aut(D) x [ JAu(z) — Aut(),

i=1
(b’fl"“’fm) [ — Tbo(fh'"»fm)'

It’s not difficult to see that this map is, in fact, bijective. Its converse is

Aut(Z) — G Aut(I) x [ JAut(z)).

i=1
T — (p(T), (Tygy o Dlgsees (Typy 0 Dy ).
Thus we have proved the theorem. O

PROPOSITION 3.6. Let X be a stable curve of arithmetic genus g > 2. If a prime
number p divides |Aut(X)|, then p <2g + 1.

Proof. Let’s assume that there are § nodes on X and §; node branches on each X;.
Then we have the following relations:

g=) (&—D+8+1, “

i=1
261+ —2>1, (5)

m

28 = Z5i- (6)

Summing up (5) fori = 1,...,n and substituting (4) and (6) into (5), we get
m<2g—2.

Now let ¢;; denote the number of edges between X; and X; in the dual graph of
X. Then it’s obvious thate;; < g + 1.

Since |Aut(I")| divides m! ]_[( i j)(eij 1), which is not divisible by prime numbers
greater than 2g + 1, and since g; < g, the proposition follows from Theorem 3.5
and Corollary 3.2. UJ

We remark that Proposition 3.6 may not hold for nonstable nodal curves.
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4. Prime Factors of D,
DEFINITION 4.1.  In [7], the generating function

00 n
F(xl,...,x,,)zz Z (le"'fdn)gl_[xidi
i=l

8=0 " d;i=3g—3+n

is called the n-point function.

In particular, the 2-point function has a simple explicit form due to Dijkgraaf

(see [7]):
1 x3 x% > k! 1 k
P exp<24 + 24> Z m( x1x2(x1 ~|—x2))

LEMMA 4.2. Let p be a prime number and let g > 2. Then the following state-
ments hold:

(i) if p >2g+1,then p t Dy »;

(ii) ifg+1<p =<2g+1,then

F(x1,x2) =

p | denom(T(,_1)/2T3g-1-(p—1)/2)¢5

(ii1) if 2g +1is prime, then (2g +1) | denom(tyT3,—1-q)e ifand only if g < d <
2¢ — 1;
(iv) if 2g + 1is prime, then ord(2g +1, D, 5) = 1.

Proof. From the 2-point function, we get

g—k k—1 k!
(TaTsg-1-ag ZZ( )( —3i—k) (g — k)24 K2k + 1)1 2%

i=0 k
1 dmod3 -1
L e (=D g
gl24¢ 151
where the summation range of k is max(dl ;’H 1) < k < min(g —i,dy — 3i).

Then the lemma follows easily. UJ

THEOREM 4.3. Let p be a prime number, let g > 2, and let ord(p, q) denote the
maximum integer such that p® P9 | g. Then:
(1) if p > 2g+1, then p 1 Dg;
(ii) for any prime p < 2g + 1, we have p | D,;
(iii) if 2g + 1 is prime, then ord(2g +1,D,) = 1;
(iv) ord(2,D,) = 3g + ord(2, g!).

Proof. For part (i), we use induction on the pair of genus and the number of
marked points (g, n) to prove that denominators of all v-class intersection num-
bers (14, - - - 74,) are not divisible by prime numbers greater than 2g + 1. If p >
2g + 1, then p 1 D, , has been proved in Lemma 4.2(i). Also D, = 27.32.51s
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not divisible by p > 5. Hence we may assume that g > 3 and n > 3. We rewrite
the DVV formula as

<T111"'Tdn>g
. 1 "\ (2d,+2d; — D!
_(2dl+1)z![Z (2d; =Dl (Tay =+ Taprar—17 Ta g

j=

1
+3 D @rDN s+ DI TTY, o T, )e

r+s=dj—1
1

+5 doo@r+nt@s+ntt Y <t,Hrdi>,<r;Hrdi>7:|
r+s=d;—1 2,...,n}=111J iel g ieJ 8—8

For n > 3 marked points we may take d; < g; then, by induction on (g, n), it’s
easy to see that the denominator of the right-hand side is not divisible by prime
numbers greater than 2g + 1. Part (ii) follows from Lemma 2.1(iii), Theorem 2.3,
and Lemma 4.2(ii).

For part (iii), we again use induction on (g, n) as in the proof of part (i). We
may assume that n > 3. In view of Lemma 4.2(iii)—(iv), we need only prove
ord(2g +1,D, ,) < 1. If n > 3, then we may take d; < g in (14, - - - T4,)s, Whose
denominator is not divisible by (2g + 1)2. This is easily seen by induction on the
right-hand side of the DVV formula. So there is only left to prove that the denom-
inator of (z,7,7,), is not divisible by (2g + 1)2. We have

1 2(4g — D!
T Qg+ D! [ 2g — D!
Since the factor 2g + 1 in the denominator of (7,75,—1) will be cancelled by
(4g — D!, we have proved (iii) by induction.

For part (iv), since (135_2), = 1/248g! we have ord(2,D,) > 3g + ord(2, g!).
The reverse inequality can be seen from the DVV formula by induction on (g, n)
and noting that

% doo@r+nt@es+nit <r,]_[rd,.> <rxl_[zdi>

r+s=k—1 p=11]J" ier 18"V ey T8-8

= Y @r+hl@s+nn Y <r,rdll—[1:di> <n]_[rdi> . D

r+s=k—1 2,...,m=I]]J iel g ieJ g—¢g'

(ToTgTq)g (T4T2g—1)¢ + {lower genus terms}].

’

For a single intersection number, we have the following estimate on its denomi-
nator.

ProrosiTioN 4.4.  If p > 3 is a prime number, then

n

ord(p,denom(zy, - - - 7a,)g) < 0rd<p, [[@d + 1)!!).

j=1
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Proof. Following Dijkgraaf’s notation [4], let
(Fay - Ta,)e = [ @y + DI - (24 T4, )
j=1
Then the DVV formula can be written as

<rk1'[rd> = Z(zdj+1)<fdl~--fd_,.+k_1~--fdn>g+

j=1 r4+s=k—2 j=1

| =
—_—
atl
S
Ball
B
0
&
OT\/

0 e
r+s=k—2 iel g ieJ -8
n=I1]J

where n = {1,...,n}.
Because (7)) = %, by induction on (g, n) it is easy to show that, for any prime
number p > 3,
p {denom(Ty, - - - Ta, ).

The proposition is proved. O
LEmMMA 4.5. Let B, denote the Bernoulli numbers in the expansion

t ad m
1= 2 B

m=0

The denominator of By, is given by
[T r
(p—=DI2m

where the product is taken over the primes p.

Proof. The lemma follows easily from Staudt’s theorem (see [10]),
1
~Byy= ) — (modl),
p—1|2m

where the sum is taken over the primes p. O

THEOREM 4.6. The denominator of intersection numbers of the form
d dy k k
U I e M 7
Meg,n
can only contain prime factors less than or equal to 2g + 1.

Proof. Mumford [22] proved the following formula for the Chern character of a
Hodge bundle:

chy,_1(E) =

2m—2
@m ),[ Kam— I—ZW Tt Z%(Z Yi(—y2)" )}

EGA i=0
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We know that any A; can be expressed as a polynomial of ch; (IE)’s:

= Z(_I)H(m 1_[ %Ch#@), i>1,

uki r>1

where the sum ranges over all partitions p of i, m, is the number of r in p, and
ch,(E) = chy, (E)---chy, (E).

By Faber’s algorithm [6], we can reduce any Hodge integral (7) to a sum of inte-
grals with only ¢ and « classes using the Mumford formula. So the extra denomi-
nators that may have prime factors larger than 2g + 1 come only from B»,, /(2m)!.

Note that chy(E) = g, chy,(E) = 0 for» > 1, and ch,(E) = 0 forr > 2g. So
the theorem follows from Lemma 4.5 and Theorem 4.3(1). O

In view of Proposition 3.6, Theﬁrem 4.6 should also follow from Mumford’s [22]
definition of the Chow ring of M, ,. We include a proof here because it’s concep-
tually simple and direct.

LEmMA 4.7, If 2 < p < g + 1is a prime number, then ord(p, Dy 3) > 2.

Proof. From Lemma 2.1(3) we have 248 | D, 3, so Lemma 4.7 is obvious for p =
2 or 3. We assume p > 5 hereafter.
The following formulation of the special 3-point function is due to Faber [7]:

Fg(x’ Vs _y)
2
= Z Z(—l)j(f3g—2bfj72b—j)gx3g_2hy2b
b0 j=0
_ Z (a+b)! xdat3etby 2
a+boAc Nih—ag)! 1! ’
a+b+c:g4 24¢Ra+2b+ Db —a)! 2a+1)!c!
b>a

If p > @, then consider the coefficient of x3¢~7*1y7~in F,(x, y, —y):

[Fg(X, Y, _y)]x3g—p+lyp—l

. Z (a+Db)!
o a+b)gc "N(b —a)! 1el’
stbremg 49+524¢Qa +2b+ DN (b —a)! 2La+1)!c!
—1
<2
where b = %1. We must have ¢ < p, so it’s not difficult to see that only the term

witha = b = pT_] can contain factor p? in the denominator.
If p < 2 then
1

452g + D!
and ord(p, (2g + 1)!!) > 2. Hence we have proved the lemma. UJ

[Fo(x, y, =) ] xey2e =

THEOREM 4.8. Let X be a compact Riemann surface of genus g’ > 2 and let
g > g'. Then |Aut(X)| divides D, 3.
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Proof. We first prove the case g’ = g.
Let p denote a prime number. By Corollary 3.2, it is sufficient to prove

2
Llogp %J + ord(p,2(g — D) =< ord(p, Dg,3) ®)

for all prime p <2g + 1.

If max(g,5) < p < 2g +1, then |_10g,, %J < landord(p,2(g — 1)) = 0;
therefore, by Theorem 4.3(2), inequality (8) holds. Next we assume 5 < p <
g — 1. Before addressing p = 2 and p = 3, we examine three subcases as follows.

Case (i). If p =g —1> Sisprime, then (g —1)(g —2) > 2g. By Lemma 4.7,
we have

2¢(g — 1
{mggl %J +1<2<ord(g—1,Dy5).

Case (ii). Otherwise, if p 1 (g — 1) then, since ord(p,2(g — 1)) = 0, it follows
that g! | D, 3 and ord(p, g!) > L%J; hence, in order to check (8), it’s sufficient

to prove
2
o 22 <[]
p—1 p

Let g = kp + r, where —p < r < 0. Then L%J = k — 1. Since for fixed k the
left-hand side takes its maximum value when g = kp — 1, we need only prove the
above inequality for g = kp — 1, which is equivalent, for all k > 2 and p > 5, to

v 2plkp—1)
P>

—1
which is not difficult to check.

(ie., p* — p* ' —2kp+2 > 0),

Case (iii). f p| (g—1)and5 < p < g —1,letord(p,2(g — 1)) = r. Then
p" | (g — 1) and we have

ord(p, Dg3) = ord(p, g!) = {EJ + \‘%J + {%J + -
p p 4

Z{§J+r—l.
P
=1
log, —— | +1< .
{ "p—1 p

Let g = kp 4+ 1 and k > 2. We need to prove
2p(k 1
pk > &T) (ie., p* — p* ' —2kp —2 > 0).
p f—
The inequality holds except in the case where p = 5, k = 2, and g = 11, which
should be treated separately. We have

So it’s sufficient to prove

| oo

110
ord(5,|G]) < {10g5 TJ +1=3
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and ord(5, Dyy,3) = 3; in fact,
Dy =2%.35.5%.72.11>.13.17-19 - 23.
We have finished checking in this case.

Now we consider when p = 2 or p = 3. Note that 248g! | D, 3. If p = 2, then
it’s sufficient to prove that log, 4g < 3g — 1. If p = 3, then it’s sufficient to prove
that logs 3g < g. Both cases are easy to check, so we have concluded the proof of
the theorem when g’ = g.

The proof of the cases g’ < g can be proved by exactly the same argument and
using Lemma 4.7. O

There exists a compact Riemann surface X of genus 6 with [Aut(X)| = 150 (see
Table 13 in [2]). However, the power of 5in D¢, = 2%2-38.5.7.11-13is only
1, so |Aut(X)| 1 De 2. In this sense, we may say that Theorem 4.8 is optimal.

The following immediate corollary of Theorem 4.8 is a conjecture of Itzykson
and Zuber, stated at the end of [12, Sec. 5].

COROLLARY 4.9. For 1 < g’ < g, the order of automorphism group of any com-
pact Riemann surface of genus g’ divides D,.

We remark that the statement of Corollary 4.9 doesn’t hold for stable curves: there

exists some stable curve, of genus g, whose automorphism group order does not

divide D,. A counterexample can be constructed as follows. Let n = L gIJ Rie-

mann surfaces of genus £~ ! be attached to a sphere at ™" for 0 < i < n—1.

When n > p, the order of automorphlsm group of such a stable curve will have a
2g .

power of p larger than Lﬁj (see Conjecture 2.5).

5. A Conjectural Numerical Property
of Intersection Numbers

During our work on intersection numbers, we noticed a multinomial-type prop-
erty for intersection numbers. Although the property is still conjectural, we feel
that it would establish interesting constraints on intersection numbers of moduli
spaces and so briefly present it here.

From
( Yo = n—3 . (n —3)!
‘Cd] Td,, dl d - dl‘ T dn! )

we see that if d; < d, then

(TaTdy * " Td, )0 < (Tdy+1Tdy—1 "+ - Td,)0-
Now we prove that the same inequality holds in genus 1.
PROPOSITION 5.1.  For Y !_,d; = n and d, < d,, we have

(TaTay Ta )1 < ATdj+1Tda—1" "+ Ta -
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Proof. We prove the inequality by induction on n. If n = 2, then

1
24"

Now assume that the proposition has been proved for n — 1. We may also as-
sume that d, — d; > 2, for otherwise the result is trivial. So by the symmetry
property of intersection numbers, we may assume without loss of generality that
d,=0ord, =1.

If d,, = 1 then, by the dilaton equation, we have

(ToT2)1 = (Timih =

(TayTay = - Tay)1 = (0 = D{Ta,Ta, -+ Ta, )15
(Tai1Tda—1 - Ta)1 = (n — D{(Ta1Tdy—1 -+ Ty )1-

S0 (T4,Tdy -+ Ta,)1 < (Ta+1Tdy—1 " - * Td,)1 holds in this case by induction.
If d,, = O then, by the string equation, we have

(TayTay * T ) = {Ta1—1Tdy =+ Tdyi 1+ (T Tdo—1 "+ Ty )1

n—1

+ Z(lefdz S Tdi—1 Tdy )1
i=3

(T 41Tdy—1 "~ Ta )t = {TaTdy—1 "~ Tdp )1 + {Tay41Tdy—2 -+ Td,_ 1

n—1

+ Z(leﬂfdrl STl Td 1
i=3

So (ta,Ta, -+ Ta,)1 < (Ta+1Tdy—1 - - * Ta,)1 holds again by induction. O
Now we formulate the following conjecture.
CONJECTURE 5.2. For Y !_ d; =3¢ —3+nandd, < d>,

(TaiTdy "+ Tdy)g < {Tdi+1Tdr—1"" " Td,)g-

In other words: The more evenly 3g — 3 + n is distributed among indices, the
larger are the intersection numbers.
By the same argument of Proposition 5.1, we can see that for each g it’s enough
to check only those intersection numbers withn <3¢ —landds > 2,...,d, > 2.
We checked Conjecture 5.2 for g < 16 with the help of Faber’s Maple program.
Moreover, for n = 2 we checked all g < 300 using Dijkgraaf’s 2-point function;
and for n = 3 we checked all g < 50 using Zagier’s 3-point function.
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