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1. Introduction

Let (R, m) be a Noetherian local excellent domain and let R™ be the absolute in-
tegral closure of R—that is, the integral closure of R in the algebraic closure of
the fraction field of R. The ring R™ when R is 3-dimensional and of mixed char-
acteristic played an important role in Heitmann’s proof of the direct summand
conjecture in dimension 3 [3]. In dimension > 3 the direct summand conjec-
ture is still open. This motivates the study of R™ in mixed characteristic and in
dimension > 3.

Hochster and Huneke [4] proved that if R contains a field of characteristic 0
then R™ is a big Cohen—Macaulay R-algebra; in other words, H) (R™) = 0 for
all i < dim R, and every system of parameters of R is a regular sequence on R™.
Recently, in joint work with Huneke [5], we gave a simpler proof of this result.

This paper is motivated by Huneke’s suggestion that perhaps the techniques of
our paper [5] could be applied to R™ in mixed characteristic. Our main result is
the following theorem.

THEOREM 1.1. Let (R, m) be a Noetherian local excellent domain of mixed char-

acteristic, residual characteristic p > 0, and dimension > 3. Let «/p_R (resp.

~pR™) be the radical of the principal ideal of R (resp. R™) generated by p. Set

R = R/vpR (resp. R* = R*//pR™). Then

(i) H\ (R*) =0, and

(i1) every part of a system of parameters {a, b} of R of length 2 is a regular se-
quence on R+.

This theorem suggests the following.

QUESTION. _ Let (R, m) be a Noetherian local excellent domain of mixed charac-
teristic. Is R* then a big Cohen—Macaulay R-algebra? That is:

(i) is H&(R_Jf) =0foralli < dim E;_ and o

(ii) is every system of parameters of R a regular sequence on R+?
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2. Proof of Theorem 1.1

Since R is a ring of characteristic p, it follows that, for every R-algebra R, the

r>rrP . i i : :
standard map R —— R induces a map f: H; (R) — H; (R). This map is
called the action of the Frobenius on the local cohomology of R.

LEMMA 2.1. Let R’ be a finite normal extension of R contained in R™, and
let R’ = R//«/]W The aforementioned action of the Frobenius f: Hlln(l?) —
H‘L(IT’) on H‘L(I?) is nilpotent; that is, for some s > 1, f° sends H& (R") to zero
(here f' = fand f* = fo f5 fors > 1).

Proof. Because R and R’ are excellent and normal, their completions with re-
spect to the m-adic topology also are excellent and normal. Since R’ is semilocal,
it follows that R’ is a product of several complete normal domains R, Ré, e,

which are the completions of R’ with respect to its maximal ideals. We set R’ =

R!/~/pR;. Since
R/VpR' = R’ =TL,R, and H.(R')= H.L(R’)=TH.(R))

and since the action of the Frobenius is the same on H 1 (R ) as on H} (R ) and
since the Frobenius acts individually on each H, (R ), we conclude thatitis enough
to prove that the action of the Frobenius on each H, : (R ) is nilpotent. Thus, giv-
ing R and R’ the names R and R’ again, we may assume that R is complete and
hence that R/ is local. We keep this assumption for the rest of the proof.

At this point we paraphrase a result from [6, 4.1, 4.6b, and the paragraph fol-
lowing the statement of 4.6b]: Let A be a local ring of characteristic p. Then f is
nilpotenton Hl (A) fori < lifand only if diim A > 2 and the punctured spectrum

of the completion of the strict Henselization of A is connected. Because dim R’ >

2, this implies that f is nilpotent on H! (R’) if the punctured spectrum of B &ef

(R")*h is connected, where (R')*" is the completion of the strict Henselization of
R’. Hence it is enough to prove that the punctured spectrum of B is connected.

Since R’ is excellent, so is its strict Henselization (R")*" [1, 5.6iii]. Since R’
is normal, standard properties of strict Henselization imply that (R’)*" immal.
Because (R’)™" is both excellent and normal, so is its completion B’ &ef (R, In
particular, B’ is a domain.

Since B’ is excellent and since R’ = R’/W , standard properties of strict
Henselization and completion imply that B = B’/ «/ﬁ .

Assume that the punctured spectrum of B is disconnected. This is equivalent to
the existence of ideals il and iz of B such that il N 1~2 = 0 and il + iz = mg,
where mp is the maximal ideal of B.

Let I; and I, be the preimages of I, and I, (respectively) in B’. Then v/pB’' =
IyN 1, and I+ I is m’-primary, where m’ is the maximal ideal of B’. Letdim B’ =
dim R = d. The Mayer—Vietoris sequence yields

HE\(B') — HY/(B') — H{(B') @ H{ (B,
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which is an exact sequence. Then H(‘; '(B’) = 0 because (p) is a principal ideal
and d —1 > 1, while H/(B’) = 0 and H/:(B') = 0 by the Hartshorne-
Lichtenbaum local Vanlshlng theorem [2, 3.1] (note that B’ is a complete local
d-dimensional domain). Hence Hgl,(R ") = 0, which is impossible. O

Viewing R’ as a subring of R+ in a natural way, we set

REY G eRF |77 eR).
Since every monic polynomial with coefficients in R’ has a root in R+, we know
that every el element of R’ has a (p*)th root in R+ and that this ( p*)throotis umque
because R~ is reduced Therefore, the R-algebra homomorphism ¢ : R — R’ that
sends 7 € R to r”’ € R’ is an isomorphism.

LEMMA 2.2.  The map . H. (R') — H) (R) induced by the natural inclusion
¢: R' — R is the zero map.

Proof. The composition of R-algebra homomorphisms ¢ o ¢: R’ — R’ is the
standard homomorphism sending » € R’ to r”’ € R’. Hence the induced map
@x 0 ¢s: HL(R") — HL(R’) is nothing but f*, which is the zero map by Lem-
ma 2.1. Because ¢ is an isomorphism, so is ¢,. Since ¢, o ¢, is the zero map and
since ¢, is an isomorphism, ¢, is the zero map. O

The R-algebra R+ is the direct limit of R’ as R’ ranges over the finite normal exten-
sions of R contained in R™. Since local cohomology commutes with direct limits,
it follows that HL (R™) is the direct limit of H (R’). In other words, H,\ (RT) is
the union of the images of the maps ¢, : H} (R") — HJ (R R+) induced by the nat-
ural inclusion ¢’: R’ < R*. But Lemma 2 2 implies that the image of every ¢,
is zero (¢, factors through ¢.). This completes the proof of Theorem 1.1(i).

For Theorem 1.1(ii), let {a, b} be a part of a system of parameters of R. Since
R is a reduced integral extension of R,ais regular on R+. That H’ (RH)=0
for i = 0,1 and the short exact sequence

0 —> R_+ mult. by a

R+ — R*/aR+* — 0

together imply that H O(R*/aR+) = 0. Hence m is not an associated prime of
R*/aR+. This 1mphes that the only associated primes of R+ /aR+ are the min-
imal primes of R /aR. Indeed, if there is an embedded associated prime, say P,
then P is the maximal ideal of the ring R » whose dimension exceeds 1 and P is
an associated prime of (R_+ /a R_+) p = (RT)Jr /a(RW which is impossible by the
foregoing. Since b is not in any minimal prime of R/aR, it must be regular on
R*/aR+. U
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