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On the Maximum Principle and
a Notion of Plurisubharmonicity
for Abstract CR Manifolds

S. BERHANU & C. WANG

0. Introduction

Let M be a smooth manifold and let V' be a subbundle of CTM, the complexified
tangent bundle of M. The pair (M, V) is called an abstract CR manifold if V is
involutive and if, for each p € M,V, N V, = {0}. Recall that V is involutive if the
space of smooth sections of V, C*°(M,V), is closed under commutators. Let n
be the complex dimension of the fibre V, of V at p and write dimg M = n 4 m.
The number 7 is called the CR dimension of M, and d = m — n will be called the
CR codimension of M. If d = 1, the CR structure is said to be of hypersurface
type. The CR manifold (M, V) is called integrable or locally embeddable if, for

any p, € M, there exist m complex-valued C* functions Zi, ..., Z,, defined near
Do such that (a) LZ; = Oforall L € C*(M,V), j =1,...,m, and (b) the dif-
ferentials dZ, ...,dZ,, are C-linearly independent. Any such set of functions Z;

will be called a complete set of first integrals.

If (M,V) is an integrable CR manifold, then the mapping p — Z(p) =
(Z1(p), ..., Z2u(p)) € C™, where the Z; are a complete set of first integrals, is a
map of constant rank near p, and so is an immersion. Thus, if U is a small neigh-
borhood of p,, then Z(U) is an embedded real submanifold of C™ of dimension
m+ n, and its real codimension in C™ agrees with the CR codimensiond = m —n.
It is easy to see that Z(U) is a generic CR submanifold of C™ and that its CR bun-
dle agrees with the push-forward Z,V. Conversely, if M is a CR submanifold of
C™ and V is its CR bundle, then (M,V) defines an integrable CR structure (see
[BER] and [J] for more details).

In an abstract CR manifold (M, V), a smooth section of V is called a CR vector
field. A function f on M is called a CR function if Lf = 0 for any CR vector field
L. The maximum principle for the modulus of CR functions when (M, V) is em-
beddable has been studied by several authors (see e.g. [Ba; Ber; EHS; lo; Ro; Si]).
To our knowledge, very little seems to be known when (M, V) is not necessarily
embeddable. The authors of [HNa] have proved a weak maximum principle for
almost complex manifolds under some assumptions on the Levi form and mini-
mality of the manifold (see [BER, p. 20]). When (M, V) is locally embeddable, it
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is well known that, near a point p € M where the Levi form is strictly definite, one
can always find a smooth CR function 2 whose modulus peaks at p. If we write the
coordinates in C? as z = x +iy and w = s +it on the 3-dimensional CR submani-
fold M = {(z,s+i(|z|*+52))}, then the CR function i = exp(i(s +i(|z]* +52)))
satisfies |2 (0)| > |h(p)| for any p € M, p # 0. Note that the Levi form of M
is not strictly definite at O and so the converse of the preceding result is not true.
However, there is a good partial converse: If (M, V) is locally embeddable and &
is a continuous CR function whose modulus peaks at p, then there is a sequence
of points p; in M converging to p such that the Levi form is strictly definite at
each p;. When £ is assumed to be C 2, the result dates back to Rossi [Ro] in the
hypersurface case and to Sibony [Si] in the higher-codimensional case. In Sec-
tion 4 we will relax the regularity to just continuity (see Remark 4.1). In this paper,
we show (see Theorem 2) that this partial converse holds for (M,))) an abstract
CR manifold. Observe that in the abstract setting there may be no nonconstant
CR functions even on strictly pseudoconvex structures (see [N]), so one will not
always get CR functions that peak at strictly definite points. At such points, ap-
proximate peak functions exist (see [HaJ, Lemma 1.8]).

For (M, V) a CR submanifold of C¥, the works [Ro] and [Si] actually estab-
lish the following maximum principle for CR functions: For any open set 2 CC
M, any z € Q, and any h € C?(Q2) N C(R) that is CR on 2,

|h(z)] = sup |hl, 0.

IQU(ZNR)

where ¥ is the set of strictly definite points of the Levi form in € (see Defini-
tion 1.3). In this paper we will present a sufficient condition for the validity of
the maximum principle for CR functions akin to (0.1) on an abstract CR manifold
(Theorem 1). This sufficient condition is always satisfied when the CR manifold
(M, V) is globally embeddable in some CN. However, we also present a class of
examples of locally embeddable (in fact, real-analytic) CR manifolds for which
the maximum principle (0.1) fails (Example 4.1). We will also present examples
of nonlocally embeddable CR manifolds that satisfy our sufficient condition and
hence also the maximum principle as stated in (0.1).

The paper is organized as follows. In Section 1, we recall some basic defini-
tions and state Theorems 1 and 2. In Section 2, we first review Sibony’s notion of
plurisubharmonicity on an embedded CR manifold and his generalization of the
maximum principle for plurisubharmonic functions in C". We then extend Sibony’s
notion of plurisubharmonicity and his results to abstract CR manifolds. Section 3
contains the proofs of Theorems 1 and 2, and Section 4 is devoted to a variety of
examples. We conclude with an appendix that presents a result—on the Levi form
of an embedded CR manifold—that played a crucial role in Sibony’s paper [Si].

1. Preliminaries and Statement of Main Results

Let (M,V) be an abstract CR manifold. For p € M, let
m,: CT,M — CT,M/V, ®V,

denote the quotient map.
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DEFINITION 1.1.  The Levi map at p € M is the Hermitian vector-valued form
L,:V, xV, = CT,M/V, @V,
1 -
['p(Xpa Yp) = Eﬂ:p([x’ Y](P)),

where X and Y are CR vector fields that extend X, and Y.

DEFINITION 1.2, The Levi map is called nondegenerate at p e M it L£,(X,,Y,) =
0 for all Y, € V, implies that X, = 0.

DEerFINITION 1.3. The Levi map is said to be strictly definite at p € M if
L,(X,, X,) # 0 whenever X, is a nonzero CR vector in V,,.

We will use the notation
¥ = {z € M : the Levi map is strictly definite at z}.

Section 4 contains examples that illustrate these concepts (see [Ber; Bo] for de-
tails on the Levi form in the embedded case). See Definition 3.1 for the concept
of V-convexity used in Theorems 1 and 2.

Our main results are as follows.

THEOREM 1 (Maximum principle). Suppose (M,V) is an abstract CR manifold
that admits a V-convex function g. Let 2 © M be a relatively compact open set,
and let f € C*(R) N C(Q) be a CR function on Q. Then, for any z € 2,

If()l = max [|f].

IQUENQ

THEOREM 2. Let (M,V) be an abstract CR manifold. Suppose h is a C> CR
Sfunction whose modulus peaks at a point p; that is, suppose |h(p)| > |h(q)| for
all g # p. Then p is in the closure of the set of strictly definite points.

2. A Notion of Plurisubharmonicity and
Some Maximum Principles

In [BeT], Bedford and Taylor proved the following maximum principle for pluri-
subharmonic functions in C".

THEOREM A [BTa].  Suppose that 2 < C" is a bounded open set and that ¢,
are continuous on 2 and plurisubharmonic on Q2. Assume that

(i) @ <Y on 92 and
(ii) (dd“@)" = (dd“¥)" in Q.
Then ¢ <y in Q.
When ¢ € C2(Q),
(ddc(p)n — ddfq) A A dd%p = 4"n! detﬁ(@),
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82<p
L(p) = .
@ (aziazj )i,j

In [BeT] and [CLN], this operator was extended to act on plurisubharmonic
continuous functions. In [Si], Sibony generalized this theorem to CR manifolds
embedded in CV. His generalization actually implies a strengthened version of
Theorem A (see Remark 2.1) because the plurisubharmonicity of i is not needed.
For the extension of Theorem A to the case of embedded CR manifolds, Sibony
introduced a cone of functions that play the role of plurisubharmonic functions
and contain the modulus of C? CR functions. In this section we briefly review the
main results of [Si] and then extend them to abstract CR manifolds.

Let V' € C"* be a generic CR manifold with dimp N = 2n+d and dimcV =
n, where V is the CR bundle on . For p a C? function defined on an open set in
C"* (u,w e C"*?), we define

where

n+d 2
(Lep)u,w) =Y —— (.
i, j=1 02;0z;

Let z, € A and let U be a neighborhood of z,, such that
NNU={zeU:pj(z)=0,1<j <d}

for some C* real-valued functions py, ..., pg satisfying dp; A --- Adpy # 0 on
U. For any z € N'N U, the fiber V, is given by

n+d 9 n+d 8,0
=t Ol G o

For z e N N U, define

n+d

n+d
a a
KZ={§ wj—| €Vi:(L(pw)it, ) =0Vkand ¥ w;— evz}.
j:1 BZ] z j=1 BZ] z

We caution the reader that in [Si] the space K, denoted there by N,, was defined
as a subspace of V,. This explains the conjugation of u and v in the inner product
in our definition of this space.
Recall that K, is called the Levi space of A/ at z. It is well known that K, is
independent of the choice of the defining functions. In fact,
K.={ueV,:[UV](z)eV.+ V.
for smooth sections U, V of V with U(z) = u}.

The usual way of checking this is by using the embedding e: A" — C"*? of N
into C"*. Since e*dp; = 0,d = 3 + 0, and dp; A - A dpa # 0 (N is generic)
near z,, it follows that the 1-forms

6, = e*(idp), 1<j=<d,

are real and linearly independent. It is easy to see that
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6,X)=0 VXeV+V 2.1
If X and Y are CR vector fields then, by Cartan’s identity,
2(d6;, X AY) = X((6;, V) = Y (6, X)) = (6, [X,Y]) = = (6, [X,Y]). (22)
Since db; = e*(iddp;) = e*(iddp;), it follows that

0, [X, YI(p)) = —2(e*(iddp;)(p), Xp A Y,). (23)

That K, actually is as asserted follows from (2.3) and the observation that, for any
ve CT,N\V, ® ]_),,, there exists a j such that (9;(p),v) # 0. Leto = {z e N :
K, = {0}}. Observe that o is the set of points where the Levi map is nondegen-
erate (see Definition 1.2). Equation (2.3) also shows that the Levi map is strictly
definite at z € NV (see Definition 1.3) if and only if, for every nonzero u €V,, there
exists a j (1 < j < d) such that (L (p;)u,u) # 0. Recall that £ = {z e N :
the Levi map is strictly definite at z}. Clearly, ¥ € o. We are now ready to recall
Sibony’s generalization of plurisubharmonicity.

Let ¢ be a C? function defined on an open subset V of \. Now extend ¢ to a
C? function ¢ defined on an open subset Q of C"*%. If u € K, and z € V, set

n+d 2~

(Lo@uu) =3 @i, 24

e 0z; 3Zj

It was shown in [Si] that the Hermitian form £, (¢) defined on K, does not depend
on the choice of extension.

DEFINITION 2.1 [Si]. Suppose ¢ € C?(V) as before. We say that ¢ € P(V) if
the Hermitian form £, (¢) is positive (i.e., > 0) on K, for each z € V.

Sibony showed that if f is a C?> CR function on V then | f|> € P(V). The cone
P(V) also contains the restrictions to A of plurisubharmonic functions defined
on a neighborhood of N. If N' = C™ then, for each z € C", K, = C™ and so one
recovers the usual notion of plurisubharmonicity.

Suppose now that €2 is a relatively compact and open subset of A with 9€2 its
boundary, and let 52 = Q2 U (o N 2). In [Si] Sibony proved the following gen-
eralization of Theorem A.

THEOREM B [Si, Thm. I'].  Suppose ¢, ¥ € C*(Q) N C(Q). Assume that ¢ €
P(R2), and let

(i) ¢ < on Q2 and
(ii) det L, (@) > det L () for each z € Q\5S2.

Then ¢ <y in Q2.
REMARK 2.1. Theorem A follows from Theorem B by observing that, when A/ =

C™, K, = C™ forall z € C™. In fact, one obtains a stronger version of Theorem A
when ¢ and v are C? since only ¢ needs to be plurisubharmonic.
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REMARK 2.2. The set Q\5R2 is
Q\Q ={zeQ: K, #{0}}.

For z € Q\§Q2, det L£,(p) is not defined because there is no natural basis of K.
However, it is easy to see that, if det £,(¢) > det L, () for a given choice of a
basis, then the inequality also holds for any other choice.

Theorem B has the following important corollary.

CoroLLARY C [Si, Cor.1]. Suppose f € CHQNCQ)isa CR function. Then,
forany z € Q,
If()] < max_|f].

IQUENQ

This in turn implies our next result.

COROLLARY D.  Suppose N' C C"* is also compact. Then, for any C* CR func-
tion f and any z € N,
| f(2)| = max]| f].
5

In order to extend these results to an abstract CR manifold, we will first generalize
the cone P.

In what follows, let (M, V) be an abstract CR manifold, let dimp M = 2n+d,
and let dim¢ V, = n for any p € M. Pick a C* Hermitian metric on CTM such
that V) is orthogonal to V, and let F be the othogonal complement of V @ V such
that

CTM=VoVa®F.

Let p: CTM — V and p: CTM — V be the orthogonal projections. We will
use the following notion of Hessian from Kuranishi [Ku].

DEFINITION 2.2. Let f be a C? function on an open subset £ of M. We define
the V-Hessian of f by

Hy(X,Y)f = X(Xf) = pIX. Y1/,
where X and Y are smooth sections of V.
The V-Hessian is not Hermitian. We will show, however, that if f is real-valued
then Hy,(X,Y)f defines a Hermitian form on each vector space K,. Observe that
the V-Hessian depends only on V' and not on the choice of the metric.

Let {L,...,L,} be an orthonormal basis of } for some Hermitian metric, and
let {wy,...,w,} its dual basis. That is,

<(,()j,L,‘> :8ij and wj'f/EBF =0 V]
Let {Ty,..., T;} be an orthonormal basis of F, and let

n n d
[Li,Ljl=)afLi+ Y biLi+) )T 2.5)
k=1 k=1 s=1
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for some smooth functions a{‘j, b{‘j, and cf] It can then be shown that Hy,(L;, L;)

are the coefficients of 8,3, f when the V-Hessian is expressed using the ortho-
normal bases L1,...,L, and wy,...,w, (see [Sh]).

PROPOSITION 2.1.  The V-Hessian of a real-valued f defines a Hermitian form on
K.. In particular, if X € C*®°(M,V) and X(z) € K, then Hy,(X, X) f(z) is real.

Proof. Observe thatif X = )_"_, x;L; is a smooth section of L such that X(p) €
K,, then

Yl pxi(p) =0 Vi, 2.6)
i=l

To see (2.6), use the fact that [X, I:_,-]( p) €V, @ f}p for all j and then expand
[X, L;] using (2.5).

Suppose now X,Y € C*®(M,V) such that X(p) and Y(p) € K,,. Let X =
Yor xiLiandY =" | y;L;. We have

Hy(X,Y)f =Y xiFiLiL;f) - Z(Z b{;ikf>x,&,- 2.7)
k

i,j i,J
and

Hy(V,X)f =Y xiyLi(Lif) — Z(Z B,f;ka)xj&,-. (2.8)
i,j

ij Nk
Using (2.5) and (2.6), equation (2.7) can be expressed at the point p as
Hy(X,Y)f =Y xijLi(Lif) — Z(Z a,f;ka)x,&,. (2.9)
ij ij Nk
Next observe that, since —[L;, L;]is the complex conjugate of [L;, L i1, equation

(2.5) yields B
aj; = —bj;. (2.10)

From (2.8), (2.9), and (2.10), we conclude that
Hy(X,Y)f(p) = Hy(Y, X)f(p).
In particular, Hy,(X, X) f(p) is real-valued. O

Proposition 2.1 allows us to introduce the following cone Py, of functions.

DEFINITION 2.3, Let V € M be open and let f € C%(V) be real-valued. We say
that f € Py(V) if Hy(X, X) f(p) = 0for any X € C*(V,V) such that X(p) €
K, with peV.

PROPOSITION 2.2.  Suppose that V. C M is open and that f € C*(V) is a CR
function. Then | f]? € Py (V).

Proof. We may assume that {L1, ..., L,} is a basis of V over V as before and that
(2.5) holds in V. Since L;(f) = 0 for all i, it follows that
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L:Li(If1» = (Lif)(L;f) + fLi«(L; f) (2.11)
and ) .
Li(If1») = fLe(f). (2.12)
Using (2.7), (2.11), and (2.12), for any X € C*°(V,V) we have
Ho(X, X) (1P

=Y (L) Lif)xi% + Z FLiL;f)xi%; — Z(Z b{;fh(f))x,-xj

ij i,j k
= 'Z(L,f)xi + ) fLiLif)xi%; — Z(Zb ka(f)>x 5, (213)
i ij

where

X = i )C,'Li.
i=l1

Since L; f = 0 for all i, we obtain

LiL;f) = [L:i.L;] Z bELL(f) + Z ST f). (2.14)
We now plug (2.14) into (2.13), assume X(p) € K}, and use (2.6) to conclude that

2
Hv(X, X)(If 1)) (p) = > 0. O

i=l1

We next show that our cone Py, agrees with that of Sibony when (M,V) is an
embedded CR submanifold of C"*7.

PROPOSITION 2.3.  Let M C C"*? be a generic embedded CR manifold. A real-
valued f € C*(M) is in P if and only if f € Py.
Proof. Let M be defined by p; = - -+ = p; = 0 near z, € M, where

9Pk
0Zn41

ik
(Zo)z—. for k,l:l,...,d.
2i

Then V has a basis near z,, of the form

L; = 32, + ; Ajpg—

1<i<n,

>

3Zn+k
where

Ai(z,) = 0.
Pick a Hermitign metric for CTM such that {Lq,..., L,} is orthonormal and V is
orthogonal to V. Let X = ). x;L; € C®°(M,V) with X(z,) € K.,. The propo-
sition will follow if we can show that, for f € C2 near z, and f a real-valued C2
extension of f in a neighborhood in C"*¢ of z,,,
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n 2 ~
Hy (X, X) f(z0) = ) 52—
] i

i,j=1

Computing Hy, (X, X)f = X(Xf) — p([X, X])f yields

(20) X (20) xi(20). (2.15)

X(Xf) =) LiLif)xiZi+ ) 5Li(Z)Lif (2.16)
i j=1 i j=1
and
[X.X]=) xiLi(%)L; +Zx GILiLi] =Y %Li(xi)L;. (2.17)
i,j i,J
). Y
We observe that [L;, L;] is in the span of { oy 1Sk s d} but, at z,,V
is spanned by {E il<i< n}. Hence,
PUX, X1(z,)) = Zxi(Zo)Li(f]‘)(Zo)ij’zU- (2.18)

i,J
With f an extension of f and L; being tangent to M, we then use (2.16), (2.17),
and (2.18) to obtain

Hy(X.X)f(z0) = Y Li(Li [)(20)x(20)Xi(20)
i,j=1

n

- Z 3Zj (82[ ZAlk

i,j=1 k=1

)(Zo)xj(Zo)xi(Zo)

27

= W(Za)xj(zo)xi(zo)

aAtk
Z Z —(z(,) (zo)x](zo)x (o)., (2.19)

k=11i,j=1

where we have used A (z,) = 0. }
Consider the last term in (2.19). Differentiating L;p; = 0 yields

3%pr A, 3
(za)—z G (@,

8z,azj = 9Z;
. . 3 5
in which we use %(zo) = 3 to get
Ak 32,0k
T(Zo) 8Zj31,~ (z0)>

so that

n

9A
> — 7 —(2)%j(20)Xi(2,) = 2zZ 2 a (20)%1(20)%1(20).

i,j=1
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Since X(z,) € K., it follows that this sum equals zero and hence (2.19) simpli-
fies to (2.15) as claimed. O

The proof of Theorem B, Corollary C, and Corollary D in [Si] exploit the func-
tion |z|? or, more generally, the existence of a strictly plurisubharmonic function
on a neighborhood in C” of the embedded CR manifold. In general, examples in
Section 4 will show that these results are not valid even on locally embeddable CR
manifolds. We shall demonstrate that Theorem B can be generalized if we assume
the existence of a function that behaves like a strictly plurisubharmonic function
just in the direction of the vectors {v € K, : K, # {0}}.

THEOREM 2.1.  Assume that there is a real-valued function g € C*(M) such that,
whenever K, # {0}, Hy(X, X)g(z) > 0 forall X € C®°(M,V) with X(z) € K.
Let Q2 be a relatively compact and open subset of M, and let

89 = QU (6 N M).

Suppose ¢,y € C2(Q) N C(Q) and ¢ € Py(Q). Let

(i) ¢ < ¥ ondQ and
(ii) det Hy¢(z) > det Hy Y (z) for each 7 € Q\6L2.

Then ¢ < v in Q2.

Here, for a real-valued function f and z € M with K, # {0}, Hy, f(z) denotes the
Hermitian form Hy(X,Y) f(z) on K.

Proof of Theorem 2.1. Suppose there is a z € Q\(dQ U (o N Q)) such that ¢(z) >
¥(z). Then, for some ¢ > 0, the function &7 = ¢ + eg — ¢ attains its maximum
on Q at a point z, € Q\(AQU (o N Q)). Let X € C*(M, V) be such that X(z,) €
K.,. We will show that Hy,(X, X)h(z,) < 0. Recall that

Hyv(X, X)h(z,) = X, (Xh) — p(IX, X1.,)(h).

Since h attains its maxin_lum at z,, it follows that p([X, X] 2,)(h) = 0 and so
Hy(X, X)h(z,) = X, (Xh).
Let X = A + iB, where A and B are real vector fields. Then

Hy(X,X)h(z,) = A, (Ah) + B, (Bh) +i[B, Al;, (h) = A, (Ah) 4+ B, (Bh).

Let r(¢) be an integral curve of A with r(0) = z,. Because the function t —
h(r(t)) attains its maximum at 0, we have

dZ
A, (Ah) = ﬁh(r(t)) o <0.

Likewise, B, (Bh) < 0 and hence
Hy (X, X)h(z,) 0.
(Observe that, in this inequality, the fact that X(z,) € K., is not used.) Therefore,
Hy (X, X)@(z0) + eHy (X, X)g(20) < Hy(X, X)¥(2o).
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Since Hy(X, X)¢(z,) > 0on K, and since Hy (X, X)g(z,) is strictly positive,
it follows that
det Hyp(z,) < det Hyy(z,),

contradicting assumption (ii). Hence ¢ < ¢ on Q2. UJ

Section 4 presents examples of CR manifolds that are not even locally embeddable
but that admit functions g as in Theorem 2.1.

3. Proofs of Theorems 1 and 2
For Theorem 1, we use the notion of V-convex functions as defined in [H6] and [Sh].

DEFINITION 3.1. A real-valued function g € C*(M) is called V-convex if
NHy(L,L)g(p) >0
for any L € C*°(M,V) such that L(p) # 0.

Observe that a V-convex function is in the cone Py,.

Before we prove our next lemma, we recall the concept of a complete set of ap-
proximate first integrals {f,..., fu+a} at p, € M (see [Tr, Thm. IV.1.1]). This
means that
(1) the f; are C*°;

(2) the differentials df, ..., df,+q are C-linearly independent at p,; and
(3) for any section L € C*(2,V), Lf; = 0 to infinite order at p, for all j =
1,...,n+d.

Since VNV = {0}, the forms d 'f; and their conjugates d f] span the orthogonal
subbundle V+ C CT* near 0. As a result, after reordering the f; and replacing
some of them with ify, we may assume that

dfy A+ Ndfy Ndfi A Ndfy AdRfuir A AdRfuga(po) # O

and that » is the largest such integer. Moreover, by taking linear combinations of
the fi, we may also assume that

d3fy =0 atp, for k >n—+1.

By replacing the f; with f; — f;(p,), we also get the f; vanishing at p,. After con-
tracting 2 about p,, it follows that the map P: Q@ — P(Q) = N € C"*4 given
by P = (fi,..., fat+a) is an embedding.

The submanifold A is a generic CR submanifold of C"*¢. Denote its CR bun-
dle by V. Since the f; are approximate first integrals at p, and since P(p,) = 0,
the vector spaces P, (V,,) and V) are equal and, moreover, the bundles P,V and V
agree to infinite order at 0.

LEMMA 3.1.  Let (M,V) be an abstract CR manifold and let { fi, ..., fu+a} be a
complete set of approximate first integrals at p,. Let Q be a neighborhood of p,
such that P = (f1,..., fuza): 2 — P(Q) =N C C" s an embedding. Let
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h be a C? function near p, in . Then there exists a C? function H defined on a
neighborhood of P(p,) in C"*4 such that

(1) h = H o P near p, and
(ii) 0H vanishes to second order at P(p,).

Proof. We may assume that P(pgy) = 0. Let h be a C? function near 0 in C"+¢
such that h o P = h. We begin by observing that, if A/ near 0 is defined by p; =

-=pg=0and dp; A - -- A 3pa(0) # 0, then it follows that, since Li(0) = 0
for all L € C®(N,V), there exist constants A ; € C such that

d
3h(0) =Y 1;0p;(0). (3.1

Let {uy,...,u,} be (0,1)-forms near O such that {5,01, . Z_)pd, ui,...,u,} forms a
basis of the (0, 1)-forms in C"*“ near 0. Then (3.1) implies the existence of smooth
functions g; and f; such that, near 0,

d n
h(z) =Y fi(2)dp(2) + Y gi(2)u(2). (3.2)
j=1 j=1
£ =% and g(0)=D0.

Let hi(z) = h(z) — Y9, fi(2)p;(2). Note that hn| - = h and

d d
dhi(z) = 0h(z) = Y fi(2)p;j(2) = D pi(2)3f;(2). 3.3)
j=1 j=1
From (3.2) we see that ~

0h(0) =0 34

and thus /; improves upon h. To gain a further improvement, define

d
hy =h + Z &),k Pj Pk (3.5)
k=1

for some g; ; to be determined. Using (3.2) and (3.3), we obtain

n d d d
Ohy =y giuj— Y pidfi+ Y pigikdpj+ Y £i& k0o + 02), (3.6)
= j=1 k=1 k=1

where O(2) denotes a term that vanishes to second order at 0. Next we apply 9 to
(3.2), which yields

d
=9’ ft:Z /\apJ+Zag,/\u,+Zg,au, 3.7

Jj=1 Jj=1

§ince gj(0) = 0 for all j and since the dpx annihilate ]_/, (3.7) implies that
0g;(Lo) = Oforall j and for all Ly € V. That is, the forms dg;(0) are in the span
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of {5,0 1(0), ..., 5pd(0)} and so there exist smooth functions aj; and bj,, such that,
near 0 and foreach j =1,...,n,

d n
9gi(2) = Y _ ax(D)pi(2) + D bjm(2)ttm(2), (3.8)

k=1 m=1

where b,,;(0) = 0 for all m, j.
We now plug (3.8) into (3.7) to arrive at

Z af,/\ap, +Z Z ajk(‘i,ok Alj +Z Z bimtm Nt +Z gjau]. (3.9

j=1 k=1 j=1 m=1
In partlcular, at 0 we have

d n

Z(éfk(O) -3 ajk(O)uj(O)) A 3p(0) = 0. (3.10)

k=1 j=1
Foreachk =1,...,d, let

fe — Za,ku] ch,ap,JerkéuJ (3.11)

Plugging (3.11) into (3.10) and using the linear independence of the forms ap1, ...,
dpg and uy, ..., u, shows that

ckj(0) —cjx(0) =0 and di(0) = 0. (3.12)
Next, plug the formula for dfx from (3.11) into (3.6) to get:

n n d d d n
ohy = Z gjuj — Z Z Prajcltj — Z PkCiOp; — Z Z Prdysits
=1

j=1 k=1 k=1 k=1 s=1

d
+ D gupkdps + Y gikpiopk + O2). (3.13)
Jrk=1 Jrk=1

Recall that d;;(0) = 0 and so the term Zk s Prdisus = O(2), which leads to

n

5h2=2(g, Zpka,k>u,+Z(Z<gk,+g,k—c,k>p,>apk+0(2) (3.14)

j=l k=1 k j

We now set gx; = cxj/2. The equation c;(0) = cjx(0) in (3.12) then implies that

Ohy =Y nju; + 0(2), (3.15)
j=1
where each

d
=Y piaj. (3.16)
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Clearly, ;(0) = 0 for all j. Next we show that 577,- (0) = 0 for all j. We have

d d n d
an; = dg; — Z ajxdpr — Z prdaj = Z bjmtty, — Z prdaji, (3.17)
k=1 k=1 m=1 k=1

where (3.8) was used in the last equality. It follows that on ;(0) =0 forall j.
We may assume that each u; = 0F;, where the F; are C* near 0 and where
F;(0) =0 for all j. Then we can write (recall (3.15))

dhy =Y n;0F; + 0(2).
j=1

Define h3 = hy — Z?:l n;F;. Then h3 o P = h near p, in Q and

n
dhs == Fjin; + 0(2).

j=1

Since each F;(0) = 0 and E_)n 1(0) = 0, we have shown that dh3 vanishes to second
order at 0. Then H = hj is as desired.

Proof of Theorem 1. Suppose that, for some & > 0, the function & = | f|* + &g at-
tains its maximum on €2 at some z, € €2. We will show that z, € ¥. The theorem
will follow from this.

Choose a complete set of approximate first integrals { f1,..., fu+a} at 2, as in
the proof of Lemma 3.1, so that fj(z,) =0,

dfy A Ndfy Ndfi A Adfy AdRfir A AdRfuga(zo) # 0,
and
d(Sfurk(z0)) =0 for 1 <k <d.

After contracting 2 about z,, recall that the map P = (fi,..., fata): @ —
P(Q) = N C C"* is an embedding and, if V is the CR bundle on N, then the
bundles P,V and V agree to infinite order at 0. We may assume N is defined near
0 by

pr="---=ps=0,

where

9 5
Py =22 for k.l=1,....d. (3.18)
0Znyi 2i

Then V has a basis near 0 of the form

3 & 3
Li=—+ Ajp— , 1<i<n,
0z; k2=: ¢ 0Zntk
where
A (0) =0.

Let {L],..., L’} be abasis of V near z, such that
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P.(Lj|;,) = Ljlo, 1<j<n.
Pick a Hermitian metric for CTM such that {L/, ..., L’} is orthonormal and V is

orthogonal to V as before. Let a, 7 b, s and c;; be as before. Let h g, and f be

defined in a neighborhood of A/ in C"*¢ so that
hoP=h, goP=g, and foP=f

Since P,V and V agree to infinite order at 0, it follows that

Hy (L}, L) h(z,) = Li(Lj(1))(0) = Y bf(20) L (h)(0). (3.19)
k
Observe that the commutators
d
0 ad - ad
Ll ) L — - + i + A j
[ 1= |:3 Z k8Zn+k sz ; jkazn+k]
have no component in VY, s0
bi(zo) =0 Vi, j.k. (3.20)
Using (3.20) and (3.18), we may simplify (3.19) to
Hy (L, L)h(z,) = (0)8 (0).
Zn+k

Hence, if L = Z, u; L, for some (uy,...,u,) € C" then

Hy(L, L)h(0) = ZHV(LZ, L)) hit;u;

A oh
= Z 82,81 Oya;u; + Z Z o (O)u u; 7. (0)_ (3.21)

k=1 1i,j
Since )
BA]k 9°p
O b
—0) = a iaZj( )
as we saw in the proof of Proposition 2.3, we can express (3.21) as
9h 4 ok
Hy (L, L)h(0) = Z T2z, Qi =2 D g O Lo(pou ). (3.22)
k=1 n+k
Likewise, we have
Hy (L, L)(|f*)(0)
SIfI ol f P
Z f —2i Z ! O (Lo(pru.u). (3.23)
Zn+

Since f is a CR function, by Lemma 3.1 we may assume that 3f = 0 at 0 to sec-
ond order, which implies that
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N[
> az‘aZA(O)uiuj > 0. (3.24)
i J

i,j
Since h = | f|*> + &g, we have
HV(L, L)h(Zo)

= _2izd: o/1? O (Lo(pyu,u) + Y 82|f|2(0)zz-u» +eH,(L,L)
o 8Z”+k 0 k ’ -~ 821821 e 8 ’ .

Suppose the vector L(0) = Z?:] u;Lilo # 0. Then RH,(L, L)(z,) > 0 by hy-
pothesis, and the proof of Theorem 2.1 shows that, since /4 has a maximum at z,,,

Hy(L,L)h(z,) < 0. (3.25)

These observations and (3.24) imply that
d

9 £12
> AIE 0y i2o(prus )  0;

=1 0Zntk

therefore, by the equality at O to infinite order of P,) and V, we conclude that z,, €
¥ as desired.

Proof of Theorem 2. Let V be any neighborhood of p. By Lemma 4 in [Sh], there
exist a neighborhood V| C V of p and g € C*°(V;) such that g is V-convex in V.
We may assume V; to be small enough that

max|h| < |h(p)]. (3.26)
Vi

By Theorem 1 and (3.26), since V| admits a V-convex function,

[h(p)| < max|h]
XNV
with ¥ NV, # @. Since V can be chosen arbitrarity small, there exists a pj €M
such that (M, V) is strictly definite at p; and p; — p.

4. Examples

Our first example will show that, even on real analytic CR manifolds (which are
necessarily locally embeddable), the analogues of Theorem B, Corollary C, and
Corollary D may not hold. Thus it shows that such manifolds do not admit a func-
tion g as in Theorem 1 or Theorem 2.1.

ExampPLE 4.1. We will use the examples constructed by Kaup and Zaitsev in
their recent paper [KZ]. They exhibited a class of compact, globally nonembed-
dable, real-analytic, strongly pseudoconvex CR manifolds of arbitrary CR co-
dimension that are nontrivial in the sense that they are not locally products of
lower-dimensional CR manifolds. The manifolds in this class are finite covers of
embedded CR submanifolds of C" and therefore all have “many” nonconstant CR
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functions. Let M be one of these manifolds. Theorems 1 and 2.1 and Corollaries
C and D all hold on M for the trivial reason that X (M) = M;.

Let M, be a real-analytic, Levi-flat CR manifold that is compact, and let M =
M x M, with the CR structure coming from M and M,. It is clear that M is
locally embeddable but not globally embeddable. Since M, is Levi flat, there are
no strictly definite points on M; in fact, o = ¢ on M.

Theorems 1 and 2.1 and Corollaries C and D cannot hold on M because, for
example, Corollary D would imply that every CR function on M is constant—
contrary to the existence of nonconstant CR functions on M/ and hence on M.

ExampLE4.2. Let M = C”" x R with coordinates (z,s) = (z1,...,21,5). There
is a smooth function a(z, s) (see [JTrl; JTr2]) defined on a neighborhood of the
origin and vanishing to infinite order at z; = 0 such that the bundle V generated
by the vector fields

0 0
L= —+izi(l+a(z,8)—
071 as
and

| . a .
L= 5‘, —iz;(1 +a(z,S))£, 2<j<=n,

is a CR structure that is not locally embeddable in any neighborhood of the origin.
Let g(z,s) = 27=1|Z | |2. Equip V with a Hermitian metric so that the L ; form

an orthonormal basis and V is orthogonal to V. For any smooth CR vector field
L= Z;’l=1 ¢j(z,s)L;, we have

J

Hy(L,L)g = L(Lg) — p(IL,L])(g) = L(Z éj(i,-g)> — > GLiE)(L;);
j j
since [L;, L ;1 has no component in V), it follows that

n n

Hy(L,L)g =Y |¢jPLi(Lig) = Y I¢jl*
j=1 j=l1

Hence, if L(p) # 0then H,(L, L)(p) > 0and so g is V-convex on M. By Theo-

rem 1 and the fact that the Levi form is never strictly definite on M, CR functions

on M satisfy the following maximum principle: If €2 is a relatively compact and
open subset of M and if f € C?(R2) N C(R) is CR on £, then

| f(2)] < nggxlfl Vz e Q.

ExampLE 4.3. Let (M, V) be an abstract CR manifold. Recall that, for z € M,
KZ = {I/l GVZ : [U7 Z‘](Z) evz @]}z
for all C* sections U, L of V such that U(z) = u}.

Assume that, for some k > 1, we have dim¢ K, = k for all z € M. Define K =
U, a¢ K. We can easily check that the bundle K is involutive by using Jacobi’s
identity. Since
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KOK={(WeVaeV: [WVWaeV]ICVaeV),

Jacobi’s identity also shows that K @ K is involutive. It follows that RK =
{X 4+ X : X € K} is areal subbundle of TM of fiber dimension 2k. By the Frobe-
nius theorem, M is foliated by the leaves of XK. If p € M and if S is the leaf
through p, then

CT,S=K,®K, and K,=V,NCT,S.

By the Newlander—Nirenberg theorem, the pair (S, K|s) has the structure of a
complex manifold of dimension k. We can thus conclude as follows: A real-
valued ¢ on M is in the cone Py, if and only if the restriction of ¢ to each leaf S
is plurisubharmonic.

REMARK 4.1.  Suppose that (M,V) is a locally embeddable CR manifold and
that £ is a continuous CR function whose modulus peaks at a point p in M. By
the Baouendi-Treves approximation theorem [BT], in a sufficiently small neigh-
borhood V of p we can find a sequence of f; € C°°(V) that are CR such that
fi = h uniformly on V. Hence, for m large enough, | f,,| attains its maximum in

V ona compact subset K € V. That is, for any z € V\K R
| fn(2D)] < mIgXIfmI- 4.0

We may assume V is small enough that there is a g € C2(V), which is V-convex
by [Sh, Lemma 4]. Then, by Theorem 1, since f;, is CR it follows that, for any
zeV,

[fm(D] = max |ful. 4.2)

(ENV)HUIV

From (4.1) and (4.2), we conclude that K € ¥ NV and hence pE z.

Appendix
Let M C C"*4 be a CR submanifold of the form
M ={(z,s +ip(z,2Z,5))}

where we denote the coordinates of C"*¥ by (z,w) = (x + iy,s + it), ¢ is a
smooth real-valued function defined near the origin with ¢(0) = 0, and d¢(0) =
0. Letp; =t; —¢;(z,z,s) for j =1,...,d. In[Si], Sibony used the following in-
equality, which involves the Levi form of M. The inequality played a key role in
the proofs of his results.

SIBONY’S LEMMA. Let 6 be a C? function defined in a neighborhood V of 0 in
C"*. Suppose 6 < 1 on M and 6(0) = 1. Then, for all v € V,(M),

N

(L, (0)v,v) Z—e (0)(L,(pi)v, v).

QJ

Here we will present this inequality as an equation in a slightly more general setup.
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LEMMA A.l.  Let (N,V) € C" be a generic CR manifold defined near 0 € N'
by pi=---= pg =0. Let Q € R**4 be a neighborhood of 0 and let P: Q —
N be a parameterization, P(0) = 0. Suppose 6°: Q — R is a C? function for
which 0 is a critical point, and suppose 6: U C C"td — R is C%, where U is
a neighborhood of N in C"* and 6 o P = 0°. Then there exist real numbers
ai,...,aq such that, for any tangent vector u € ToQ2 with P,u € RV,
d
(D*6(0) Pou, Pou) = (D?6°(0)u, u) + Zai(ﬁopiP*u, P.u). (A.])
i=1
REMARK A.l. The term (LopP.u, P,u) is to be understood in the following
sense. The real tangent vector P,u € ToC"*“ has a complex vector realization
w € C"t¥—once we identify T,C"T¢ = R*"+4) with C" by means of
n+d n+d

0 d
2 - E bi— > ,bi,...,au44,by
j=1 “ dx; ! j=1 ! dy; b D)

= (al + ibla vy Quid + ibn+d)'

With this convention,
n+d
(LopPeu, Pout) = Z

i, j=1

9%p
0z,0Z;

©)w; ;.

In the statement of the lemma,
MY ={L+L:LeC®WN,V).

Proof of LemmaA.l. Let A: C"*¢ — C"*4 be a C-linear isomorphism such that,

near 0,
M =AWN) ={(x +iy,s +ip(x,y,s))},

where z =x +iyeC” s e R4 and ¢ = (¢1,...,¢q) is real-valued and C* with
¢0)=0 and d¢(0) =0.
Let Q’ be a neighborhood of 0 in R?"*¢ and define P': Q' — A(N) by
P(X1, V1o evesXns Yus Sty s Sq) = (x + iy, s +ip(x,y,5)).
Then there is a diffeomorphism R: Q' — Q with R(0) = 0 such that P’ =
AoPoR.LetB=A""1n°=0°0R,andp =60 B. Thenn® =no P".
Differentiating the equation
N7 (X15 V15w v Xns Vs S1s - -5 Sa)

=0(XL Y0 s X, Yo Sts o+ 5 S, 01(X, Y, 8), .., a(x,y,5)),
we obtain
d

32n° 32 320 LI MR
o 0y ”ﬂ+z n_ %

dxjdxy  9x;dxy dx;0t; dxy 3t;9x Ox;

=1 I=1

d d
3%n 3 0 an 92
+Z_nﬂi+z_nl

0t;0t,, 0xy ij a1y ijaxk’

I,m I=1
. . 82 o 32 o
and similarly for ——— and ———.
0x;0yk 9y dyk
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At 0 we have d¢;(0) =0 forall j =1,...,d. Hence, at 0,

82 o 32 d P 82
T Ty (A2
0x;0xy 0x;0xy P 01; 0x;0xy

and similarly
P00 _ 90~ 0
0x; 0y 0x;0yy P 0t ijayk’

?%n° 9% 2": on 3¢,
dyjdye  ydye L= At y;dye
Letr,(x,y,s,t) =ty —@m(x,y,s) for1 <m < d. We apply (A.2) to the func-
tion n = r,,. Since 1) = 1| sy = 0, at 0 we have
d

3%ro 327, or, 92
+ Z ol

3_1‘1 ijaxk

8xj8xk - Bxiaxk =

and also
d

32’”51 82”m Z ory, 82¢[

dx; 0y - dx; 0y ot ax;0yx

=1
s 9% e 0rm 924y

dyjdye  dydyx 4= 9 3yjoyr

: ar,
Since ry, =t — @m(x,y,s), we have 9—: = 6,,;. Hence

0%r,, REO
~3 0 = 0),
xjaxk 8x]~ Bxk
and similarly
0% 02 8%r 02
- 0) = (0) and — 0) = 0).
0x; 0y 9x;dyk ay;0yk 9y;0yk
These equations, together with (A.2), lead to the following equations at O:
92 2% G an 9%
Lol 3T (A3)
0x;0x 0x;0xy P 0t; 0x;0xy
8%n 8%n° - am 3%r

+ . s
0x;0yy 0x;0yy P 0t; 0x;0yx

321 _ 32n° + ¢ an 9%
dyjdye  ydye 4= Aty dy;dyk

Let v be a tangent vector at 0 in ©” that s in the span of { ;| ., % |1 <Jj <n}.
J j
For such v, by using the interpretation stated in Remark A.1 and (A.3) we obtain,

at 0,
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d
ad
(D*n(P[v), Pv) = (D*1°v,0) + Y~ {Lo(r) Py, Plv). (A4)
= a1y
Because the functions r;0 A (1 < I < d) define N near 0, we can find C* func-

tions ¢y such that .,

rloA:ZClkPk for 1<l <d.
k=1

By invariance of the Levi form under biholomorphic maps, this implies that

(Lo(r)) P, Pv) = (Lo(r; o A)(BPv), BPv)

=Y culLo(pi) (BP[v), BPv). (A5)
k

From (A.4) and (A.5) it follows that

(D*n(P), Plv) = (D*n°v, v) +Z<Z—c,k><£o(pk)313 v, BPv). (A.6)

Observe next that BPJv = P, R, v and, since 6° has a critical point at 0,
(D*n°v,v) = (D*0°(R,v), R,v).
Moreover, since 5 = 6 o B, we have
(D*1(P[v), Pv) = (D*0(P.(R.v)), (P.(R.v))).
These observations and (A.6) establish (A.1).
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