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Holder Estimates on Lineally Convex
Domains of Finite Type

KrLaAs DIEDERICH & BERT FISCHER

1. Introduction

In [DFol] Diederich and Fornass constructed support functions for convex do-
mains of finite type. This result together with a good knowledge of the local
geometry of convex domains of finite type has been used in [DFFo] to prove op-
timal Holder estimates for a solution of the Cauchy—Riemann equation in such
domains. Hefer [H] has extended and refined this result by using information on
the multitype of the domain. Further results on solution operators based on the
support functions of [DFol] can be found in [A; DMI1; DM2; F1].

A different approach is attributable to Cumenge: in [Cul] and [Cu2] she uses the
Bergman kernel to construct solution operators for the Cauchy—Riemann equation
in convex domains of finite type. Using these operators and some precise estimates
(due to McNeal [Mc]) of the Bergman kernel at the boundaries of the domains,
she also proves optimal Holder estimates and some other results.

All results mentioned so far have one feature in common. The hypotheses on the
given functions and forms and the conclusions of the papers are isotropic, whereas
the proofs are quite nonisotropic in that the respective estimates necessarily take
into account the different behavior of the geometry of the domains in different di-
rections, even of the holomorphic tangent spaces. Introducing nonisotropy into
the conclusions was first considered in [F2], where optimal nonisotropic Holder
estimates for certain solutions of the d-equation are proved for bounded data.

Recently the larger class of lineally convex domains of finite type has received
much attention. A smooth lineally convex domain differs from a (linearly) convex
domain in that, with the former, only the complex tangent space at each boundary
point is supposed to lie outside of the domain.

Diederich and Fornass [DFo2] have constructed a smooth family of holomor-
phic support functions with best possible nonisotropic estimates for lineally convex
domains of finite type. It has been shown by Conrad [C] that the local geometry
of such domains shares all essential properties with convex domains of finite type.

In this paper we shall use these support functions to establish both isotropic and
nonisotropic Holder estimates on lineally convex domains of finite type. In doing
so we can follow rather closely the proofs given in [DFFo; F2] for the correspond-
ing results in the linearly convex case.
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THEOREM 1.1. Let D CC C" be alineally convex domain with C*°-smooth bound-
ary of finite type m. We denote by C (%7 q)(D) the Banach space of (0, q)-forms with
continuous coefficients on D and by Al({;"q)(D) the Banach space of (0, q)-forms
whose coefficients are uniformly Holder continuous of order 1/m on D. Then there
are bounded linear operators

= 1
Ty: CQ.gr(D) — A({)’j’q)(D)

such that 3T, f = f forall f € C§ /(D) with 3f = 0.

It is more appropriate to work with the nonisotropic Holder norm that comes from
the pseudodistance d associated to the domain D. (See Section 2 for an exact def-
inition of d.) We can prove that the solution operators of Theorem 1.1 are (1/m)-
Holder continuous with respect to this pseudodistance.

THEOREM 1.2. Let D, T,, and f be as in Theorem 1.1. Then, for every ¢ > 0,
there exists a constant C such that the solution u := T, f of the Cauchy—Riemann
equation du = f satisfies the following nonisotropic Holder estimate:

T, f(z0) — T, f(zD)] < C|l flleo max{d(zo,z1)""" 120 — 21"}

We also want to mention that both results are optimal. It is well known that Theo-
rem 1.1 gives the best possible isotropic Holder estimates for finite-type domains,
and an example for the optimality of the nonisotropic Holder estimates in Theo-
rem 1.2 is given in [F2].

This paper is organized as follows. In Section 2 we give the definition of the
solution operators T,. We split them into several parts and first formulate their re-
quired estimates as Lemma 2.1; then we use these estimates to prove Theorem 1.1
and Theorem 1.2. The proof of Lemma 2.1 will be given in the remaining sections.
In Section 3 we first describe several properties of the local geometry of lineally
convex domains of finite type; then we use the result from [DFo2] to prove an
appropriate estimate for the support function. Finally, in Section 4 the proof of
Lemma 2.1 is completed in the same way as in [F2].

2. Solution Operators

In this paper we use exactly the same integral operator as in [DFFo]. (Of course,
the definition of the support function and hence also of the solution operator de-
pends on the given domain.) In [DFFo] we used the support function from [DFol],
which was defined only for convex domains of finite type. Using the results from
[DFo2], we will see that the same definition also makes sense on lineally convex
domains of finite type once we put in the support function of [DFo02].

Throughout this paper we will assume that D := {z € C" : o(z) < 0} and that
the defining function g is chosen in such a way that, for all —2¢¢ < t < 2¢, the
domains D; := {z € C" : o(z) < t} are lineally convex and of finite type < m.
We will also use the notation U := {z € C" : |o(2)| < &o}.
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We write [,(z) = ®({)(z — ¢), where ®(¢) is a unitary matrix depending
smoothly on ¢ € dD such that the unit outer normal vector to dD will be turned
into (1,0,...,0). As in [DFo2], we define

) = 0l W), an(®) = 2T )
re(w) == o(l; (w)), aaé‘.—a!awa )
Se(w) :=3w; + Kw} — cZszaj Z au(Qwe, @
j=2 lal=j
a1=0

where M and K are large constants, c is a small constant, and o; = Rei’. Finally,
we set

S(z,8) = S;(Ie(2)).

Next we give a decomposition of S(z, ¢) such that

S(z,0) =Y 0j(z,0)(z; — &)).

j=l1
For this we simply define
Q;(w) := 3+ Ku, )
and (fork > 1)
“ i o w¢
Qfw) = —cY MYo; Y Tf‘aa@)w—k 3)
Jj=2 loe|=

011:0, Olk>0
and then set

0(z,¢) = @1(0)Q: (U (2)),

where we use the notation Q, = (Q}, s QZ’) and Q = (Qy,...,05).
Now we introduce Cauchy—Fantappié¢ integral operators R, based on the support
function S and its Leray decomposition Q(z, ¢). We define the Cauchy—Fantappie

form 0:(2,0)
ilZ,
W(z, = d i
(2.0 Z s “
Let _
b Ci— 2
B= - d¢i
c—zP i —zp

be the usual Martinelli-Bochner form and let K, be the corresponding Martinelli—
Bochner operator. Furthermore, put

2

o
cf FAWABA@W)A@:B) 172 A(H,B)
k=0 ¢edD

n—

R,f =

nich / Fa Q Ab A0V A (0:b)"" 1752 A (3,b)4
= a )
tedD

Sk+1|§ _ Z|2(n—k—l)

“)

q
k=0
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In the last line we used the convention of denoting the (1, 0)-form Zi 0i(z,¢)d¢;
again by Q. It is well known (see e.g. [R] or [DFoW]) that the operators T, =
R, + K, are solution operators, meaning that E_)Tq f = f for all 3-closed forms
fe C(%,qH)(D)'

While estimating our solution operators we must make use of the special local
geometry of the given domain D. For this we let ¢ € U and ¢ < &, choose some
unit vector y, and define the complex directional level distances by

(¢, p,¢) :=max{c: |o(C +Ay) —o(Q)| <eforall A eC, |A| < c}.

For a fixed point ¢ and a fixed radius ¢ we define the ¢-extremal basis (vy, ..., v,)
or, more precisely, (v{(¢,¢€),...,v,(¢,¢)) centered at ¢ as in [C], which is ba-
sically the same construction as in [Mc, Prop. 2.1] and [H, Def. 2.5]. The first
vector v; is always the unit outward normal at ¢. After that, the unit vectors vy
are recursively chosen in the orthogonal complement of vy,...,v,_; in such a
way that they minimize (in [Mc], maximize) the function t(¢,-,¢). Using the
abbreviation t4(¢,¢) = t(¢, vt, €), we see immediately that 71({,e) ~ ¢ and
71(¢,¢) 2 11(¢,¢) forall k = 2,...,n and small enough values of . We now can
define the e-distinguished polydiscs

AP =z = 0+ ) hnn(@e) : Ial = Ani(Goe) fork =1,....n]
and the pseudodistance
d(¢,z) == inf{e : z € P.(0)}.

Note that these definitions are exactly analogous to those given for convex domains
of finite type. The fundamental properties of these objects on lineally convex do-
mains of finite type will be listed in the next section. Here we will continue the
investigation of our solution operator 7, .

The Martinelli-Bochner operator K, is known to satisfy (isotropic) c-Holder
estimates for all @ < 1. This is good enough for both Theorems 1.1 and 1.2, so it
remains to estimate R, f. In order to do so we consider z-derivatives of this form.
For a z-derivative §,, in the direction of y it is easy to see that §,0,b = 8,9.b =
0. Thus 8, R, f can be written as a sum of integrals of the form

A 8,0 Ab A (3:0)% A (8:h)"97%=2 A (3,b)4
9D Sk+1|§- _ Z|2(nfk71) ’

A Q A8,b A (B Q) A (9:b)"" 17572 A (3,b)4
9D Sk+1|§ _ Z|2(”7k71) ’

L2nbA 8,(3:0) A (0, Q)1 A (8:b)"17%=2 A (3,b)4
9D f Sk+1|§ _ Z|2("7k71) ’

3 Ok A (5. hV1—a9—k=2 A (5
/an/\ OANbA@OQ)A(@b)'™1 A (0;:b)1 5,5,

Sk+2|§- _ Z|2(nfk71)

b A@0:0)A (3:b)""17%2 A (3,b)4
fan/\Q/\ N CHOMN )] A ( )5y|C—Z|,

Sk+1|§' _ Z|2("7k71)+1

where the third integral appears only for k£ > 0.
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These integrals must be estimated. We majorize f by | f|l- and observe that
8,b <1andé§,|¢ — z| < 1. Hence the second and the fifth integral can each be
replaced by || f||oo I, With

/ ,:/ L2 A (3. Q)" A B
a

D |S|k+1|§ _ Z|2(n7k71)

doo,_1,

where B is a differential form that contains all the remaining d¢; and dg:j such that
0 A (3:0)% A B is of bidegree (n,n — 1) in ¢. Here [Q A (3:0)* A B]; denotes
the tangential part of the form Q A (Q;Q)k A B, which is the only part of the form
that contributes to the integral over dD.

For the other three integrals we must consider

; ,_/ 18,0 A (0:0)* A Bl
b=
0.

D |S|k+l|§- — Z|2(n—k—l)—l

d02n—]’

doy,_1,

L :Zf I[Q A 8,(0:Q) A (0:Q)* ! A Bli|
oD

|S|k+l|é- — Z|2(Vl—k—l)—l

doy,—1,

I, .:f [0 A (3:0)* A B113, S|
oD

|S|k+2|§- — Z|2(n—k—1)—1

where again § is an appropriate differential form and [-], denotes the tangential
part of the form in brackets.

We proceed by formulating the estimates for these integrals, which are needed
in the proof of Theorem 1.1 and Theorem 1.2.

LEmMA 2.1. Ifo=lo(z)land 0 <o <1, then
[ABY s ®)

The remaining integrals—where the derivative in the y-direction is applied to
either Q, 0, Q, or S—satisfy the estimate

Ql/m

pl, ], g § ———.
7(z,¥,0)

(6)
The proof of the main theorems follows from these estimates and some basic facts
concerning the pseudodistance, which will be discussed in Section 3. Note that
Lemma 2.1 will be proved only for z close to the boundary. It could be general-
ized for all z € D by some compactness argument, but in fact it is needed only for
z in a neighborhood of the boundary (and small values of @) because it is enough
to establish the Holder estimates there. In the proof of Theorem 1.2 we can also
assume that 7 and z; are close to each other and in a given neighborhood of the
boundary.

Proof of Theorem 1.1. The theorem follows from Theorem 1.2 because we have
the estimate d(z,¢) < |z —¢|. Alternatively, the theorem can be proved directly as
follows. Using the relation ¢ < 7(z,y, €), which is a consequence of Lemma 2.1
and the definition of the e-extremal basis (see also Proposition 3.1(v)), we ob-
tain |I,| < 0'/"~! for all the integrals I, ..., I;. Since 0 = |o(z)| is comparable
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to dist(z, dD) we have |8, R, f| < || f o dist(z, 8D)"/"~!, and the (1/m)-Holder
continuity of R, f follows from the Hardy—Littlewood lemma. UJ

Proof of Theorem 1.2. First let u be that part of R, f whose derivative we have
shown to be majorized by a multiple of 1,. Let « < 1 and choose ¢ so small that
o(1/m—1) > a—1. Then Lemma 2.1 implies that |8, u(z)| < || f [l dist(z, dD)*~!
and hence the Hardy-Littlewood lemma implies that u is isotropically «-Holder
continuous for every o < 1.

Next let u be one of those parts of R, f whose 8, -derivative has been majorized
by a multiple of one of the integrals I, I., or I;. Let A = d(z9,z1) and y =
(z1 — z0)/lz1 — zol, and let v be the inward normal direction at &y = 7 (z¢).
Consider the additional points 7o = zg + Av and z; = z; + Av. Then we estimate

lu(zo) —u(z)| =< u(zo) —u(Zo)| + [u(Zo) — u(Z)| + u(z1) — u(z1)|

20 21 21

5/ [§,u(t)|dt + |8yu(t)|dt+/ [S,u(t)|dt.
20 20 21

In the first and the third integral of the right side we have the worst case, because

v is approximately the normal direction and thus Proposition 3.1(v) implies that

T(t,v, |o(t)]) = |o(¢)|. Nevertheless, from (6) we derive the estimate

20 A A
f |6vu(t)|dt§/ |6Uu(z()+sv)|ds§/ stm=tgs < Alm,
Z0 0 0

(The same is true for the third integral.)

To estimate the second integral, first observe that d is a pseudodistance (see
Proposition 3.1(x)) and therefore satisfies the approximate triangle inequality
d(Zo,21) S d(Zo,z0)+d(z0,21)+d(z1,Z1) < A. Thus Z; and the whole line from
Zo to Z; belong to some polydisc Pca(Zg). Proposition 3.1(viii) then gives the re-
lation t(¢, y, A) = ©(Z9, ¥, A) for all those ¢. On the other hand, |0(Z¢)| = A and
so |8, u(D)] S Al/’”/r(Zo, y, A) for all ¢ on the line to Z;. Thus by (6) it follows that

Z1 (20,1, A)
/ 18, u(t)|dt < f |8,u(Zo +sy)lds
7 0

20
©(Z0,7,A) Al/m
< / ~—dS < Al/m,
0 T(ZO’ Vs A)

and together with the estimates for the first and third integral this yields
lu(zo) — u(zn)| < d(zo,20)""™.

Now recalling that the other parts of R, f are isotropic a-Holder continuous for
every o < 1 completes the proof of the theorem. UJ

3. The Pseudodistance and Estimates
for the Support Function

We will start this section by listing some properties of 7(z, y, €), P.(z),and d(z, )
as defined previously (some of them have already been used in the proofs of
Theorem 1.1 and Theorem 1.2). The following results have been proved in [C].
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ProposITION 3.1.  Let D = {7 : 0(z) < 0} be a lineally convex domain of finite
type m. Then the following statements hold.

(1) There is a constant ¢ such that cPiy)(¢) C D forall ¢ € D.
(ii) Let w be any orthonormal coordinate system centered at z and let v; be the
unit vector in the w;-direction; then

3Ia+ﬂ\Q(Z)
ow*dwh

£
<
~ Hj 7(z, vj, g)aj""/sj
for all multi-indices o and B with |o + | > 1.
(iii) If y = Z;’zl ajvj, where (vy,...,v,) is the e-extremal basis at {, then

o i
‘L'({, Vs 8) j=1 Tj({, “3‘)7
in particular, for every unit vector y we have t(¢,y,¢e) < 11.(8, €)/|ax| for
all k.
(iv) Let y be a unit vector and let

a+p
y
= — +)\. = ;
s (8) 8)\“8)»/3Q(§ Y) =0
then
D laly@lr @,y e P ~e

l<a+p<m

uniformly for all ¢, y, and ¢.

V) T(¢,8) ~ eand T(¢,y,¢) < e/™ for every unit vector y, and if v is a unit
vector in complex tangential direction then also €'/ < (¢, v, €).

(vi) If y is a complex directional unit vector and 0 < ¢ < §, then

e \/2 e \/m
(5) T(;, )’,3) S T(é" ]/,8) S, (g) T(é‘a %5)
(vii) For every k > 0 there exist constants c(k) and C(k) such that

c(k)Po(§) C Pre(Q) CC(K)Pe($) and  Peye(§) C kP:(E) C Peye(0).

(viii) For every z € P:(¢) we have (¢, y,¢€) =~ t(z,¥,¢€).
(ix) There is a constant C such that P.(£) N P.(z) # 0 implies

P.(¢) C CP.(z) and Py(z) C CP(?).
(x) The pseudodistance d(z,¢) satisfies the properties
d(z,¢) ~d(,z) and
d(z,0) Sd(z,w) +dw,?).
Note that Proposition 3.1(vii) implies that there exist constants C > 1 and 0 <

¢ < 1such that CP;/»(¢) D %Ps(g) and CP,(¢) C P.(¢) for all + < ce. We can
therefore use the polyannuli

P/(§) == CPy-ie(0) \ 3 P21 (0)
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to construct two coverings. This yields

0 io(e)
UP@2P@\{g} and [ P{©) D PI@)\ P2), )
i=0 i=0

where io(¢) is a finite number depending only on € and satisfying iy (e) < —log(ce)

for another small constant c.

Now we recall the support function of [ DFo2]; more precisely, we want to make
use of the explicit support function given in [DFo2, Thm. 2.6]. For this we must
introduce another transformation of the form w = A,(w) with w(1 — A, (W)) =
w; and w; = w; for j > 1. Here A, () is a smooth family of holomorphic poly-
nomials depending only on W, ..., W, and satisfying A.(0) = 0. Writing f; =
A¢ olg, we then have

1 8117, (W)
al  ow”

Fe() = o(I7 @) — 0(0),  da(Q) =

w=0
m
A A A~ A J A A
&mw=m+Kw—c§Aﬂq E Ao (W,
j=2 loe|=J, 21=0

and finally S‘(z, ) = S;(f;(z)). Theorem 2.6 of [DFo2] supplies the following
estimate.

PrROPOSITION 3.2. Let y be a unit vector in complex tangential direction in ¢,

and define
areg) =y

a+p=j

a+p

Pe(AY)]r=0

RYCEIY:

Then there exists a smooth function ﬁ(;, W) that is positive and bounded away
from O such that, for every w = un; + Ay (Where n is the unit normal at ¢),

. N K " A
Re §¢(1) < Fe(@)h(¢, ) — = (Imp)* —éc Y @l @Al
j=2

We use this result to derive some estimates for the support function S.

LEMMmA 3.3. Let z be in D N U and assume that ¢ is smaller than (. Then
1Sz, 0)| 2 & forall ¢ €dD N PX(w(z)), ®)
1S(z, O 2 le(2)| forall £ €dD N Py (7(2)). ©))

Proof. To prove the lemma we must consider the difference between S;(w) and
3‘; (A¢(w)). Recall that w; = w; for j > 1. Moreover, since derivatives are only
in complex tangential directions and evaluation is at w = w = 0, it follows that
A (2) = ay(¢). Thus we have

_Agw))_FK,%<—2Adwy+Agw))
1— Ay (w) (1= Ag(w))?

and, for every ¢ > 0, there exists some ¢ such that

Se(w) — S;(he(w)) = wl(
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1S (w) — S¢(he(w))| < E(Re w| + [Tm wy|)
for all z € P;(¢). Therefore,

- K - - ,
Re S;(w) < re(w)h(¢,w) + ¢IRe pul — —(Im )? +&lIm | — éc Y Sa/ (@Al
j=2
Now we observe (a) that dr,(jun, + Ay)/0 Re u is positive and bounded away
from zero and (b) that Proposition 3.1(iv) and the definition of 7 (¢, y, €) imply that
re(y) S - a](©)|r)V. Hence, for every point w = un; 4 Ay in D N Pz(Z),

/ K ~ ! = j
Re S¢(w) < c're(w) — = (Imp)* + &Impul — ¢ ) ~al@)|)
j=2

< llmp| —e" Y al@lal, (10)
j=2
Here ¢ still depends only on &, and after fixing ¢ we can simply assume that ey < €.
Now let ¢ € dD and ¢ be fixed, let 0 < £ < L be some fixed constants with £
a small constant to be chosen later. As before, we write z = un, + Ay and define

PY(¢) :=={z: [Reu| < €, (z —Repuny) € LP.({), (z — Repng) ¢ LP.(0)}.

We will show that, for every pair 0 < £ < L, there exist constants £( and ¢ such
that 3
1S(z,¢)| = coe  forall ze P(). (11)

Here ¢ and ¢y do depend on £ and L but not on ¢ or ¢.

By Proposition 3.1(iii), there clearly exists a constant k| such that |[Impu| <
kit (¢ ng ¢) and |A] < kjT(¢, y,€) imply (z — Re un;) € £P:(¢). Thus we have
either |A| > k{7 (¢, y, &) or |Im | > k{T(Z, ne, &) orboth. Letk; < ki be a constant
to be chosen later. If |A| > k1T (¢, y, €) then we can use estimate (10), Proposition
3.1(iv), and |Im u| < L7(§,n;, &) < CLe to obtain

S(z.0)] = —Re Se(w) = " Y " a/(@©)IAV = &lImpu| = ¢"'e — ECLe.
j=2
Choosing ¢ small enough we finally get | S(z, {)| = ¢ forthecase |A| > kjT(L, y, €).
If |A] < kiT(¢, y, €) then necessarily |Im p| > k{7 (¢, ng, ) > koe. Considering
now the imaginary part of S yields

1S(z, )| = [Im §(z, £)]

m
y 4
> |3Imp| — [2K Replmu| —c ) al(©)[A)
j=2
Using the estimate for A and again Proposition 3.1(iv), the last term of this inequal-
ity can be estimated by klzcs. Now we can choose k; so small that klzcs < kye.
By the definition of f’go({), we also have |Im u| < Lt(¢,n.,e) < CLe. Hence the

second term can be estimated by 2KkoCL¢ and k¢ can be chosen so small that
2KkoCLe < kye. Altogether we have
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[S8(z,8)| = 3koe — kae —kpe 2 &,

and the proof of (11) is complete.

To prove (8) we need only observe that ¢ € Pgo(n (z)) impliesboth ¢ € CP,(7(z))
and ¢ ¢ %Ps(n(z)). Using Proposition 3.1(ix) and (vii) then yields 7 (z) € CP.(¢)
and 7 (z) ¢ cP:(¢) for certain constants ¢ and C. If 7 is close enough to the bound-
ary and ¢ is small enough, this implies z € ﬁso(f) for still some other constants £
and L. The first statement of the lemma now follows from (11).

The estimate (9) also follows from (11) in a similar way. First, Proposition
3.1(i) implies that ¢ € dD does not belong to some cPy(;)(z) and therefore z ¢
£Po(5|(¢). On the other hand, ¢ € Pjy)(7(2)) and 7(z) € Pjjg(z)(2); using
Proposition 3.1(ix) and (vii), this implies z € L P, (£). So z belongs to ﬁ‘g(z)l 0
for certain constants 0 < £ < L, and the second statement of the lemma follows
from (11). O

4. Proof of Lemma 2.1

The rest of the proof of Lemma 2.1 is exactly the same as in [F2]. First we fix
some ¢y € 0D and some ¢ < &( and then define ®* to be the matrix that transforms
our coordinates to the e-extremal coordinates at ¢y. Thus ®* is a constant unitary
matrix. Further, we define w* = ®*(z — ¢p) and n* = ®*(¢ — o). We also make
use of a condition (%), which says that ;| < C*1i({o,€) fork =1,...,n and
that |wf| < C* and |w}{| < C*1¢(&o,e) for k > 1. Notice that condition () is
satisfied if £y = w(z) and ¢ € P:(&o).

Next we use the fact that Q is invariant under additional rotations of the complex
tangent space and provide a special family of smooth unitary matrices ®(¢) :=
W(D*(& — &p))D*, where W(n*) is a unitary matrix smoothly depending on n*
and with entries that are obtained directly from derivatives of the defining func-
tion (see [ DFFo] for details). Using some estimates for W(n*) and writing Q with
respect to the e-extremal coordinates at { as

Q*(w*,n") = ®*Q(¢o + () w* Lo + ()"
yields the following lemma.

LEmMA 4.1 [F2, Lemma 3.1]. For all w* and n* satisfying condition (x):

€
Kook kY|

QW™ n")| < TS

‘ O ot g ——

dwr ~* S Lo, 0G0 8)”

' 0 €

Or(w*n")| S

an’ ~ 1o, £)Ti(C0,€)
92 €
* * * < .
‘3’1)?377; Quwt | = (80, &) Ti(%0, )7 (0, €)

This lemma leads to the following integral estimates.
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LeEmMA 4.2 [F2,Lemma3.14]. Forevery o with(0 < o < 1we have the estimate

/ I[Q A (3:Q)F A Bl
d

dUZn—l < S(T/m+k+l.

PPy 1§ — 2|21 2k3+0=0)
Moreover,
f 18,0 A (3, Q)% A B1] o g
nr 14—z N o ve)
/ [Q 78,3 Q) A @D AP elimhn
DN P.(¢0) g — g|2n=2k=3 N Lo, y.e)

For derivatives of S we have another lemma as follows.

LeEmMMA 4.3 [F2, Lemma 3.10]. Let 8, be the z-derivative in the y-direction.
Then, for all w* and n* satisfying condition (%),

e
18, S* (w0 $ ———-

! (L0, - )
Finally we make use of the fact that a small neighborhood of ¢, can be covered by a
family of polyannuli as in (7). In each of those polyannuli we can use Lemma 3.3,
which together with the estimates from Lemma 4.2 and Lemma 4.3 gives the de-
sired estimates for Lemma 2.1 in exactly the same way as in [F2].

5. Additional Remarks

In this paper we have seen that the proof of optimal nonisotropic Holder estimates
for solutions of the Cauchy—Riemann equation in lineally convex domains of fi-
nite type is very close to the corresponding proof in convex finite type domains.
This is due to the domain’s geometry entering at two places only. First we need a
smooth family of holomorphic support functions with the right estimates; second,
the domain’s boundary must admit a pseudodistance satisfying certain properties.
Once these ingredients have been provided, everything else carries over almost
automatically.

Thus, considering the nonisotropic Holder estimates of Theorem 1.2 as a test
case, it can be predicted that other estimates (e.g., those in [A; DM1; DM2; F1;
H]) will also be true on lineally convex domains of finite type.

On the other hand, it is not clear whether the method of Cumenge can modi-
fied to work also for lineally convex domains; it seems that convexity is used in a
more essential way in the construction of her solution operators. In any case, the
main estimates from [Mc] would first have to be carried over to the case of lineally
convex domains of finite type.
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