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Nonisotropic Holder Estimates on
Convex Domains of Finite Type

BERT FISCHER

1. Introduction

In [DFo], Diederich and Fornass constructed a smooth support function for con-
vex domains of finite type that satisfies the correct estimates to be used in the
construction of several integral kernels. (See e.g. [DFFo; DM1; DM2; F; H].)
In [DFFo] this support function was used to construct solution operators for the
Cauchy—Riemann equation that satisfy optimal (isotropic) Holder estimates, as
follows.

THEOREM 1.1 [DFFo]. Let D cC C" be a linearly convex domain with C*-
smooth boundary of finite type m. We denote by C(o )(D) the Banach space

of (0, q)-forms with continuous coefficients on D and by Al/’” (D) the Banach
space of (0, q)-forms whose coefficients are uniformly Holder contlnuous of order
1/m on D. Then there are bounded linear operators

T‘i: C(% q+l)(D) - Al({)r,nq)(D)

such that 3T, f = f forall f € C§ (D) with 3f = 0.

In fact, a simple modification of the standard example shows that in general the
solution of a Cauchy—Riemann equation with bounded left-hand side cannot be
better than (1/m)-Holder continuous. However, a closer look at the example shows
that it is in the normal direction that the Holder exponent cannot be better than
1/m. On the other hand, Krantz [K] has shown that (1/2)-Holder continuous so-
lutions of the Cauchy—Riemann equation in strongly pseudoconvex domains are
almost 1-Holder continuous in the complex tangent directions, and a similar result
is known for finite-type domains in C? (see [ChK]). In our case the situation is
even more difficult because we have several complex tangential directions and, in
contrast to the strongly pseudoconvex case, these directions cannot be handled in
an isotropic way. We expect nevertheless to derive a solution that is (1/m)-Holder
continuous in the normal direction and satisfies better estimates in the complex
tangential directions.

It turns out that such estimates are best expressed in terms of a certain pseudo-
metric that is associated to the given domain D. Solet D = {p < 0} C C" be a
bounded convex domain with C*°-boundary of finite type m. We further assume
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that p is given in such a way that the domains D, := {z : p(2) < p({)} are convex
and of finite type m for all ¢ in a certain neighborhood U of dD. Such a function
could be given by p(z) := inf{t > 0: p+ (z — p)/t € D} — 1 for any p € D.
For ¢ € U, an arbitrary direction vector v, and ¢ < &y, we define the complex
directional level distances by

(¢, v,e) :=max{c: [p(¢ +Av) — p(¢)| < & forall A€ C, |A| < c}.

For a fixed point ¢ and a fixed radius ¢, we define the ¢-extremal basis (vy, ..., v,)
centered at ¢ as in [Mc] or [H]. If it is important to mention the dependence
on ¢ and ¢ of the coordinates with respect to this basis, we denote their compo-
nents by z . .. Let vg be a unit vector in the z4 , .-direction and write 74 (¢, &) :=
7(¢, vk, €). We can now define the polydiscs

AP.(§) :={z€C" i |zp¢el < Ati(¢,8) for k=1, ..., n}.

(Note that the factor A in front means blowing up the polydisc around its center
and not just multiplying each point by A.)
Using these polydiscs, we define the pseudodistance

d(t, z) :=inf{e : z € P.(¢)}.

Now we can state the main result of this paper.

THEOREM 1.2. Let D, T, and f be as in Theorem I.1. Then, for every ¢ > 0,
there exists a constant C such that the solution u := T, f of the Cauchy—Riemann
equation du = f satisfies the following nonisotropic Holder estimate:

T, f(z0) — T, f(z)] < C|l fllo max{d(zo, z21)""", |20 — z1]'~}.

If we choose 0 < & < 1/m and use the fact that |z9 — z1|™ < d(20, 21) < 1zo— 21l
then we see that, for small values of |79 — z1], the term d(z, z0)'™ will be larger
than |z — z;|' =% except when d(z¢, z1) &~ |zo — z1|™. But this can happen only
if zo is of type m and if the direction to z; is a direction where the order of contact
with the tangent space is also maximal. In all other cases we obtain the estimate
by d(zo, z1)"™.

In fact, it might be possible to avoid the term |z¢ — z;|' ¢ altogether. That
could be done by constructing a special nonisotropic Holder space out of one-
dimensional Holder spaces of different order, where the Holder space of order 1
receives some special treatment. But this construction would be quite difficult
(owing to the complexity of the geometry of convex domains of finite type), so we
decided to avoid it and state the result as shown here.

Finally, we observe that d(zg, z1) < |zo — z1| implies that the maximum in The-
orem 1.2 can be estimated by C’|zg — z;|"/". Hence Theorem 1.2 also implies
Theorem 1.1.

This paper is organized as follows. In Section 2 we recall the definition of the
solution operator from [DFFo]; we split it into several parts, which will be esti-
mated differently. We also state the results of these estimates as Lemma 2.1 and
use them to prove Theorem 1.2. Section 3 contains the proof of Lemma 2.1, which
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is done in a series of smaller statements. In Section 4 we finally give an exam-
ple to further clarify the result and to show that (in a certain sense) it is the best
possible.

ACKNOWLEDGMENT. Part of this result was obtained while the author was visit-
ing the University of Michigan at Ann Arbor on occasion of the year of complex
analysis. [ wish to express my gratitude to the whole math department for the sup-
port and hospitality given to me. In particular I wish to thank Berit Stensones and
John Eric Fornzess.

2. Solution Operator

In this paper we use exactly the same integral operator as in [DFFo]. For the con-
venience of the reader we recall some details of its definition.

We write [;(z) = ®(¢)(z — &), where ®(¢) is a unitary matrix depending
smoothly on ¢ € dD such that the unit outer normal vector to D will be turned
into (1, 0, ..., 0). The following definitions are as in [DFo]:

) = p(I; W) © = L 205 g,
re(w) == p(l, " (w)), aag._alaw“ ;
Se(w) 1= 3w, + le2 - CZMZj(Jj Z a,(OHw? 0)
j=2 lal=j
a1=0

for K and M suitably large, ¢ suitably small, and o; = Re /. Now put
S(z,8) := Se(ls(2)).

Next we want to define a decomposition of S(z, ¢) such that

$(z,0) =(Q(z,0), 2= &) =Y _ 0i(z,0)(z; — &)).
j=1
For this we simply define

Q;(w) := 3+ Kw, ()
and (fork > 1)
0kw) ==~y MY, Y %aa@)f}—k 3)
Jj=2 loe|=j
a1=0,a;>0

and then set

0(z,¢) == d"(0) 0, (I:(2)).

Now we define Cauchy—Fantappi¢ integral operators R, based on the support func-
tion S and its Hefer decomposition Q(z, ¢). We define the Cauchy—Fantappie form

W o)=Y g((;;)) ds;.

i
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Let

b §1_11
B = = i
2P Z|¢—z|2 ‘i

be the usual Martinelli-Bochner form and let K, be the well-known Martinelli—
Bochner operator. Further define

n—qg—2
Rifi= Do el | SAWABAGW) A @B 2 A @B
k=0 =
—q—2
'y o A O Ab A0, Q)F A (3D )"qsz(Bb)‘f @
- =0 “Jeeon SkHl|g — z|2n=k=D

In the last line we used the convention of denoting the (1, 0)-form ), Qi(z, ¢)dg;
again by Q. Because S is a support function and hence S(¢, z) # 0 on dD x D,
the standard arguments (see e.g. [DFoW; LMi; R]) show that the operators T, =
R, + K, are solution operators, which means that E_)Tq f = f for all 8-closed
(0, g + 1)-forms on D.

The Martinelli-Bochner operator is known to satisfy isotropic «-Holder esti-
mates for all « < 1. In particular this implies our nonisotropic estimates, so it
only remains to estimate R, f. In order to do so we consider z-derivatives of this
form. Let §, be the z-derivative in the y-direction. It is easy to see that Syi_);b =
8,3.b = 0. Thus 8, R, f can be written as a sum of integrals of the form

8,Q Ab A (3: Q)% A (3b)" 17572 A (3,b)1
Sk+1|§ _ Z|2(n—k—1) ’

/ i Q ASyb A (3;0)% A (3:b)" 172 A (8, b)q

SkH| ¢ — z]2(—k=D

f

Q AbASH0) A (B 0) VA (3 b)" 972 A (3,b)7

oD f A Sk+1|é- _ Z|2("7k*1) s
FALQABA GO NG A @)
aD Sk+2|é‘ Z|2(" k—1) y,
O Ab A (3, 0)F A (b)) 972 A (3,b)1 .
oD / Sktl|p — z|2n—k=D+I »1¢ —zl,

where the third integral appears only for k > 0.

Now we want to estimate these integrals. First we observe that f is bounded and
thus | f| canbe estimated by || f]|.. Next we observe thaté, b < landé,|¢—z| < 1.
Hence the second and the fifth integral can both be estimated by || f || o0 I, With

; :/ 1(Q A (3:0)" A Bl
0.

b |SIFH|c — z|2n—k=1)

dos, 1.
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Here B is a differential form that contains all the remaining d¢; and dc ; such that
oA (E_);Q)k A B is of bidegree (n, n — 1) in ¢, and (w), denotes the tangential part
of the form w, which is the only part of the form that contributes to the integral
over 0D.

For the other three integrals, we need to consider

; '_/ 18,0 A (3:2)% A B)|
b=
)

D |S|k+1|§ — Z|2(n7k71)71

L / 1 7 8,(5,0) A (5,0 A Bl
aD

|S|k+1|§- _ Z|2(n—k—1)—1

doo,_1,

doo,_1,

dGZn—1~

! ,_/ 1(Q A @2)* A B)ilIS, S|
d ‘=
oD

|S|k+2|§- _ Z|2(n—l<—l)—l

We can now formulate the integral estimates that are essential for the proof of our
main theorem.

LEMMA 2.1. If p = |p(2)|and 0 < o < 1, then
Lol < 70D,

The remaining integrals satisfy the estimate

pl/m
[Lpl, | Lc]s gl S ——— + [log p|.
(z, ¥, P)
Note that, since p < 7(z, ¥, p) < p'/™, the lemma also implies
pl/m
|Ia|s |Ib|7 |IC|7 |Id| SJ VRN
T(z, ¥, P)
except if T(z, y, p) ~ p'/™, in which case
pl=e)/m
|Ia|’ |Ib|7 |IC|7 |Id| 5 -
(2, ¥, p)

fore =o(m —1) > 0.
The proof of this lemma will be given in Section 3. Now we come to the proof
of our main theorem.

Proof of Theorem 1.2. For simplicity we write u(z) = R, f(z). Let A = d(zo, z1),
let y = (21 — z0)/|1z21 — zol, and let v be the inward normal direction at ¢y =
7 (z0). Consider the additional points 7o = z¢ + Av and z; = z; + Av. Now we
can estimate

(z0) — u(z0)] < u(z0) — u(Go)| + [u(Go) — u(E0)| + lu(Er) — u(zy)|
< /mwuu(tndt [

1 21
[8,u(t)| dt + / [6,u(t)| dt.
z0 2o 21
In the first and the third integral we have the (worst) case that v is approximately
the normal direction and thus t(z, v, |p(¢)|) =~ |p(t)|. Nevertheless, we get the

estimate
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Z0 A A
f |6Uu<r)|dt§/ |6vu<zO+sv>|dss/ s tds < AV
20 0 0

and the same is true for the third integral.

To estimate the second integral, first observe that d(Zo, Z1) < d(Zo,z0) +
d(zo,z1) + d(z1,71) S A. Hence z; and the whole line from z to Z; belong
to some Pca(Zo) and so t(¢, ¥, A) = t(Zo, ¥, A) for all those ¢. On the other
hand, |p(Zo)| 2 A and therefore |6,u()]| < A"/t (%0, v, A) for all ¢ on the line
to Z;. Therefore,

7 (20,7, 4)
/ [8,u)|dt < / |5yu(20+sy)|ds
3¢ 0

20
7(Zo,v,A) Al/m
< / ————ds < AV,
0 (20, v, A)

The same argument applies in the exceptional case, but we first replace A" by
AU=9/m and finally get

AT = d(zo, )M~ (120 — 0T X 2o — 2l T D

3. Estimates

In this section we prove Lemma 2.1, which means that we must estimate the inte-
grals I, ..., I;. We will proceed in several steps. In Section 3.1 we estimate Q,
dQ, and their derivatives. In Section 3.2 we put these estimates together to ob-
tain estimates for |(Q A (5§Q)k A B);| and similar terms; we also give an estimate
for |8, S|. Finally, Section 3.3 contains the estimates of the integrals, which are
derived from the estimates of Section 3.2.

In obtaining our estimates, we will frequently use the following setup. Fix a
point ¢y € dD and some ¢ > 0. Denote the e-extremal coordinates at ¢y by w*
and let ®* be the unitary transformation such that w* = ®*(z — ¢y). Also define
n* := ®*(¢ — o). We say that z and ¢ (or w* and n*, respectively) satisfy condi-
tion (x) if we have |n]’f| < C*t(Lp,¢) forall j, lwf| < C* and |w‘;‘| < C*1i(%o, €)
for all j > 2. Note that the condition is satisfied if {o = 7 (z) and ¢ € P, (&o).

3.1. Q-Estimates

Using the setup just described, we can write Q with respect to the e-extremal co-
ordinates at ¢( as

The components of this vector will be denoted by Q;"(w*, n*) for j =1,...,n.
Here is the main result of this section.

LEmMMA 3.1.  For all w* and n* satisfying condition (x),
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01w £
8 * ko k £
‘B_wf‘Qk(w | R (%0, &) Ti(0. )
a * ko k £
‘817}‘ Qw7 = (0. &) (S0, €)
‘WQk(w |5 180, ) 7i(80, €)7j (o, €)

225

(&)

(6)

N

®)

Before we start estimating Q and its derivatives, recall that the definition of Q is
independent of the special choice of /; because an additional rotation in the com-
plex tangent space does not change it (see [DFFo, Lemma 2.1]). We want to make
use of this fact by providing locally a special version of /, that can then be used
in the estimates. This is done just as in [DFFo], so we give only a short summary

here.

For all n* satisfying condition (x), there exists a matrix W(n*), depending
smoothly on n*, such that ®(¢) := W(D*({ — &p))P™* has the desired properties

and the following proposition holds.

PrROPOSITION 3.2.  For all n* satisfying condition (x),

2

* * 8
¢ < Y@ <1 and |Yu(n™)| < oo e) Jor v #k
and
0 €
o N P
’877;‘ Vi )‘ ~ (0.0, 8)’
'iw )| e for v # k
on; W]~ 7j (0, &) Tv (%0, &) Tk (L0, €) ’

See [DFFo, Lemma 5.2] for a proof of this statement and also observe that we

have ® (o + (®*)Tn*) = W(n*)d*. We will also need the following result.

PRrOPOSITION 3.3.  Forall ¢ in P;(¢o) and v;(¢) = @T(g)ej we have
(¢, v;(9), &) ~ 7;(Lo, &)

with constants independent of ¢, ¢y, and ¢.

This proposition has been proved as Lemma 5.3 in [DFFo]. Another basic ingre-

dient in our estimates will be as follows.

PropOSITION 3.4.  Let w be any orthonormal coordinate system centered at z,

and let v; be the unit vector in the wj-direction. Then we have
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&
~ l_[j‘[(z, Uj,g)aj+ﬂj

for all multi-indices o and B with |« + B| > 1.

0l +#p(2)
dw*owh

This proposition can be found for instance in [BCDu] or [ DFFo].

Now we want to use the definition of Q¥ the definition of Q itself, and our
special choice of ®(¢). Using the abbreviations ¢ := ¢y + (®*)"n* and w :=
Y(n*)(w* — n*) yields

Qrw ,n*) =Y Y Qf (w),
n=1
Q ‘(w) Jw

PR
ow;

cw )—Zm(n ) ——

n=1

8 *
(W) = Z %Q?(w) + Y ()
n=1

8Qé‘(w) ke
0¢ 317;‘

Q; (w) dw
877}*’

+ wuk( )

PO mk(n*)aQ?(w) dw
8w;k8ank(w’n )_MX:‘: an; dw 8_wl*

9’0 (w) o¢ ow
owag 877 ow}
2Q; (w) ow Jw
dw? I dw;
A0; (w) 9%w
dw  dw;dn;

+ wp.k( *)

+ 1ab/Ak( )

+ wuk (77*)

Moreover, we have

96 o, dwi 3% w; oY (n*)
= e 1//11(]’] ) - - = J -
ow; ony ony

any 7 Bwj ’

and

ow; Y; .
5 Z Vi 'y — 1) — g,
77] =1 ]

Furthermore, if 1 = 1 then

0} (w) =3+ Kuwy, iQ;(w) =K, and =0 (>0 9
Bwl

and of course it follows that
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%Q()_a o

For u > 1 we have

9
= 55 0;(w) =0. (10)

0f(w) := Z > cuaa(g)—

v=2 |a|=v
a1=0

ad
;&) = Z > cu

v=2 |a|=v
a1=0

o 8w, QL (w) = Z D Cuija(®)—

v=2 |a|=v
a1=0

w;w;w,

m

_ 0ay(8) w*
ow aQQ( )_ZZCW ag; ww,t’

where the c, are certain constants that depend on v, «, and the given indices but
are not essential in our estimates. We see that it is important to obtain estimates

for |ay(¢)] and [9aq (£)/3¢;].

LEmMMmA 3.5. Forall ¢ € P.({y) we have the estimate

lag (D] S :
ay(¢
‘(i €)’

where 1%(&o, €) is shorthand for ]_[l 1 TilCo, &)

Proof. As in Proposition 3.3, we set v; := ®7(¢) e;. Then Proposition 3.4 together
with Proposition 3.3 gives

| P P

~

l—[?:l (0% 19 E)

Estimating the derivative of a,(¢) is much more difficult. We get the following
result.

1 r
laa (D) = | s p(¢ + T Ow)],

LEMMA 3.6.  Forall ¢ € Pe(Zy) we have the estimate

Z¢M
r=1

where again T%(&o, €) is shorthand for ]_[?:1 7;(Zo, &)

&

e T%(%0,€)7(0, )
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Proof. Here again we want to make use of Proposition 3.4. In order to do so we
first observe that the ¢ derivative of p can be written in terms of w-derivatives. To
be precise, we have

dae(0) 1 9 9
0 alowe dg;

P+ 2T Ow),_,

Ja|+1

—Z 9505 PC + O],

; 90, glel _
Py (Zm;) ‘p*({)) PG+ ST Ow)], .

=1 i=l
o;i>0

where @ — (i) + (7) should be the multi-index that is derived from « by decreasing
«; by 1 and increasing «; by 1.
Next we remember our special choice of @ and see that

day
Z¢]A a (C)
r=1
Joe|+1

19 ’
—Zx/ff,(n) s PC T P Ow,

av; ; glel _
£33 ) ‘”(f 24Uy o),

(X' Qe+
T,u=l i=1
o;i>0

Finally, the result follows from Proposition 3.4, Proposition 3.3, and Proposi-
tion 3.2. O

Now we can start to put together some of the estimates.

LEMMA 3.7.  For all w* and n* satisfying condition (x),

m &
|Q‘(w)|§—tu(§o,e)’
'an‘(w> o | _ e
dw  dw! |~ 1,80, 8)Ti(C0. )
‘8Q§‘(w) [P .
™ TulCo. )T (o, 8)
00 w) w | _ :
dw |~ 1o, &) T80, 8)
9*0f(w) a¢ ow < €
Cowd anF dw; |~ 1(Lo, &) Ti(Co, £)Ti(%0, 8)
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920" w) dw dw 6
w2 anf dwt |~ 1.0, £)TiC0. £) T (G0 8)
‘an‘(uo 0w | _ .
dw  dwfInt |~ 1u(go, £)Ti%0,€)Ti(Co,8)

Proof. First we want to establish an estimate for dw;/ 817}*. Condition (x) implies
that (w} — n¥) is bounded. From Proposition 3.2 and the fact that ¢/7.(¢o, &) <1
it follows that

8w,\
87)}k

3¢xr

= ) (wy —n7) = v (n”* )‘

<(orp—&
~ <8j * 1’)\({0,8)71({0,8))

In all estimates the case u© = 1 must be treated separately. But using (9) and
(10) we see that some of the terms vanish, and for the remaining terms we can
use the fact that 7,(¢p, €) ~ ¢ and thus every bounded term can be estimated by
e/11(%o, €). Together with (11) and Proposition 3.2, this gives the desired result
for u = 1.

In the other cases we have

[HAMDIESSS

(11

v=2 |a|=v
a1=0
00LW) dw | Ln we
< PR (n*
' | S 22 Zma(;n‘wkwu'm,(n If
! A=2v=2 |a|=v
a1=0
30} (w) 3¢ i "
< *
T AEPIPIITE
J v= 2| | via=1
=0
A0LW) dw| _ Ln 3wx
—1<> ) Zma(m‘
‘ dw 877; A=2 v=2 |a|=v Wity
a1=0
320 w) ac dw "2 " dag(?)
¢ < o ok
“owde oy} dwf| t:ZUZ ZV ;% H—‘m(n Ik
=0
320r(w) dw dw L& w* ow
| © 2 Z|aa<c>|‘— W)L,
w nj ow; A=2 =2 v=2 |a|=v Wiz Wy
a;=0
(™)

i
i

30F(w) 9w =
Cow 3w;k8r/j

wa
laq ($)] vl | e
r=2 v:2 =v Ao nj
=0
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It is easy to see that condition () also implies |w;| < ({9, &) for j > 1. Since
o = 0 a term of the form w®/wy can thus be estimated by 7%~ (®)(¢y, &) and this
cancels nicely with part of the estimate for a,. Together with (11), Proposition 3.2,
and the estimate ¢/1.({o, &) < 1, this yields the desired results—except that, in
the forth and sixth estimates, we must also use the fact that A > 1 and hence
£/T:(20,8)* < 1. O

Proof of Lemma 3.1. The result now follows in a straightforward way from Lem-
ma 3.7 and Proposition 3.2. UJ

3.2. More Estimates

Now we want to put together the estimates of Section 3.1 and so obtain some esti-
mate of part of the kernel. We point out that now it is important to remember that Q
was in fact the (1, 0)-form Z;’zl Q;(z, £)dg;. Asin the introduction, B should be a
form of norm 1 that contains all remaining components such that Q A (BgQ)k A B
is always of bidegree (n,n — 1) in {. Again we denote the tangential component
of a differential form « by («);.

LEmMMA 3.8.  For all z and ¢ satisfying condition (x), the term

(Q A (30 APl
can be estimated by a sum of terms of the form

ek

k b

l_[i:l ‘L—/Ji (;05 8) TU,‘ (4-07 8)

where all 1; and v; are greater than 1 and each index appears at most once.
Moreover, if 8, is the z-derivative in the y -direction, then the terms

18,0 A (3: Q) A B and 1(Q A (8,3:0) A (3:0) " A Bl

; k
can be estimated by a sum of terms of the form E /T (Lo, v, €), where the jv; and
v; are as above.

k
E;w_

Before we start the proof, we must mention the following fact.
ProOPOSITION 3.9. Let y = (yi, ..., ¥n) be a unit vector written with respect to

the e-extremal coordinates at {y. Then

1 ~ 2”: ly;]
(%o, ¥, €) o 7;(¢0, &)

The proof of this proposition can be found, for instance, in [Mc].

Proof of Lemma 3.8. We can write the term Q A (5;Q)k with respect to the ¢-
extremal coordinates at ¢, and get

*
v’

_ n k n 8 * *’ *
0G0 =Y 0wt A\ Y )

vo=1 I=1 vy, =1 i

dij,, Adn
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which shows immediately that the vy, ..., v; are pairwise distinct and that the
U1, -- -, Mg are pairwise distinct. Using estimates (5) and (7) from Lemma 3.1
yields the estimate

& ﬁ &
TVO(ZO, 8) I=1 TM](§O7 E)IV](g()v 8) .

If one of the vy, ..., v; is equal to 1 then we simply estimate &/7,(&p, €) < 1.

If, however, one of the i, ..., iy is equal to 1 then the estimate becomes a lit-
tle more difficult. In this case the kernel contains the term dn7, but at ¢ this form
has no tangential component and for ¢ € P, (&) the tangential component of this
term remains small. More precisely, we can write

_* = " dp . _\( dp -
ot = (o= 2501 ) ()

j=2

(@ A @0 AP <

The lzlst term is bounded by our assumption on ¢ (see the definition of W), and the
term dp does not contribute to the tangential component. Assuming without loss
of generality that ©; = 1, we have
905w
ant

=%
1

<

~

)
—% —x
M gt O

£ £

.....

Z &

. 70, (%0, €)Tj (%0, &)

A

and this saves our estimate also in the case where one of the u; is equal to 1.

In order to estimate the remaining two terms, we first consider the case where y
is one of the e-extremal directions at . In this case we can use the same arguments
as before, only replacing (5) and (7) from Lemma 3.1 by (6) and (8), respectively.
We find that |(8;Q A (3;0)% A B),| and [(Q A (8;3,0) A (3,Q)*~' A B);| can be
estimated by a sum of terms of the form E ;]iv /7j(&o, €), where p and v are as be-
fore. Finally, we need only observe that, if y = (yi, ..., y;) with respect to the
e-extremal coordinates at gy, then 8, = ) y;8; and by Proposition 3.9 we also
have

Ly
(o, 7, €) 7;(L0, )

j=1
which completes the proof. O

At this point we also want to give an estimate for §,,S that will be needed later.
For this we first write S with respect to the e-extremal coordinates at ¢ as

S* W n") = Spyr @y (Y (W* —n").

LeEMMA 3.10.  Let 8, be the z-derivative in the y -direction. Then, for all w* and
n* satisfying condition (x), we have
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e
18, S* (W, n")| S ————.

’ (8o, ¥, €)

Proof. First we consider the case where y is one of the e-extremal directions at
Zo. Using the abbreviations ¢ = ¢y + (®*) n* and w = W(n*)(w* — n*), we
have

n
. % Z 98, (w) dw
dw* 1 ): - i
w; dw;y, Bwj

with

95:W) _ 34 okw, and 22 Z nga@)w_a_
w,

dw; ow;,

Using the same arguments as in the proof of Lemma 3.7 now yields

&
dwy ~ (Lo, 8)

To obtain the result of the lemma we need only observe that, if y = (yy, ..., ¥;))

with respect to the g-extremal coordinates at &g, then 8, = > y;0;; this, together

with Proposition 3.9, completes the proof. UJ

3.3. Integral Estimates

Finally we come to the estimates of the integrals I, ..., I;. Because the only
singularity in these integrals occurs for { = z, it is clear that the integrals are uni-
formly bounded if dist(z, dD) > c or if the integration is only over the boundary
outside some small neighborhood of 7 (z). Thus it remains to estimate the inte-
grals over some small neighborhood of {y = 7 (z). This neighborhood should be
chosen small enough that we can use all the results obtained earlier. For simplicity
let us assume that P(&p) is such a neighborhood.

As in [DFFo], we will divide the neighborhood P;(&() into smaller pieces by
using certain polyannuli. These are defined by

P(§) 1= CiPy-ic(§) \ 3 Pr-ic(£).
The constant C; was necessary to make it a covering. In fact, we have

io(e)

U PI@) D> P.O\{g) and | JPi©) D PO\ P.O).,  (12)

i=0 i=0

where i((¢) is a finite number depending only on ¢ and satisfying iy (e) < —logs(ce)
for a certain small constant c.
The following proposition has been proved in [DFFo].

PROPOSITION 3.11.  Let z € D be close enough to the boundary and assume that
¢ is small enough. Then we have

S 0] > { e forall £ € 3D N P(7(2)),
Z, ~
lo(2)| forall £ €D N Py (7 (2)).
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We must also mention the following proposition, which is implicit in [Mc] and
more explicitly stated in [dBF].

PROPOSITION 3.12.  Let y be an arbitrary direction and write

m

rz+ey) —r(@ = Y al, (" + 0(lz"™.

n+v=1

Now define AZ(z) :=max{|a},(2)| : p +v =k} and

| N
Sy(2,8) = 1I§I}<1£m{(%> }

T(Z, ya 8) ~ S)/(Zﬂ 8)'

Then

As a consequence of this proposition we have our next lemma.

LEMMA 3.13.  For every direction y, every point z, and all values 0 < ¢ < p,

(2, ¥,8)

<= nr
7(z, ¥, p)

e
0
Proof. This result follows immediately from the fact that s, (z, )/t is a continu-
ous decreasing function in ¢. UJ

LEMMA 3.14.  For every o with 0 < o < 1 we have the estimate

a k
/ [(Q A (9:0)" A B)il dog,_y < eI+,
ADOP.(20) |§ _ Z|2n—2k—3+(1—a)

Moreover,
) AN 5 kA gl/m+k+1
/ (6,0 (iQ_)zk_f)"dGzHS ’
NPy 15—zl (L0, ¥, €)
1(Q A 8,(3:0) A (0:0) ' A B)| gl/mrk+l
2n—2k-3 dou—1 S ————-
DN P, (50) |& — z|== (L0, ¥, €)

Proof. We can write the first integral with respect to the e-extremal coordinates at
Lo, which are called nj’f = 9;‘ + i& ;‘. We then use the estimate [ — z| > [ — &l
and Lemma 3.8 to obtain

/I%‘,*I<fl(§0,€) /n§<t2({0,8)

/ e* dg; do3 dg; -} i}
n w1\ 2n—2k=3+(1-0)’
%< Tn(Co,€) ]_[I;=1 tﬂl(go,s)rvl(go,e)(zjzlmj |) +(1-0)

where all ; and v; are greater than 1 and each index appears at most once.
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First we integrate with respect to & and get a constant factor 71(¢o, €) < &, which
together with the other ¢ already gives us £¥*!. Now we still need to integrate over
n — 1 complex discs; there are exactly 2n — 2 factors of the form 7; or |'7f| in the
denominator, and only the last factor is of the form |n;.“ |'=9. Therefore, the follow-
ing integrals may occur:

* *
Ja ::/ d9; dslz <1,
Infl<zi(%0,8) 71(8o, €)
Jb :/ M
It l<zico,e) TG0 )T~

do; d&f
Je Z:/ l si — ,S TI(COsg)U S 80/m7
Infl<zi(Cose) T1(S0, €)M 117

. / / 40} de;- ... do} dE}
d-= 2i—1+(—
mil<m@e  Jigi<ncs () (=

glfm  2i—1
</ r dr < gam
0

~ r2i—(7 ~

However, J. and J; may occur at most once and only one of them will be present.
So finally we have our desired result.

To obtain the remaining two estimates, simply repeat the proof with o = 1 and
then use the second statement from Lemma 3.8 instead of the first part. O

Proof of Lemma 2.1. To achieve the result for |1,|, it remains only to estimate the
integral over the set Pi(m(z)) N dD. With p = |p(z)] this set will be split into
P,((z)) N 9D and Pi(7(z)) \ P,(m(z)) N aD, and both subsets will be further
subdivided by the coverings given previously. In the first case, Lemma 3.11 gives
IS — 217 > p*Hle? > poekt for all ¢ € PO(Ly) with e < p. Together with
Lemma 3.14, this means that

1(Q A (3 Q) A Bl
Tt k2 40201
apN P, (o) 1SS — 2]
- _
A 0:0)% A
s / k+1|(Q 0:0) 2ﬁ3t2|k727 dogn-
=0 Japnpjco [SIFHE —zI9]¢ — z|=" o

o0

1 4
< - (07 o/m+k+1
~ g p"(2‘1p)k+‘( 7

00
5 pa(l/m—l) Z(z—j)a/m S po(l/m—l)'
Jj=0

In the second case, for ¢ > p and ¢ € P(Zo) we have |S|*F!|¢ — z]7 > ghtlte,
Together with Lemma 3.14, this yields
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/ 1(Q A (0 Q)% A Bl do
2n—1
IDNPICo\ Py (go) |SIFTIE — z]2n=2k=2
io(p) 3
< 4 1(Q A (3:Q)F A Bl d
~ 2 opapiay ISIFHIE — 2l — 2220 02!
j=0 ](§0)
io(p) 1 io(p)
< —jyo/m+k+1 < —jyol/m=1) « o(1/m—1)
~ Z (2—J)k+lto @) ~ 2(2 ) ~ P ’
=0 =0

where in the last estimate we also used that ip(p) < —log,(cp).

The integrals I, and /. differ only in the place where the §, is applied, but
Lemma 3.14 gives the same estimates in both cases. Thus it is enough to consider
one of the integrals.

Fore < pand¢ € Pgo(go) we have |S|¥*! > pek. Therefore,

/ 18,0 A (3: Q) A Bl
aDﬁPp({o)

|S|k+l|§- _ Z|2n—2k—3

2n—1

Sl 1 (27jp)l/m+k+1
<
~ Z pQ27p)* (Lo, v, (279p))

j=0

00
< Z (2 jp) 1 : (ijp)l/m
Timoe 1@y (270

S 1/m 1/m

Z L(z—j)l/m < L,
= =10, ¥, p) ~ (o, v, P)

<
Il
(=}

where we have also made use of Lemma 3.13.
On the other hand, for ¢ > p and ¢ € P2(£o) we have | S|*! > ¢**1. Therefore,
with the help of Proposition 3.12 we obtain

18,0 A (3:Q)F A Bl

S| — g pr—2k—3 dozn-

/Z;DﬂPl(io)\Pp(io)

io(p) 1 (2—_j)l/m+k+l

< . .
~ ; @ (50, v, 27)
) p=iyi/m io(p)
< i < 27] 1/m 27/ 71/kAV 1/k
S Lty S 2@ max (e A
Jj=0 j=0
io(p) ‘
S D ALY @RS qlogpl 4+ Y AT(go) e
1<k<m j=0 1<k<m
pl/m
< llog pl 4 p"™ max {(A}(£0)/p)"*} S ———— + llog pl.
I<k=m (%0, v, )

Finally, we need only observe that z € P,(¢o) and hence 7(z, y, p) = 7 (Lo, ¥, p)-



236 BERT FISCHER

To estimate I;, we want to use Lemma 3.14 for 0 = 1. Using Lemma 3.10
and Proposition 3.11 yields |8, S| < &/t (Lo, v, &) and |S|*2 > pe**! for all ¢ €
Pso(go) with ¢ < p. Thus we get the same estimate as for [, namely,

1(Q A (B DF A B)IIS,S|
k+2 k3 4021
NP o) ISIFTAE — 2"
[0¢] _q m
< 27%p) i 1 2~ p)l/m+k+1 < pl/ )
T Qo v, 27p)) p2p) ~ (o, v, P)

On the other hand, for ¢ > p and ¢ € P2(gy) we have |S[F2 > e5+2 |5, 5| <
e/t(&o, ¥, €), and 7(&o, ¥, &) = (o, ¥, p). Therefore, we again get the same re-
sult as for 1,:

1(Q A (3:0)% A B)118, S|
k+2 k3 4021
aDNPi NPy o) ISIFTEIE — 2|
io(p) i 1m
O 1 iUk P
< i i ) [m+k+1 < ilogpl

;0 ©(0, 7. 277) 2772 (0. . )
Together with the fact that z € P,(¢) and so t(z, ¥, p) ~ t({o, ¥, p), this com-
pletes the proof. UJ

4. Examples

In this section we show that the result obtained in Theorem 1.2 is essentially the best
one possible. We do this by providing an example of a domain D and a bounded
(0, 1)-form f on D such that the Cauchy—Riemann equation du = f cannot have
any solution that is better than expected. In fact, this example is a modification of
the well-known example of E. M. Stein.

We consider the domain D = {z € C3 : |z11% + | z2)* + | z3*" < 1} withm > [.
As a complex ellipsoid, this domain is convex and of finite type 2m. In particu-
lar we are interested in a neighborhood of the boundary point p = (1, 0, 0). This
point is of type 2m, and this order of contact is realized by the complex tangential
line {(1, 0, w) : w € C}. All other complex tangential lines have order of contact
21. For every small ¢, the e-extremal directions at this point are e, e,, and e,
sowe have 7)(p,e) = /14+¢e — 1~ ¢, 12(p,e) = /2" and t3(p, ) = /2.
Thusd(p, (1+¢,0,0)) ~ g,d(p, (1,&,0)) = &>, andd(p, (1,0,¢)) = £>". That
means that if we are close to p and measure distances in the Euclidean metric,
then we can expect a Holder exponent of 1/2m in the z,-direction, an exponent of
21/2m in the z,-direction, and any exponent smaller than 1 in the z3-direction.

It is well known that the Holder exponent cannot be larger than 1, and with the
given methods it is not possible to show that it must be strictly smaller than 1.
Hence we will concentrate on the z;- and z,-directions. For this we consider the
function

13

V)= log(zi + 2372 —1)°
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Note that the real part of z; + z%l/2 — 1 is negative for all z € D and that log(w)
should be the branch of the logarithm with 0 < arg(w) < 27. In fact, we have
the strict negativity of the real part of z; + z%’/2 —1forallze D\ (1,0, 0). Thus,
the closed (0, 1)-form
dzs
f(z) ={ log(zi+23/2—1)
0 for z =(1,0,0)

for zeD\(l,0,0),

is continuous on D and thus also bounded.
Consider the circles

C,g = {Z€C3 1= 1 —28, 7 = 0’ |Z3| — l‘;\I/Zm}’
és = {ZG(C3 czai=1—¢,20=0, |z3] = 81/2m}’
68 = {Z€C3 11 = 1— 28, 77 = 81/21, |Z3| — 8]/2Wl}.

It is easy to check that all three circles are contained in D.

For every solution u of the Cauchy—Riemann equation du = f, the difference
u — v is a holomorphic function on D; we therefore have f cudzy = f c vdzs for
all of these circles.

Let us first consider the z,-direction and assume that the Holder exponent in this
direction is a. Then |(1 —¢, 0, z3) — (1 —2¢,0, z3)| = ¢ and so |u(1 — &, 0, z3) —
u(l—2e,0, z3)| < Ke®. Thus

‘/ . u(l—e,0,z3) —u(l —2¢,0, z3) dz3
|z3|=g/=m

< KSD‘/ 1dz;
|z3|=¢1/2m

— Ke"‘ers]/z’".

On the other hand,

/ . v(l—¢,0,z3) —v(l —2¢,0,z3)dz3
|z3|=¢gl/2m

=/ i — i dzs
lz31=cl/2m log(—€)  log(—2¢)

_ log(—2¢) —log(—¢)

~ log(—¢) log(—2¢) 23l=el/2m

= In2) 2mig?/?m,
log(—¢) log(—2¢)

Z3dz3

Hence we conclude that
In(2)/K < [log(—¢)log(—2¢)|e~1/2m

for all ¢ > 0, which is impossible for & > 1/2m because In(g)&? tends to zero
for ¢ — 0 and all positive 8. Thus we have proved that, in the z;-direction, the
Holder exponent @ cannot be larger than 1/2m.
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Now consider the z,-direction and the circles C, and C . Assuming that the
Holder exponent is again «, we get [u(l — 2¢,0, z3) — u(l — 2¢,8% z3)| <
K('*)* and so
‘/ u(l—26,0,z3) —u(l —2¢,e"% z3)dzs| < Ke®/*27e'/?™,
|Z3\:£]/2m
On the other hand,

/ . vl —2¢,0,23) —v(l — 26,6, z3) dzs
|z3|=gl/=m

zs|=el/2m log(—=2g)  log(—2e +¢/2)

_ log(—3¢/2) —log(—2¢)

73dz
log(—26)10g(=38/2) Jzyjmetiom >0
B —In(4/3) g2/
~ log(—2¢)log(—3g/2)

We then conclude that
In(4/3)/K < |log(—2¢) log(—3g/2)|e*/> 12"

for all ¢ > 0, which is impossible for « > 2[/2m. Thus we have proved that,
in the z,-direction, the Holder exponent « cannot be larger than 2//2m, which is
exactly what we wanted.
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