ON THE MEAN BOUNDARY BEHAVIOR
AND THE TAYLOR COEFFICIENTS
OF AN INFINITE BLASCHKE PRODUCT

Patrick Ahern and Hong Oh Kim

Introduction. If {z,} is a sequence (finite or infinite) of complex numbers of
modulus less than 1 such that ¥ (1—|z,|) <o, then the Blaschke product

|20| 2n—2
ZrI l_an

B(z)=11

converges uniformly on compact subsets of the unit disc U. We let &, denote the
set of Blaschke products whose zero sequences are infinite. In this paper we show
that

inf Hﬁu—r)—lS (1—|B(rei6)|)2ﬂ= max (1++1—x),F("%Y%,x) =7,
BE®, r—1 -7 2T ogx<1
where , F; (%,"%; x) is a hypergeometric function. Using one of Gauss’ identities
for the hypergeometric functions and tables for the complete elliptic integrals
(see [2, pp. 608-609]), we obtain the estimate -y, =>.285.

We have two applications of this result. In [2], Newman and Shapiro showed
that if B(z)=X -0 @,2"€ B then lim, - n|a,|>1/7=.3183---. We improve
this to show that if B(z) = Lp—0 @,2"€ B then lim, -  n|a,| 2 Vyo/2 =.37749.
In the other direction we modify a method of Newman and Shapiro [2]
to show that if e>0 is given, there is a B(z)=X,-0@,2"€® such that
lim n|a,|<2/e+e=.735--- +e. We conjecture that if B(z)=L-0@,z2"€Rw
then Iim, - « #|a,|22/e.

It is well known that if B(z)=L;-0a,2"€ B then Ly n|a,/*=. As
another application of our main theorem we improve this to show that if B(z) =
Yr=0d,2"€®B then

m ¥ klal*> X2 >.0356,
n—>w kel, 8

where I, ={k: k is an integer, 2" <k <2"*!}.

We wish to thank Dick Askey for identifying a certain series that arose in our
calculations as a hypergeometric function, and for showing us how to use Gauss’
formula and the tables to evaluate it.

1. We begin with a lemma. For 0<r <1 define ¢,(z)=(z—r)/(1—-rz).
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LEMMA 1.
_ T 012 A0
lim sup (1—p) IS (l—|¢r(,0€‘6)|)25“
r—10<p<I - T
16 1 ¢ dx
= max ————3 -—S > 2 212327
ocact (1+a)’ 7 Jo (14x2)(V1+x2+V[(1—a)/ (1+ )2+ x2}

Proof. Let v denote the expression occurring on the right-hand side of the
equality asserted in Lemma 1. (We shall show later than vy and vy, of the Intro-
duction are the same.)

We note that

(1| (0e”))?
ll_rpei8|2_|r_pei0|2 2
( |1—rpe®|(|1—=rpe®|+|r—pe)) )
_ (1-r?)*(1-p*?
" [(1—rp)*+4rpsin®8/2]
X {N(1—rp)*+4rpsin?0/2+/[(r—p)/(1—rp)]1*+4rp sin26/2}>

Next, we integrate the above equation, let x=60/(1—rp), 1 —p=a(l—r), and use
the inequality sin?8/2 < 6%/4 to obtain

T ; do
(=o' | (=ler(oe™)* 5~

S a(l+r)?(2—a+ar)?

(1+ar)?
1 Svr/(l—r)(l+ar) dx
7 o A+x){(V1+x2+ V[0 —a)/A+ar)?+x2)2

Since 1 —p=a(l1—r),

i ; do
sup (1=p) ™" | (1=ler (™)) -

0<p<l
S a(l+r)?*(2—a+ar)?
(1+ar)’
}_r/(l—r)(wan dx
7 o (1+x){V1+x2+[(1—a)/(1+ar)]?>+x2}?

for any o with O0<a <1/(1—r), in particular, with 0<a < 1. Taking lim, -, on
both sides and using the monotone convergence theorem on the right-hand side,
we have

. T - deo

lim sup (1—p) IS (1"'|¢’r(Pe“9)|)2_2'_

r—>10<p<l - T
16a 1 S°° dx

g (I+a)® 7 do (1+x)(VI+2+V[(1—a)/(I+a)2+x2)2
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for any o with 0<« < 1. But the expression on the right-hand side can easily be
seen to be decreasing when « 21, so we have

. 7 ; df
lim sup (1-p)~'|_(1=Je,(peM)P—>7.
r—>10gp<l1 -7 7l'

Next, we estimate from above. Since for a fixed r (0<r<1),
m . do
(=)' (1=lerlpe™D? T =0 as p=1,

this expression takes its maximum at some p(r) with 0<p(r) <1; p(r) may not
be uniquely determined but we claim that p(r) =1 as r = 1. If not, there exists a
sequence 7, -~ 1 such that p(r,) <c<1. Then

i ; do
sup (1-p)™"' | (1=le, (pe™))*5

0<p<l1

_ 1 "o ioyy2 40
=T505 |- t=ler,otre™) -

< [" a-le, 0 e N0 (neo)
S l—cJ-x nRTRATA 27 '
This contradicts the fact that

. (7 : dé
lim sup (1=p)~'|_ (1=l¢,(pe )7 —>0,

r—>10<p<l1

which was established in the first part of the lemma.
Next we estimate from above. Let 0<d<1 and determine e=¢€(6) so that
sinx20x if 0<x<e/2 and sinx<éx if e/2<x<w/2. For 0<0<e,

0 0 \?
(1—rp)*+4rp sin? > 2 (l—rp)2+4rp<6- 5)

(1—rp)?
>rpd?) ———
ie { rpd?

9 2
=rp62(l—rp)2{1+< )}
1—rp
and similarly

o 2
(r—p)*+4rp sinzgzmy(l_rp)z{( r—p ) +< 6 ) }

+62}>rp62((1——rp)2+02}

1—rp 1—rp
Fore<f<gm,
(1—rp)*+4rpsin®0/2 = 4rp sin® e/2=rp62¢>,
and similarly
(r—p)*+4rpsin?8/2=rpd%e>.

We use these inequalities to estimate
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w ; do
(=)' (=ler(oe™ly 7

(1-r?)*(1—p*)?> 1 (¢ ¢~
T =0 () (=1p)* {SOJ“”
(1-r?)*(1—p?)?
S (1=p)(rp)*(1—rp)*
v l Sf db
T Jo [14[0/(1—rp)]?}
X {(N1+[0/(0=rp) P+ N1(r—p)/(1=rp) P+ [0/(1—rp)?}?
(1-r?)*(1—p?)?
4(1—p)(rp)2ste’
To estimate (I), set x=0/(1—rp) and 1 —p=a(l—r).

= (I) + (1I).

(1+r)Q—-a+ar) o
~ p) (1 +ar)is?
1 e/(1—rp) dx
™ SO (I1+x2){(VI+x2+V[(1—a)/(1 +ar)]?+x%}?
(14+a)? 16
S (rp) (1+ar)’st (1+a)’
ig“’ dx
0 (1+x2)(V1+x2+[(1—a)/(1+a)]?+x2}?

L1 (d4a 1
= (rp)? <1+ar) 54 ¥
11 1

(ro)> r7 8t Y

since (1+a)/(1+ar)<1/r.

(I)

T

<

I1—p

(II) QW.

Combining (I) and (II), we obtain

4 ; do
sup (1=p) 7' |~ (1=Jer(pe™)ly*5

0<p<l1
T , do
=(1—p(r)~" S_,, (l—lsor(p(r)e'o)l)zg

L1 e
(ro(r))? 38t

Since p(r) =1 as r =1, we have

<

+

— (T . do 1
im sup (1-p)7' |~ (1=ler(pe™)?—< w5 7.

r—>10<p<l1
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But since 6 is arbitrary in 0<6<1, we can replace the right-hand side by v. This
completes the proof of Lemma 1. ]

THEOREM 1. 46
inf TiTn(l—p)-‘S (1—|B(pe))2—=1.
BE®R, r—1 -7 2w
Proof. Take B€ ®., and let z,=r, e be its zeros, r, -»1. Fix r, 0<r<1, and
choose n so large that r,=r,(r)>r. Then we have

7 : de 7 : do
sup (1-p)' | (1=[Bloe™yP==> sup (1-p)"'|"_(1=les, (0e))?—
r<p<l -7 2T r<p<l - 2w

7 : do
= sup (1=p)~'|__(1=ley, (pe™))*
0<p<l1 -7 T
Hence,

— (7 : do

fim (1-p) 7' | (1=|Boe™))? 5

p—)l - T

. (" : do
=lim sup(1—p) ‘S (‘l—lB(pe"’)l)Zz—
r—>1 p>r - T
. (7 : do
>lim sup (1-p)7' | (1=leroe™? =,
r—=10<p<l -7 ™
by Lemma 1.

Next we show that the infimum is actually attained. Define sequences r, -1
and p, -1 such that

(1) Pn<In<Pn+l,
(2) 1—r,,+1<%(1—r,,),
1 1
3) (l—pn)(zl ><—,
k<n 1—TIg n
(1-r)* 1
@) 0= < and
5) (1—ry,) y 1 <i.

(I1=pp) k<n 1=rr n

The existence of such sequences can be shown inductively. Suppose that
I'iy...,rp—1 and py,...,p,_, have been defined satisfying (1)-(5). Choose p,
so that

€)) rp_1<p,<l, and
1 1
3) (1—pn>( » )<—.
k<n 1_rk n

Once p, is defined, we can choose r, so that (1), (2), (4), and (5) are satisfied.
Now, let B be the Blaschke product whose zeros are ry,r,,.... Suppose
oN Sp<pn41. We estimate
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1—|B(pe™)| < (1—|¢,, (™)) +k2:N (1—| ¢, (pe™))).
#
Note that

: : 1—p*)(1=rf)
1—|e, it <l- i0 Zg(
ler (0e™)| |er (0e")] (1=rep)’
< 4 (d=p)(d—r)
T [(A=r)+ (=)
The last inequality follows from

L=rep=(1=re)+re(l=p)Zr[(1=ri)+ (1-p)].

So,
4 (1—p)(1—ry)
1_ , i <
Ly Ulenee D < o b T (—o)P
—(1—
( p)k§N1"‘rk
and
0 4 (1—p)(1—ry)
k2>:N ~lenlpenI < r k§N [(1=rg) + (1—p)]?
4 1 4 1
<—— X (I- rk)<_—'“2(1—rN+l)
ry 1—p k>N r l1-

by (2). Combining these estimates, we have

j i 1 1—
1—|B(pe™)| < (1=|@ry (pe™)) +c[(1—p> - I ]

I—p

where C is a constant which does not depend on N and pe’. Let

1_
en(p)=(1—p) T INe1

k<N l_rk 1—p
Since
(1—|B(pe®))? < (1—| e, (pe))*+ CPen(p)? +2Cen(p) (1—|ry(pe™))),

we have

x ; do
1-p)7' | (1=|Bee™D? -

e ey dO
< sup (1—1¢) 'S_T(l—lsow(fe'o)ng

0<r<1

C?en(p)? . 2Cen(p) S

. do
_ i0y12y 7
—p I—p (1=, (0e™)) )

Now,
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en(p)? 1\ [1=ryy 1 (1=rns1)?
2 —(1- ~- WVFr7
1—p ¢ ")(k§N1—rk)+< I—p )(ngl—rk)‘L (I—p)?

1 2 l—rN+l 1 (1_’~N+1)2
<(1- —TINEL
( pN)(ng l—f‘k) +<1—PN+1>(I(§N l—l‘k>+ (1—pn+1)’°
<3/N
by (2), (3), and (5).

dd _en(p) (1-rd)(1—p?)

<

2T l1—p l—r;%zpz

< [ en(p)\?
<2en(p)=2 1 (I—p) <2+/3/N

en(p)
l1—p

S:r (1=|ery(oe™)?)

by the estimate above. Combining these, we have

T . do T ; do
(l—p)“S_w(1—|B(pe"’)|)2§< sup <1—t)*'§_w(1—|¢,N(te“’)|)2§

0<r<l1

N ( 3C? N 4CV3 )
N W )’
for py<p<oni1
From Lemma 1, given e >0, there exists Ny such that if N 2N,

17 ; do
sup (1-p) 7| (1=ler, (pe™)* S <y +e.

0<p<li
So,
T - do 1
1-p)7|" (- |Be™) = <y+e+Cr =,
(1=p)7) __(1=|Bpe™))"S—<y+e+C W
if N>N,, py<p<l, where C; is a constant independent of N and p. Since ¢ is
arbitrary, we obtain

— (7 : do
fim (1-p) ™' |~ (1= |Bloe™))Y*5— <.

p—1

This completes the proof. a

2. The fact that y =+, is a consequence of Lemma 2.

16 lS‘*’ dx
(+a) 7o (+x)[(VT+x2+V[(1—a)/(1+a)2+x2}2

= (1+VT—u)[LF (Y%Y%5u) -1,
where u=4a/(1 +a)>.

Proof. We set x=tan ¢ and obtain
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© dx
SO (1+x2) {(V1+x2+V[(1 =)/ (1+a)]? +x2)?

Sm dt _Sfﬂ( cost )Zdt
0 (sect++/sec?t—4a/(1+a)?)? ~Jo 1++/1—ucos?t '

We rewrite the integrand successively by rationalizing the denominator, squaring
out, and expanding into series. We obtain successively

( cos ¢ )2 _1_(1—-\/1—ucos2t>2

u2

1++/1—ucost cost
_il—\/l—ucoszt 1
Tyt cos? ¢ u
2 = /3% 1
== —1)" 1y cos?n—Dp_ =
w 1
= (;)(—1)”+'u”'2c052("—')t.
n=2

Now, integrating with respect to ¢ term by term and using the formula

we obtain

w 2 ol DR RN —_ 2
S/2< cos ¢ )dr:% 3 [1-3 (2n—1)] -1

0 1+~1—ucost 2 (n+D!at2?"
So,
16 _1_5” dx
(I+a)® 7 Jo (14+x2)(VI+x7+ V(- )/ (T+ )P +x2)?
2 2 [1.3.....(2,1_1)]2. .
T lta 2, (n+1)tn12%n
_ — ad [(2n)!]? -
=(1++1 u)ingo (n+1)!(n!)324".u 1}.
But,
= [(2n)!1? - (13, "
Eo (n+1)! (n1)32% ¥ ‘,,go ). (327"
_p G2 g Gt

neo (2).(1)32%" a0 (2), n!
=, F (%" u).

We used the standard notation (a),=[I'(a+n)])/[I'(a)]. This completes the
proof. O
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In order to estimate vy, from below we use a formula of Gauss’ [1, p. 558,
15.2.20] to show that

2F (V)25 u) = 4 {—I—E(u) — (1 —1)K(u)},
T U Uu

where E(u) = [3"*(1—usin®0)"2d6 and K(u) = [3/*(1—u sin260) "2 df. Next,
using the tables for the functions £ and K [1, pp. 608-609], we find that
the tabulated value of ¥ (0<u<1) that makes the expression (1++/1—u)
X {2F1(Y%,Y2;4) —1) the largest is #=.99. In this way we obtain the estimate
70?.285.

We point out that #=1 corresponds to aw=1 and in this case the left-hand
member of the equality of Lemma 2 is

3_5-” dx __ESW/Z cost 2dt
T do (1+x2)[x+1+x2]2 7 Jo <1+sint
2 ¢7/2 1—sin @
== | 1= o2 150,
7 Jo 14+sin@ T

In other words we obtain the estimate vy,>4/7 —12.273 without recourse to
the tables.

3. Now we give some applications.

LEMMA 3.
1 2
lim (1—r) E k2| a)|2rk- l)<—( lim klakl>
r—1 2 \k->w

Proof. Let co=1limy >« k|ag|<oo and let €>0. Take N so large that k|a;|<
¢o+ ¢ whenever £ 2 N. Then

Ek Ia |2 2(k— ”<Ek2|a |2+ E kzla |2 2(k-1)

N F2N
E 2|0k|2+(C0+E)2' 3 .
k=1 1—r
So,
lim (1—r) E ka2 r2% =D < d(co+e)t
r—1
Since € >0 is arbitrary, we obtain the lemma. O

THEOREM 2. If B(2) =X -0 0,2" € R, then
lim n|a,|>/ve/2>.37749---
n— oo

Proof. Note that

. ] .
1—|B(re'0)]<S |B(te'®)| dt a.e. 6.
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By the continuous form of Minkowski’s inequality,

- ' 172
ﬂ_ (1-|B(re'”)i)2§f;} <[ 'm0t 3 at,

where

1 27 . 172 o 12
MZ(t,B'):(—-— SO IB'(t€'6)|2d0> =< E kzlaklztz(k_l)> .

27 k=1
Let ¢;=1im, -, (1—#)M, (¢, B’)* and let ¢>0. Take r close enough to 1 that
(1—t)M,(t,B’)*<c;+¢ whenever r<t<I.
So,

x ' 172
{S_ (1—|B(re“’)|)2§—i} <Sl(l—t)_m{(l—f)Mz(t,B')Z]”zdt

1
s(c1+e)“2g (1—¢) 2 ar

=2(c;+€) 2 (1-r)'"2
Since € >0 is arbitrary, we obtain
E(l—r)—'gl (1—]B(reio)|)2% <4ey.
Combining this with Lemma 2 and Theorem 1, we obtain
im n|a,|2~ye/2=.37749---,

n—>o

This completes the proof. a

We point out that if we use the estimate v, >.273 that can be obtained without
use of the tables, we can conclude that

lim n|a,|>+/.273/2=.36%4- -,

n—>o0

an estimate which already improves the result of Newman and Shapiro men-
tioned in the Introduction.

THEOREM 3. For any € >0, there exists a B(z) =X, -0a,2" € B such that

— 2
lim nla,|< —+e=.735-+ +e.

n—row e
Proof. Let 0<c<1 and let zk=1—ck, k=1,2,.... Let B be the Blaschke
product with zeros z;, k=1,2,.... Then, as in [2], we have
2 gt
ay=3 = .
"2 B'(zk)

We estimate |B’(z;)| from below. Since
1 2 — 2k

7 11

1=2f ik 1 —zxzy’

B'(zx)=
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1

3
1—2§ %k

1 cl—ck ck—¢!

> —— hai.
1—z¢ (,gk c’+c">(,l>_1k ck+c')
- (q 1—c*! 0 1—c'7*
IR AN L ARVAVGY R E

1 o [—cl\?
> .
1-2¢ (z=H| 1+C')

21— 2k

|B(zi)|= "
—ZK 2

So,
© (n+1)zf
n+1)la < o
( )l n+|' kgl |B (Zk)l
© [+c'\* 2
s(II " ,) Y (n+Dz{ (1-z¢)
=1 1—C k=1
© 1+c/\* =@ .
<2(n+1)<H ,) Y (1—c*)rck.
=1 1=¢" ] ¢

In order to estimate the sum, we look at u(¢) = (1—c’)"c’. We can easily see that
u(t) increases when ¢ <ty=log.(1/(n+1)) and decreases when > ¢,. Then

Y, (l—ck)"cksg1 (1—=c"Y'c"dt+ max u(t)
k=1

1€t<o

1 1 \" 1
<—-———+(l=—-— ) —.
(n+1)logc ( n+l/ n+l

© 14c'\? 1 1\
+1 <2 — 1-—) &
(n+Dlan (,vl;I] l—cl> { log ¢ +< n—i—l) }

— o ]4cl\? 1 1
li <2 — — .
n1_)n;n|a,,| (;1;11 l—c') ( log ¢ + e)

Taking ¢>0 small enough, we obtain

So,

Hence

lim nja,|<2/e+e. O

n—>co

THEOREM 4. If B(z) =X 7e0 k2 € B then

fim < ) k|ak|2)> X0 5 .0356.
n—» \KEI, 8
Proof. Let cl=m,,_m(2ke;,, klak|2) <oo and let e >0. Take N large enough
that
Y. klax|*<c,+e if n=N.
kel

n

Then
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Ekzlal”" L T kart

n=1kel,
< ﬁ 2n+1r2"+1< y k]ak|2>
n=1 kel,
N-1 n+1
<Y "+'< y k|ak|2>+2(c,+e) £ 2
n=1 kel, n=N
But
n+] bad 2+ e
): 2" g E S r’dt=S r'dt
2N
r 1
= <
log(l/r) 1—
Hence

lim (1—r) 2 k2|ag|Pr* <2(ci+e).

r—1
Since € >0 is arbitrary, we obtain
fim (1—r) [; k?|ap|Pr¥* < 2¢y.
r—1
Now proceed as in the proof of Theorem 2 to show that

. o, do
m(1-r)~' | (1=|B(re™))* - <8c;

r—1

So ¢;Z27y0/82.356---. a
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