SUBDIRECT DECOMPOSITIONS OF EXTENSION RINGS
Robert L. Snider

Let A and S be two rings. We say that E is an extension of A by S if A is an
ideal of E and E/A is isomorphic to S. The purpose of this note is to give a simple
counterexample to a theorem of C. W. Kohls [1], and to prove a similar result. The
result is strong enough to obtain several of the corollaries in [1].

The result of Kohls [1, p. 401] states that if A is isomorphic to a subdirect sum
of simple primitive rings {Aa} and if S is isomorphic to a subdirect sum of primi-
tive rings {Bg}, then every extension E of A by S is isomorphic to a subdirect
sum of the rings {Ay} U {Bg}. The counterexample is as follows: Let E be the
ring of all linear transformations of a vector space of countably infinite dimension
into itself. Let A be the ideal consisting of all elements of E of finite rank. It is
well known that the only ideals of E are the zero ideal A and E. Also A is a sim-
ple primitive ring. E/A is a simple ring with unity, and hence it is primitive. The
result of Kohls would imply that E is isomorphic to a subdirect sum of A and E/A.
This is clearly impossible, since E is subdirectly irreducible.

We recall that a ring is semiprime if it contains no nonzero nilpotent ideals.

THEOREM. If A is isomorphic to a subdivect sum of semiprime vings with
unity {Aqy}, and if S is isomorphic to a subdivect sum of rings {Bg}, then each
extension E of A by S is isomorphic to a subdivect sum of the vings

{aqg} U {Bﬁ}-

Proof. For each o and each §3, let
M, = {a€e Aray =0} and PB={seS:sB=O},

where a, and sp denote components in the given subdirect sums. Then

ﬂa My =0 and ﬂﬁ Pg =0. Also, A/Mg is isomorphic to A, and S/Pg is isc?—
morphic to Bg. Now there exist ideals P['g of E containing A such that Pg = Pg /A
and npjg =A. Let M}, = {x € E: AxC My }. My is clearly an ideal of E. Let b
be in A N My . Then Ab C My, which implies A {b) C Mg, where {b) denotes

the right ideal of A generated by b. Therefore, <b>2 C My . Now My is a semi-
prime ideal of A; therefore, <b> C My . Hence b is in My . Clearly,

Mg C A NMg. Hence Mgy =A N Mgy . Let a+ Mgy be the identity of A/My . If x
isin E and y is in A, then

y(x - ax) = yx - yax = yx - yx (mod M),
since y is in A. Since the last quantity is zero, y(x - ax) is in M, . Hence, x - ax
is in My, for all x in E.

This implies that E = M(')Z + A; for if x is in E, then x = (x - ax) + ax. There-
fore,

E/M, = (Mg +A)/My, £ A/(Mg NA) = A/M, £ A, .
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Also, E/Pg = (E/A)/(Pg/A) = S/Pg = B. Now,

(ﬂaM&) n(ﬂﬁpfg) = (naMa)nA=na(M;an)=ﬂaMa=o.

Hence E is a subdirect sum of {As} U {Bg}.

The existence of at least a left unity seems to be necessary. Kohls attempted to
prove the theorem for simple primitive rings by using the maximality of M, to
show that the ideal My, is maximal in E, so that E = M, + A. His error lies in the
assumption that if N is any proper ideal containing Mg, , then N N A =M, . Our
example shows that this may be false.

COROLLARY. If A is a4 semiprime ving wilth unily and S is any ving, then every
extension E of A by S is isomovrphic to the direct sum A S.

Proof. The proof of our theorem shows that E can be embedded in
(E/(0)') ® (E/A) by the map x — (x+(0)', x + A). If a is the identity of A and x is
in E, then x = (x - ax) + ax. Hence

x+(0)' = ((x - ax) + (0)") + (ax + (0)'") = ax +(0)'.

If y isin A, then (y + (0)', y + A) = (y + (0)', 0), which is in the image of E. Hence
(0, x + A) is in the image of E, since

(x+(0)', x+ A) - (ax+(0)', 0) = (0, x+ A).

Therefore the image of E is (E/(0)')(® (E/A), and this is isomorphic to A @ S.

Our theorem is still strong enough to extablish Corollaries 1 and 2 in [1]. By the
obvious change of hypothesis, we can obtain modified forms of Theorem 5 and Corol-
laries 3 and 4 [1, pp. 402-403].
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