ON THE ASYMPTOTIC BEHAVIOR OF THE
SOLUTIONS OF x" + a(t)x=0

A. Meir, D. Willett, and J. S. W. Wong

The differential equation
(1) x"+alt)x =0 t>0)

has been widely investigated; see, for example, Cesari [2, pp. 80-90] and Bellman [1,
Part 3]. In the special case when a(t) > 0 and

(2) a(t) To astl e,

Milloux [6], Hartman [4], and Prodi [7] have shown that (1) must have at least one
nontrivial solution x(t) such that

(3) x(t) — 0 as t — o,

Milloux [6] and Galbraith, McShane, and Parrish [3] have shown that in order that (3)
holds for all solutions of (1), some additional condition on a(t) besides (2) is needed.
Furthermore, such a condition cannot be a simple restriction on the order of a(t) or
a'(t), for Willett [9] has recently shown that for each b(t) > 0, there exists a function
a(t) such that a'(t) > b(t) and (1) has a solution x(t) with lim sup,_, o |x(t)| > 0.

Sufficient conditions assuring that (3) holds for all solutions of (1) have been ob-
tained (see, for example, [1, p. 88], [2, pp. 85-86], and [5]). One of the best of these
conditions from a theoretical viewpoint is due to Sansone [8]: if a(t) belongs to the
class Cl[O, «], then for every sequence {tn} subject to the conditions

tn+1 - tn

th — =, ther ~th < th - thog, lim sup ——~— = 1,
- n —s o0 th ~th-1
it is true that
o0
. a'(t
(4) 2 (ther - ty) min _af(tT) = oo,
n=1 th St<tph41

One of the reasons for the present paper is that for a given a(t), conditions such as
(4) are usually difficult to verify. It is our aim to present conditions on a(t) that are
usually easy to verify in practice, that imply that all solutions of (1) satisfy (3), and
that in our opinion are quite general—for example, as general as Sansone’s condition
mentioned above. In its most general form, our condition requires the choice of a
second function q(t) that is in some sense a “smooth approximation” of a(t). In
many cases, the choice of q(t) is obvious, and thus the condition is easily verified.

Let max (w(t), 0) be denoted by w,(t). Throughout the paper, we assume that
a(t) is of class C1{0, =) and that a >0, a' > 0, and a(t) —» © as t — <,

Received July 13, 1966,

47



48 A. MEIR, D. WILLETT, and J. S. W. WONG

THEOREM. If theve exists a function q € CZ'[O ) such that q > 0, q' >0,
q(t) — as t — 4o,

lan (7)) 1
5) A = lim su S dr < 3,
( t_,+oop CI(t) al/2(r) 2
and
(6) lim —15 S (Z'y—— -—) qdT = 0 for some constant v >0,
t— +
then each solution of (1) satisfies the condition
(7) x(t) = 0 and a~l/2@)x'(t) > 0 ast — +.

COROLLARY 1. If theve exists a positive p(t) € Cl[O, ) such that

400
(8) {7 prlwmat =+,
b .
(9) lim inf _p't) .
t -+ p(t)al/2@) =
and
(10) lim inf 20RM) - o
t—+oo a(t)
then (1) holds for all solutions of (1).
COROLLARY 2 (Sansone [8]). If
+o0
(11) lim inf a'(t) > 0 and ‘_g a~l(t)dt = +,
t —c0

then (7) holds for all solutions of (1).

In particular, Corollary 2 holds if a'(t) — +<« and the second requirement in (11)
is satisfied. This is one of Sansone’s sufficient conditions reported in [2, pp. 85-86],
modulo the correction of a misprint.

COROLLARY 3. If

ta'(t) logt

(12) Lim inf ==

t—o0

> 0,

then (7) holds for all solutions of (1).
COROLLARY 4. If a(t) € C2[0, «), a'> 0, and

) a" (t)
(13) H S e 2 am =



ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS OF x"+a(t)x =0 49

then (7) holds for all solutions of (1).
COROLLARY 5. If a(t) € C%[0, ©) and

(14) tan(t) > -a'(t) Sorall t>tg,

for some constant ty, then (1) holds for all solutions of (1).

Proof of the theovem. For any nontrivial solution x(t) of (1), let
v(t) = x2(t) + a-1(t)[x"(t)]2. The theorem will be proved if we show that v(t) — 0 as
t — +o. Suppose that v(t) + 0. Then, since v'(t) < 0 and v(t) > 0, we see that
v(t) l s>0as tT o. Let ¢ > 0. Then there exists ty = ty(e) > 0 such that

(15) s+e>v(t)>s forall t>t,.
Since x"= -ax,
(16) (@) = (1 -y4q'v-rqExYa-l+alqx)? (2'}/%' B %} )

If (6) holds for some constant y > 0, it holds for all constants y* (0 < v* <vy).
Therefore we may assume without loss of generality that y < 1. By integrating (16)
and taking (6) and (15) into consideration, we find that

t :
(17) alt)s - altg)v(ty) < (1 -¥)(s+e)lalt) - alte)] - ¥ S q'a~! (xx1)1a7 + o(q(t))

to
as t — .
Integrating by parts, we obtain the relation
t
t t t
(18) S galExx)dr = qga-lxx - S q"a~l xx'dr + S q'ata"?xx'dT .
1:0 to tO

to
since 2|a~1/2xx'| <x2+a-1(x)2< s+¢ and

a® (e * g(r)a(n) t Jan(o)]

al/2g) = ‘go al/Z(T)dT + 0(1), 2372(7) dr < 2 io 272(1) dr + 0(1),

substitution into (18) shows that

t
52(s+8)5 a~l/2|gn|dr +O(1) as t—+o.
%o

(19)

t
\g q' a—l (Xxl)ldT
0

Combining (5), (17), and (19), and letting 't — *, we obtain the inequality
s <@-v)(s+e)+2v(s+e,

which is possible only if
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(1 -2\)sv
Z1-(1-20)v

\%

> 0.

(20) €

Since &€ > 0 is arbitrary, (20) contradicts the assumption that s > 0, and this proves
the theorem.

Proof of the corollaries, Corollary 1 follows from the theorem if we take
t
qt) =1 + S p-1(7)dr. To verify that (5) holds in this case, we substitute
0

Ip'(t)l = p'(t) + 2[- p'(t)]; and integrate by parts to obtain the inequality

Sta‘l/Z(T) la'(m)] ar < p ()2 M/2(0) + 2 Stp'z('r)a"l’2(7)[-9'(7)]+dT-
0 o

That the integral on the right is o(q(t)) as t — «, and hence that (5) holds with A = 0,
follows from (9) by L’Hospital’s rule. The limit in (6) is zero for each choice of v,
since by (8) and (10) there exists a constant T such that

1 t !
21,(1_'_%'=Q_' gy_%p.(jp—ld7+1) <0 forall t>T.
q q 0

Corollaries 2, 3, and 4 are direct consequences of Corollary 1 with
p(t) = a(t), p(t) = (t+2)log(t+2), p(t) = a(t)/a'(),

respectively. Corollary 5 follows from Corollary 3 and the observation that the con-
dition tan(t) + a'(t) > 0 implies

t
a®) - altg) = § Talr)lar < talogt - toalltglogty (¢ max(to, 1)
to

hence, equation (12) holds.

Remark 1. Since integration is a “smoothing” operation, the oscillation of the
successive functions a(t), a'(t), and a"(t) is generally progressively more pro-
nounced. Hence, conditions not involving a"(t) directly are probably more practical
than those containing a"(t). For instance, Corollaries 4 and 5 do not cover the ex-
ample

t
a(t) = t2 + ‘S‘ cos (s%)ds,
0

but Corollary 3 does.

Remark 2. Corollaries 4 and 5 settle the so-called concave and convex cases;
that is, either a" < 0 or a" > 0 implies that x(t) — 0 as t — <« for all solutions of

(1).

Remark 3. We conjecture that even when

lim a~l(t)a't)p(t) = O,

t—co



ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS OF x"+a(t)x=0 51

where p(t) is a function satisfying (8) and (9), then x(t) —» 0 as t — « for all solu-
tions of (1). In other words, a necessary condition for (1) to have a solution x(t) such
that lim sup; o |x(t)| > 0 might be

lim sup-all—(:-—zsgg >0

t—o

and lim inf ?L% =0.

t— 0

Remark 4. If in the assumptions of Corollary 1, equation (9) is replaced by
p' > 0, then this modified set of conditions is enough to imply that the Sansone con-
dition given by equation (4) holds. To see this, let {t,} be a Sansone sequence, and
let

al(Ty) - min at(:)) (tn < 70 <tpt1)-
a(ry)  t,<t<tny a( —
Then
5 a(7,) -t £ -t
20 (t t)— : CZ) tatl - >CE thiz “tar o~ tn
n=1 ik " n=N p(Tn) n=N p(tn"l'l) thiz - thi
zc
A p(t)
N+1

This offers an alternate way for proving Corollaries 2, 3, and 5.
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