MONOTONE FUNCTIONS AND CONVEX FUNCTIONS

Togo Nishiura and Franz Schnitzer

In their note [1], A. S. Besicovitch and R. O. Davies prove the following interest-
ing theorem concerning monotone functions of a real variable.

THEOREM. Let f be a real-valued, nonnegative, continuous, monotone function
defined on 1= [0, 1]. Then there exist two convex functions gy and g, on 1 such
that 0< g, <f<Lg, and

1 1 1 1
0 0 0

Furthevymovre, the constants 2 and 1/2 are best possible.

In the present note, we extend this theorem to functions that are monotone on
the n-fold cartesian product of I. Of course, the constants involved will depend upon
n. The extension is an immediate corollary of Theorem A below, which concerns the
measure of a certain family of subsets of euclidean n-space. The present proof is
not an extension of that in [1], and in a sense it is better, since it avoids a transfinite
construction.

1. THE STATEMENT OF THE MAIN THEOREM.

By R we mean the real numbers, and by P the nonnegative real numbers.
X% =X X ++» X X will denote the n-fold cartesian product of a set X.

For each point x = (x1, x2, ---, x1) € P?, let
Bux) = {ye R®*| 0 <yl<xi(i=1,2, -, n)},
My = {McR" I M is a bounded open set such that
x € MN P" implies B,(x) C M}.
We shall partially order R™ by agreeing that x > 0 if and only if xiz 0
(i=1,2, -+, n). For each point x € R™ such that x*> 0 (i=1, 2, -+, n), we let

K (x) = {y e R®| 2 (y'/x") > n}.
i=1

Corresponding to each M € .#,, we define three sets Op(M), Cn(M), and H,(M)
as follows:
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0,(M) = P® N M,
C, (M) = P2\ (closed convex hull of P™\ M),

H,(M) = P"\ n K, (x), where the intersection is taken over all x in the interior
of O,(M).

By m_ [ -] we denote Lebesgue measure on R".

THEOREM A. If M € M, then
C,(M) € O, (M) € H/ (M) and n!m,[C,(M)] > m [0, (M)] > 9-111 m, [H, (M)].
n

Fuvthermove, the constants n! and n!/n™ are best possible.

COROLLARY. Let f: 1" — R be such that £ > 0 and f(x +h) - f(x) > 0 for h>0
and x +h € I™. Then there exist two convex functions g, and g, such that

!
0< g, <f<Lg, and (n+1)!Sg1deSfde(—n—f_'T)I—Ingdx.

Fuvtheymore, the constants arve best possible.

The corollary follows easily from Theorem A, which will be proved in the next
section. We remark that the convex function g, of the corollary need not be contin-
uous at points x € I with x* =1 for some i=1, 2, -, n. If f is continuous, then
g, can be chosen continuous also.

2. PROOF OF THEOREM A

If X< R™ and t € R, we write
SX, t,n) = {(x!, x%, -+, x* )| (x!, %%, -+, x™71, 1) € X}.

LEMMA 1. For each M € #, we have the velation S(M, t, n) € M, _, . Fur-
theymore, S(O,(M), t, n) = O, _;(S(M, t, n)).

For each measurable set A € R®"! and for a < b, we let D (A, a, b) = A X [a, b).
Clearly, m, [D (A, a, b)l = m,[D,(A, 0,b-a)l=(b-a)m,_, [A]n Next, suppose A is
a measurable subset of P?-! and r > 0. Then we let
E A, r)={(x,y) e PP"I1xP| @ ke A and t € R such that
(x, y) = t(x, 0) + (1 - t)(0, 1)},

and
F (A, r)={(x,y) e P! xP| T x e A and t € R such that

(x, y) = t(x, r) + (1 - £)(0, nr)} .
A simple calculation shows that

m,[E (A, r)] = ;l-lmn[Dn(A, 0, r)] = %mn_l[A]
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and
n -1 n n-1
m,[F. (A, r)] = — m,[Dy(A, O, r)] = (n - 1) rm,_;[A].

k
Finally, let A;, A,, -+, Ay be subsets of P™. Then ® A;=A DA, D - DA,

i=1
is defined to be the set of points (x!, xz <+ x™ in P™ with the following property:
For some nonempty subset J of {1 2, k} there exist points

(x!, x%, ..., xn-1, x7) € A,

with i € J, such that 0 < x® < 27, 7 X
The proof of the following lemma is easy, and we omit it.
LEMMA 2. (1) Suppose M, e, (i=1,2, -, k). Then

k k
mn[ 182 on(Mi):I = 2 mn[On(Mi)] .
i=1 i=1
(2) Suppose M € Al _y. Then
E_ (O, (M), r) c D (O, ;(M), 0, r}) C F (O, _;(M), r).

We are now ready to prove Theorem A. The inclusion relations are easily veri-
fied, since the elements M of .#, are open sets. The remainder of the proof is by
induction. The theorem is obvious when n = 1. Let us assume the theorem is true
for n - 1, and let M € .#,,. We assume O,(M) # O, for otherwise the conclusion is
obvious. Let

L = sup{t € R| (x!, %, -+, x™} ) e O (M)} .

Then 0 < L <. Let N be a fixed positive integer, and for each integer i, let
= S(O (M), = L n) Clearly,

D (Al, o,N) U D, (Al, L,—L) c O (M)

L
® p,(4,,0F).
0

CUD(A

i>o0

Furthermore,

lim [ (A

PJ—+«31>>1

Lyr)]

m, [0, (M)]

lim 27 mn[Dn(A-

i
N—o i>0
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The sets E, ( C,.1(4y), —%) have the property

L L

®© £, (c,,a),%)c @ p,(c, ), 0%)com.

i>1 i>1
Also, P"\ ©®© E, (Cn I(Al) is a closed convex set containing P™ \ M.

1>1
Hence,

c,m > @ E,(c, ), %).
1>I

Since

mn[En(Cn-l(Ai)’ —I_{‘) ] = -I_l% nmp_g [Cn-l(Ai)] Z % mp._g [A1]

arma[ D (a5t 1y 1) |

. 1
for all i and N, we conclude that m, [C(M)] > —5 m,[0,(M)].

Zl'-'

Next we consider the sets F, (Hn(Ai), %) . Suppose (x!, x%, ---, x2"1 x?) jg
an interior point of O (M). Then S(B,(x), t, n) C S(O,(M), t, n). Hence
PP\ K, 1(x!, %2, -+, x®7 1) c H,_((S(O,(M), t, n))

whenever x" >t. A simple calculation shows that

PP\K, () C @ Fo(H, (4), ).

1>0
Since
m, [Fn(Hn—l(Ai)’ﬁ)] = (n_ 1 my_ 1[Hn 1(A )]
_(n_l nlN(n__l);;'lmnl[A]—- [ (Al,— _1_+_1L)]
we see that
[190 s (Hn I(A) L)] nl:i?() Dn(Ai’—IiT-L’ i-Ii-Tl L)]

for every N. Also,

U@ \x,) < o,r n(Haoi(a9, 2)
i1>0

H,(M)
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for every N, where the union is taken over all interior points x of O,(M). Thus we
n
have shown that m, [H, (M)] < -;—1—'— m_ [0, (M)], and the induction is complete.
To see that the constants are best possible, we need only consider the set
M=1{x|xeR" |x| <1 (i=1,2,-,n)}.

REFERENCE

1. A. S. Besicovitch and R. O. Davies, Two problems on convex functions, Math.
Gaz. 49 (1965), 66-69.

Wayne State University






