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ALTERNATIVE COMPLETENESS THEOREMS FOR MODAL SYSTEMS

M. J. CRESSWELL

Since the development of semantics for the modal systems T, S4 and S5
notably in [1] there have appeared several completeness theorems for
these systems. Some, e.g. [I] 1 rely on the method of semantic tableaux
which are shewn to give a decision procedure. A simpler proof, though one
not yielding to decision procedure, follows from [3]2. In part I of this paper
we shew, by extensions of known results, some relations between the com-
pleteness of S5, S4 and T. In part Π we shew how Anderson's [5] decision
procedure for T can yield a relatively simple completeness proof for that
system.

I. The system T (v.[6]) is a system of propositional modal logic based
on the following additions to some standard axiomatic basis for the proposi-
tional calculus, (L for necessity);

LAI Lp^> p
LA2 L(p D q) D {Lp D Lq)

LR1 H α - ^ h l α

54 is T with the addition of

LA3 Lp-D LLp

55 is T with the addition of

LA4 ~Lp D L ~ Lp

We define validity in T, S4, and S5 in the manner of [1] as truth in all T, S4,
S5 models. A T-model is an ordered triple <VWR> where W is a set of
objects (worlds), R a reflexive relation over W, and F a function (assign-
ment) taking as arguments a.) wffs of T b.) members of Wand as values the
truth values 1 or 0, and satisfying the following:
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i) For every propositional variable p and every Xi ε W V(px{) = 1 or 0
ii) For any wff a and any %i ε W, V(~aXi) = 1 iff V(aXi) = 0 otherwise 0.
iii) For any wffs a and β and any x{ ε W V((a v β)x() = 1 iff either V(a Xi) = 1
or V(β Xi) = 1, otherwise 0.
iv) For any wff a and any x{ ε W, V(LaXi) = 1 iff for every XjRXi, V(a xj) = 1,
otherwise 0.

A T-model in which R is transitive is an S4-model and in which R is an
equivalence relation is an S5-model. A formula a is T, S4, S5-valid iff
vlaxf) = 1 for every X{ ε W in every T, S4, S5-model <VWR>. It may
easily be shewn that every T, S4, S5 theorem is T, S4, S5 valid respectively
by noting that the axioms are valid and the rules validity-preserving.

THEOREM I If T is complete then S5 is complete.

It is well known3 that every formula a of S5 is provably equivalent in S5
to a first-degree4 formula β. Since every provable S5 equivalence is valid
in S5 then a will be valid in S5 iff β is. Hence if we can prove that every
S5-valid first-degree formula is also T-valid then (by the reduction
process) every S5 valid formula will be S5-equivalent to a T-valid formula.
Hence if T is complete then (since the reduction process is provable in S5)
S5 will be complete.

Suppose a is a first-degree formula which is not T-valid. Then for
some <VWR > and some x{ ε W, V(axι) = 0. Let <V'WR' > be the model
defined by; W = x(xRXi), XkR'Xj iff **, Xj εW\V is the restriction of F t o
W1 and R\ Clearly <VWJR'> is an S5-model. Since a is a first-degree
formula it is a truth-function each of whose members is;

1.) a propositional variable
or
2.) £ followed by a PC formula.

We shew that V'iaxi) - 0, and hence that a is not S5-valid. If p is a prop-
ositional variable then from the definition of V* we have V*{pX{) = VipXi).
For Lβ (where β is a PC wff) then V'(LβXi) = 1 iff Ψ{βXj) = 1 for every
Xj ε TF1 i.e. for every XjRxi. But since β is a PC formula then for ΛΓ; Rxi
ViβXj) = V'(βXj). But V(LβXi) = 1 iff V(βXj) = 1 for every XjRXi, hence
V(LβXi) = V'iLβXi). Hence, since of is a truth function of such members,
V'(aχi) = 0. Hence a is not S5 valid. Hence if a is S5-valid then a is T-
valid. Hence if T is complete then S5 is complete. QED

One might have thought that by reducing S4 formulae a similar result
might be obtainable but it is not clear that modal functions in S4 can be re-
duced to functions of a given degree.5 One can however, given a formula a,
of S4 construct a formula a1 such that 1.) ^roί1 -* *-$4 oί and 2.) if a is S4
valid then a1 is T-valid. From 1. and 2. immediately follows, given the
completeness of T, that every valid S4 formula is a theorem.

Given a formula a of degree n we define a1 as follows; Where ft is a
sub-formula of a and β is the conjunction of Ljj.βi 3 Lnβt) for each /3, then
α f i s β -D a6.
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THEOREM II If Ύ is complete then S4 is complete.

It is sufficient to prove that if a is S4-valid then β D a is T-valid since β is
obviously an S4 theorem and hence if β ~D a is a T-theorem then a will be an
S4 theorem. Given a relation R we define a R-step as follows; #; is one
β-step from xk iff XjRxk. x\ is w + 1 R-steps from #& iff there is some Xh
such that Xh is n β-steps from Xk and XJRXK. (Obviously for reflexive R any
#/ less than n fl-steps from xk will also be w fl-steps from xk).

Suppose β D of is not T-valid. Then for some <VWR> and some
Xi ε W, F(α Xi) = 1 and F(α X{) = 0. Where α is a formula of degree n we
define as follows the model <V1W'Rί>; W1 is the set of all Xj which are n
β-steps from x{. R' is the restriction of R+ (the ancestral of R) to W\ V1

is an S4 assignment such that for propositional variables and members of
W\ V = V. Clearly <F rWft f> is an S4-model. Further since every xjfi'Xj
is n R-steps from Xj then for any formula y if V(LnyXj) = 1 then V'(LγXj) = 1.
We shew that V*(axi) = 0. Proof by induction on the construction of γ. For
propositional variables V'ipxj) = VipXj) for every x ε W* by definition of V\
Where γ is of degree h (h ^ n since γ a sub-formula of a) it is sufficient to
assume the induction hypothesis as V*(γxj) = Viγxj) for every #/, n - h
β-steps from xit In what follows Xj is understood to be n - h fl-steps from
Xi where h is the modal degree of y.

For truth-functions, if V'iγxj) = V(y#/) for every Xj and V δ̂jV/) = V(δXj)
for every Λ:/ then V'(~γxj) = 7(^yΛr7) for every xj and Fr((y v δ)Λτ; ) =
V((γ v δ)^/) for every Λ:/. Hence the induction holds for truth functors.
Suppose V{γxj) = V'iγxj) for every ΛΓ; and suppose v(Lγxj) = 1 for some Xj.
Now for any Xk n R-steps from #, and any wff δ if V(LnδXi) = 1 then
V(δxk) = 1. In particular from the assignment to the antecedant β of ατ we
have V(Ln(Lγ D Zβy)^/) = 1, hence 7((Iy D ^«y)^) = 1. Hence if V(Lγxf) =
1 then F(ZwyΛr; ) = 1, hence V'UγXj) = 1. If V(LγXj) = 0 then for some
XkRxj Viyxkj = 0. Since Lγ is of degree k + 1 then ΛΓ/ is w - (h + 1) β-steps
from Xi. Hence Xk is n - h R -steps from xu Hence V'iγxώ = 0 for some
XkR'xj, hence V(LγXj) = 0. Hence by induction V'iaXi) = 0. Hence a is not
S4-valid. Hence if T is complete then S4 is complete. QED.

Obviously the completeness of S5 relative to T could be proved in a
similar manner. However the method of theorem I is somewhat simpler.

Not only do theorems I and Π give completeness relative to T but they
also give a decision procedure relative to T since in the case of S5 the
reduction procedure is effective and in the case of S4 the construction of ατ

is effective.

Π. We use a method derived from the decision procedure of [5]7 to show

THEOREM IΠ Every T- valid formula is a T theorem.

Basically we shew how, given any formula of modal degree n, it will
either be provable given the theoremhood of formulae of degree <n or can
be falsified in a finite model given the fals if lability in a finite model of for-
mulae of degree <n. Clearly since formulae of degree 0 (PC formulae) are
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either theorems or falsifiable in some one-world model this provides an
adequate inductive proof of completeness.

Given a T-formula a written in terms of L and truth-functors only (i.e.
with M, -3 and = eliminated by definition) we say that some wf part β of a is
a constituent6 of a iff;

i) β is a propositional variable.

or

ii) |3 has the form Lγ (γ a wff)

Where β has form ii we call it an L-constituent of a. We construct the
modal truth table of a by assigning a truth value 1 or 0 to each constituent
as in a PC truth table. Clearly this will, in every case, yield a value for a.
In some cases this value will be 0. We shall call such a row of the table an
F-row * Now there will be some T theorems which have F-rows. (e.g.
Lp D p where Lp = 1 and p = 0) We formulate a set of conditions such that
iff a is a T-theorem then each F-row satisfies one of these conditions.
Suppose that an F-row satisfies one of the following10 where Lβ, Lγu . . . ,
L γn are constituents of a:

I Lβ has 1 and β has 01 1

II Lβ has 0 where Lγίy . . . , L γn all have 1 and H (γl9 . . . , γn) D β
IΠ Lβ has 0 and hβ

We prove A: If each F-row satisfies one of I-ΠI then—From the theory of
truth functions it suffices to prove that each F-row is inconsistent in T
(given one of I-ΠI) i.e. that the conjunction δ formed from γ for every y
having 0 in the row is such that Hτ~δ. If I holds then δ contains as con-
juncts (Lβ. ~ β) and hence (By LAI) is inconsistent in T. If Π holds then
from h- (ri, . . . , γn) D β we have in T h L(γu . . . , γn) D Lβ and hence
H (Zn, . . . , I y j 3 Lβ12 and hence H ~(Lγu . . . , L γn. ~ Lβ) and the in-
consistencey of the whole conjunction. If IΠ holds then by necessitation we
have h Lβ and hence the inconsistency of any conjunction containing ~Lβ.
B: If some F-row does not satisfy one of I-IΠ then we may construct a
finite model which falsifies α. We assume as an induction hypothesis that
for any formula β of lower degree than a, β is a theorem of T iff β is true
in all finite T-models. Given that all non-valid formulae of lower degree
than a are falsified in some finite model they can clearly each be falsified
in a set of models each of whose set of worlds contains no members in
common with the worlds in any other model in the set. Let M be such a set
of models containing for each β some model <VkW1iRk> in which β is false
for some %i ε Wk. We now take the first F-row of the modal truth table of
which satisfies none of the conditions I-IΠ (Obviously if a has no F-rows
H-α) Take each ft such that L ft- in the table (i.e. its assigned value in the
row we are considering) has 0. Where L β), . . . , L β" are all the L- con-
stituents having 1 in the table form (β), . . . , j3/) D βit Clearly this is of
lower degree than a. Hence if it is not a theorem then it is false in some
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finite model (induction hypothesis). Now if it were a theorem then condition
II would obtain (or condition III if there are no Lβfs having 1 in the table).
Hence it is false in some finite model, hence it is false in some F ^ ε M
(strictly <VkWkRk> ε M). Let the world in which it is false be called
xk. Hence Vk(β}xk), . . . , Vk(β" xk) = 1 while Vk(βiXk) = 0 (V* we call the
falsifying model and xk the falsifying world of (βj, . . . , β") D βi). Let Mf be
just that subset of M which contains a falsifying model of (βy, . . . , β") D βi
for each L βi having 0 in the table. Mτ will be a finite set of models. We
now choose some xι not in any Vk ε M* and call it x±. We shew how to con-
struct a model V (i.e. <VWR» such that V{axx) = 0. Let W be the set
containing xλ and just those members of any Wk(<VkWkRk> ε Mτ) W will be
finite. R is the set of pairs <XiXj> such that for X{XJ ε Wk, XiRxj iff XiRkXj
(by the nature of M no Λ 'S will occur in more than one Wk) and such that for
Xi =xl7Xj is the falsifying world of some model in M\ Let V(pXi) = 1 iff
for Xi ε Wk, Vk(pXi) = 1, otherwise 0. Let VipxJ = 1 iff p has 1 in the table,
otherwise 0. Let F b e a T assignment. For Xi ε Wk we note that since any
XjRxi ε Wk,V(β Xi) = Vk(βXi). We shew that for every constituent L β of a
V(L β Xι) = 1 or 0 according as Lβ has 1 or 0 in the table. (For then since a
is a truth function of its constituents, and since the row in question gives 0
then V(aXχ) = 0.). If Lβ has 1 then for every falsifying model Vk(β xύ = 1.
Further, since condition I does not obtain V(β #i) = 1. Hence by definition
of Fand R V(β xt) = 1 for every XiRxx. Hence V(L β xx) = 1. If L β has 0 then
for some falsifying model Vk(β xύ = 0. I.e., for some XiRxi, V(β Xi) = 0.
Hence V(Lβ Xi) = 0. Hence, since <VWR > is a finite model because Mτ is
a finite set of finite models, a is false in some finite model. From A and B
we have that either a is a theorem (if each F-row satisfies one of the con-
ditions) or there is a model which falsifies it, i.e. if a is valid then ha, i.e.
T is complete. QED

Further the method does give a decision procedure since the set of all
sub-formulae of a of lower degree than a (on which the theoremhood of a
was shewn to depend) can be effectively constructed from a and this pro-
cess is obviously finite. It is true though that the procedure, and especially
its extensions to S4 and S5 is probably not as simple to apply in practice as
some of the other methods, notably the method of semantic tableaux, and
for this purpose these latter may be preferable.

NOTES

1. There are also completeness by semantic tableaux where validity is defined alge-
braically as in e.g. [2] and [4]. For a note on the relation between algebraic and
semantic models v. [1], pp. 92-94.

2. For propositional T the device of 'C-forms' in [3] is, of course, unnecessary.

3. v.e.g. [7], pp. 117-118.

4. Following [8] we define inductively the 'modal degree' of a formula as:

1. A propositional variable is of degree 0.
2. If a is of degree n then ~α is of degree n.
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3. If a is of degree n and β is of degree m then {a v β) is of degree n if n^m,
otherwise m.

4. If a is of degree n the .Lα is of degree n + 1.

5. Certainly csimple' functions (v. [7] p. 94) can all be reduced in S4 to one of a
number of forms as shown in [8] p. 149 but no proof has been given of a reduci-
bility of all functions to functions of a given degree and model-theoretic con-
siderations might lead one to suspect that no such reduction is possible.

6. Lna is a preceded by wL's. Strictly this condition is a little stronger than
necessary since not every Lβi D Lnβi need appear within the scope of n L's but
since the stronger antecedant is still an S4 theorem nothing is lost and the defini-
tion is simplified.

7. Anderson actually develops the procedure for S4 and then (p. 212) mentions the
simpler method for T.(M). One could develop directly a completeness proof along
these lines for S4 and S5 but it would be considerably more complicated than that
for T and in the light of our results in part I is here unnecessary. In [9] p. 11
Kripke considers a truth-table type of decision procedure for S5.

8. cf. [5] p. 203 though ignoring the reduction to Normal form which, as Kripke ob-
serves, ([l] p. 94) appears unnecessary.

9. [5] p. 204.

10. [5] p. 212.

11. Since Lβ is a constituent then β will be a truth function of constituents and so will
have a value which may be calculated from the table.

12. These are all known T theorems, v.e.g. [7] pp. 124-126 (82.1 and 83.2) and p. 71
(44.3) and p. 96 (62.41).

REFERENCES

[1] Kripke, Saul A., Semantical Analysis of Modal Logic I Normal Propositional
Calculi, Zeitschriffl fur Mathematische Logik und Grundlagen der Mathematik,
vol. 9 (1963), pp. 67-96.

[2] Drake, F. R., On McKinsey's Syntactical Characterizations of Modal Logic, The
Journal of Symbolic Logic, vol. 27 (1962), pp. 400-406.

[3] Cresswell, M. J., A Henkin Completeness Theorem for T, Notre Dame Journal of
Formal Logic, vol. 8 (1967), pp. 186-190.

[4] Guillaume, M., Rapports entre Calculs Propositionnels Modaux et Topologie
Impliques par ceratnes Extensions de la Methode des Tableaux Semantiques.
Systeme de Feys-von Wright, Comptes Rendus des Seances de VAcademie des
Sciences (Paris), vol. 246 (1958), pp. 1140-1142.

[5] Anderson, A. R., Improved Decision Procedures for Lewis's Calculus S4 and
Von Wright's Calculus M, The Journal of Symbolic Logic, vol. 19 (1954), pp. 201-
214.

[6] Sobocinski, B., Note on a Modal System of Feys-Von Wright, The Journal of
Computing Systems, vol. 1 (1953), pp. 171-178.

[7] Feys, R., Modal Logics, Louvain 1965.



ALTERNATIVE COMPLETENESS THEOREMS 345

[8] Parry, W. Ί\, Modalities in the Survey System of Strict Implication, The Journal

of Symbolic Logic, vol. 4 (1939), pp. 137-154.

[9] Kripke, Saul A., A Completeness Theorem in Modal Logic, The Journal of

Symbolic Logic, vol. 24 (1959), pp. 1-14.

Victoria University of Wellington
Wellington, New Zealand




