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A NOTE ON THE AXIOMATIZATION OF RUBIN’S SYSTEM (S)

JOHN THOMAS CANTY

Rubin, in [3], suggests that the axiomatic for system (S§) may be
simplified. It is here shown that

R5 If ba in (S) thenO, @ in(S)
and
R*S If Fa in (S) then|-0, a in (S)

are derivable from the other axioms and rules of (S).
This paper presupposes [3] and adopts the same primitive basis and
definitions for (§). Thus the axioms and rules of (S) are

Al (arB)=> (8 ra)

A2 (arB)=>a

A3 a=>(araq)

A4 ((@nB)ay) =>(an (B A7)

A5 a=>~~aqa

A6 ((a=> Pa(B=>1)) => (@ =)

A7 (ar(a=>p))=>8

A8 Dzaé DzDza

A12 ba=0«

R1  If aand -(a = B) then|-8.

R2 If Faand B then (aa p).

R3 If Ha <> B)and |y and 6 results from y by veplacing o for B (or
Bfor a) then |-6.

together with A¥1-A*8 R*1-R*3. (T* is the wif obtained from T by re-
placing all the ‘“0,’s’ by ‘O,’s’’.)

The following theorems, S1-S7, follow from A1-A8 and R1-R3, and
their proofs can be found in [1].*

S1 a=a [12.1]

S2  ((@adB)a(Boy)) = (a>y) [15.1]
$3 D,a=> o [18.42]
S (a=> p) < Oy(adp) [18.7]
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S5 (O, aald: B) < Oy(arp) [19.81]
S6  (Qpar:B) = (o < B) [19.84]
§7 O0e<=> 0,0 [C10]

Some additional theorems of (S) follow

S8 (a=>0,p) = (a = B)
S9 (e = B)= (O;a = 0:h)

S8 was proved by Parry [2] p. 139, and S9 is given by Rubin [3] p. 308. Any
further theorems of (S) that are needed will be given without proof —though
their proofs are indicated by the bracketed information.

810 ;0 (a>p) = L, (a>p) [A12, S9, R1]
S11 (a = p) = Oy(a =) [S10, S4, S7, R3, S*4, R*3]
S12 (a => p) => O.(a = B) [S1, 54, S7, R3]
513 Oy(a —a) [S1, S11, R1]
S14 O, ((a a(a = B)) = B) [A7, S12, R1]
S15 0 (H.0 = ) [S3, S12, R1]
516 (O.a = a) < ((aa(a = p)) = p) [S14, S15, R2, S6, R1]

S17 (. = o) = ((aa(a => P)) => P) [SI6,df.© <>’R3, A2, R1]
The following lemma will be needed for the proof of RS5.

Lemma I If 0O, a and |-(a —B) then FO, B

Proof. N O, o [Hypothesis]
(2) a— B [Hypothesis]

3 O, [(1), A12, R1]

(4) O, (a>B) [(2), S*4, R*3]

(5) O, a0, (a>p) [(3), (4), &2]

(6) a<—>(aDp) [(5), S*6, R*1]

(7) DZ (OZD B) [(1)’ (6), R*3]

8) a= 8 [(7), S4, R3]

9 O, = 0,8 [(8), S9, R1]

(10) 0.8 [(1), (9), RT]

It is now possible to prove
RS If Fa then FO,a

Proof. R5 can be established by induction on the length of the proof of a. If
a is one of the axioms, AI-A8, A12, then (I« follows by S12, R1 and A1-A48,
Al2 respectively. If a is one of the axioms A*1-A*5 then [,a follows by
S11, R1, and Al-A5 respectively. Thus it remains to show 0, when « is
one of the axioms A*6-A*8. But the following are theorems of (S).

S18 [, (((aoPB)a(B2y)) —(aDy)) [S2, S11, R1)
S19 O (O((aoB) (B2 ) —0,(a>y)) [S18, S*9, Lemma I]
S20 O (((a—=p)a(B —9)) —(a—1)) [S19, S*4, S*5, R*3]
S21 O0,(0,e¢— 0, a) [S13, S*9, Lemma I]

S22 0,(O,0— o) [S21, $*8, Lemma I]
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S23 0O,((aa (a—=pF)) —p) [S22, $*17, Lemma I|
S24 O,(0,0—0,00) [s21, $*7, R*3]

Thus S20, S23, and S24 complete the basis of the induction for the proof of
RS.

If o follows from previous theorems of (S§) by R1-R3 or R*1-R*3,
[0, @ may be ohtained from the induction hypothesis using S3, S5, S9 (in
case « follows by Ri-R3, or K*2); by S3 and Lemma I (in case o follows by
R*1); and by S5 (in case o follows by R*3),

Finally, on the basis of RS, it is possible to prove

R*5 If o then 0O,a.

Pyroof. (1) o [Hypothesis]
(2) O, [(1), R5]
3) O,a [(2), A2, R1]

NOTE

1) The numbers in brackets following each of the theorems, S1-S7, refer to the cor-
responding theorems in Lewis and Langford [1].
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