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FURTHER AXIOMATIZATIONS OF THE LUKASIEWICZ
THREE-VALUED CALCULUS

FEDERICO M. SIOSON

A propositional calculus for three-valued logic was first constructed
by J. ®ukasiewicz (1920) and subsequently communicated in a lecture be-
fore the Polish Philosophical Society. His results were published later [2]
In 1931 M. Wajsberg [4] formalized the three-valued logic of fukasiewicz by
means of two primitive connectives, implication (denoted by C) and nega-
tion (denoted by N), and the following axioms stated in the fukasiewicz
convention:

W,. CpCqp
W,. - CCpqCCqrChr
Ws. CCNpNqCqp
W4. CCCpNppp.
Wajsberg also assumed the following rules of inference:

S. Any well-formed formula may be substituted for a propositional
variable in all its occurrences in a theorem or axiom.
MP. K P and CPQ are theorems, then @ is also a theorem.

The truth tables for C and N of the fukasiewicz three-valued logic is
given by

Cbq F u T | ™
F T T T T
u u T T u
T F u T F

In 1951 Alan Rose [3] introduced several new other axiomatizations of
the same propositional logic by taking disjunction (denoted by A) and nega-
tion as primitives and substitution and the following as rules of inference:

MP,. If P and ANPQ are theorems, then @ is also a theorem.
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The truth table for A is the same as that proposed by Dienes [1]:

Apq F U T
F F U T
U U T T
T T T T

In Rose’s systems the connective C of Wajsberg is defined by
(a) Cpq = ANpq

while the connective A of Rose is defined in the Wajsberg system by
(b) Apg = CNpq.

Actually, A. Rose also utilized the abbreviation:
(¢) Kpg = NANpNg.

Thus, the truth table for K when computed would be given by

Kpq F V) T
F F F F
U F F U
T F U T

We shall propose two formulations of three-valued logic each with
conjunction (denoted by K) and negation (denoted by N) as primitive connec-
tives and substitution and the following as rules of inference:

MP,. I NKPN@ and P are theorems, then @ is also a theorem.
Admitting as abbreviations

(d Cpg = NKpNq,
and

(e) Apg = NKNpNgq

the rule MP, then reduces to rule MP and our proposed axiomatizations
become:

A,. NKNKApppp

A,. CKpqq

As. CNKNqpCNKqvNKrb
B,. CpKAppp

B,. CKpqq

Bs. Cpp

By. CCpgqCNKqvNKvp

To show that these two axiom systems are adequate for the three-val-
ued logic of oukasiewicz, we shall first prove that the axiom system B, - B,
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follow from A, - A, and the axioms of Wajsberg W, - W, follow from axioms
Bl ‘B4 .

Rule 1.1. If NKNQP and CQR ave theovems, then NKNRP is a theovem.

Proof: CNKNqpCNKqvNKrp
CNKNQPCNKQNRNKNRP
NKNQP
CNKQNRNKNRP
CQR
NKQNR
CNKQNRNKNRP
NKNRP

Theorem 1.1. CKApppp

Proof. CKpgq
CKApppp

Theorem 1.2. NKNpp

Proof. NKNKApppp

CKApppp
NKNpp

Theorem 1.3. CNKpqNKqp

Proof. CNKNqpCNKqvNKrp
CNKNppCNKpgNKqp
NKNpp
CNKpgNKqp

Rule 1.2. If NKNPQ is a theovem,

Proof. CNKpgNKqp
CNKNPQNKQNP
NKNPQ
NKQNP
CQP

Theorem 1.4. Cpp

Proof. NKNpp
Cpp

Axiom A;

Rule § with p/P, q/Q, v/NR
Given

MP rule

Given

Definition (d)

Line 4

MP rule

Axiom As
Rule § with p/App, q/p

Axiom A4,
Theorem 1.1
Rule 1.1

Axiom A3

Rule § with ¢/p, 7/q
Theorem 1.2

MP rule

then CQP is also a theorem.

Theorem 1.3

Rule § with p/NP, q/Q
Given

MP rule

Definition (d)

Theorem 1.2
Rule 1.2

Rule 1.3. If CPQ is a theorem, then NKNQP is also a theovem.

Proof. CPQ
NKPN@Q
CNKpqNKqp
CNKPNQNKNQP
NKPNQ
NKNQP

Given

Definition (d)

Theorem 1.3

Rule § with p/P, q¢/NQ
Line 2

MP rule
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Rule 1.4. If CPQ and CQR are theorems, then CPR is a theovem.

Proof. CPQ
NKNQP
CQR
NKNRP
CNKpgNKqp
CNKNRPNKPNR
NKNRP
NKPNR
CPR

Theorem 1.5. CCpgNKNgqp

Proof. CNKpqNKqp
CNKpNqNKNqp
CCpgNKNqp

Theorem 1.6. CCpqCNKqvNKrp

Proof. CNKNgpCNKqvNKvp
CCpgNKNqp
CCpqCNKqvNKvp

Theorem 1.7. CpKAppp

Proof. CNKpgqNKqp
CNKENKAppppNKpNKAPDP
NKNKApppp
NKpNKAppp
CpKAppp

Given

Rule 1.3

Given

Rule 1.1 on line 2 and 3
Theorem 1.3

Rule § with p/NR, q/P
Line 4

MP rule

Definition (d)

Theorem 1.3
Rule § with ¢/Nq
Definition (d)

Axiom A;
Theorem 1.5
Rule 1.4

Theorem 1.3

Rule S with p/NKAppp, q/p
Axiom A,

MP rule

Definition (d)

Theorems 1.7, 1.4, 1.6, and Axiom A, are respectively Axioms B,, B,
By, and B,. Whence, Axioms A, - A; implies Axioms B, - B,.
From hereon, we shall assume Axioms B, - B4 together with the two

rules of inference.
Theorem 2.1. CNKpgNKqp

Proof. CCpqCNKqvNKvD
CCppCNKpgNKqp

Cpp
CNKpgNKqp

Axiom B,
Rule S with ¢/p, 7/q
Axiom B,
MP rule

Rule 2.1. If CPQ is a theovem, then CNKQRNKRP is a theovem.

Proof. CCpqCNKqvNKrp
CCPQCNKQRNKRP
CcPQ
CNKQRNKRP

Axiom By

Rule § with p/P, q/Q, r/R
Given

MP rule
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Rule 2.2. If NKQP is a theorvem, then so is NKPQ.

Proof. Cpp
cQe
CNKQPNKPQ
NKQP
NKPQ

AxiomA Bg
Rule S with p/Q
Rule 2.1

Given
MP rule

Rule 2.3. If CPQ and CQR are theorems, then CPR is also a theorvem.

Proof. CPQ
CNKQNRNKNRP
CQR
NK@NR
CNKQNRNKNRP
NKNRP
NKPNR
CPR

Theorem 2.2. CCpqCNKrqNKrp

Proof. CNKpqNKqp
CNKvrqNKqvr

Given

Rule 2.1 with R/NR
Given

Definition (d)

Line 2

MP rule

Rule 2.2

Definition (d)

Theorem 2.1.
Rule S with p/7

CNKNKqrNNKyvpNKNNKvpNKrq Rule 2.1. with P/NKrq,

CNKpgNKqp

®/NKqv, R/NNKvp
Theorem 2.1.

CNKNNKvpNKvqNKNKvqNNEkvp Rule S with p/NNKrp, q/NKrq
CNKNKqvNNKypNKNNKvpNKrq Line 3
CNKNKqryNNKypNKNKygNNKrp Rule 2.3. on line 5 and 6

CCNKqrNKvpCNKrqNKvD

CCpqCNKqrNKrDp
CCpqCNKrqNKrD

Theorem 2.3. NKNpp

Proof. Cpp
NKpNp
NKNpp

Theorem 2.4. CNNpp

Proof. NKNpp
NKNNpNp
CNNpp

Theorem 2.5. CpNNp

Proof. CNNpp
CNNNpNp
CCpqCNKqvNKrp

CCNNNpPpNpCNKNppNKpNNNp

CNNNpNp

Definition (d)
Axiom B,
Rule 2.3. on line 8 and 9

Axiom Bj
Definition (d)
Rule 2.2.

Theorem 2.3.
S rule with p/Np
Definition (d)

Theorem 2.4.

Rule S with p/Np

Axiom B,

Rule S with p/NNNp, q/Np, v/p
Line 2
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CNKNppNKPpNNNp MP rule
NKNpp Theorem 2.3
NKpNNNp MP rule
CpNNp Definition (d)

Theorem 2.6. CCpgCNgNp

Proof. CCpqCNKqvNKvp Axiom B,
CCNNppCNEpNgNKNgNNp Rule § with p/NNp, q/p, v/Nq
CNNpp Theorem 2.4
CNKpNgqNKNgNNp MP rule
CCpgqCNgNp Definition (d)

Theorem 2.7. CCNNpqCpq
Proof. CCpqCNKyrgNKrp

CCPNNPpCNKNgqNNpNKNqp
CpNNp
CNKNgNNpNKNqp
CCpqCNgNp
CCKpgqKqpCNKqpNKpq
CNKqpNKpq
CNKNNpNgNKNgNNp
CNKNgNNpNKNqp
CNKNNpNqgNKNqp
CNKpgNKqp
CNKNgpNKpNq
CNKNNpNgNKNqp
CNKNNpNgNKpNq
CCNNpqCpq

Theorem 2.8. CCNgNpCNNpgq
Proof. CNKqpNKpq

CNKNgNNpNKNNpNgq
CCNgNpCNNpgq

Theorem 2.9. CCNgNpCpq
Proof. CCNgNpCNNpgq

CCNNpqCpq
CCNgNpCphq

Theorem 2.10. CCqvCCpqCpr
Proof. CCpqCNKyrqNKrp

CCNpNqCNKvNgNKyNp
CCNpNqCCrqCrp
CCqpCNpNg
CCqpCCrqCrp
CCqrCCpqCphr

Theorem 2.2

Rule S with ¢q/NNp, »/Nq
Theorem 2.5

MP rule

Theorem 2.6

Rule S with p/Kpq, q/Kqp
Theorem 2.1 with p/q, q/p
Rule § with q/NNp, p/Nq
Line 4

Rule 2.3 on last two lines
Theorem 2.1

Rule S with p/Nq, q/p
Line 10

Rule 2.3 on last two lines
Definition (d)

Theorem 2.1 with p/q, q/p
Rule § with p/NNp, q/Nq
Definition (d)

Theorem 2.8
Theorem 2.7
Rule 2.3 on last two lines

Theorem 2.2

Rule S with p/Np, q/Ngq
Definition (d)

Theorem 2.6 with p/q, q/p
Rule 2.3 on last two lines
Rule § with p/7, v/p
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Theorem 2.11. CCpqCCqrCphr

Proof. CNKpqNKqp Theorem 2.1
CNKNvpNKpNy Rule § with p/Nr, q/p
CNKNvpCpr Definition (d)
CCqrCCpqCpr Theorem 2.10

CCNKNvpCprCCCqrNKNvpCCqrCpr
Rule § withgq/NKNrp, »/Cpr, p/Car

CNKNvpChr Line 3
CCCqrNENvpCCqrCphr MP rule
CCpgqCNKqvNKrD Axiom By
CCpqCNEKqNvNKNvp Rule S with »/N»
CCpqCCqvNKNrp Definition (d)
CCCqvNKNvpCCqrChpr Line 7

CCpgCCqrChr Rule 2.3 on last two lines

Theorem 2.12. CpCqp

Proof. CKpqq Axiom B,
CKqNpNp Rule S with p/q, q/Np
CCpqCNgNp Theorem 2.6.
CCKqNpNpCNNpNKqNp Rule S with p/KqNp, q/Np
CKqNpNp Line 2
CNNpNKqNp MP rule
CNNpCqp Definition (d)
CpNNp Theorem 2.5
CpCqp Rule 2.3 on last two lines

Theorem 2.13. CCNNpNpCpNp

Proof. CCpqCCqrChpr Theorem 2.11
CCpNNpCCNNpPNpCpNp Rule S with q/NNp, v/Np
CpNNp Theorem 2.5
CCNNpNpCpNp MP rule

Theorem 2.14. CCCpNppCCNNpPNpp
Proof. CCpqCCqrCphr Theorem 2.11
CCCNNpNpCPNpCCCPNppCCNNpNpp

Rule S with p/CNNpNp, q/CpNp, v/p
CCNNpNpCpNp Theorem 2.13
CCCpNppCCNNpNpp MP rule

Theorem 2.15. CCCpNppp

Proof. CpKAppp Axiom B,
CPKNKNpPNpp Definition (e)
CCpgCNgNp Theorem 2.6

CCPENKNpNppCNKNKNPNppND
Rule S with q/KNKNpNpp
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CpKNKNpPNpp
CNKNKNpNppNp
CNKNKNNpNNpNpNNp
CNKCNNpNpNpNNp
CCCNNpNppNNp
CNNpp

CCCNNpNppp
CCCpNppCCNNpNpp
CCCpNppp

Line 2

MP rule

Rule § with p/Np
Definition (d)

Definition (d)

Theorem 2.4

Rule 2.3 on last two lines
Theorem 2.14

Rule 2.3 on last two lines
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Theorems 2.12, 2.11, 2.9 and 2.15 are precisely the four axioms of
Wajsberg; hence, it follows that Axioms B, - By and therefore A, - A; imply
the axioms of Wajsberg. They are then adequate axiomatizations of the
three-valued propositional calculus of Jan ukasiewicz.

Note. A slight modification of the axiom system B, - B, gives another
axiom system of three-valued logic. This is the following:

Ci. CpKAppp

Ca. CKpqq

Cs. CNKpgNKqp

C4 CCpqCNKqvNKrvp

To show that this is a good axiomatization, it suffices to prove Cpp.

Rule 3.1. If CPQ and CQR are theovems, CPR is also a theovem.

Proof. CCpqCNKqrNKrp
CCPQCNKQNRNKNRP
CPQ
CNKQNRNKNRP
CCQRNKNRP
CQR
NKNRP
CNKpqNKqp
CNKNRPNKPNR
NKNRP
NKPNR
CPR

Theorem 3.1. Cpp

Proof. CKpqq
CKApppp
CpKAppp
Cpp

The equivalence of Axiom systems B, -B, and C, -C4 is now clear.

Axiom C,

S rule withp/P, q/Q, v/NR
Hypothesis

MP rule

Definition (d)
Hypothesis

MP rule

Axiom Cj

S rule with p/NR, q/P
Line 7

MP rule

Definition (d)

Axiom C,

S rule with p/App, q/p
Axiom C,

Rule 3.1
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