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DECISION PROBLEM IN THE CLASSICAL LOGIC

EUGEN MIHAILESCU

The important problem of decision in mathematical logic has been
studied by many authors; it was resolved for propositional calculus. For
functional calculus, Church demonstrated that there was no model by which
we can determine whether a well-formed formula of the predicate calculus
is true or false.

In classical logic a formula ‘‘@’’ is a tautology if for the propositional
variables:

Dy D2y oo, Dn
in ““a’> we can make correspond the truth values:
Ay, Gz « « o, Gp

(where each of “‘a;’’ are constant, v = true, and f = false) and the substitu-
tion of the variable p; by a;:conduct to “‘@’’ true). In our paper we shall
say that ‘‘o’’ is a tautology if its logical value is v, where logical value of
a formula means the result which we get making the substitution of the
propositional variables by v or f in all possible ways and making all the
operations connected.

The purpose of this article is to present a new method for the resolu-
tion of the decision problem, a method which is an immediate result of our
studies on normal forms in propositional calculus. The work is treated in
this way: I. For forms made with equivalence. II. For forms made with
equivalence, negation, reciprocity. III. For forms made with equivalence,
reciprocity and alternation. IV. For a general form of classical logic.

For all these we use the notation of J. £ukasiewicz. The idea of form
is defined in this way:

1. Each propositional variable is a form;

2. If “@’’ is a form and ‘“F?’ is a unary functor, then ‘‘Fo’’is a form;

3. If “0” and “B’’are forms and ‘‘F’’ is a binary functor, then ‘“Fap”’
is a form. The set of the forms made by the means of the functors
Fy, Fy ..., F, is to be written: S(Fy, F3, ..., F,). For simplicity, we
denote by S the set of all forms from classical logic. Two forms ‘‘@’’ and
“3’? are equipollent
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a~f
if EaB is a tautology.
§1. In the work [1] we considered the axioms:

Al. EEpqEqp
A2. EEEpqvEpEqv,

and we proved that the set of consequences is non-contradictory and
complete. The rules of deduction are: 1. The rule of substitution; and
2. The ““modus ponens’’ rule.

Fa
~EapB
=B
Remavk: If ‘¢’ is a tautology then the form ¢g’’; which we obtain
applying the rule of substitution of the ‘““modus ponens’’ rule from ‘‘¢’’ is
also a tautology. If ““B’’ is not a tautology then ‘‘@’’ also is not a tautology.
The axioms A1-A2 being tautologies, it means that all the consequences
(theses) which we obtain by application of rules of deduction are also
tautologies.

The normal forms of the system: Each form qgS(E) which contains 2n
propositional variables p;, g; (¢ = 1, 2, . . .,n) admits the normal form

N(E)=E" *Ep1q.Epsgz. . . .. Ep,a,

Each qeS(E) which contains 2rn+1 propositional variables p;; q; (=1,
2, ...,nj=1,2,...,n+l) admits the normal form

I
NxE)= E" 'Ep.1g,Epaqa. - - . . . EpnEq,qny,
in which the letters p;, ¢; may be permuted and a ~ Ny(E); a ~ Ny(E).
Remark 2. If: a~ B and a=v then also B=v, and ¢ =f then also
B=f.
Indeed: If o ~ g then EaB =v and therefore if Evg = v, then 8 = v, and if
Efg =v, then g =f.

Theovem I. The form ‘‘@’® is a tautology only if each propositional
variable of “‘a’’ occurs an even numbey of times.

We show that each form ¢‘%’’ which contains each propositional
variable an even number of times is a tautology. The form ‘‘¢’’ admits
indeed the normal form:

_Zr:hi-l
N(E)=E* (Eplpl)hl(E.bzpz)hz ----- (Epnpn)t

and
a~ Nl(E)

But Ny(E) is a tautology because:
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Ep,'pi=v (i=1,2,...,n)
and therefore:

n
Zhi-1
ET (v)’“(v)”2 ...... (v)h" =v

and therefore a = v, that is a tautology.

Now let us show that other forms a&S(E) having at least one proposi-
tional variable which occurs an odd number of times, it is not a tautology.
Indeed take the variable p,4, of ‘‘@’’, which occurs 2i+1 times,

We have a normal form:

14

2k

NiE)=E © (Ep,p))' (Epapa)te. ... .. Epnd )" (EppsiPns) "+ Dy
= Ewpﬂ“f-l
where
n+1
Thi h h h h
w=E Epp) Epap)tz. .. ... (Epun)n (B ppyrpnir)tr+r

is a tautology. Then we have w=v and therefore

v if pn+1 =V
Ewpn-{-l = EVPII+1 =
f if P,,.H =f

and therefore:

v if pup =V

f if Pn.H =f
and:

v if Pn_,_l.: v

f if Pn+1:f

That is, “@’’ is not a tautology.

Conclusion. Each form aeS(E) is a decision only if each propositional
variable of ‘“‘o’’ is included by an even number (we shall call a tautological
formula a decision).

§2. In the work [2] we take the axiomatic system L(E,R,N) given by the
axioms:

Al. EEpqEqp

A2. EEEpqvEpEqr,

A3. EERpqRvsEEpqE7s,
A4. ENpERpDD,

in which the functors E; R and N are defined by the matrix
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p,q | Epg | Rpqg | Np

f, f v f v
v, f f v
f,v f v
v,V v f f

We have demonstrated that this system is non-contradictory and in-
complete.

The novmal forms of the system. Each form: «€eS(E,R,N) which
includes 2n propositional variables p;, q¢; (¢ = 1, 2, . . ., n) admits a normal
form of the type

NL(E,R)'-'En-lEqulEquz ----- EpnCIn

if the number of the functors ‘‘R’’ and ‘‘N’? which are included in ‘‘@’’ is an
even number, and a normal form of the type

NAE,R) = R* (Rp.1q.)(Rp2qa) « « « « - . (Rpnqn)

if the functors ‘‘R’’ and ‘‘N’’ appear an odd number of times. The form
“a’ is equipollent with N,(E, R), respectively, Na(E,R), and the letters
bi, ¢; may be permuted. Each form a&S(E,R,N) which contains 2n+l

variables p;, q¢; (i=1,2,...,n;j=1,2,...,n,n+tl) admits a normal
form of the type
Ns(E,R) = E" M (Ep1q.)(Ep2qa) - - -« - (Ebndnsr)

if “¢’? includes an even number of the functors R and N and a normal form
of the type

Ny(E,R) = R" " (Rp.q.)(Rp2qz) - « . . . RPnRAnGnt))

if ““a’’ contains an odd number of the functors “R’> and ‘“N’’; Ns(E,R) being
equipollent with the form ‘‘@’’ and the letters p;, ¢; being able to be
transferred.

Theovem II. A form ‘“‘a’’ is a tautology only if each propositional
variable occurs an even number of times and the number of the functors
“R” and ‘N’ is also an even numbev.

Indeed, if ‘‘a’’ contains each propositional variable an even number of
’
times and the number of the functors “R’’and “N’’ is also an even number,
then ‘‘a’> admits the normal form

n

Zh
Ny(E,R)=E T

it hi 3 hn

(Epip1)"H (Epap2)*2. .. ... (Epunbn)
which is a tautology according to Theorem 1. If “‘@’’ contains each proposi-
tional variable an even number of times, and the number of functors ‘R’
and ‘“N’’ is an odd number, then ‘‘@’’ admits the normal form

n

Zh
Nz(E,R)= R !

i=

' (Rplpx)hl(Rﬂzpz)hz ------ (Rpn bn)tn
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which is not a tautology, i.e. N3(E,R) = f. Indeed, the form
E Ny(E,R) Rpp
is a tautology according to the preceding case. But:
Rpp = f and N(E,R) = Rpp = f

and therefore Nz(E,R)=f and o =f, that is ‘‘@’’ is not a tautology.

If “@’’ contains at least one propositional variable which occurs an odd
number of times then ‘‘e’’ is not a tautology. We have two subcases:

1. The number of the functors ‘“R’’ and ‘N’’ is an even number. In
this case ‘‘@’’ admits the normal form

n

2ih;
N:(E,R) = E ! (Eplpl)hl(EPZPZ)hz ------ (EPn+1Pn+1)h"'“Pn+1
then according to Theorem I ‘‘a’’ is not a tautology.
2. The number of the functors ‘“R’’ and ‘“N’’ is an odd number. In this
case the form ‘‘g’’ admits the normal form

n+1

2ihi
Nl(E;R) =R : (Rplpl)hl(szpz)hz ----- (an+1pn+1)hn+1pn+1 = prn+1
where
n41
Fhi-1 h h 3
w=R"* Rpip) " (Rpapa) 2. v v v v RPpi1Ppypy)' =1
1t follows

v if pn+1 =t
N.(E,R) = Rwp,,, = Rfp,,, =
foif pup=v

and therefore N,(E,R) is not a tautology and therefore ‘‘@’> is not a
tautology.

Conclusion. Each form «a&eS(E,R,N)is a decision only if each proposi-
tional variable of ‘‘@’’ occurs an even number of times and the number of
the functors ‘N’’ and ‘‘R’’is also an even number.

§3. In[3] we considered the axioms:

Al. EEpqEqp

A2. EEEpqvEpEqr

A3. EKKpqvKKqpv

A4. EKKpqvKpKqr

Ab5. EKKppgKpq

A6. EApqEEpqKpq

A7, EARpqvEEApvAqrr.

This system is non-contradictory and incomplete. The following forms

1. EKRpqvRKpvKqr
2. EKEpqvEEKpvKqrr
3. EAEpqrEAprAqr
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are theses (tautologies). Indeed:

1. KRpqr~ EERpqvARpqv ~ EERpqvEEApvAqvy ~ EERpqEAprAqy
~ EERpQEEpvKpyEEqvKqy ~ RE sprqrquerqr ~ RKprKqr

that is the form 1. (We used the thesis EKpqEEpqApq of sub-system
L(E,K,A)).
2. We have:

AEpqv ~ EEEpqvKEpqr ~ E’pqrEzK prKqry ~ EzpqEK prKqr
~ EEpqEEEprAprEqrAqv ~EppqqrvAprAqr ~ EAprAqr

and therefore the form 3.
3. We have:

KRRpqrvr ~ RKRpqvKrvy ~ RRKprKqvKvy ~ EEKpvyKqvKyvy ~ EEKprKqry

and therefore form 2.
The functors “E”’, ¢“R’’, “A’’ “K’’ are defined by the matrix:

p,a | Kpa | Apa | Epq | Rpq

f, f f f v f
v, f f v f v
f, v f v f v
v, Vv " v v f

n
Theovem III. Each form aeS(K) which contains Z)l h; propositional
i=

vaviables p;(i =1, 2, ..., n) each letter p; being included respectively h;
times admils a novmal form of the type:

NEK)= K" 'pipa. ... Dy
and in this form all the letters p; can be permuted (cf. [4]).

n
Theovem IV. Each form a€S(A) which contains 21 hi propositional
1=

variables pi(i = 1,2, ..., n) each letter p; being included respectively h;
times admits the novmal form of the type

N@)=A"""pipa. ... pa,
and in this form all letters p; can be transferred.

Theorvem V. Each form «&S(E,K,A,R) admits a novmal form of the
type:

N(E,RA)= E*Rrayaz. . . . apipirs
in which a; £S(A)
a~ N(E,R,A).

Theorvem VI. Two forms a,8€S(A) are equipolent if each variable p of
of “@’’ is a vaviable of “B’’ and vice versa.
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Theorem VII. Each form ateS(E,R,K,A) is a tautology only if it admits
the novmal form of the type

I3
Ze2n;-1
2 2
*N(E,A)=E ! (ataz .. ..om)atazs. ... Azng) e e e- (ahal.... az,,Z)
in which af ~ af~.. ... ~abn;  (G=1,2...,n)

We shall prove that if “@’’ permits the normal form *N(E,A) then it is
a tautology and if ‘‘a’’ does not permit a normal form of the type *N(E,A)
then it is not a tautology.

Case 1. ‘“‘@’> admits the normal form *N(E,A). But according to
Theorvem IV, the forms

al ~af~. .. .~ak;~N;A)  @=1,2,...,h)
admit the normal forms N;(4)and:
ai~ad~. s ~aa ~NFA)  G=1,2 ..., k).

It follows that

h
?zni—l an 2n 2n
*N(E,A) "’E [Nl(A)] 1 [Nz(A)] 2, ... [N'h(A)] h
and
a~*N(E,A).
But the form
h
?Z'Zi-l 2n
(1) E (p)™"2
is a tautology. We make in the form (1) the following substitution:
pi/NiA) G=1,2,...,h)

and we obtain the form ‘‘w’’. It follows that ‘‘w’’ is a tautology and it is
‘(a’,.

Case 2. The form ‘‘a’’ does not admit the normal form *N(E,A).
It means that ‘‘¢’’ admits one of the following normal forms

h 2 m
LNEA) =B IT L of TL o6 (o] presia)]

¢
T =
and in which

h
M= 2J 2n;+m-1
i=1

2n;
The forms ]1:[1 ej@i=1,2 ...,n)are equipolent and the forms
Bi1, Bz, - - -, Bi are not equipolent.

h
EZni-.l

I. N(RA)=R"* (ataz... .aé,,l) ..... (alak..... @znp)
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, . ; )
al ~az~ e ~ Qzp; G=1,2...,h)

ML N(E,RA)=E"RN(alas....0%).. . (@l al ... .aku)B1Bae - Bn)

in which

h
M+N=‘E1 2n; + m-1
i=

af ~ab~. ... ~ Qbn; (=1,2...,h)
and the forms 3,82 ..., B» are not mutually equipolent.
I. Let
h
?2»,' 11 1 2 2 2 bk h
w=E @10z «e 0zn @202 « oo Qang) oo s (@ Q2 « oo v Qznp)
We have

N(E,A)= EWE" ™ B, B2 + « - Bn

But ‘“w’”’ is a tautology and according to the ‘‘modus ponens’’ rule, it
follows that:

y=E" B2+ Pn

By the first remark N(E,A) is not a tautology if “@’’ is not. We have
two cases: ‘

1. m =2k + 1. In this case replacing all the propositional variables in
the form “B;’’ by ‘“p¢’’ and according to the formula App ~ p we have

v if p=v
v = E*(p)*p = Evp =
f if p=f1
and therefore ‘“yt’’ is not a tautology, also ‘‘y’> and N(E,A)and “‘a’’.

2. m = 2k. Let be p,e8; and p,#B,. We make the substitution p, by ¢
and the other propositional variables by p. According to the formulas

App~p; AAppg~ Apg;  A*(p)*q ~Apq
it follows that:

E*Apg)*q~q =
f if g=f1
whence we have

v if p=f,qg=1
if p=v,q=v

' = g2kt 2k+1 - v 1 ’
Y (Apq)™""q ~EApqq v if p=d.g=v
f if p=v,g=1

and therefore ‘“y'’’ is not a tautology, also ‘‘y*’ and N(E,A4) and “‘a’’.
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II. “a’’ permits the form N(R,A).
According to the theorem IV, we have

ol ~NjA)  (G=1,2,...,h)
and therefore
h

NRA) = R [NGOI [NAYJ"2 L [N}
But
E N(R,A)Rpp
is a tautology, therefore
N(R,A) ~Rpp

and N(E,A)is not a tautology and also ‘‘a’’.

III. “‘¢’’ admits the normal form N(E,R,A). In this case N is an odd
number. We have two possibilities:

1. M = 2k. Then we have:

N(E,R,A) = E*RN(a}a?... .aénl)(alfazz. e oig,,z). . .z(af‘ (lzhz. .. aé’,,h)
(ﬁxﬁz- .o .B_1)~R2k+N (a1 azl- .o 'a2ﬂ1) (a1 A2 oo .(22,12) .....
(af af ....akuy)(B1B2e---B))

in which ! is an even number because 2k+N is an odd number. It follows
that N + 2k + 1 is an even number and therefore we have
N(E,R,A)~EN+zk+1(a11a32. veeasy,)aias. ... azz,,z). (ot ok ... .aé’;,h)

(B1Ba- -+ B RB1B) ~EYE"™(B1B2. . . B, )R BB,

in which
%
2n,'—1
2 2 2
y=E ' (alas... .aé,,l)(al Az +oeeQany)eese (@t ak ... .aé‘,,h)

is a tautology, and therefore, according to the ‘‘modus ponens’’ rule, we
shall deduce

o= El_z(ﬁlﬁz- s B RB By

Let be p,£B; and p£B2. We make the substitution for p by ¢ and for the
other variables by p. Then we have

f if p=v
E"™Apg)*" ()" Rpp ~ EpRpp = Epf =
v if p=1
whence we have
v if p=Ff; qg=f
R 2n+1y , \I-2n-2 _ _ f if p=vjg=v
y'"'= E"(Apq) (p) Rpp ~ EApqRpp = EApqf = f if p=f qg=v
f if p=v;qg=1
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and therefore ‘'’ is not a tautology and also ‘“»'’, N(E,R,A) and
“a,).

2. M =2k +1. In this case M + N is an even number and therefore 2
is an odd number. We make the substitution of all propositional variables
by p and there results a form of the type

v if p=f
y = ER" ()™ 1 (p)™2. ... ()" M(p)™'p ~ERDPD =
f if p=v
and therefore is not a tautology and also N(E,R,A) and ‘“‘@’’.
Conclusion. Each form a€eS(E,R,A,K) is a decision only if ‘‘@’’ admits
the normal form
>
2nj-1
*N(E,A)=E * (@roz-.. .alznl)(afazz. .. .azzz,,z) cei@lbal ... .a«fnh)
where af€S(A) andai ~af ~....~ak,, @=1,2,...,h)
§4. We consider the functors of the classical logic defined as follows:

b,q | Apq | Kpq | Chq | Epq | Rpq | Dpq | Hpg | Bpq

f, f f f v v f f f v
v, f v f f f v v f v
f, v v f v f v f v f
v, V v v v v f f f v

Mpq | Gpq | Mpq | Gpg | Apq | Kpq | Vpg | Fpq | Np

v f f v v v v f v
f f Y v f v v f
v v f f f v v f
f v v f f f v f f

The system L is the set of consequences of the axioms of the system
L(E,R,A,K) and of the axioms

A8. EACpqrAEApqqr
A9. EADpqrARApqqv
A10. EAHpqvARApqpr
All. EAGpqrAEEppqr
Al12. EAMpqrAERpqqr
Al13. EANprAERpppv
Al4. EAApqrANApqr
Al5. EAKpgqvANKpqr
A16. EAGpgrANGpqr
Al7. EAMpgrANMpqr
A18. EABpgqrAEApqpr

For demonstration of the theorems we use the following theses:
The forms

1. EEAprAqvAEpqr
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2. EAppp
are theses of the system L(E,R,A,K)

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

1p/Cpq, q/EApqq, * EA8-3r /ECpqEApPqq
AECpqEAPQqECPqEADPqq

2p/ECpqEApPqq * E3-4
ECpgEApPqq

1p/Dpq, q/RApPqq * EA9-5v /EDpqRApqq
AEDpgRApqqEDpqRADPqq

2p/EDpqRApqq * E5-6
EDpgRADqq

1p/Hpq, q/RApqp * EA10-7v/EHpqRApqp
AEHpqRApGPEHPqRADGD.

2p/EHpqRADPqp * E7-8
EHpqRADPgp.

1p/Bbg, q/EApgp * EA18-9v /EBpqEApPgp
AEBpqEAPGPEBpqEADqp

2p/EBpqEApqp * E9-10
EBpqEApPgp

1p/Gpq, q/EEppq * EA11-11v /EGpqEEDPpq
AEGpqEEPpqEGpqEEppq

2p/EGpqEEppq * E11-12
EGpqEEDpq

1p/Mpq, q/ERpqq * EA12-13v /EMpqERpqq
AEMpqERDPqqEMpqERpqq

2p/EMpqERpqq * 13-14
EMpqERpqq

1p/Np, q/ERppp * EA13-15v /ENp ERppp
AENpERpppENPERDDPp

2p/ENpERppp * E15-16
ENpERppp

1p/Apq, q/NApq * EA14-17v/EApgNApq
AEApgNApqEApgNApg

2p/EApgNApq * E17-18
EApgqNApq

1p/Kpq, q/NKpq * EA15-19r /JEKpgNKbq
AEKpgNKpqEKpgNKpq

2p/EKpqNKpq * E19-20
EKpgNKpq

1p/Gpq, q/NGpq * EA16-21v /EGpgNGpq
AEGpgNGpgEGpgNGpq

2p/EGpgNGpq * E21-22
EGpgNGpq.

1p/Mpq, q/NMpq * EA17-23v /EMpgNMpq
AEMpgNMpqEMpgNMpq

2p/EMpgNMpq * E23-24
EMpgNMpq

249
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According to these theses we have the following forms

Cpq ~ EApqq @
Dpq ~ RApqq (1D
Hpq ~ RApgp (1)
Bpq ~ EApgp (1v)
Gpq ~ EEppq (V)
Mpq ~ ERpqq (v

Np ~ ERppp (viD
Apq ~ NApq ~ ERApqApqApq (VIm)
Kpq ~ NKpq ~ ERKpgKpqKpq (IX)
Gpg ~ NGpq ~ ERGpqGpqGpq (X)
Mpq ~ NMpq ~ ERMpqMpqMpq (X1)

and therefore each form €S is an equipolent with a form of the type Eqg or
Rog.

We denote by S the set of forms made with all the functors of classical
logic.

Theorem VIII. Each form ais equipolent with a form BeS(E,R,A).
To demonstrate this theorem we use the theses:

a. EEpqEEpvEqr
b. EEpqERprRqr

which are the theses of the system N(E,R)

ap/CaB, q/EAaBB, v/y * E4 p/a, q/B-a,
a,. EECaBYEEAaBBY

bp/CaB, q/EAapB, v/y * E4p/a, q/B-b,
b:. ERCaBYREAapBY

ap/DaB, (I/RAQBB, 7/7 * EGP/OZ, q/ﬁ3 =az
a,. EEDaByERAafBy

bp/DaB, q/RAaBB, 7/y * E6p/a, q/8 - b.
b,. ERDafyRRAaBBy

ap/HaB, q/RAaBa, v/y * ESp/a, q/B-as
az. EEHaPByERAaBay

bp/HaB, q/RAaa, v/y * E8p/a, /8 - bs
bs. ERHaByRRAaBay

ap/BaB, q/EAaBa, v/y * E10p7a, 4/ - as
a,. EEBaByEEAcBay

bp/BapB, q/EAaBa, v/y * E10p/a, q/B - by
bs. ERBaByREAaBay

ap/Gap, q/EEaaB, v/y * E12p/a, /B - as
as. EEGapByEEEaaBy

bp/Gap, q/EEaap, v/y * E12p/a, q/B - bs
bs. ERGaByREEaaBy

ap/Map, q/ERaBB, v/y * E14 p/a, q/B-as
as. EEMaByEERaBBy

bp/Map, q/ERafBB, v/y * E14 p/a, q/B - be
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aqg.
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ERMoaByRERaBBy

ap/Ne, q/EReca, v/B * E16 p/a, q/B - a;
EENaBEERaaaf

bp/Na, q/ERaoa, v/B * E16 p/a, q/B-b,

. ERNoSRERaaaf

ap/Aap, q/NAaB, v/y * E18 p/a, q/B - ag

. EEAaByENAaBy

bp/Acp, q/NAaB, v/y *E18 p/a, q/B - b

. ERAaByRNAaBy

ap/Kop, q/NKaB, v/y * E20 p/a, /B - as

. EEKaByENKaBy

bp/KaB, q/NKaB, v/y * E20 p/a, q/B-bs

. ERKaByRNKapfy

ap/GaB, (I/NGQB, 1’/‘)’ * E22 p/a’ q/B"alO

. EEGaByENGaBy

bp/GaB, q/NGaB, v/y *E22 p/a, q/B - b

. ERGaByENGaBy

ap/Map, q/NMaB, v/y * E24 p/a, q/B-au

. EEMapyENMaBy

bp/MaB, q/NMapB , v/y * E24 p/a, q/B- b1,

. ERMaByRNMapBy

According to these theorems we have the following formulas

ECaBy ~ EEAafBy
RCaBy ~ REAaBBy
EDaBy ~ ERAaBBy
RDaBy ~ RRAaBBy
EHaBy ~ ERAaBay
RHaoBy ~ RRAaBay
EBaBy ~ EEAaBay
RBafy ~ REAaBay
EGafBy ~ EEEaafy
RGapy ~ REEaaBy
EMaBy ~ EERafBy
RMapBy ~ RERafBy
ENa ~ EERaaaf
RNaB ~ RERaaaf
EAqBy ~ ENAaBy

RAaBy ~ RNAaBy

EKopBy ~ ENKaBy

REoBy ~ RNKapy

EGaBy ~ ENGaBy

RGapy ~ RNGaBy

EMapy ~ ENMaBy
RMaBy ~ RNMapy

On the other hand, according to the axioms A8-AI8 we have
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(X1I)
(X111)
(X1V)

(xV)
(XVT)

(XVII)
(XV1II)
(XIX)

(XX)

(XX1)

(XXTI)
(XXIII)
(XX1V)
(XXV)
(XXVI)
(XXVII)
(XX VIII)
(XXIX)
(XXX)
(XXXI)
(XXXTI)
(XXXIII)
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ACaBy ~ AEAapBy (XXXIV)
ADaBy ~ ARAafBy (XXXV)
AHaBy ~ ARAaBay (XXX VI)
ABaBy ~ AEAaBay (XXXVID)
AGapy ~ AEEaafy (XXXVIII)
AMapy ~ AERapBy (XXXIX)
AZaBy ~ ANAaBy (XXXX)
AKaBy ~ ANKaBy (XXXXI)
AGaBy ~ ANGaBy (XXXXII)
AMapy ~ ANMaBy (XXXXIII)

We continue with the demonstration of the theorem. Any form can
belong to one of the following types

1. Eaf 2. Rap 3. AaB

4. Kap 5. CoB 6. Dap

7. Hop 8. Baf 9. Gap

10. MapB 11. Na 12. 4aB

13. Kap 14. GaB 15. Mag
each form containing m; (¢ =1, 2, ..., n) functors C, D, H, B, G, M, N, A,
K, G and M.

As to the formulas (I)-(XI), the forms of the type 5-15 are equipolent
with the forms of the type 1 and 2.

According to commutation and association of the functors E, R, the
forms of type 1 and 2 can be of one of the following particular types

1.1. ECaBy 1.2. EDapy 1.3. EHaBy
1.4. EBapBy 1.5. EGapBy 1.6. EMaBy
1.7. ENaB 1.8. FEAaBy 1.9. EMoaBy
1.10. EEKaBy 1.11. EGapy 2.1. RGaBy
2.2. RDapy 2.3. RHaPy 2.4. RBapy
2.5. RGapy 2.6. RMapy 2.7. RNap
2.8. RAaBy 2.9. REaBy 2.10. RGaBy
2.11. RMaBy

According to the formulas (XII)-(XXXII), it results that these forms
are equipolent with the forms of the type 1 and 2, in which C, D, H, B, G,
M, N, A, K, G and M are containing of m;-j (=1, 2, . . ., n).

Repeating this argument a finite number of times it results that the
forms of the types 1.1-1.11, 2.1-2.11 are equipolent with the forms of the
set S(E,R,A).

The forms of the type 3 are further specified as of the following types:

3.1. ACaBy 3.2. ADaBy 3.3. AHaBy
3.4. ABaPy 3.5. AGaBy 3.6. ANap
3.7. AMaBy 3.8. AdaBy 3.9. AKaBy
3.10. AGaBy 3.11. AMaBy

According to the formulas (XXXIV)-(XXXXIII) these forms will be equi-
polent with forms which contain one less occurrence of the functors C-M.
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Repeating the reasoning we come to the conclusion that each form of the set
S is equipolent with a form of the set aeS(E,R,A) and hence it admits a
normal form of the type N(E,R,K)or N(E,R,A).

Conclusion. A form ‘‘@’’ is a tautology if and only if its normal form
is of the type *N(E,A) of §3.
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