
239
Notre Dame Journal of Formal Logic
Volume VIII, Number 3, July 1967

DECISION PROBLEM IN THE CLASSICAL LOGIC

EUGEN MIHAILESCU

The important problem of decision in mathematical logic has been
studied by many authors; it was resolved for propositional calculus. For
functional calculus, Church demonstrated that there was no model by which
we can determine whether a well-formed formula of the predicate calculus
is true or false.

In classical logic a formula "a" is a tautology if for the propositional
variables:

Pi, p2, . . . , pn

in "a" we can make correspond the truth values:

al9 a2, . . . , an

(where each of "α, " are constant, v = true, and f = false) and the substitu-
tion of the variable pi by α* conduct to "a" true). In our paper we shall
say that "a" is a tautology if its logical value is v, where logical value of
a formula means the result which we get making the substitution of the
propositional variables by v or f in all possible ways and making all the
operations connected.

The purpose of this article is to present a new method for the resolu-
tion of the decision problem, a method which is an immediate result of our
studies on normal forms in propositional calculus. The work is treated in
this way: I. For forms made with equivalence. II. For forms made with
equivalence, negation, reciprocity. IΠ. For forms made with equivalence,
reciprocity and alternation. IV. For a general form of classical logic.

For all these we use the notation of J. -Lukasiewicz. The idea of form
is defined in this way:

1. Each propositional variable is a form;
2. If "a" is a form and "F" is a unary functor, then "Fa" is a form;
3. If "a" and " β " a r e forms and "F" is a binary functor, then "Faβ"

is a form. The set of the forms made by the means of the functors
Fi, F2, . . , Fn is to be written: S(Fly F2ί . . . } Fn). For simplicity, we
denote by S the set of all forms from classical logic. Two forms "a" and
"β" are equipollent
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if Eaβ is a tautology.

§1. In the work [1] we considered the axioms:

Λl. EEpqEqp
A2. EEEpqrEpEqr,

and we proved that the set of consequences is non-contradictory and
complete. The rules of deduction are: 1. The rule of substitution; and
2. The "modus ponens" rule.

h a

h Eaβ

Remark: If "a" is a tautology then the form "βn

} which we obtain
applying the rule of substitution of the "modus ponens'' rule from "a" is
also a tautology. If "β" is not a tautology then "a" also is not a tautology.

The axioms A1-A2 being tautologies, it means that all the consequences
(theses) which we obtain by application of rules of deduction are also
tautologies.

The normal forms of the system: Each form aεS(E) which contains £n
propositional variables />/, qi (i = 1, 2, . . . ,n) admits the normal form

Nx(£) = En'1Ep1q1Ep2q2 Epnqn

Each aεS(E) which contains 2n+l propositional variables pf ; # ; (i = l9

29 . . . f n; j = 1, 2, . . . f n+1) admits the normal form

H2(E) = En'1Ep1q1Ep2q2 EpnEqn qn+1

in which the letters pi} q{ may be permuted and a ~ Ni(^); a ~ N2{E).

Remark 2. If: a ~ β and a = v then also β = v, and a = f then also
β = i.

Indeed: If a ~ β then Eaβ = v and therefore if Evβ = v, then β = v, and if
Eiβ = v, then β = i.

Theorem I. The form ί6a" is a tautology only if each propositional
variable of "a" occurs an even number of times.

We show that each form "a" which contains each propositional
variable an even number of times is a tautology. The form "a" admits
indeed the normal form:

Nx(£) = E ι (Ep1p1)
hί(Ep2p2)h2 (Epnpn)hn

and

a - Ni(E)

But N2(£) is a tautology because:
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E p i P i - y (i = 1,2, . . . , n )

and therefore:

n

E j hi'\v)hl(v)h2 {y)hn = v

and therefore a = v, that is a tautology.
Now let us show that other forms aεS(E) having at least one proposi-

tional variable which occurs an odd number of times, it is not a tautology.
Indeed take the variable pn+ι of "a", which occurs 2h+l times.

We have a normal form:
n

H2(E) = E ι % (Ep1p1)
hl(Ep2p2)

h2 (Epnpn)
hn (Epn+1pn+1)

h-+ίpn+i

= Eωpn+1

where
n+l

ω=E ι {Epιpί)
hl{Ep2p2)

h^ (Epnpn)
h»(Epn+ιpn+1)

h«+ί

is a tautology. Then we have ω= v and therefore

(v if ρn+1=v
Eωpn+1 = Evpn+1 = ]

(f if Pn+1 = i

and therefore:

( v if />B+1 = v
N2(£) = <

(f if ίB+1 = f

and:

( v if p w + 1 = v

(f if Λ,+1 = f

That is, u α ; ; is not a tautology.
Conclusion. Each form αεSCE) is a decision only if each propositional

variable of "a" is included by an even number (we shall call a tautological
formula a decision).

§2. In the work [2] we take the axiomatic system L(E,R,N) given by the
axioms:

Al. EEpqEqp
A2. EEEpqrEpEqr,
A3. EERpqRrsEEpqErs,
A4. ENpERppp,

in which the functors E} R and AT are defined by the matrix
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p, q 1 Epq I Rpq I Np

f, f V f V

V, f f V

f, V f V

V, V V f f .

We have demonstrated that this system is non-contradictory and in-
complete.

The normal forms of the system. Each form: aεS(E,R,N) which
includes 2n propositional variables /?/, qι (i - 1, 2, . . . , n) admits a normal
form of the type

H^E.R) = En'1Ep1q1Ep2q2 Epnqn

if the number of the functors "R" and "N" which are included in "a" is an
even number, and a normal form of the type

U2(E,R)= Rn-1(Rp1q1)(Rp2q2) (RpnQm)

if the functors "Rn and "N" appear an odd number of times. The form
" α " is equipollent with Ni(2?,Λ), respectively, N2(E,R\ and the letters
pi} qι may be permuted. Each form aεS(EjR}N) which contains 2n+l
variables pi, qj (i = i, 2} . . . , n\ j = i, 2, . . . , n} n+1) admits a normal
form of the type

H3(E,R) = En-ι(Epiqi)(Ep2q2) (Epnqn+1)

if "a" includes an even number of the functors R and N and a normal form
of the type

HA{E>R) = Rn~1{Rpιqι){Rp2q2) (RpnRqnqn+ί)

if "a" contains an odd number of the functors "R" and "N"; N3(E,R) being
equipollent with the form "a" and the letters />,-, qj being able to be
transferred.

Theorem II. A form "a" is a tautology only if each propositional
variable occurs an even number of times and the number of the functors
"R" and "N" is also an even number.

Indeed, if "a" contains each propositional variable an even number of
times and the number of the functors "R" and "N" is also an even number,
then "a" admits the normal form

n

NάBtR) = E 1 (Epxpι)
h*(Bpap2)h* (EpnPn)hn

which is a tautology according to Theorem 1. If "α" contains each proposi-
tional variable an even number of times, and the number of functors "R"
and "N" is an odd number, then ' V admits the normal form

n

N2(£,Λ) = R * '~ 1 {RpiPx)hι{Rp2pzt2 {RPnPnΫ"
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which is not a tautology, i.e. U2(E,R) = f. Indeed, the form

E N2(E9R) Rpp

is a tautology according to the preceding case. But:

Rpp = f and N2{E,R) = Rpp = f

and therefore b\2(E,R) = f and a = f, that is " α J > is not a tautology.

If "a" contains at least one propositional variable which occurs an odd
number of times then "a" is not a tautology. We have two subcases:

1. The number of the functors "R" and "N" is an even number. In
this case "a" admits the normal form

n
Ύjh •

U3(E,R)=E x l (Ep1p1)
hHEp2p2)

h2 (Epn+ipn+1)
h-^pn+1

then according to Theorem I "a" is not a tautology.
2. The number of the functors "R" and "N" is an odd number. In this

case the form "a" admits the normal form

n±ί

Niφ,/*) = R ' l (Rp1pi)hi(Rp2p2)
h2 (Rpn+1Pn+1)

h»+ίPn+1= Rωpn+1

where

ω= R x (RfiiPi)hi(Rp2p2Γ2 (KPn+ίPn+i) n+1 = f

It follows

( v if />„+!= f
N i ( £ , Λ ) = Λ ϋ p l i + 1 = Λ f p l l + 1 = J

(f if ^ w + 1 - v

and therefore Ni(E,R) is not a tautology and therefore "a" is not a
tautology.

Conclusion. Each form αεS(£,it!,iV)is a decision only if each proposi-
tional variable of "a" occurs an even number of t imes and the number of
the functors "N" and "R" is also an even number.

§3. In [3] we considered the axioms:

Al. EEpqEqp
A2. EEEpqrEpEqr
A3. EKKpqrKKqpr
A4. EKKpqrKpKqr
A5. EKKppqKpq
A6. EApqEEpqKpq
A7O EARpqrEEAprAqrr.

This system is non-contradictory and incomplete. The following forms

I . EKRpqrRKprKqr
20 EKEpqrEEKprKqrr
3. EAEpqrEAprAqr
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are theses (tautologies). Indeed:

1. KRpqr ~ EERpqrA Rpqr ~ EERpqrEEAprA qrr ~ EERpqEAprA qr
~ EERpqEEprKprEEqrKqr- RE*prqrpqKprKqr~ RKprKqr

that is the form 1. (We used the thesis EKpqEEpqApq of sub-system
\-(E,K,A)).

2. We have:

AEpqr ~ EEEpqrKEpqr ~ E3pqrE2KprKqrr ~ E2pqEKprKqr
~ EEpqEEEprAprEqrAqr ~E7ppqqrrAprAqr ~ EAprAqr

and therefore the form 3.

3. We have:

KRRpqrr ~ RKRpqrKrr ~ RRKprKqrKrr ~ EEKprKqrKrr~ EEKprKqrr

and therefore form 2.

The functors "E", "R", "A", "K" are defined by the matrix:

p, q 1 Kpq 1 Apq I Epq I i ^ ^

f, f f f v f

V, f f V f V

f, V f V f V

V, V V V V f

n

Theorem III. Each form aεS(K) which contains ΣJ hi propositional
ί = 1

variables pi(i = 1, 2, . . . 9 n) each letter pi being included respectively hi
times admits a normal form of the type:

N O O ^ * " 1 ^ ^ Pn

and in this form all the letters pi can be permuted (cf. [4]).

n

Theorem IV. Each form aεS(A) which contains Σ) hi propositional
ί = l

variables pi(i = i, 2, . . . , n) each letter pi being included respectively hi
times admits the normal form of the type

H(A) = Λn"1pιp2 pn>

and in this form all letters pi can be transferred.

Theorem V. Each form aεSiE KjA R) admits a normal form of the
type:

N(E}R,A) = EkRh

aia2 <*h+k+ι,

in which αz εS(A)

α~ N(E,R,A).

Theorem VI. Two forms a,βεS(A) are equipolent if each variable p of
of "a" is a variable of "β" and vice versa.
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Theorem VII. Each form aεSiEjR^^A) is a tautology only if it admits
the normal form of the type

h

*t\(E,A) = E 1 2 W '~Wc*2 . . . . ώ i X α i V . . . . a l n 2 ) (α? a£ ....aZn\)

in which a{ ~ a\ ~ ~aini (i = ly

 2, , n)

We shall prove that if "a" permits the normal form *N(i£^4) then it is
a tautology and if "a" does not permit a normal form of the type *N(£,̂ 4)
then it is not a tautology.

Case 1. "a" admits the normal form *N(E,A). But according to
Theorem IV, the forms

aί ~aί -aim ~ **M) (i = 1, 2, . . . , h)

admit the normal forms Nf(Λ)and:

a i ~ a i ~ ~ a Λ n i ~ t * i 2 < A ) (i = l,2,.. . , h ) .

It follows that
h

*M(E,A) ~E*2nί~L [HM)]*1 [N2(Λ)]3W2 [NΛ(Λ)]^

and

But the form
h
Σ2tij-1

(1) E ι (pj***

is a tautology. We make in the form (1) the following substitution:

Pi/NM) (i = l>2, ...,h)

and we obtain the form "ω". It follows that "ω" is a tautology and it is

Case 2. The form "a" does not admit the normal form *NtE,j4).
It means that "a" admits one of the following normal forms

h λni m

I. ti(E^)=Eκ Π Π aj Π β,. [a^β^SiA)]

and in which

h

M = Σ/ 2m+m-l
1 = 1

272/

The forms 1_1 aj (i = 1, 2, . . . f n) are equipolent and the forms
βi, β2, . , /3, are not equipolent.

A

II. U(R,A) = Rl2nt * (aϊai....a12nι) (aUϊ c*Lh)
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ai~ai~ -aim (i = 1, 2, . . . , h)

III. H(E,R,A) = EMRN(aϊaϊ... .aZnι).... {aϊ ai'... .ai»h)(βiβ2... .0* )

in which

A

M + JV = ΣJ 2m + m-1
2 = 1

a{ ~ai~ ~ c4, (i = 1, 2} . . . , A)

and the forms βi,β2, , βm are not mutually equipolent.
I. Let

h
T/2ni

ω = E x (aίai ain)(a2

2a2

2 aL2) (atai oίznj)

We have

U(E9A) = E ω E m - 1 β h β 2 ) . . . β m

But ζίωi3 is a tautology and according to the "modus ponens" rule, it
follows that:

y=Em'^^2 βm

By the first remark N(E,A) is not a tautology if "a" is not. We have
two cases:

1. m = 2k + 1. In this case replacing all the propositional variables in
the form "βi" by "p" and according to the formula ,A/>/> ~/> we have

ί v if p = v

f if p = 1

and therefore "γ*" is not a tautology, also "yn and N(£,^)and " α " .
2. m = ̂ . Let be ̂ iεβx and /?i/β2 We make the substitution/?! by q

and the other propositional variables by p. According to the formulas

App ~ p; AAppq - Apq; Azk(pfkq ~Apq

it follows that:

( v if q = v
E2k(APq)2kq~q= \

( f if 0 = f

whence we have

/ v if p = f, # = f

y = E^(Apqfk+1q~EApqq= ) V « * = *, tf = V

( f if /> = v, # = f

and therefore ' V " is not a tautology, also "y" and N(E,A) and " α " .
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II. "a" permits the form N(Λ,i4).
According to the theorem IV, we have

α / ~ N , ( A ) (j = l , 2 , . . . , h )

and therefore

h

But

E M{R,A)Rpp

is a tautology, therefore

NCM) -*/>/>

and N(i?,i4)is not a tautology and also " α " .
III. ' V admits the normal form N(£,#,^4). In this case N is an odd

number. We have two possibilities:
1. M = £&. Then we have:

NCE,Λ,i4) = E2kRN(aϊaϊ....a\nΣ)(aίW.... α L 2 ) . . . (at a}.... aih)

(βijSa - j S / ^ Λ ^ ^ ί α i ' α a 1 . -a1^) (αί t t a

2 . . <*L2)
( α 1

Λ α | . . . . α i A ) ( / 3 l i 3 2 . . . . / 3 / )

in which Z is an even number because 2k+N is an odd number. It follows
that N + 2k + i is an even number and therefore we have

N(E}R,A)~£N+ίA+Wαaa....αijίαϊαJ . . . . α i 2 ) . . . . ( α N I . . . . α ^ )
(jSi/Sa.. . φι_2Rβι.1βι)~EγEl^(β1β2.. ..β^)R ft^jS;

in which

r = £ L 2nt~\a}ai... .αiβ l)(αi aα a

2 . . . «L 2 ) . . . . (αf αέ ^aLh)

is a tautology, and therefore, according to the "modus ponens" rule, we
shall deduce

y =El~2(βiβ2 ...βι-2)Rβl-1βι

Let be pfiβ^ and />/j82. We make the substitution for p by q and for the
other variables by p. Then we have

( f if p = v
El-2(APqfn(pt2n~2RPP - EpRpp = £/>f = ]

( v if /> = f

whence we have
/ v if p = t; q = 1

y"= E^iAPqr+Hp^BPP - EAPqRpp = £A Λ f = j J !f

f J I J/ J I J
( f if p = v; q = i
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and therefore "γ"" is not a tautology and also ' V " , N(^,i?,^) and
"a".

2. M = 2k + 1. In this case M + N is an even number and therefore h
is an odd number. We make the substitution of all propositional variables
by p and there results a form of the type

( v if p = i

y = ER^-\pf^{p?nK ... {p)2nHpflp -ERppp = \
( f if p = v

and therefore is not a tautology and also N(E,R,A) and "a".

Conclusion. Each form <χε&(E,R}A,K) is a decision only if u α " admits

the normal form

λ

*N(£,,4) = E ι2nt~\aϊaϊ... .a2ni)(a?a?.. . . a l 2 ) . . . . (αί 4 .. ..<&>h)

where αf εS(Λ) and αj - α| ~ ~<**ni (i = 1, 2, . . . , h)

§4. We consider the functors of the classical logic defined as follows:

Pi Q I Apq 1 Kpq 1 Cpq 1 E/?̂  I î /)̂  1 Z)j?̂  | Hpq I B/)g

f, f f f V V f f f V

V, f V f f f V V f V

1, V V f V f V f V f

V, V V V V V f f f V

Mpq I Gpq I Mftff I Gftg I Apq I F p ^ I F " ^ I Fpq I iVj?

v f f v v v v f v

f f v v f v v f
v v f f f v v f
f V V f f f V f f

The system L is the set of consequences of the axioms of the system
L(EfR,A,K) and of the axioms

A8. EACpqrAEApqqr
A9. EADpqrARApqqr

A10. EAHpqrARApqpr
All. EAGpqrAEEppqr
A12. EAMpqrAERpqqr
A13. EANprAERpppr
A14. EAApqrANApqr
A15. EAKpqrANKpqr
A16. EAGpqrANGpqr
A17. EAMpqrANMpqr
A18. EABpqrAEApqpr

For demonstration of the theorems we use the following theses:
The forms

1. EEAprAqrAEpqr
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2. EAppp

are theses of the system L(E,R,A,K)

Ip/Cpq, q/EApqq, * EA8-3r/ECpqEApqq
3. AECpqEApqqECpqEApqq

2p/ECpqEApqq * E3-4
4. ECpqEApqq

lp/Dpq, q/RApqq * EA9-5r/EDpqRApqq
5. AEDpqRApqqEDpqRApqq

2p/EDpqRApqq * E5-6
6. EDpqRApqq

lp/Hpq, q/RApqp * EA10-7r/EHpqRApqp
7. AEHpqRApqpEHpqRApqp.

2p/EHpqRApqp * E7-8
8. EHpqRApqp.

lp/Bpq, q/EApqp * EA18-9r/EBpqEApqp
9. A EBpqEApqpEBpqEApqp

2p/EBpqEApqp * E9-10
10. EBpqEApqp

lp/Gpq, q/EEppq *EAll-llr/EGpqEEppq
11. AEGpqEEppqEGpqEEppq

2p/EGpqEEppq * Ell-12
12. EGpqEEppq

lp/Mpq, q/ERpqq * EA12-13r/EMpqERpqq
13. AEMpqERpqqEMpqERpqq

2p/EMpqERpqq * 13-14
14. EMpqERpqq

lp/Np, q/ERppp * EA13-15r/ENpERppp
15. AENpERpppENpERppp

2p/ENpERppp * El 5-16
16. ENpERppp

Ip/Apq, q/NApq * EA14-17r/EApqNApq
17. AEApqNApqEΆpqNApq

2p/EΆpqNApq * E17-18
18. EΛpqNApq

lp/Kpq, q/NKpq * EA15-19r/EKpqNKpq
19. AEKpqNKpqEKpqNKpq

_ 2p/EKpqNKpq * El 9-20
20. EKpqNKpq

lp/Gpq, q/NGpq * EA16-2lr/EGpqNGpq
21. AEGpqNGpqEGpqNGpq

2p/EGpqNGpq * E21-22
22. EGpqNGpq.

lp/Mpq, q/NMpq * EA17-23r/EMpqNMpq
23. AEMpqNMpqEMpqNMpq

2p/EMpqNMpq * E23-24
24. EMpqNMpq
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According to these theses we have the following forms

Cpq ~ EApqq (I)

Dpq ~ RApqq (II)

Hpq ~ RApqp (IΠ)

Bpq ~ EApqp (IV)

Gpq ~ EEppq (γ)

Mpq ~ ERpqq (VI)

Np~ERppp (VΊI)

Apq ~ NApq ~ ERApqApqApq (VΊΠ)

Kpq ~ JVΊζptf - ERKpqKpqKpq (IX)

G/># - iVGp? ~ ERGpqGpqGpq (X)

Λf/>0 - AΓM/>̂  - ERMpqMpqMpq (XI)

and therefore each form γεS is an equipolent with a form of the type Eaβ or

We denote by S the set of forms made with all the functors of classical

logic.

Theorem VIII. Each form a is equipolent with a form βεS(E}R,A).

To demonstrate this theorem we use the theses:

a. EEpqEEprEqr

b. EEpqERprRqr

which are the theses of the system H(E,R)

ap/Caβ, q/EAaββ, r/γ * E4 p/a, q/β-ax

alβ EECaβγEEAaββγ

bp/Caβ, q/EAaββ, r/γ *E4p/a, q/β-b,

bi. ERCaβγREAaββγ

ap/Daβ, q/RAaββ, r/γ * E6p/a, q/β-a2

a2. EEDaβγERAaββγ

bp/Daβ, q/RAaββ, r/γ *E6p/a, q/β-b2

b2. ERDaβγRRAaββγ

ap/Haβ, q/RAaβa, rjγ * E8p/a, q/β - a3

a3. EEHaβγERAaβaγ

bp/Haβ, q/RAaβa, r/γ * E8p/a, q/β - b3

b3. ERHaβγRRAaβaγ

ap/Baβ, q/EAaβa, r/γ * El Op/a, q/β-a4

a4. EEBaβγEEAaβaγ

bp/Baβ, q/EAaβa, r/γ * El Op/a, q/β-bA

b4. ERBaβγREAaβaγ

ap/Gaβ, q/EEaaβ, r/γ * E12p/a, q/β - a5

a5. EEGaβγEEEaaβγ

bp/Gaβ, q/EEaaβ, r/γ * E12p/a, q/β - b5

b5. ERGaβγREEaaβγ

ap/Maβ, q/ERaββ, r/γ *E14p/a, q/β-a6

aβ. EEMaβγEERaββγ

bp/Maβ, q/ERaββ, r/γ * El 4 p/a, q/β - be
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b 6. ERMaβγRERaββγ

ap/Na, q/ERaaa, r/β * E16 p/a, q/β-aΊ

a7. EENaβEERaaaβ

bp/Na, q/ERaaa, r/β * E16 p/a, q/β-bΊ

b7. ERNaβRERaaaβ

_ap/£aβ, q/NAaβ, r/γ * E18 p/a, q/β-a8

a8. EEAaβγENAaβγ

bp/Aaβ, q/NAaβ9 r/γ * E18 p/a, q/β-b8

b 8. ERAaβγRNAaβγ

_ap/Kaβ, q/NKaβ, r/γ * E20 p/a, q/β - a9

a9. EEKaβγENKaβγ

bp/Kaβ, q/NKaβ, r/γ * E20 p/a, q/β-bQ

b 9. ERKaβγRNKaβγ

jip/Gaβ, q/NGaβ, r/γ * E22 p/a, q/β-am

a10. EEGaβγENGaβγ

bp/Gaβ, q/NGaβ, r/γ * E22 p/a, q/β - b10

b 1 0 . ERGaβγENGaβγ

ap/Maβ, q/NMaβ, r/γ * E24 p/a, q/β -an

a n . EEMaβγENMaβγ

bp/Maβ, q/NMaβ , r/γ * E24 p/a, q/β -blλ

bii. ERMaβγRNMaβγ

According to these theorems we have the following formulas

ECaβγ - EEAaββγ (XII)

RCaβγ ^ REAaββγ (XIΠ)

EDaβγ - ERAaββγ (XIV)

RDaβγ ~ RRAaββγ (XV)

EHaβγ - ERAaβaγ (XVI)

RHaβγ - RRAaβaγ (XVII)

EBaβγ - EEAaβaγ (XVIII)

RBaβγ - REAaβaγ (XIX)

EGaβγ - EEEaaβγ (XX)

RGaβγ ~ REEaaβγ (XXI)

EMaβγ - EERaββγ (XXII)

RMaβγ - RERaββγ (XXIII)

ENaβ - EERaaaβ (XXIV)

RNaβ ^ RERaaaβ (XXV)

EAaβγ - ENAaβγ (XXVI)

RAaβγ - RNAaβγ (XXVII)

EKaβγ ~ ENKaβγ (XXVIII)

RKaβγ - RNKaβγ (XXIX)

Eϋaβγ - ENGaβγ (XXX)

RGaβγ - RNGaβγ (XXXI)

EMaβγ - ENMaβγ (XXXII)

RMaβγ - RNMaβγ (XXXIΠ)

On the other hand, according to the axioms A8-A18 we have
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A Caβγ ~ A EA aββγ (XXXIV)

ADaβγ ~ ARAaββy (XXXV)

AHaβγ ~ ARA aβaγ (XXX VI)

A Baβγ ~ AEA aβaγ (XXXVII)

A Gaβγ ~ AEEaaβγ (XXXVIΠ)

AMaβγ ~ AERaββγ (XXXIX)

AΆaβγ -ANAaβγ (XXXX)

AKaβy ~ ANKaβγ (XXXXI)

A Gaβγ ~ ANGaβγ (XXXXII)

AMaβγ ~ ANMaβγ (XXXXIΠ)

We continue with the demonstration of the theorem. Any form can

belong to one of the following types

1. Eaβ

4. Kaβ

7. Haβ

10. Maβ

13. Kaβ

2. Raβ

5. Caβ

8. Baβ

11. iVα

14. Gαβ

3. Aaβ

6. Dα/3

9. Gaβ

12. 3αβ

15. Mαβ

each form containing nii (i = 1, 2} . . . , n) functors C, D, H, B, G, M, N, A,

K, G and M.

As to the formulas (I) -(XI), the forms of the type 5-15 are equipolent

with the forms of the type 1 and 2.

According to commutation and association of the functors E, R, the

forms of type 1 and 2 can be of one of the following particular types

1.1. EC aβγ

1.4. EBaβγ

1.7. ENaβ

1.10. EKaβγ

2.2. RDaβγ

2.5. RGaβγ

2.8. RA_aβγ

2.11. RMaβγ

1.2. EDaβγ

1.5. EGaβγ

1.8. EΆ_aβγ

1.11. EGaβγ

2.3. ##αj3y

2.6. RMaβγ

2.9. iδfaβy

1.3. EH aβγ

1.6. EMaβγ

1.9. £Mα/3y

2.1. ΉGαβy

2.4. #£α/3y

2.7. RNaβ

2.10. ΛGα/3y

According to the formulas (XII)-(XXXII), it resul ts that these forms

a r e equipolent with the forms of the type 1 and 2, in which C, D} H, B, G,

My N, A, K, G and M a re containing of m f -j (i = 1, 2, . . . , n).

Repeating this argument a finite number of t imes it resu l t s that the

forms of the types 1.1-1.11, 2.1-2.11 a r e equipolent with the forms of the

set S(E,R,A).

The forms of the type 3 are further specified as of the following types:

3.1. ACaβγ

3.4. ABaβγ

3.7. AMaβγ

3.10. AGaβγ

3.2. ADaβγ

3.5. AGaβγ

3.8. AAaβγ

3.11. AMaβγ

3.3. AHaβγ

3.6. ANaβ

3.9. AKaβγ

According to the formulas (XXXIV)-(XXXXIII) these forms will be equi-

polent with forms which contain one less occurrence of the functors C-M.
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Repeating the reasoning we come to the conclusion that each form of the set
S is equipolent with a form of the set aεS(E,R,A) and hence it admits a
normal form of the type HiE^K) or N(E,R}A).

Conclusion. A form "a" is a tautology if and only if its normal form
is of the type *N(E,A) of §3.
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