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TRANSITIVITY, SUPERTRANSITIVITY AND INDUCTION

W. RUSSELL BELDING, RICHARD L. POSS and
PAUL J. WELSH, Jr.

In [3] and [6] Montague and Tarski, respectively, published without
proofs the following general principles of induction as theorems of
Zermelo-Fraenkel set theory (ZF).

A. (Montague) If the formula @) does not contain the varviable y and the
velation R is well-founded then

(y) (e FIdR A (%) (xRy — @(x)) — ¢@(¥)) — (») (v e FIdR — ¢ (¥)) .

B. (Tarski) If the formula ¢(x) does not contain the vaviable y then

WX (xey — @(x) — 2] — ) ().

In this paper we shall present, in G6del-Bernays set theory (GB), some
results concerning general principles of induction, relating them to A and B
above. In section 1 we list our notation and definitions. In section 2, since
Montague and Tarski published their results without proofs, we shall for
the sake of completeness give our proofs of their results. We shall also
prove the following general induction principle:

C. If the formula @(x) does not contain the variable y and A is a tvansitive
class then

W [yeAr(®) (xey— @) = o(M)] — ) (¥e A — @(3)).

We also show that it is necessary that A be transitive for this principle to
hold. We also present a transitive decomposition formula for classes. In
section 3 we introduce the notion of supertransitivity for classes, give
examples of supertransitive classes and discuss the relationship between
supertransitivity and transitivity. Finally in section 4 we present a
supertransitive decomposition formula for classes and prove the following
induction principle for supertransitive classes.

D. Let A be a supertransitive class and @) be a formula not containing
the vaviable y. If ¢ has the property that for every sequence of sets {a,,}n<w
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in A such that a,4 C a, for every n = 0, there is at least one integev m such
that ¢(an), then

W yeAax) xSy — o) — ()] — ) Vel — 0©¥)).

We also show that if card(Ajp) is finite then it is necessary that A be super-
transitive for this principle to hold. The notation A} is defined in section 4.

1. Notation and Terminology. The small Latin letters a, b, c, . . . are used
for elements of classes; ¢, m, n are reserved for non-negative integers and
x,y,u,v for variables. The capital Latin letters A, B, C, . . . are used for

classes but R will always represent a relation. As usual @ denotes the null
set and the symbols C and C denote inclusion and proper inclusion respec-
tively.

U0 A, = {x|@m) (m 2 0ax Ay}

Q A, ={xl(m)(m 20— xed,)}.

¢ — ¢ will denote material implication, while ¢ =1 will denote inferential
implication. We use the following definitions:

(a) A 7velation R is a class of ordered pairs (x, V) such that xe domain R

and y € vange R.

(b) R is well-founded if and only if there is no sequence of sets

{apq1, an},,in R.

(¢) R is internal if and only if (u) (v) (x) (xRu = xRv) = u = v).

(d) FIdR (the field of R) = domain R U range R.

(e) i is an integer, define the power of A, P(A) as follows:
(i) Ifi=0,PA) =Afor A a set or a class. (ii) If A is a set, £(A)
={x|lx C A}. (iii) If A is a class, P(A) = {x|x C A and x is a set}. (iv) If
i>0,PHA) = PPITNA)).

(f) Ais transitive if and only if (y) (e A — (¥) (xe y — x€ A)).

(g) A is supertvansitive if and only if () (ve A — (x) (x € vy — xe A)).

Remavk: In [5], p. 270, supertransitivity is defined for certain sets.

2. Transitivity and Induction. Tt is known that every theorem of ZF is a
theorem of GB and that any theorem in GB about sets only is a theorem in
ZF. (Cohen has these proofs in [2], p. 77, for example.) Below, we prove
Montague’s induction principle (A) in GB and show that Tarski’s induction
principle (B) is a special case of Montague’s. Virtually the same proofs
will suffice to prove these principles in ZF.

Lemma 1. (Montague’s A) If the formula ¢(x) does not contain the variable
y and the velation R is well-founded then

() [ve FIdR A (x) (xRy — @(x)) — ¢(3)] — (9) (ye FIdR — ¢(3)) .

Proof: We use an indirect proof. Let us assume the hypotheses of A and
that
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(1) ) [yeFldRA(x) ¥Ry — @(x)) — ¢(3)]

(2) (3y)[ye FIdRA~(0()].

Let @, be such that a,e FIdR and ~(¢(a,)). First, suppose that @, has no
predecessor in FIdR, that is, there is no be FIdR such that bRa,. Then
clearly

(3) age FIdR a (%) (xRa, — @(x)) .

By (1) we may deduce ¢(a,), which contradicts our supposition that ~(¢(ay)).
Thus we may suppose that a, has at least one predecessor in FIdR. If ¢
holds for every precedessor of a, then (3) holds and we can use (1) to
deduce ¢(a,), again obtaining a contradiction. Consequently we have

(4) (39) (yRao A ~(@(9))) .

Let a, be such that a,Ra, and ~(¢(a;)). Then a,e FIdR. If @, has no
predecessors in FIdR or if ¢ holds for every predecessor of a, we can
again use (1) to derive the contradiction ¢(a;). Consequently we have

(5) (39) (yRai A ~(@(3))) .

By induction we obtain a sequence {a,} _. in FIdR such that a,,Ra, for every
n 2 0. This contradicts the well-foundedness of R. Hence, Lemma 1
follows by contraposition.

The following lemma is needed to show that Tarski’s induction
principle B is a special case of Montague’s principle A.

Lemma 2. Let {a,,}”w be a sequence of sets. It is false that an+i€ a, for
every n z 0.

Proof: If @, €a,tor every n = 0, the class {a,|n = 0} contradicts the axiom
of regularity. Lemma 2 follows by contraposition.

Lemma 3. Tarski’s induction prvinciple B is a special case of Montague’s
induction principle A.

Proof: Let V be the class of all sets in GB. Let us assume that ¢(x) is a
formula not containing the variable y. We define a relation R as follows:

(1) @) KRy=xeVayeVaxey).

By Lemma 2 the relation R is well-founded. Clearly FIdR = V. Montague’s
principle thus yields

(2) () [ve FIdR A (x) (xRy — ¢(x)) — @3] — () (ye FIdR — @()).

But (2) is equivalent to

(3) W[ (xey — @(x) — o(M]— () (@)

where quantification is over sets. This is Tarski’s induction principle as
required.

We shall now discuss some results about transitive classes, develop a
transitive decomposition formula for classes, and prove induction principle

C.
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Lemma 4. (Belding) For every A, if A is a class, then the following
statements ave equivalent: (i) A is tmnsu‘we, (i) AcC P! (A) for every
i 2 0, and (iii) there is a class C such that A = nﬁ (C).

i=0
Proof: Let A be a class. Then (i)=>(ii). We prove this by induction. By
Definition (e), we have

(1) Ac PYUA).

By (i) and Definition (f), we have that A C £(A). Suppose inductively that
for a given i, A C P?(A). Thus, it follows that (x)(xe A — x C #?(A)). There-
fore, by the definitions of inclusion and power set, we have, A C £} (A).
We conclude

(2) For every i > 0, if A C £¥(A) then A Cc PIH(A).
Therefore, by (1), (2) and induction over ¢, we have
(3) A CPA) for every i = 0.

(ii)=>(iii). Put C = A and note that n PiA) C PYA) =

(iii)=>(i). Assume (iii). Then there is a class C such that
@ a=Npic).
=0

Therefore, by (4), we have
(5) (M@ (veA— (xey— () (i20— xeP(C)).
By (5) we have

(6) () (x)(yeA - (xe y— Xe€ gl”'(c)».

Thus, by (4) and (6) we have
(M O (yeAd— yCA).
Thus (iii)=>(i) which concludes the proof of Lemma 4.

Lemma 5. For every A, if A is a class, then theve is a unique maximal
transitive subclass of A.

Pyoof. If A is a class, define B by:
00
(1) B= no PiA).

Then, by (1) and Lemma 4, B is a transitive subclass of A. Now let us
assume that K is any transitive subclass of A. Then, by Lemma (4), for
every 720, K C £*(K) and, since K C A, we have at once: for every ¢ = 0,
PI(K) C PY(A). Hence we have:

(2) for every i = 0, K< £*(A)

which together with (1) gives K C B as required, also proving uniqueness.
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The following theorem yields a transitive decomposition formula for
classes.

Theorem 6. (Belding) If A is a class, B the maximal transitive suog)class of
Aand A, = {x|xe PUA) for 0 =i <nand x¢P ' (A)), then: (i) A=”U0A,, U B,

(ii) for every m=z=0,BNA, =@, and (iii) for every m and n such that
m#0+nand m#n, A, VA, =D.

Proof: Let A be a class. Then clearly
oo
(1) nUO A,UB CA.

For every xeA, either (a) for every ¢ 20, xe PYA) or (b) there is a
smallest n such that xe#"(A) and x¢P"(A). If point (a) holds, then,
clearly, xe B. If (b) holds, by definition of A,, x€¢ A,. Therefore, we have:

o0
2) Agl_JoA,,u B.

[ee]
Thus, by (1) and (2) we obtain A = UOA,, U B, and (i) is proved.
n=

By definition of A,, for every x, if x¢ A,, then x¢£""(A). Thus, for
every n, A,N B =@, and (ii) is proved.

Suppose m # n and m < n. Then for every x, x€ A, implies x¢ " (A)
while A, C P"T(A). Thus A, N A, = @ and (iii) is proved.

Example 1. Let a= {0}, A={a, {a}}. Then aeA but aéP(A). Also
{a}e AV p(A) but {a}éP*(A). Thus A =A,U A, and the maximal transitive
subset of A is 9.

Example 2. Let a be as in Example 1 and A= {q, {{a}}}. Here
{{al}é P(A) so A = A,

Example 3. Let a be as in Example 1 and A = {q, {a}, {{a}}, . . .}. Then
aeA but aépP(A), so ael, {ale AnP(A) but {a}ép*(A), so {a}e A,.

Similarly each {. . .{a} ... },e A,. Hence A =”L=J0An, each A, having only

one member. The maximal transitive subset of A is {.

Example 4. Let A = w or A =On (the class of all ordinal numbers) or
A=V (the class of all sets). In each case, A is transitive and thus is its
own maximal transitive subclass.

Example 5. Let A= {9, {{#}}}. Here, {{}}¢£(4), so {{Pl}eA, But {p}
is transitive and, since A is not transitive, {#} is the maximal transitive
subset of A. Thus A = A, U B, where A, = {{{$}}} and B = {#}.

00

Lemma 7. Let A be a class and U0 A,V Bthe transitive decomposition of

ns
A. The following statements ave equivalent:
(1) A is transitive,
(ii) Ay = ¢>
(iii) A = B.
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Proof: (i)=>(ii). If A is transitive then A C P(A), i.e.: A - P(A) =P. But,
by definitions of A, and £°(A), we have A, C A - P(A). Hence we have that
Ao = P and (i)=>(ii) is proved.

(ii)=>(iii). ¥ (ii) holds, then, clearly, A C £(A) which by induction
gives:

(1) for every i z 0, P(A) C PH(A).

Thus, due to (1) we can conclude that for every {20, A C l’i(A); i.e., that A
is the maximal transitive subclass of A. Therefore, this fact and the
hypotheses of the lemma imply that A = B and thus (ii)=>(iii) is proved.

(iii)=>(i). Assume (iii). Then, clearly, from the definition of B, and
Lemma 4, it follows that A is transitive. Thus we have shown that (iii)=>(i)
and the proof of Lemma 7 is complete.

From the following theorem we can easily deduce our induction
principle C mentioned earlier.

Theorem 8. (Poss). Let A be a class. A necessary and sufficient condition
for the following induction principle to hold is that A be tvansitive.

Let ¢(x) be a formula which does not contain the variable y; then
W [yeAr(x)(xey— @) = @] = M (Ve A — ¢(y)).

Proof: We give two proofs of the necessity part of the theorem, the second
being an application of Theorem 6. Let us assume that formula ¢(x) does
not contain the variable y and that A is a class. Now assume also that

(1) [yeAr(®(xey— o) — 0()]— (3) (ved — @(3).

We define the formula ¢(x), which satisfies the assumptions, as follows:
(2) () (e(x) =xeArxC A).

Then, clearly, by (2),

(3) () (veAa(n) (xey— @(x)) — ¢(3).

Hence, by (1), (3) and (2), we have (3) (ye A — yC A), i.e., A is transitive.

Alternative indirect proof. Under the same assumptions including (1)
suppose that A is not transitive. Then, by Theorem 6 there is the transitive
decomposition of A:

)
(4) A= U0 A,U B.
Now, define a formula ¢(x), which satisfies the assumptions as follows:

(5) (x) (qo(x) = (Im) <xe A -nL=J0 An>)

By (4), the supposition, and Lemma 7, A, # @. Hence there is a b such that
be A, which, together with the fact that beA and (5), yields that ~(¢(b)).
Therefore, we have ~((3) (veA — ¢(»))). Whence, by (1), there is a 2z such
that zeA, (x) xez — ¢(«)), and ~(¢(2)). By (5), 2 C A. Therefore z € £(A).
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Hence z¢A - P(A); i.e., zeA - A, which, together with (5) yields ¢(z).
Since this contradicts ~(¢(z)), our supposition is false and, therefore, we
now have that A is transitive, which completes the indirect proof.

We now show that it is sufficient that A be transitive for the induction
principle to hold. Assume that formula ¢(x) does not contain the variable y
and that A is a class, and that

(6) A is transitive

(N ) eAr®) (xey — ¢@) — @)

and, in addition, suppose that

(8) ~(() WeA — @())).

By (8), there is an ¢, such that

(9) apeA and ~(¢(a,)) -

By (7) and (9) we may conclude that there is an a, such that
(10) a,eaqand ~(¢(a,)) .

It follows from (6), (9), and (10) that ¢, eA. Continuing this process, we
obtain a sequence {a,,}n<wof elements of A such that, forn 20, a,,,€a,. But
this is impossible. (See Lemma 2). Thus (8) is false and the desired result
holds. This completes the proof of Theorem 8.

Corollary 8.1 (C). If the formula ¢(x) does not contain the vaviable y and A
is a transitive class, then:

W)Y eAnx)(xey — ox) — o] — () (ved — @(y).

We now discuss the relationship that C has to A and B. For our first
result we need to use a theorem due to Mostowski in which the following
definition occurs. Given a set S the e-relation limited to S, €, is defined
as follows:

(%) () (xesy =xeSayeSaxey)
Mostowski, in [4], Theorem 3, has proved the following:

For every well-founded and internal velation R whose field is a set, there
is a set S such that €5 is an intevnal velation, R is isomovphic with €5, and
Fid €5 is transitive.

In particular, there is a bijection f between FIdR and Fld ¢, such that faRf’d
if and only if @ € b, for a, bin Flde;,.

Lemma 9. If we consider only well-founded velations R which ave internal
and whose fields ave sets, then A is a special case of C.

Proof: Let f be the bijection given by Mostowski’s theorem between FId R
and Fldes. By the definition of €5, Fldes €S and, hence is a set. By
Mostowski’s theorem, Fld e, is transitive, thus we may use our C. Hence,
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(1) () (veFldesa(x) (xey — @(x) — @) — (¥) (ve Fid es — ¢(3))

for formulas ¢(x) not containing the variable y. By the properties of f and
FId e€;, we have that ye Fild s = f’ye FIdR, and ye Fld e,ax€y — x¢ Fid ;.
Hence by (1) and the fact that f is an isomorphism, we have

(2) (#) (ue FIdR A (v) (vVRu — @(v)) — @(u)) — (u) (ue FIdR — o(u)).

Thus A holds for the relation R with the given properties.

The following result shows that C is a special case of Montague’s A.
(Note that A does not imply that it is mecessary that the class A be
transitive for the induction principle to hold on it).

Lemma 10 (Poss). The induction principle C is a special case of
Montague’s induction principle A.

Proof: It is sufficient to show that, for any transitive class A, there is a
relation R such that Montague’s principle for R is the same as principle C
for R. Let A be a transitive class. Define the relation R as follows:

(1) x)()(xRy=xeynryeA).

By (1), it is clear that R is well-founded and we have that FIdR = A. Hence
we can apply Montague’s principle A and we obtain for formulas ¢(x) not
containing the variable y:

(2) (3) (ye FIdR A (x) (xRy — ¢(x)) — ¢(3) — (3) (e FIdR — ¢(3)).

By (1) and (2), we have

(3) W (eAna(x)(xeyryeA — @(x) — ¢(3) — (3) (Ve A — ¢(3).

But (3) is the same as

4 MeAr®(xey— o(x) = 0(3) = (3 (ve A — @(3) .

But since A is transitive, (7) gives us C; thus Lemma 10 has been proved.

Theorem 11. (Poss) In the field of GB set theory, Tarski’s induction
principle B is a special case of C.

Pyoof: We need only find a transitive class A such that, when C is applied
to A, we obtain B. As mentioned above in Example 4, V, the class of all
sets, is transitive. Applying C to V, we obtain:

(1) W[yeVva@)(xey— o) — o]~ @) (YeV — o).
Since, in B, the quantification is over sets, (1) is precisely the same as B.

Theorem 12. In the field of GB set theory, transfinite induction is a special
case of C.

Proof: As in the proof of Theorem 11, we need only find a transitive class
A such that when C is applied to A, we obtain the principle of transfinite
induction. As mentioned above, in Example 4, On, the class of all ordinal
numbers, is transitive. Applying C to On, we obtain:
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(1)  ¢(x) is a formula not containing the variable y, then (y)[y€Ona
(x)(xey — o) — ¢®)] = @) (¥ eOn— ¢(y)) .

But, for ordinal numbers the e-relation is the same as the < relation.
Thus (1) is the same as:

(2) If ¢(x) is a formula not containing the variable y, then (y)[y€On a
) (x<y—ox)—e®)]— ) (@eOn— o).

But (2) is itself the principle of transfinite induction and our theorem is
proved.

3. Transitivity and Supertransitivity. Putting 0 =@, 1 =10}, 2 =1U {1} and
so on, we have that the only supertransitive integers are 0, 1, and 2. By a
simple check each of these integers is supertransitive. Since 2e¢ 3 and
{pH < 2 but {{P}}é3 we see that 3 is not supertransitive. If »n is any
integer such that n 2 3 then 2en and {{Z}} C 2, but {{¢}}en as {{#}} is not an
integer. So 7 is not supertransitive.

Lemma 13. For every A, if A is a class then P(A) is a supertrvansitive
class.

Proof Let aeP(A) and b Ca. Then a is a set, a CA and b C a. Since b
also is a set, b e #(A4). Thus P(A) is a supertransitive class.

Note that 1=#(0) and 2 = #(1). From Lemma 13 and the previous
discussion we conclude that 1 and 2 are the only integers which are power
sets of other sets. From its definition we know that an integer is a
transitive set each of whose elements are transitive. Since 3 is not
supertransitive we have that transitivity does not imply supertransitivity.
The following example shows that supertransitivity does not imply transi-
tivity. Let a# @ and put A= P({a, {a}}). By Lemma 13, A is super-
transitive. Since {a}e A but a¢A we see that A is not transitive. Hence
supertransitivity and transitivity are independent properties in GB (and
ZF).

Lemma 14. If A is a supertvansitive class and b is a membev of A such
that theve is no b' in A such that b Cb' then A -{b} is a supertransitive
class.

Proof: If ceA - {b} and d C c then d # b by hypothesis, so deA - {b} by the
supertransitivity of A.

In particular, since every set is a class, if A is a set then £(A) - {A} is
a supertransitive set. If card(A) = n > 1 then card(#£(4) - {A}) = 2" - 1, thus
showing that not all supertransitive sets are power sets.

For any ordinal m = w we can construct a set which is supertransitive,
transitive and has cardinality m. Define a,=¢% and inductively define
@41 = {@s}. Then the set {a;/0 =i <w} has cardinality ¥, and the set
{ailo =i s=m- 1} has cardinality m. 1t is easy to check that these sets are
transitive and supertransitive.
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Lemma 15. If theve exists a set of cavdinality p then theve exists a
supertvansitive set of cardinality p.

Proof: By the above comment we only need consider the case p > R,
Suppose A is a set such that card(4) =p. Then B = {{a}laeA}U {p} is
supertransitive and has cardinality p. For, if be Band ¢ C b then ¢ = § or
¢ =b. In either case ce B.

It is clear from the proof of Lemma 15 that if A is a class such that
@eA and the cardinality of each element in A - {p} is 1 then A is super-
transitive. While this condition is sufficient for supertransitivity it is not
necessary as some power sets have elements of cardinality greater than 1
and power sets are supertransitive.

It is already known that if A is a class then there is a smallest
transitive class containing A and this latter class is called the transitive
closure of A, (cf.[1], p. 136). We prove a similar result for supertransi-
tive classes.

Lemma 16. For any class A theve is a swmallest supertransitive class
containing A, the supertvansitive closure of A.

Proof: If A is supertransitive then A is the supertransitive closure of A.
If A is not supertransitive define C, = A, and define inductively

Conr = Co U, 12 c a}.

0

Put C =,!~=£ C,. Then C is the smallest supertransitive class containing A.

For, suppose ae C and b C a. Then aeC, for some n and be C,y; by
definition of C,4;. Thus be C and C is supertransitive. Now suppose that
B is some supertransitive set containing A. We wish to show that C C B.
Let ce C. If ce A = Cythen ce B. Otherwise there is an integer # such that
ce C, - C,_,. By definition of the C; there is a finite sequence {c,-lO sis
n - 1} such that ¢;e C; and ¢ C ¢,-; € €,-, C . ..<C ¢. Thus ¢ C ¢, while
coe B as BDA =C, Since B is supertransitive we have ce B and hence
C C B as required.

4. Supertvansitivity and Induction. We now present some results about
supertransitivity which are analagous to those in section 2 about transi-
tivity.

Lemma 17. (Belding) For every A, if A is a class then the following
statements are equivalent:

(i) A is supertrvansitive,
(i) () (ve A — P(x) e P(A)),
(iil) (x)(xe A — P'(x) e P*(A) for every i 2 0),
(iv) theve is a class C such that A = C N {x|P(x) e P(C)}.

Proof: Let A be a class. Then
(i)=>(ii). Noting that P(x) C A means P(x)e P(A), (ii) is simply a
restatement of (i).
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~ (ii)=>(iii). Given (ii) suppose inductively that for a given i, (x) ¥ eA —
P’(x)e P*(A)). From this we can deduce consecutively

(1) @ weAd — Pix) CP7(A)
(2) () (xeA — P M (x) C P(A)
(3) () (xeA — P (x) e PIT(A)).
(2) follows from (1) by taking power sets of £(x) and #'7'(A). (iii) follows
by induction over i.

(iii)=>(iv). Given (iii) we certainly have (x) (xeA — P(x) e P(A)) and
A =AnN {x|P(x)e P(A)} which follows directly from A =A. (iv) is im-
mediate.

(iv)=>(i). Assume (iv), then (x) (x €A — xe CaP(x) CC) and (x) (xe A —
() (¥ Cx — y€C)). Since the relation C is transitive we have,

(4) WxeA - @)@ Cx—yeCaly) CC))
(5) () (xeA — () (y Cx —yeA)).

(5) means that A is supertransitive as required. Lemma 17 is proved.

In the following decomposition results we shall use B® and A; to denote
supertransitive component classes to distinguish this case from the
transitive case.

Lemma 18. For every A, if A is a class then theve is a unique maximal
transitive subclass of A.

Proof. If Ais a class define B°by
(1) B®=A n{x|Px)e P(A)}.

By Lemma 17, B® is supertransitive. Suppose now that K is a super-
transitive subclass of A. We show that K C B°. Since K C A and K is
supertransitive we deduce #(K) C P(4), (x) (xe K — P(x) e P(K)), and

(2) (x)(xeK — Plx)eP(A) A xe A).
(2) means that K C B°® as required, also proving uniqueness.
Theorem 19. IfA is a class, B’ the maximal supertransitive subclass of A
and A, = {x|P'(x) € P(A) for 0 si < nand L' (x) $P"T(A)}, then:
0
(i) A= U0 A,uU B®

n=
(ii) for everyn 20, BN A,=¢
(iii) for every m and n such that m + 0 #n and m >n, A, 0 A, = D.

Pyroof. Let A be a class. Clearly
o0
o Uainsca
ne
For every xe A, either (a) for every i =0, P(x) e #/(A) or (b) there is a

smallest integer n such that £(x) e £7(A) for 0 =i = and £ (x) ¢ P"H(A).
If point (a) holds then xe B® and if (b) holds then xe A,. Thus
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00
(2) A gﬂUoAf,UBS.

00
(1) and (2) yield 4 =nL=JOAf, U B® and (i) is proved.

By definition of A,, for every x, if xeA; then £"(x)¢P"(4), and
x¢ B°. Thus for every n 20, A; N B = ¢. Hence (ii) is proved.

Suppose m #n and m >n>0. Then for every x, xeA, implies
P (x) ¢ P"T(A). Hence A5 N A, = @ and (iii) is proved.

o0
Lemma 20. Let A be a class and,,Uo A;, U B® the supertransitive decomposi-
tion of A. The following statements ave equivalent:

(i) A is supertransitive,
(i) Ag=9,
(iii) A = B°.
Proof: Let A be a class. Then

(i)=>(ii). Suppose (i). In particular by Lemma 17 we have (x) (xe 4 —
P(x)e P(4)) and

(1) Aj=A - x| P(x) e P(A)}= .

Thus (ii) holds.
(ii)=>(iii). Suppose (ii). In particular (1) holds so that (x) (xeA —
P(x) e P(A)). By Lemma 17 and by definition of B° we deduce consecutively,

(2) (x)(xeA — Pi(x)e PY(A) for every i = 0)
(3) (x)(xeA — xe B°).

Since B°® C A be definition, (3) yields B® = A and (iii) is proved.

(iii)=>(i). Assume (iii), so A = B°. By Lemma 18,4 is supertransitive
so (i) holds. Lemma 20 is proved.

From the following theorem we shall deduce induction principle D,
mentioned in the introduction, as a corollary.

(o]
Theorem 21. (Belding) Let A be a class and ﬂuo A, U B® the supervtransitive

decomposition of A. A sufficient condition fov the following induction state-
ment to hold is that A be superivansitive (Ay = @). If card(Ag) is finite then
the supertransitivity of A (As = @) is a necessary condition.

Let o(x) be a formula not containing the variable y. Let ¢ be such that for

every sequence {“"}n <ot A such that a,,, C a, for every n = 0, there is at

least one m such that ¢(a,) holds. Then

W[yeArx)(x Ty — o) — o] — @ (ed — o).

0
Proof: Assume that A is a class and letnLJ)Af, U B be the supertransitive

decomposition of A.
Sufficiency. Assume that A is supertransitive and



TRANSITIVITY, SUPERTRANSITIVITY AND INDUCTION 189

(1) ¢(x) is a formula not containing the variable y
(2) for every sequence {aﬂ}n<min A such that a,,; C a, for every n = 0, there
is at least one m such that ¢(a,) holds.

We now proceed by an indirect method. Suppose the induction formula fails
for this A and ¢. Thus

(3) MWeAr(x)(xCy— @) — @)
(4 3y (yeAr~p(y).

Let a, be such that q,e A and ~¢(a,). If @, = @ then there is no b such that
b C ay. Thus (%) (¥ C @y — ¢(x)). From (3) we deduce ¢(a,), a contradiction.
So @, #+ $. From (3) and the supertransitivity of A we now deduce respec-
tively (3x) (x C aq A ~¢(x)) and

(5) (3%) (¥ € aga~g(x)nx€A).

Let a, be such that a, C ay, ~¢(a,) and a, e A. Again we may deduce that
a * 9§ and

6) (3x) (x C a;n ~p(x)rx€A).

Continuing in this manner we obtain a sequence {a,},,in A such that
a4 € a, and ~@(an) for every n = 0. This contradicts (2). The following
statement now follows by contraposition on (3) and (4)

(M) W[yeArax)(xCy— o) — o] — ) (yeAd — @(3)).

Thus proving the sufficiency part of the theorem.
Necessity. We assume the induction principle and that Ay is a finite
class. That is, card(4g) < &, and

(8) [(1) and (2)]=>(T)

Under these hypotheses we shall construct a formula ¢ satisfying (1) and
(2) for which (8) fails if Ag+# @ and by Lemma 20 deduce that A is super-
transitive. Define ¢ as

9) ¢(x) = xeA - A3.

Clearly (1) holds. Let {a.},,be a sequence in A such that a,,, C a, for
every n = 0. Since card(4j) is finite there is some m such that a, ¢ Aj.
Thus a,eA - Ay and ¢(a,) holds. So (2) holds. Now suppose Ag # @. Then
for some b, beAg and consequently ~¢(b). Thus (4) holds. It remains to
show that (3) holds, for then we will have contradicted (8). Suppose
yeAn(x) (x Ty — @(x)). Then by the definitions of ¢ and A; we have
consecutively

yeAa(x)(x Cy— xeA)
VeEAA(X) (X Cy— o) - Ply) CA
YeAA(®) (x Ty — @(x) — y¢A]
YEAA®) (xCy— @) — yeA - A
YeEAA(X)(x Ty — @x) — ¢(y).
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(3) follows by generalization as required. The necessity part of the
theorem is now proved.

Remark: The condition that ¢ hold on at least one member of any sequence
{a,} .,in A such that a,., C a, for everyn z 0 is equivalent to the condition
that ¢ hold for all but a finite number of elements in any such sequence
in A.

Corollary 21.1. (D) Let A be a supertvansitive class and let ¢(x) be a
formula not containing the vaviable y. If ¢ has the property that for every
sequence of sets {a,,}nw in A such that a,, C a, for every n =0, theve is at
least one integer m such that ¢(an,) holds then

(M (YeAr(®) (xS y— ¢(x)) = @(3) — (3) (Ve A — ¢(3)).
Pyoof: The corollary follows from the sufficiency part of Theorem 21.

In a future paper Belding will present further results for fields of
relations; including decomposition formulas, metrics, extended metrics,
and another sufficient condition for Montague’s induction principle.

We wish to thank Professor B. Sobocifski for his suggestions re-
garding the format of this paper.
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