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EXAMINATION OF THE AXIOMATIC FOUNDATIONS
OF A THEORY OF CHANGE. V

LAURENT LAROUCHE

Third Part*
§5

§5. Independence Independence is not an essential requirement of axiom
systems; rather, it belongs to the realm of aesthetics. It is a question of
whether we can reduce the number of axioms, i.e., whether any one of the
axioms can be derived from the other ones. Assuming, for example, that
A,, ...,A,are axioms, then A, is said to be independent of 4,, . .. ,A,-,,
if A, cannot be derived from A,, ..., A,-;. In order to prove that 4, is not
derivable from A,, . . . , A,-,, we choose a domain w of individuals such that
Ay, ..., A, are satisfied in w while A, is not. The proof of independence
is here limited to those axioms which were used in the derivation of
Theorem 7.9:

A3.12 x~3y—3y~x

A323 x<yry<z—-x<z

A 3.3 x<y—=Tx~Yy

A3.5 2, < yax, <y — Gx x,

A 3.6 x<y;0x <3y, — Gy, 9,

A5.1 Axa — Fxa

A 5.2 % < %, A Fx,0 — Fx,a

A 6.2 Mxya — 3y, (6 ~ %420 < )

A 6.3 Mxya — Aya

A 64 Mxyarx ~ 9, =9, <y — 1Ay
A 6.7 VY. ¥,a— 3x3y (x ~yay, =9 <9, aMxy,0)
AT.2 Bxya A Byza — Bxza

A17.3 PxaarAya — Wxya

AT.5 Mxya A Aza — Bzxa

*The first, second, third and fourth parts of this paper appeared in Notre Dame
Journal of Formal Logic, vol. IX (1968), pp. 371-384, vol. X (1969), pp. 277-284,
vol. X (1969), pp. 385-409, and vol, XII (1971), pp. 378-380, respectively, They will
be referred to throughout this part, as [I], [II], [III] and [IV]. See additional
references given at the end of this paper.
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1. Independence of Axiom 7.5 from the others. The model consists of:
1. a) a domain S of individuals for momentaneous subjects

@y, Az, A3
S= , where # a, a,, as, by, by, bs
bl’ bz’ b3

b) a domain Z of individuals for properties
Z = {a}
II. an interpretation for our notions as follows:

ay ~ Ay, G ~0az, A3~ Az, by ~ by, by ~by, bs~ bs
~ ay ~by, ay~by, az~bs, by~a;, by~ay by~as
day ~ a, la; ~ as, 1a, ~ ag, 1b; ~ by, etc. 71 for all other cases

ay < as, a, < Az, Ay < ag, b1 < bg, bl < bs, bz <b3
Ta. < ay, 1a; < a,, etc. 1 for all other cases

Ga,a,, Gaias, Gazas, Gbiby, Gb.b;, Gbabs, Gaia,, Ga.a,, Gasas,
G Gaaal, Ga3a1, Ga3a2, szbl, Gbsbl, Gbsbz, Gblbl, szbz, Gbsbs,
1Ga,b,, 1Gb,a,, etc. 1 for all other cases

Ma,bsa, Maybsa,
IMa,b,a, TMb,asa, ete. 1 for all other cases

1Aa,a, 1Aa,a, TAaza, 1Ab,a, 1Aba, Abya
1Fa,a, 1Fa,a, 1Fasa, Fb,a, Fbya, Fbsa
1Pa,a, 1Paya, 1Paa, Pb,a, Pbya, Pbso

< v TWm>» Z

Vb,bsa, Vbobsa, 1Va,a.a, ete. 1 for all other cases

1Ba.a,a, 1Baga,a, 1Bb,a,a, 1Bba,a, 1Bbsa,a, Ba,a,a, Baa,a, Basasa,
Ba,a,0, Ba,aa, Ba,ba, Ba,b,a, Ba,ba, Bbba, Bb,b,a, Bbsbsa,
1Bagaa, 1Bb,a,a, 1Bb, a0, 1Bbsa,a, Basbsa,
Ba,asa, Ba,b,a, Ba,b,a, Ba,bsa, Bbsas,
Bb,ase, Bb,asx, Bbb.a, Bbbsa, Bb,bs,
1Basb,a, 1Basb,a, 1Bb,b,a, 1Bbsb,a, 1Bbsb,a,

Wa,a,a, Wa,asa, Wa,b,a, Wa,b,a, Wa,bsa, Wa,aa, Wa,b,a, Wa,b.a,
Wa,bsa, Wbiasa, Wbyaza, Wb b,a, Wb,bsa, Wbybsa, etc. 1for all other
cases

I lasbsa, la,a,a, laaa, 1b,b,a, 1b,b,0, 1bsbsa, lazasa, etc. 1 for all other
cases

This model verifies all axioms except 7.5 which fails in this model because
Ma, bsa A Absa ~1Bbsa,a holds.

2. Independence of Axiom 7.3 from the others. The model consists of:

I. a) a domain S of individuals for momentaneous subjects

Ay, Az, A3
S = , where #a,,a,,as,b,, b,, by
bl, bz’ bs
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b) a domain Z of individuals for properties

Z ={a}
II. an interpretation for our notions as follows:

@, ~a,, Gy ~Qy, A3 ~0a3,b; ~b;,by ~by,b;~b,
~ ay ~by, az ~bsy, as~bs, by ~ay, b, ~az bs~as
la, ~ asz,la, ~as, 1b, ~ b,, etc. 1 for all other cases

a, < ax, a;<as a;<as, b, < by, by < by, by < by
da, < ay, as < a,, etc. 7 for all other cases

Ga,a:, Gayas, Gasas, Gb,b,, Gb,bs, Gbsbs, Ga,a,, Gazasz, Gasas,
G Ga.a,, Gasa,, Gaza,, Gb,b,, Gbsb,, Gbsb,, Gb, b,, Gb,b,, Gbsbs,
1Ga, b, 1Gb,a,, etc. 1 for all other cases

Ma,bsa, Ma,bya,
IMa, ba, 1IMb,asa, etc. 1 for all other cases

Z

1Aa,a, 1Aa,a, 1Aaza, 1ADa, TAba, Absa
1Fa,a, 1Fa,a, 1Fase, Fba, Fba, Fbsa

1Pa,a, 1Paya, 1Pasa, Pba, Pb.a, 1Pbsa

< T M >

Vb, bsa, Vb,bsa, 1Va,asa, etc. 1 for all other cases

Ba,a,a, Basa,a, Bbaja, Bbaya, Bbsaa, Ba,ae, Ba.a,x, Basasa,
1Bb,bsa,
1Ba,a.a, 1Ba,asa, 1Ba, b,a, 1Ba, bea, 1Ba, bsa, Bb,b,a, Bbyb,a, Bbsbsa,
Bbsb.a,
Basa,a, Bb,a,a, Bb,a,a, Bbsa,c, 1Bbiasa, 1Bb,a,a, 1Bbsaa, 1Bb,ba,
1Bb, bsa,
1Ba,as0, 1Ba,ba, 1Ba,b,a, 1Ba,ba, Basba, Basb,a, Basbsa, Bbyba,
Bbsb,a

Wa,a,a, Wa,a,a, Wb a,a, Wb,a,a, Whya,a, Wasa,a, Wb, a,a, Wb,a.a,
w Wbsa.o, Wasb,a, Wasb,a, Wazbsa, Wh,oba, Whb,a, Wbsb,a, ete. 1 for all
other cases

This model verifies all axioms except 7.3 which fails in this model because
Pb,aa Absa A TWb, bsa holds.

3. Independence of Axiom 7.2 from the others. The model consists of:
1. a) a domain S of individuals for momentaneous subjects

a,, a,, a,
S= , where # a,, a, as, by, by, bs
bl; b27 b3

b) a domain Z of individuals for properties

Z={a}
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II. an interpretation for our notions as follows:
a, ~a;, Ay~ G A3 ~ a3, by ~ by, by ~ by, by ~ by,
~ a, ~ by, ay~by,a5~by,b ~a;,b,~a, by~ ag,
da, ~ ay, 1a, ~ ag, etc. 1 for all other cases
a, < ay, a; <as, a;<as, by < by, by < by, by < by,
da, < a,, 1a; < a,, etc. 1 for all other cases
Gaa,, Ga,ay, Gayas, Gb,b,, Gb,b;, Gb,by, Ga,a,, Ga,a,, Gasas,
G Ga.a,, Gasa,, Gasa,, Gb,b,, Gbsb,, Gbsb,, Gb,b,, Gbyb,, Gbyb,,
1Ga, b, 1Gb,a,, etc. 1 for all other cases

M Ma,bsa, Ma,bsa, TIMa, b,a, TMb, aza, ete. 1 for all other cases
A 1Aaga,1Aaa, 1Aasa, 1ADa, 1A Da, Abga
F 1Fao, 1Faa, 1Fasa, Fba, Fb,a, Fbsa
P 1Pa,a, 1Pasa, 1Pasa, Pbia, Pb.a, 1Pbsa
\") Vb, bsa, Vb,bsa, TVa,asa, etc. 1 for all other cases
1Baja,a, Basa,a, Bba,a, Bb,a,a, Bbsa,a, Ba,a,a, Basa,a, Basasa,
Bb, bsa,
Ba;aza, 1Ba1a3a, jBalbla, —IBalbza, _lBalbga, Bblbla, Bbzbza, Bbsbsa,
B 1Bb3b,a,
1Basaza, Bbia.a, Bb.as,a, Bbsa.a, Bbiasa, Bbzasa, Bbjasa, Bb,b.a,
Bb,bsa,
Ba.asa, 1Bayb,a, 1Ba.b.a, 1Ba,bsa, 1Basb,a, 1Basb,a, Basbya, 1Bb.b;a,
1Bb3ba

Wa,a,a, Wasa,a, Wb,a,a, Wh,a,a, Wbaa,a, Wa,asa, Wh,a,a, Wb.a,a,
w Wb.asa,
Wbia.a, Wb,asa, Wb b,a, Wb bsa, Wbybsa, etc. 1 for all other cases

lasbsa, la,a,a, la.asa, lasasa, 1b.b,a, 1bobea, 1b3bsa, ete. 1 for all other
cases

This model verifies all axioms except 7.2 which fails in this model because
Bajasa A Basa;o A 1Basa;a holds.

4. Independence of Axiom 6.7 from the others. The model consists of:
1. a) a domain S of individuals for momentaneous subjects

@1, G2, A3
S = bly be b3 $Where # a,, Az, a3, bl’ b2, ba, C1, C2, C3
Cy, C2, Cg

b) a domain Z of individuals for properties
Z = {o}

II. an interpretation for our notions as follows:
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@y ~ay, Gy~ Gy, A3 ~ A3, by ~ by, by ~ by, by ~ b3, ¢; ~ €1, €2 ~ Ca
Cs ~ Cg,
a ~ by, ay~cy, by ~cy,ax~ by, Gz~ Coy by ~ €2, a3 ~ by, Az ~ Cs,
bs ~ cs,
by ~a,, ¢ ~ay, ¢, ~by, by~ @, Ca ~ @y, Ca ~ by, by ~ as, c3 ~ ag,
c3 ~ bs,

la;, ~ az, la, ~ ag, etc. 1 for all other cases

a, < ay, a, <dag a,<ag, b, <by, b, <bg b,<by c,<cy,c, <cs,
¢, < cg,
da, < ay,la; < a,, ete. 1 for all other cases

Ga,a,, Ga,as, Gaqzas, Gb,b,, Gb b, Gbybs, Ge, ¢z, Gey 63, Geacy, Gayay,
Gaa,, Gaya,, Gasa,, Gbyb,, Gbsb,, Gbsb,, Ge,cy, Gezey, GesCz, Gazas,
Gasas, Gbyby, Gbyby, Gbsbs, Geycy, Gezca, Geyey,

1Ga, by, 1Gb,a,, etc. 1 for all other cases

Ma, csa, Ma,csa, TMa, bsa, IMb, cia, ete. 1 for all other cases
1Aa,a, TAaxa, 1Aas0, TAba, 1Aba, Absa, TAc,a, TAc,a, Acya
1Fa,a, 1Fasa, 1Fasa, Fb,a, Fb,a, Fbsa, Fc,a, Fcya, Fesa
1Pa,a, 1Pasa, 1Pasa, Pb,a, Pb,a, 1Pbsa, Pc,a, Pcya, 1Pcsa

Vb, bsa, Vbybsa, Vcycsa, Veycsa,
IVa,asa, 1V, ba, etc. 1 for all other cases

Ba.,a,a, Basa,a, Bb,a,a, Bb:aa, Bbsaa, Bc,a,a, Bc,aa, Bcgaa,
1Ba, a0, 1Ba,ase, 1Ba,b,a, 1Ba, b2, 1Ba,bsa, 1Ba, c,a, 1Ba, c.a, 1Ba, csa,
Basasa, Bb,a.a, Bb,as,a, Bbsa,a, Bc,asa, Bcsa,a, Bcsaxa, Bbscia,
Bb,csa,

1Bayasa, 1Basb,a, 1Ba,b.a, 1Basbsa, 1Basc,a, 1Basc.a, 1Bascsa, Bceybsa,
1Bc;3bsa,

Bb,asa, Bb,asa, Bbsasa, Bc,aza, Bcy,aza, Bcsaza, Bb,b.a,
1Bagb,a, 1Basb.a, Basbsa, 1Basc,a, 1Basc.a, Bascse, 1Bb:b;a,

Bb,bsa, Bb,c,a, Bb,c,a, Bb,csa, Bb,ba, 1Bb,c,a, Ba,a,a, Ba.a.a,
Basasa,

1Bbsb,, Bciba, 1Bcyba, 1Besh,a, 1Bbsba, Bce,b,a, Bb ba, Bb,bsa,
Bbsbsa,

IBbsc,a, 1Bbsc,a, Bbscsa, Bce,c,a, Bcejcsa, Bcescsa, Bce,c,a, Bcescsa,
Bescsa,

Be,bsa, Bceybsa, Bcegbsa, 1Bce,cia, 1Bcescia, 1Bcsca

Wa,a,a, Waza, o, Wb,a,a, Wb,a,a, Wbsa,a, We,a,a, Wepa,a, Wega,a,
Wasa.a, Wb,a.a, Wb.asa, Wbsasa, We,aa, Weaasa, Wesaza, Wb,asa,
Wb.asa,

Wb, b.a, Wb, bza, Wbbsa, Wb, c.a, Whecsa, Wb, csa, We, bsa, We, bsa,
We,bsa,

We,asa, Weaasa, Weicea, Weycsa, Weecsa, ete. 1 for all other cases
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|b101a, Iszga, Iasbsa, |a303a, |b303a, Ialala, Iagaza, |a3a3a,
16,b,a, 10200, 1b3bsa, lc,cia, lczcsa, lesesa, ete. 11 for all other cases

This model varfies all axioms except 6.7 which fails in this model because
Vbibsa, x ~yaby =y < bg— y=bvy=by, x~b - x=a,vx=bvx=c,
and ¥~ b, — x = a,vx = byvx = ¢, hold, while TMa,b;, T1Mb, b, TMc, b,
IMaybs, IMb,bs, TMc, b5 also hold.

5. Independence of Axiom 6.4 from the others. The model consists of:
I. a) a domain S of individuals for momentaneous subjects

a,, 4y, a3
S=<(by, by, bs p, Where # a,, a,, as, b,, by, bs, ¢, C3, C3
C1, C2, C3

b) a domain Z of individuals for properties
z = {a}
II. an interpretation for our notions as follows:

a; ~ @y, Az~ Gz, a3~ A3, by ~ by, by ~ by, by ~ bs, ¢, ~ €;, C2 ~ Ca,

Cg ~ Cg,

a; ~ by, a ~cy, b ~c,ax~ bz, az~ cz, b2 ~ C2, a3 ~ b3, as ~ cs,
~ bs ~ cs,

by ~ay, ¢ ~ay, ¢y~ by, by~ as, 2~ az, €2 ~ b2y by ~ as, s ~ as,

cs ~ bs,

da, ~ az, 1a, ~ as, etc. 1 for all other cases

a, < ay, a, <ag, a <as, b, <b,, by < bg, b, < bg, ¢, < ¢3, ¢; < C3,
< Ca < Cs,
Ja, < a,,1a; < a,, ete. 1 for all other cases

Ga,a,, Ga.as, Gaxas, Gbibz, Gb,bs, Gbobs, Geicz, Geics, Geacs, Gasa,,
Gaza,, Gax,, Gasa,, Gbsby, Gbsb,, Gbsb,, Geacy, Gesey, Gesez, Gaqas,

G Gazas, Gb,b,, Gbyb,, Gbsbs, Ge,cy, Gezes, Geses,
1Ga,b,, 1Gb,a,, etc. 1 for all other cases
M Ma,bsa, Masbsa, Ma,csa, Mascsa,
IMa,b,a,1Ma,c,a, etc. 1 for all other cases
A 1Aa,a,1Aaza, 1Aaza, Aba, Aba, Absa, 1Ac,a, 1Acya, Ac,a
F 1Fa,a, 1Fa.a, 1Fasa, Fb,a, Fb.a, Fbsa, Fcia, Fcaa, Fesa
P 1Pa,a,1Pasa, 1Pasa, 1Pb,a, 1Pb.a, 1Pbsa, Pc,a, Pcea, 1Pcsa
\") Veicsa, Veacsa, 1Vb,bsa, 1Vbabga, etc. 1 for all other cases

Ba.a,a, Bag,a, Bba,a, Bb.a,a, Bbsa,a, Bc,a,a, Bc.aa, Bcesaa,
1Ba,a,a, 1Ba,ase, 1Ba,b;a, 1Ba,b.a, 1Ba,bsa, 1Ba,c,a, 1Ba,cqa, 1Ba,c;sa,
Baga,a, Bb,a,a, Bb,a,a, Bbsa,a, Bcias, Bcaa.a, Bcsasa, 1Bbsc,a,
Bb.csa,
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1Basasa, 1Bayh,a, 1Ba,b.a, 1Ba,bia, 1Ba,c,a, 1Bascya, 1Ba,c,a,
Besbqa,

Bb,asa, Bb,asa, Bbjasa, Bc,asa, Bc,aza, Bcsaza, Bbb.a,

B Basb,a, Basb.,a, Basbsa, 1Basc,a, 1Basc.a, Bascsa, Bbyba,

Bblea:—lelcla’-‘Bblc2a’ Bblcsa: Bbesa)—]Bb2cla, Balala’
Basaga,
Bbsb,a, Bceba, Beyba, Begba, Bbgb,a, Bceb,a, Bbba,
Bbsbsa,
1Bbsc,a, 1Bbsca, Bbscsa, Bcejc,a, Be,csa, Bescsa, Beicia,
Bescga,

Bc,bsa, Bceybza, Begbsa, 1Bcycia, 1Besc,a, 1Bescqa,
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Bc,yb.a,

Ba.a,a,

Bb,b.a,

Bceacoa,

Wa.a,a, Wasa,a, Wb,a,a, Whea,a, Wbsa,a, We,a,a, Weea, o, Wesa,a,

Wasa.a,

W Wb, a.a, Wha,a, Whiasa, We,aa, Wepa,a, Wesasa, We,bia, Wepb,a,

Wclbza,

We,bqa, Weiasa, We.asa, We,bsa, Weybga, We,ca, We,csa, Wescsa,

etc. 1 for all other cases

lash,a, lagbsa, 10,b.a, 1b,bsa, 1b,c5a, 1bybsa, 1bycsa,
1 lasbsa, lascsa, 1bscia, la,a,a, lasa.a, lasaza, 10,b,a,
1boboa, 1bsbsa, lc,cia, lescsa, lescsa, ete. 1 for all other cases

This model verifies all axioms except 6.4 which fails in this model because

Ma,bsarna, ~ b, = by < bya Abya holds.

6. Independence of Axiom 6.3 from the others. The model consists of:

1. a) a domain S of individuals for momentaneous subjects

a,, sz, A3
S = bl, bz; b3 ) where # Qy, Az, A3, bl’ bz, b3, Cy, C2, C3
C15 C2, C3

b) a domain Z of individuals for properties
z = {o}

II. an interpretation for our notions as follows:

~ as in 5.
< as in 5.
G as in 5.
M Ma,bsa, Magbsa, Ma,csa, Mascsa,

IMa, bya, 1Ma, c,a, etc. 1 for all other cases
1Aa,a, 1Aaya, 1Aasa, 1ADa, TAba, TAbsa, 1A a, TAcya, Acsa
1Fa,a, 1Fasa, 1Fasa, Fbia, Fbsa, Fbsa, Fe,a, Feea, Fesa

1Pa,a, 1Paya, 1Paga, Pb,a, Pb,a, Pbsa, Pc,a, Pcya, 1Pcsa

< U m >

Veics, Vepcqa, 1Vb bga, 1Vb,bsa, ete. 1 for all other cases
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Ba,a,a, Basa,a, Bbaa, Bb,aa, Bbsaa, Bceaa, Bceao, Bcsaa,
1Ba,a,a,1Ba,asa, 1Ba,b,a, 1Ba, b,a, 1Ba, b2, 1Ba, c,a, 1Ba, c,a, 1Ba, cya,
Basa,a, Bba,a, Bb,a,a, Bbsa,a, Bcya.a, Bc,a,x, Bcja,a, Bbyc,a,
Bb,csa,
1Ba,asa, 1Ba,b,a, 1Ba,b,a, 1Ba,bsa, 1Ba,yc,a, 1Bayc,a, 1Baycsa, Beybya,
1 Bcsbza,
Bb,asa, Bb,asa, Bbsasa, Bcasa, Bc,asa, Bcsasa, Bb, b,
B 1Bagb,a, 1Bagbya, 1Basbse, 1Basc,a, 1Basc,a, Bascsa, Bb,ba,
Bb,ba, Bb,c,a, Bb,c,a, Bb,csa, Bbybza, Bb,c,a, Ba,a,a, Basa.a,

Basasa,
Bbsb,a, Bcba, Bceyba,1Bcba, Bbsb,a, Be,b,a, Bbba, Bbybsa,
Bb;ba,
Bb,c,a, Bbsc,e, Bbycse, Beyc,a, Beycza, Beycsa, Beyca, Bcegca,
Bcscsa,

Be bsa, Beobsa, 1Bcesbsa, Beqcia, 1Bcescia, 1Besco

Wa,a,a, Waza,0, Wb, a,a, Whoaa, Whsa,a, Weyaa, Wesaa, Wesa,a,
Wasaza,

Wb a0, Whoa,a, Whsaso, Weyas, Weast, Wesaso, Whyasa, Whaasa,
Wbsaso,

Wb, csa, Woycsa, Wogcza, We, csa, Wepcsa, Weyasa, Weyasa

etc. 1 for all other cases

16, b0, 10,052, 1b05a, 1b,cia, 1b,c.a, 1byc,a, 1b,c0, 1b5c,a,
1 lb3c0a, lascsa, leicya, layama, lazasa, lagasa, 1b,b,a, 16,00,
1bsbsa, lc,cia, lc e, legesa, ete. 1 for all other cases

This model verifies all axioms except 6.2 which fails in this model because
Ma, b0 A 1A bsa holds.

7. Independence of Axiom 6.2 from the others. The model consists of:
1. a) a domain S of individuals for momentaneous subjects

a,,0q2,0a3
S = bs ', where #a,,a,,as, bs, ¢y, Cy, C3
C1, C25 Cg

b) a domain Z of individuals for properties

z = {a}
II. an interpretation for our notions as follows:
@y ~ay, @z ~Az,Q3 ~A3, b3 ~bg, ¢y ~Cy,Cy ~CpyC3~C3,a1 ~Cy,y
A2 ~ Ca,
€1 ~@y;, C2~Qs a3 ~bs, a3 ~Cs, bs ~Cs, bg ~as, c3 ~as, cs ~ b,
la, ~ as,las ~a,, ete. 1 for all other cases
< a;<az, a,;<as,a,<as c,<cyc;<cs cy<cy,
las <a,,la, < bs, etc. 1 for all other cases
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Ga,a,, Ga,a,, Gasas, Ge,cy, Ge,e, Gesey, Gaya,, Gayas, Gazas, Gbsbs,
G Ga.a,, Gasa,, Gasa,, Ge,a,, Ge,cy, Geacy, Gezey, Gesey, Gesc,
1Ga,bs, 1Gb,a,, etc. 1 for all other cases

Ma,bsa, Maybsa, Ma;csa, Ma.csa,

M
IMasbsa, TMa,c.a, etc. 1 for all other cases
A  Aagia,1Aasa, TAasa, Absa, TAca, TAca, Acsa
F 1Fa.a, 1Fasa, 1Faza, Fbsa, Fc,a, Fcya, Fega
P 1Pasa, 1Paso, 1Pasa, 1Pbsa, Pcia, Pcya, 1Pcsa
v Ve csa, Vescsa, 1V bgbsa, TVa,aza, ete. 1 for all other cases
Ba.,a,a, Basa,a, Bbsa,a, Bcia,a, Bcesa,a, Bcsa,a, Baa,a, Basasa,
Basasa,
1Bayaqe, 1Bajasa, 1Ba,bsa, 1Ba,c,a, 1Ba,c.a, 1Ba,csa, Bc,c,a, Bcesesa,
Bcscga,
B Basa,a, Bbsa,a, Bcia.a, Bcpa,a, Bcesa,a, Bbsaze, Bciase, Bcasa,
Bcsasa,
'IBaza301, _lBagbsa, 1Ba201a, —lBazcza, —IBazCsa, Basb30!, -]Bascla, a Bascza,
Bascsa,
Bc,bsa, Beybsa, Bcegbsa, Bceyc,a, Bceycsa, Beycsa, Bbgbsa,
IBbscia, 1Bbsca, Bbscsa, 1Bcscia, 1Bcescia, 1Bescsa
Waa,a, Waza,a, Wbsa,a, We,a,a, Weya,0, Wesa,a,
W Wasasa, Wbia.a, Weia.a, Weaasa, Wesasa, Weiasa,

Weaase, We,bsa, Weobsa, Weicaa, Weese, Wepesa,
etc. 1 for all other cases

lasbsa, lascqa, 1b5c5a, la,a,a, lay,asa,
lasasa, 1b3b50, lc,cia, leacsa, lescsa, ete. 11 for all other cases

This model verifies all axioms except 6.2 which fails in this model because
133’0 (yO < b3) A Malb:;a hOldS.

8. Independence of Axiom 5.2 from the others. The model consists of:
1. a) a domain S of individuals for momentaneous subjects

ay, Az, as
S = b2, bsp, Where #a,,a5,83,b2,b3,C1,C2,C3
Ciy C25 C3

b) a domain Z of individuals for properties

z ={a}
II. an interpretation for our notions as follows:
@y ~ Qy, Gy ~ Qs Az ~ A3, by ~ by, by ~ b3, c1 ~ €1, C2 ~ C2, C3 ~ C3,
@y ~ €y, Gy ~ ba, Gz ~ C2, by ~ C3, A3 ~ by, a3 ~ c3, by ~ 3,

c1 ~ay, by~ G C2 ~as, C3 ~ by, b3 ~as, c3 ~ as, c3 ~ bs,
da, ~ ag, la, ~ a,, etc. 1 for all other cases
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a < ay, a; < ag, a < as, by < by, ¢; < ¢, ¢, < ¢35, €3 < Cg,
da, < a,, las < a,, etc. 1 for all other cases

Ga,a., Ga,as, Gazas, Gbybs, Ge,cz, Geycsy Geacs,

Ga,a,, Gasa,, Gasa,, Gbgb,, Geyey, Gesey, Gese,,

Ga,a,, Ga,a,, Gasas, Gb,b,, Gbzbs, Ge, ¢y, Geac,, Geyey,
1Ga,b,, 1Gb,a,, etc. 1 for all other cases

Ma,cza, Ma,csa, TMa,bsa, ete. 1 for all other cases
1Aaa, 1Aaxa, 1Aasa, 1Aba, Absa, 1Ac,a, TAca, Acsa
1Fa,a, 1Faxa, 1Faza, 1Fba, Fba, Fc,a, Feya, Fega
1Pa,a, 1Pasa, 1Paza, 1Pba, 1Pbsa, Pc,a, Pcya, 1Pcsa

Ve, csa, Veacsa, 1Vb,bsa, ete. 1 for all other cases

Ba.a,a, Basa,a, Bb,a,a, Bbsa,a, Bcia,o, Bc.a,o, Bcia,o,
1Ba,a.a, 1Ba,aza, 1Ba,b,a, 1Ba,bsa, 1Ba,c,a, 1Ba, c.a, 1Ba, c;a,

Basa.a, Bbsa,a, Bbsaa, Bciaxa, Bcaas0, Bcsasa, Bcybea, 1Bcsbea,
1Baqaza, 1Basb.a, 1Bazbsa, 1Baxc,a, 1Baxc,0, 1Bascsa, Bbqca, Bb.csa,

Bb.asa, Bbsasa, Bciasa, Bceasa, Bcsasa, Bbybsa, Bc,b.a, 1Bb,c a,
1Basb,a, Basbsa, 1Basc,a, 1Bascza, Bascsa, 1Bbsb,a, Baa,a, Basaa,

Basasa,

Bc b, Beobsa, Begbsa, Bceyc,a, Beycsa, Beycsa, Bbyb.a, Bbsbsa,
1Bbsc,a, 1Bbsca, Bbscsa, 1Bceqcia, 1Bcscia, 1Bescza, Beicia, Bcecea,

Bcscsa

Wa,a,a, Wasa,a, Wh,a,a, Whya,a, Weyaa, We,aa, Wegaa, Wagasa,
Wb.asa, Whsasa, We,a.o, Wesaa, Wesa.a, Whyaza, We,asa, Wesaga,
Wb,bsa, We, b0, Whycsa, Weybsa, Wepbsa, We, coa, Weycga, Wepcsa,
etc. 1 for all other cases

16200, lasbsa, lascsa, 1bscsa, layaia, lazaxa, lasasa, 16:b,0,
1bsbsa, le;cia, Vcacoa, legesa, ete. 1 for all other cases

This model verifies all axioms except 5.2 which fails in this model because
by < by A Fbza a1Fb,a holds.

9.
I

II.

~

Independence of Axiom 5.1 from the others. The model consists of:
a) a domain S of individuals for momentantous subjects

a,, Az, A3
S= b3 ’ where # Qay, Gz, Qs, bs, C1y Cz, C3
Cy, C25 C3

b) a domain Z of individuals for properties
z ={a}
an interpretation for our notions as follows:

as in 7.
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as in 7.

asin 7.

Ma, c;a, Ma,cia, TMa,bsa, etc. 1 for all other cases
TAaa, TAaa, 1Aasa, Absa, 1Ac,a, 1Acya, Acsa
1Fa,a, 1Fasa, 1Fasa, 1Fbsa, Fc,a, Fcya, Fega
1Pa,a, 1Pasa, 1Pasa, 1Pbsa, Pc,a, Pcya, 1Pcya

Vc,csa, Vesesa, 1Va,aga, ete. 1 for all other cases

as in 8, except in the cases where b, occurs.

s W< TvmMm>»Z O A

as in 8, except in the cases where b, occurs.

lasbsa, lascsa, Vbscsa, laa,a, lasasa, lasasa,
1bsbsa, lc,cia, lcycqa, lczesa, ete. 1 for all other cases

This model verifies all axioms except 5.1 which fails in this model because
Absa A 1F bsa holds.

Remark. It is evident that each of the axioms 3.1.2, 3.2.3, 3.3, 3.5, and 3.6
is independent from the axioms 5.1, 5.2, 6.2, 6.3, 6.4, 6.7, 7.2, 7.3, and 7.5.
Hence the next proofs of independence will be confined to the first five
axioms.

10. Independence of Axiom 3.6 from the others. The model consists of:
1. a domain S of individuals for momentaneous subjects

@, Az, Q3
S= ’ where # a4y, Gz, O3, bl, b2) b3
bl; bz’ bs

=

. an interpretation for the notions as follows:

a ~ a, Gy~ Gy A3 ~ A3, by ~ by, by ~ by, by ~ by
~ a1"’b1, a2~b2,a3~bs,bl~a1,b2~a2,b3~a3,
Ta, ~ a,, la, ~ a,, etc. 1 for all other cases

a, < ay, a;<as b <by, b < by, by < by,
Ta, < ag, las < a,, etc. for all other cases

Galal’ GaZaZ: GasaS: Gblbls szbz, Gbsbs, GalaZ, Galas’ Gazal’
G Gasa,, Gb,bs, Gbybs, Gbyb,, Gbsb,, Gbsb,, Gb, b,
1Gazas, 1Gasa., etc. 1 for all other cases

This model verifies all axioms except 3.6 which fails in this model because
a, < az aa, < aza1Gazas holds.

11. Independence of Axiom 3.5 from the others. The model consists of:

I. a domain S of individuals for momentaneous subjects
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aly Az, as
S = s where # a,, Az, ag, bh b23 b3
bl, bZa b3

II. an interpretation for the notions as follows:
as above in 10.

o <ag @<ag,b <b,b <b b < b,
la, < a,, g, < a,, etc. 1 for all other cases
Ga,a,, Ga,a,, Gasas, Gb,b,, Gb,b,, Gbsbs, Gaya,, Gasa,, Gazas,
G Gasa,, Gbyby, Gb by, Gbsby, Gbybs, Gbsb,, Gb, by,
1Gay a4, 1Gaza,, etc. 1 for all other cases

14

This model verifies all axioms except 3.5 which fails in this model because
a, < ayray < a; A1Ga, a4, holds.

12. Independence of Axiom 3.3 from the others. The model consists of:

I. a domain S of individuals for momentaneous subjects

(11, Qaz, a3
S= , Where # a,, a5, as, by, by, by
bh b27 b3

b

I. an interpretation for the notions as follows:

Ay ~a, G~ G, a3~ a3, by ~ by, by ~ by, by ~ b,
~ ay, ~ Ay, G~ @, @~ by, by~ ay, az~ by, by ~ as,
Jla, ~ ag, la, ~ ag, etc. 1 for all other cases

a, < ay, by < by, by < by, by < by,
la, < a,;, 1as < a,, etc. 1 for all other cases

Ga,a,, Gasas, Gasas, Gb,b,, Gbyb,, Gbsbs, Ga,az, Gaza,,
G Gb,b,, Gb b3, Gbybs, Gbyby, Gbsb,, Gbsb,,
1Ga, a3, 1Ga, b,, etc. 1 for all other cases

This model verifies all axioms except 3.3 which fails in this model because
a, < a,ara, ~ a, holds.

13. Independence of Axiom 3.2.3 from the others. The model consists of:
I. a domain S of individuals for momentaneous subjects

al) az, aa
S= :Where#aly Az, A3, bly b23 ba
bu b29 b3

II. an interpretation for the notions as follows:
~ as in 10.

a, <ay a,<as a;<a, b <b,, b <bg, by < by,
az < az, a; < ay, 1a, < as, b, < by, ete. 1 for all other cases
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Ga,a,, Ga.az, Gasas, Gb,b,, Gbyb,, Gbsbs, Ga,az, Gaza,, Gaza,,
G Gasa,, Ga,as, Gasa,, Gb,b,, Gbyb,, Gb,b;, Gbyb,, Gb, by, Gb;b,,
1Ga, b,, 1Gb,a,, etc. 1 for all other cases

This model verifies all axioms except 3.2.3 which fails in this model be-
cause a, < @y ra, < a; r(a, < a,z) holds.

14. Independence of Axiom 3.1.2 from the others. The model consists of:
I. a domain S of individuals for momentaneous subjects
S ={a,, a, a5}, where # a,, a, a,

II. an interpretation for the notions as follows:

Ay ~ Gy, A3~ Q3 A3 ~ Gy, Gy ~ Gy, G ~ Az, A3 ~ A3,
'Ia, ~ g, Aa, ~ as, -lal ~ a3

< a < Ay, ay < ag, Gy < ag, Va0 < ay, 1as < a, 1a; < a,
G Ga,a,, Ga.a,, Gaas, Ga,a,, Ga,a,, Ga,as, Gaza,, Ga,a;, Ga;a,

This model verifies all axioms except 3.1.2 which fails in this model
because a, ~ a, A1(a, ~ a,) holds.

APPENDIX

On the Definition of Change in the Sense of Actualization

In §5 we expressly stated that the formalization applied to every kind
of change, whether this occurred in a single moment of time or over
several such moments. We focused our attention on what we considered to
be the essence of a change, that is the acquisition by one and the same
subject of a new determination. The more dynamic view of a process of
change, hence of a special case of change, was deliberately excluded in
order to avoid unnecessary complication in our formalization. We now
refocus our attention on this, in order to assure ourselves that the general
results which we have so far obtained are in no way invalidated.

Thus we are concerned here with the formalization of the concept of
‘‘change’’ in the sense of actualization. ‘‘To become changed’’ or ‘‘to be
in the act of changing’’ is a process, a transition from an initial state to a
final state. A thing is in the act of changing if it is on its way to its goal
(the final state); thus it has ‘‘abandoned’’ its initial state and is in a
progressive actualization towards the final state.

In the formalization thus far we have lacked a primitive notion,
introducing and thus allowing for a certain topology on the states, which
would express the concept of this progressive actualization of the bearer of
change towards its final state. The primitive notion' which expresses this
idea says:

1. The * indicates the introduction of new primitive notions, axioms, etc.



66 LAURENT LAROUCHE

Pn4.1*a <B: a and B are typidentical, in that a precedes B; i.e.: that
which is being changed by actualization to a determined final
state reaches, in this actualization, the state a before the
state B; conversely, if 8 is identified as the final state, this
is reached after a.

What are the properties of the relation ¢“<’’? Let us take the example, say,
of a litre of water whose initial state is 10° of heat and whose final state
is 15°. Both states are typidentical, and the 10° of heat precedes the 15°
Between the two lie an infinite number of states (or a finite number,
depending on the solution given in reality to the problem of the continuum).
The states stand in the relation ‘‘<’’ to one another. A consideration of
these facts suggests to us that the relation ‘“<’’ is an irreflexive, asym-
metrical, transitive and dense relation. These formal properties necessi-
tate the following axioms:

Ad.1.1* a< «a

The relation is irreflexive; i.e. a given state is certainly typidentical with
itself, but it cannot give rise to any change in the sense of an actualization.

A4.1.2% a<B—TB<a

The relation is asymmetrical; i.e. for no pair of statcs does the relation
apply in both directions. In any given change only one direction comes into
question.

A4.1.3*% a<BAB<y—a<y
The relation is transitive.
A4.1.4*% a<y—3IB(@<B<y)

The relation is dense; i.e. it follows from a < y that there exists a state B
such that @ < 8 and B <y. The primitive notion ‘“in actu’’ remains un-
changed, as does Axiom 4.1.

Pn 4.1 Axa: x is actual in a.
A4.1 Ja Axa

Given that two states are in the relation ‘‘<’’, the question comes to mind
as to whether a momentaneous subject can be simultaneously actual in both.
As we understand the concept ‘‘actual,’”’ this cannot be the case. From this
arises the axiom:

A4 2% a < B— 1(Axans AxB)
Parallel to D3.1, D3.2, A3.5 and A3.6 we posit:
D4.1% afB=pja<Bva=p

a < Bmeans: a and B are typidentical, so that a precedes 3, respectively,
is equal to 8.

D4.2% TaB=pfa<BvBa
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Tab means that @ and B are typidentical. This defined relation is called the
relation of ‘“Typidentity.”’

A4.3% a<yaB<y— TaB
A4 4% a< Bra<y— THa

With the help of Definition 4.2* it may be demonstrated that the relation of
typidentity represents an equivalence relation, i.e. it is reflexive, sym-
metrical and transitive.

S4.1.1*  Taa (The relation is reflexive)
S4.1.2*  TaB — Tha (The relation is symmetrical)
S4.1.3%  TaBaTBy — Tay (The relation is transitive)

Parallel to S3.6 and S3.7 we can derive two further theorems:

S4.2%* a<XyAB<yrAxarAxB—a=§
S54.3% a<pBra<yrAxBaAxy > B=y

In §5 it was shown that there are cases in which change takes place
momentaneously. Typical examples of this are changes concerning states
which are ‘‘singular.’”” The concept ‘‘singular’’ may be defined as follows:

D4.3% Sa =p; VB (TaB — a = B)
Sa means: a is singular.

Primitive notion 5.1, Axioms 5.1 and 5.2 as well as the defined notion
5.1 are here applied as in §5:

Pn5.1 Fxa: x is capable of a

A5.1 Axa — Fxa
A5.2 %, < x, aFx,0a — Fx,a
D5.1 Pxa =p; Fxaa1Axa (x is potential in a)

Thus all presuppositions have been given, in order that the defined notion of
change in the sense of actualization may now be formalized.

D5.2% KVy.a0 =pr ¥, < YA Ap.a A 3B (B < anAy.Ba
VY <y <y,— IyB<y<arAyy)a
Vy (B <y <a—3Ip'(y, <yp'< yzAAy')’l))/\
T3y,3y" 31 (9, <" <M <PaB<yp < aa
Ay v, aAY"y,))

KVy,vy,a means: The subject represented by y, and y, has been the bearer
of a continuous change towards a in the time interval of existence of y, and
y,; in the change, B is the initial state and « the final state, so that @ and 8
are typidentical; in any given Now of the time interval the subject (without
any ‘‘discontinuity’’) is drawing nearer to its final state by the acquisition
of a new state. ‘

D5.2* gives the conditions of a (monotonic) continuous change in the
strong sense. We could ignore the condition

Vi (B<y<a—3y'(n <Y'<y2aAY'Y))
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and nevertheless still speak of change in the sense of actualization. In this
way ‘‘discontinuities’’ in the actualization would be allowable. The typical
example of a momentaneous change may be defined as follows:

D5.3* MVy,9,a =p; 3, < Yo aSa aAp,aa vy (y, =y <y, — 1Aya).
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