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SOLUTION TO THE PROBLEM CONCERNING THE BOOLEAN

BASES FOR CYLINDRIC ALGEBRAS

BOLE SLAW SOBOCINSKI

In [I] , 1 p. 162, Definition 1.1.1, a cylindric algebra of dimension a is

defined, as follows:

(A) A cylindric algebra of dimension a, where a is any ordinal number, is

an algebraic structure

U = (A, +, x, -, 0, 1, c κ , d κ λ ) κ λ < Q

such that 0, 1, and άκχ, are distinguished (constant)2 elements of the carrier

set A {for all K, λ < a), - and cκ are unary operations on A {for all K < a),

+ and x are binary operations on A, and such that the following postulates

are satisfied for any x, y e A and any K, λ, μ < a;

CO The structure (A, +, x, -, 0, 1) is a BA;

Cl [κ]:κ< o f . 3 . c K 0 = 0;

C2 [XK] : xe A. K < a . ̂  .x — cκx {i.e., x + cκx = cκx);

C3 [xyκ]:x,yeA .κ< a . 3 . C K ( Λ : X C J ) = cκx x cκy;

C4 [xκλ]:xeA . κ,λ < a.o> .cκc\x = cχcκ#;

C5 [κ]ι κ< α ! . ^ . d κ κ = 1;

C6 [κλμ]:κ,λ, μ < a, KΦλ, μ . 3 .dλμ= c κ ( d λ κ x dκμ);

C7 [xκλ]:xeA . κ,λ< a. KΦλ . D . c κ (d κ χx x) x c κ ( d κ λ x -x) = 0.

1. An elementary familiarity with the theory of cylindric algebras and an acquaint-
ance with the papers [2], [3] and [4] is presupposed. Concerning the symbols
used in this paper it should be remarked that instead of (<a •&" which is used in
[1] I am using "a x b", and that instead of " α " used in [3] I am using here "-a".
An enumeration of the algebraic tables, cf. section 3 below, is a continuation of
the enumeration of such tables given in [3], [5] and [6].

2. In this paper the difference between the distinguished elements and the constant
elements will be disregarded because it is unessential for our present research.
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The elements dκλ which are occurring in the definition given above are
called diagonal elements, and the operations cκ are called cylindrifications.
The structure (A,+, x, -, 0, 1) is the Boolean part of the considered
system, and the abbreviation BA means Boolean Algebra. Cf. [l], p. 163
and p. 161. In particular, in [l], p. 161, the following system of Boolean
algebra:

(B) An algebraic structure

S3 = <A, +, x , -, 0, 1)

in which A is the carrier set, + and x are binary operations and - is a
unary operation on A, and 0 and 1 are the constant elements belonging to A,
is a Boolean algebra, if it satisfies the following postulates:

Bl [xy] :x,ye A . D ,X + y = y + x
B2 [xy] :x,yeA.θ>.χxy = yxχ

B3 [xyz];χ,y,zeA . D .x + (y x z) = (x + y) x (x + z)
B4 [xyz] :x,y,zeA.^.χx (y + z) = (x x y) + (x x z)

B5 [x]: x e A . D . x + 0 = x

B6 [x]:xeA .o.xx 1 = x

B7 [x]:xeA.^.x + - x= 1
B8 [x]:xeA .o .xx - x = 0

is accepted as the Boolean part of the system of cylindric algebra under
consideration.

It should be noted that in [1] it is assumed for any investigated
algebraic structure that

(a) the carrier set of such system is non-empty,
(b) the so-called closure postulates with respect to the primitive opera-
tions are assumed tacitly,

and that

(c) the logical relation = is extensional in regard to every argument of any
operation under consideration.

Furthermore, concerning the system of cylindric algebra which is
defined above, we have to remark that

(d) the postulate Cl is independent of the remaining axioms if a = 1, but it
can be derived from them if a > 1, cf. [1], p. 179,

and that

(e) a diagonal-free cylindric algebra of dimension α is an algebraic
structure (A, +, x, -, 0, 1, c κ) κ < α whereA, +, x, 0, 1, and cκ are as in the
definition of cylindric algebra given above and in which the postulates
C0-C4 are satisfied, cf. [1], p. 164, definition 1.1.2.

In this paper an affirmative solution will be given to the following
problem:
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Problem 1.2 Is there a finite set of identities (B0)-(Bμ) with the following
properties: (i) the identities (βo)-(JBμ) contain only variables and symbols
for fundamental operations and distinguished elements of Boolean algebras;
(ii) the identities (B0)-(βμ) hold in all Boolean algebras but do not form an
adequate postulate system for Boolean algebras; (iii) the identities (J30)-(Bμ)
and C2-C7 jointly form an adequate postulate system for cylindric
algebras of dimension a ^ 2 ?

which in [l], p. 245, is announced as open. In fact, since in the field of
arbitrary Boolean algebra the postulate C2 of U is obviously inferentially
equivalent to the formula

C2* [XK] : xe A. K < a . 3 . x x cκx = x,

we can distinguish two versions of Problem 1.2. Namely, versions A and B
of Problem 1.2 such that each of them is formulated exactly as this
problem is presented above, but with an exception that in clause (iii) of
Version B instead of C2 formula C2* is accepted as an axiom.

It will be shown below that there are two algebraic systems, 9W and 9Ϊ,
such that:

1) each of them is finitely and equationally axiomatizable,
2) each of them is a proper subsystem of Boolean algebra, but neither of
them is a lattice or even a semi-lattice,
3) that the use of system 9)1 gives an affirmative solution to Version A,
and similarly the use of system 9Ϊ solves Version B of Problem 1.2.

It should be remarked that I was unable to find a proper subsystem of
Boolean algebra such that in its field both versions could be solved
simultaneously, and that although the systems 9W and 91 are akin and the
axiom-systems C2-C7 and C2*, C3-C7 are very similar the deductions
which we are using in order to solve each of these two cases are different
in some respect.

Ί System 9ft and a solution of Version A. In [2] M. H. A. Newman con-
structed and investigated an algebraic system which he called the fully
complemented non-associative double algebra, but which we shall call here
simply (non-associative) Newman algebras. In [3]3 it has been established
that there exists such formalization of these structures that any system of
Newman algebras .can be finitely and equationally axiomatized. Namely, in
accordance with the points (a), (b) and (c) which are given above, we can
define such an algebraic structure, cf. [3], p. 256, as follows:

(C) Any algebraic structure

m = < A , +, x, -)

3. It should be noted that I did not know of Problem 1.2 when I worked on the papers
[3], [4], [5] and [6].
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where + and x are two binary operations, and - is a unary operation defined

on the carrier set A, is a non-associative Newman algebra, if it satisfies

the following postulates:

Ml [abc]:a,b,ceA.^ .ax (6 + c) = ( α x δ ) + ( α x c)

M2 [abc] :a,b,ceA.^> .(a + b)x c = (ax c) + (bx c)

M3 [ab] :a,beA.^>.a = a + (bx - b)

M4 [ab]:a,be A.^.a= ax (b + - b)

M5 [ab];a,beA.^.a= (b + - b)x a

It is self-evident that if the symbols +, x and - are understood as the
symbols of the lattice theoretical "join", "meet" and "complement"
respectively, then the postulates M1-M5 are valid formulas in the field of
any Boolean algebra. On the other hand, in [2] Newman has proved, cf.
section 3 below, that the formulas

P I [ a b c ] : a 9 b , c e A . ^ > . a x ( b x c ) = ( a x b ) x c

a n d

Rl [a]:a eA . 3 . α = a + a

are independent from the axioms M1-M5. Moreover, cf. [5], p. 266,
formula Rl is not a consequence of the axioms M1-M5 and PI. Therefore,
system 9W (and even a system of associative Newman algebras)4 is a proper
subsystem of a corresponding Boolean algebra.

1.1 In [3], pp. 258-262, it has been proved that the formulas which are
given below and which we shall need for our end are the consequences of
the axioms M1-M5. For this reason they are presented here without the
proofs:

M6 [ab] :a,beA.^.a + -a = b + -b

[M4; M5; cf. a proof of F4 in [3], p. 258]

Hence, having M6 we can introduce into the system the following
definition:

Dl [α] :αeA.3,α + - f l = l [M6; cf. Dl in [3], p. 258]
M7 [a]: ae A . 3 . a = a x 1 [M4; Dl; cf. F5 in [3], p. 258]
M8 [a]:aeA.^.a=lxa [M5; Dl; cf. F6 in [3], p . 258]

M9 [a]:aeA.o.a=axa [M4; Ml; M3; cf. F7in [3], p . 258]

M10 [a]:ae A.=> .a + 1 = 1 + a

[M4; Ml; M2; M9; M8; Dl; M3; cf. F8 in [3], pp. 258-9]

Mil [ab] :a,be A.^> .ax - a = (b x - b)x (ax - a)

[M9; M3; M2; M8; M10; cf. F9 in [3], p . 259]

M12 [ab] m.a,be A.^> .ax - a = (ax - a)x (bx - b)

[M9; M3; Ml; M7; M10; cf. F10 in [3], p . 259]

M13 [ α δ ] : α , δ e A . D α x - α = δ x - δ [Mil; M12; cf. Fll in [3], p . 259]

4. Concerning the associative Newman algebras see [2], p. 265, [4] and [5],
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Hence, having M13 we can introduce into the system the following
definition:

D2 [a];aeA.^.aX - a = 0 [M13, cf. D2 in [3], p. 259]
M14 [a];aeA.^ .a =a +0 [M3; D2; cf. F12 in [3], p. 259]
M15 [a]: a e A . 3 . 0 + (0 + - (-a)) = a

[D2; M9; M2; M6; M3; Ml; M4; cf. F13 in [3], p. 259]
M16 [α]:fleA.3.αx0 = 0

[M15; M2; M9; D2; Ml; M14; M3; cf. F14 in [3], p. 259]
M17 [a]:ae A .=> .0 xa = 0

[M15; Ml; M9; D2; M2; M14; M3; cf. F15 in [3], p. 259]
M18 0 + - (-1) = 1

[M9; Ml; M2; M16; M17; M9; M15; cf. F16 in [3], p. 259]
M19 [a]:aeA ,^> .a = 0 + a

[M5; M15; M18; Ml; M16; M7; cf. F17 in [3], p. 259]
M20 [a]:aeA . D . α = - (-a) [M15; M19; cf. F19 in [3], p. 260]

Moreover, the points (a) and (b) which are given above together with
the definitions Dl and D2 imply at once that the following formulas

M21 1 e A [Cf. F24 in [3], p. 260]
M22 0 e A [Cf. F25 in [3], p. 260]

are valid in the field of this system. And, since it is established in [3],
p. 260, section 2.3, that every formula which is provable in the field of
Newman's postulates of his system is also a consequence of the axioms
M1-M5, we can accept without the proofs the formulas:

M23 [ab];a,beA .a + b = 0 . 3 .a = b [Cf. P16 in [2], p. 259]

M24 [ab]:a,beA.i.a+b =b +a [Cf. PΊ7 in [2], p. 260]
M25 [abc]:a,b,ceA.^.a + (b + c) = {a + b) + c [Cf. P18 in [2], p. 261]

1.2 It is well-known, cf. [2], although not presented in a formal way, that
an adequate set of postulates for Newman algebra together with the low of
idempotency with respect to the binary operation + forms a sufficient
axiom-system for Boolean algebra. It will be proved here that it holds for
the postulates Ml, M2, M3, M4, M5 and Rl. Namely:

R2 [α]:αe A .=> .α + 1 = 1
PR [ α ] : H p ( l ) . 3 .

a + l=a + (a + -a)=(a+a)+-a = a + -a=l [ l ; Dl; M25; Rl; Dl]
R 3 [ab] : α , δ e A . 3 . - α x - b= - (a + b)
PR [αδ]:Hp(l).=>.
2. 0 = δ x - δ = ( δ x ( α + - α ) ) x - δ [1; D2; M4]

= ( ( δ x α ) x - b) + ({bx - α ) x - b). [Ml; M2]
3. ((b x a ) x - b ) = ( ( b x - a) x - b ) . [1; 2; M23]
4. 0 = ( ( δ x - α ) x - δ ) + ( ( δ x - f l ) x - δ ) [1; 2; 3]

= ( δ x - α ) x - δ . [Rl]
5. 0 = - (a + b) x (a + b) = (-(a + b) x a) + (-(α + δ ) x δ ) .

[1; D2; M13; M20; Ml]
6. ( - ( a + b ) x a ) = ( - ( a + b ) x b ) . [1; 5; M23]
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7. 0 = (-(a + b ) x a ) + (-(a + b ) x a ) [1; 5; 6]

= - ( α + 6 ) x α . [βl]
8. 0 = - ( α + δ ) x δ . [1; 7; 6]
9. -(Λ + δ) x - δ = 0 + (-(a + δ) x - δ) [1; MIS]

= (-(« + δ) x (α + δ)) + (-(a +b)x- b) [D2; M13; M2θ]
= -(« +b)x ((a +b) + - 6) [MI]
= -(α + b) x (a + {b + - b)) [M25]
= -(a + b) x (a + 1) = -(a + b) x 1 [Dl; R2]
= -{a+b). [M7]

10. -(α + 6) x - α = (-(α + 6) x - α) + (-(a + b) x (a + b)) [1; M5; MI5; M ^ ]
= -(α + b) x (-α + (α + b)) [Ml]
= -(a + δ ) x ( δ + l ) = - ( α + δ ) x l [M24; M25; Dl; R2]
= -(α + 5) . [M7]

11. 6 x - a = 0 + (b x - a) = (a x - a) + (bx - a) [1; MI0; D2]
= (a +b)x - a. [M2]

12. -(a + b) + (bx - a) = (-(a + b)x - a) + ((a + b) x - a) [ 1 ; 10; 11]
= (-(a +b) + (a + b))x - a [M2]
= lx -a = -a . [M24; Dl; M8]

-ax- b= (-(α + δ) + ( δ x - a))x - & [ 1 ; 12]
= {-(a +b)x - b) + ((bx - a)x - b) [M2]
= -(a + b) + 0 = - (a + δ ) 5 [9; 4; M24]

β 4 [α&] : α , δ e A . 3 . α + δ = - ( - α x - & ) [M20; Λ5]
β 5 [αδ]:α,δeA . 3 .α x & = - (- α + - b) [M20; R3]
R6 [ab]:a,beA .^ .- (a x b) = - a + - b [R5; M2θ]
R7 [abc]:a,b,c eA .=> .a + (δ x c) = (α + δ) x (α +c)
PR [ α δ c ] : H p ( l ) . 3 .

α + (δ x c) = - (-(α + (δ x c))) = - (- α x - (6 x c)) [1; M20; JR3]
= - (-α x (- δ + - c ) ) [β6]
= - ((- a x - δ) + (- a x - δ)) [Ml]
= - (- α x - δ) x - (- a x - c) [R3]
= (a+ δ) x (a+ c) [R4]

R8 [ab]:a,beA .^.axb =bxa6 [R5; M24]

Since the formulas M24, R8, R7, Ml, M12, M7, Dl and D2 correspond
respectively to the postulates Bl, B2, B3, B4, B5, B6, B7 and B8 which are
given in (B), the proof that the axioms M1-M5 and Rl constitute an adequate
postulate system for Boolean algebras is complete.

1.3 It is self-evident that in the field of the fixed carr ier set A the
formulas M1-M5 are inferentially equivalent to the formulas Ml, M2, M14,
M7, M8, Dl and D2. Hence, we can reformulate definition (C) of the
non-associative Newman algebras, as follows:

5. Concerning the proof of R3, cf. [2], p. 269, formula P30, and [7], Theorem 12X.

6. We can deduce R8 from Ml -M5 without the use of Rl, cf. [2], pp. 269-270.
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(D) Any algebraic structure

m = < A , +, x, -, o, i)

where + and xare two binary operations, and - is a unary operation defined
on the carrier set A, and 0 and 1 are the constant elements belonging to A,
is a non-associative Newman algebra, if it satisfies the postulates Ml, M2,
M14, M7, M8, Dl and D2.

Since in the postulates C1-C7, cf. definition (A), the constants 0 and 1
occur as undefined notions, the formulation (D) in which Dl and D2 are not
the definitions but the postulates is more convenient for our final purpose
than definition (C) of the Newman algebras.

1.4 Now, let us assume the axioms Ml, M2, M14, M7, M8, Dl, D2 and, as
an additional postulate, a formula:

C2 [XK] :X eA . κ< α . D .x + cκx = cκx, for any a ^ 1.

Then, cf. sections 1.3 and 1.1, we have at our disposal the formulas
M1-M25, and, moreover:

Rl [a]:ae A .^ .a = a + a

PR [α]:Hp(l).=>.
a = a x 1 = a x (c0 1 + - c01) = a x ((1 + c01) + - c01) [1; M7; Dl; C2]

= a x (1 + (c 01 + - c01)) = a x (1 + 1) = (a x 1) + (a x 1)
[M25;D1; Ml]

= a +a [M7]

Since, cf. sections 1.3 and 1.2, the axioms Ml, M2, M14, M7, MS, Dl,
D2 and Rl form an adequate postulate system for the Boolean algebras, the
deduction presented above allows us to establish the following theorem:

Theorem I. Let an algebraic structure

% =<Λ, +, x, -, 0, 1, c κ , dκλ>

and the postulates C1-C7 be formulated exactly as they are given in (A).
And, let us modify CO, as follows:

CO* the structure (A, +, x, -, 0, 1) is a non-associative Newman algebra
(e.g. defined as in (D)).

Then:

(i) For any ordinal number a ^ 1, and every K, λ, μ < a, system Si is a
cylindric algebra of dimension &, if it satisfies the postulates CO*, C1-C7
for any K, λ, μ < a.

(ii) For any ordinal number a^l, and every κ<a, the substructure
{A,+, x, -, 0, 1, cκ) ofU is a diagonal-free cylindric algebra of dimension
a, if it satisfies the postulates CO*, Cl-C4for any K < a.
(iii) For any ordinal number a ^ 2, and every K, λ, μ < a, system % is a
cylindric algebra of dimension a, if it satisfies the postulates CO*, C2-C7
for any κ9 λ, μ < a.
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Proof: The Theorem follows at once from the considerations given above
in this section and the fact that, if a ^ 2, then Cl is a consequence of CO,
i.e. CO* and C2, and the postulates C2-C7, cf. [l], p. 179. A restriction that
a ^ 1 given in (i) and (ii) is necessary, since, if a = 0, then the systems
considered there would be automatically reduced to CO*, i.e. to a Newman
algebra, while the classical definitions of these systems, cf. (A), requires
that in such a case they be reduced to a Boolean algebra.

Thus, Version A of the problem 1.2 is solved affirmatively.

2 System 91 and a solution of Version B. In order to obtain a solution of
Version B of the Problem 1.2 we have to use an algebraic system other than
9JI, because I was unable to resolve this case in the field of the latter
algebras. An algebraic system which will be called here system 91 and
which we shall use for our present purpose is a dual non-associative
Newman algebra. As far as I know such algebras were never previously
discussed in the literature. Obviously, we can define system 91, as follows:

(E) Any algebraic structure

91 = < A , + , x , ->

where + and x are two binary operations, and - is a unary operation defined
on the carrier set A is a dual non-associative Newman algebra, if it
satisfies the following postulates:

Nl [abc]: a, b, c e A . 3 . a + (b x c) = {a + b) x {a + c)
N2 [abc]:a,b,ceA . => . (a x b) + c = (a + c) x (b + c)
N3 [ab]:a,beA . D .a = a x (b + - b)
N4 [ab]:a,beA . D .a = a + (b x - b)
N5 [ab]:a,beA . 3 .a = (b x - b) + a

It is self-evident that if the symbols +, x and - are understood as the
symbols of lattice theoretical "join", "meet" and "complement" respec-
tively, then the postulates N1-N5 are valid formulas in the field of any
Boolean algebra. On the other hand, it will be proved in section 3 below,
that the formulas

SI [abc]:a,b,c eA.^>.a + (b+c)=(a+b)+c

a n d

T l [ a ] : a e A . = > . a = a x a

are independent from the axioms N1-N5. Moreover, it will be shown in
section 3 that Tl is not a consequence of the axioms N1-N5 and formula SI.
Hence, system 91 (and even a system of a dual associative Newman algebra)
is a proper subsystem of a corresponding Boolean algebra.

2.1 Now, let us assume the axioms N1-N5. Then:

ΛT6 [ab]:a,beA . 3 , a x - a = b x - b

[N4; N5; cf. an analogous proof of M6 in section 1.1 ]
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Hence, having N6 we can introduce into the system the following
definition:

Dfl [a]:aeA.^ .ax - a = 0 [N6; cf. Dl in 1.1 ]
N7 [a]:aeA.^ .a = a +0 [N4; Dfl; cf. M7]
N8 [a]:aeA .=>.α = 0 +a [N5; Dfl; cf. M8]
N9 [a]:aeA.^ .a = a +a [N4; Nl; N3; cf. M9]
N10 [a]:aeA .^) ,axθ = Qxa [N4; Nl; N2; N9; N8; Dfl;N3; cf. MIO]
Nil [ab]: a, b e A . ̂  . a + - a = (b + - b) + (a + - a)

[N9; N3; N2; N8; N10; cf. Mil]
N12 [ab] :a,b eA . ̂  .a + - a = (a + - a) + (b + - b)

[N9; N3; Nl; N7; N10; cf. M12]
N13 [ab]:a9beA .^.a + -a = b + -b [Nil; N12; cf. M13]

Hence, having N13 we can introduce into the system the following
definition:

Df2 [a]:aeA .^ .a + - a = 1 [N13;cf.D2]
N14 [a]:aeA.i.a = axl [N3; Df2; cf. M14]
N15 [a]:aeA.^Λx{lx-(-a)) = a

[Df2; M9; N2; N6; N3; Nl; N4; cf. M15]
N16 [α]:αeA.=>.α + 1 = 1 [N15;N2;N9; Df2;Nl; N14; N3; cf. M16]
N17 [a]:aeA.^Λ +a = l [N15;N1;N9; Df2; N2; N14; N3; cf. M17]
N18 1 x - (- 0) = 0 [N9; Nl; N2; N16; N17; N9; N15; cf. M18]
N19 [a]:aeA.^.a = lxa [N5; N15; N18; Nl; N16; N7; cf. M19]
N20 [a]: a e A . z> . a = - (- a) [N15; N19; cf. M20]
N21 OeA [Dfl;cf.M21]
N22 1 e A [Of2; cf. M22]

The proofs of the formulas which are established above are given in
the abbreviated forms, since these theses are the duals of the formulas
M6-M22 which are already proven in section 1.1. On the other hand, we
have to present the complete proofs of the next formulas N23, N24 and N25,
because in this paper their duals, i.e. the formulas M23, M24 and M25, are
accepted as proven, due to a certain metatheorem which cannot be applied
directly to the system ϋR, cf. section 1.1.

N 2 3 [ab] : a , b e A . a x b = l.^.a = b
PR [αδ]:Hp(2).D.

a = a + (bx - b) = {a + b)x {(a + - b)x (b + - b)) [ l ; N4; Nl; N3]
= (a + b) x ((a x b) + - b) = {a + b) x (1 + - b) [N2; 2]
= {a + b)x 1 = Ix (a + b) = (- a + l)x (a + b) [N17; N14; N19; N16]
= (- a + (-(- a) x b)) x (a + b) [2 ; N2θ]
= ((-<& + - ( - a)) x (- a + b))x (a + b) [Nl]
= (1 x (- a + b)) x (a + b) = (- a + b) x (-(- a) + b) [Df2\; N19; N2θ]
= (- ax - (- a)) + b = b [N2; Nδ]

N24 [ab] :a,beA.^.axb = bxa
PR [α&]:Hp(l).=>.

ax b = (ax b) + (ax - a) [1; N4]
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= {(a + a)x (b + a)) x ((a + - a) x (b + - α)) [iV2; N2]
= ((0 + α) x (b + α)) x {{b + - a) x (a + - α))

[1NΓ9; N8; Df2; N19; N3]
= ({b xO) + α)x((δXfl) + - a) [N2; N1O; N2]
= ((b + a)x (a + a)) x ((b x a) + - α) | > £ ; NS; #0]
= ((6 x a) + α) x ((6 x a) + - α) [N2]
= ( b x a) + ( a x - a) = b x a. [ N l ; N4]

N25 [abc]:a,b,ce A . ^ . a x (b x c) = ( a x b ) x c
PR [ α δ c ] : H p ( l ) . 3 .
2. 0 x (0 x c) = (0 x (0 x c)) + (c x - c) [1; iV ]̂

= ((0 + c) x ((0 + c) x (c + c))) x ((0 + - c)
x ((0 + - c) x (c + - c))) [Nl; N2]

= ((0 + c) x ((0 x 0) + c)) x (((0 x θ ) + - c ) x ( c + - c ) )
[iVP; AΓδ; iV3; iV ;̂ N3]

= (((0 x θ ) x c ) κ ) x (((0 x 0) x c) + - c) [N24; N8; N9; N2]
= ((0 x 0) x c) + (c x - c) = (0 x 0) x c . [JV7; iV4]

3. 0 x ( 5 x c ) = ( 0 x ( δ x c ) ) + ( δ x - b) [1; iV4]
= ((0 x (0 x c)) + b)x (((0 xb)xc) + - b)

[Nl; N2; N9; N8; Df2; N19; N3; N2]
= ( ( ( 0 x θ ) x c ) + δ ) x ( ( ( 0 x δ ) x c ) + - δ ) [ 2 ]
= (((0 xb)xc) + b)x (((0 x b) x c) + - b) [N2; N8; N9; N2]
= ((0 x b) x c) + (b x - b) = (0 x 6) x c . [Nl; N4]

a x (b x c) = (α x (6 x c)) + (α x - a) [1; JV4]
= ((0 + a) x ((b + a) x (c + α))) x ((& + - α) x (c + - α))

[i^ί; iV2; N9;N8; Df2; N19]
= ((0 x ( δ x c)) + α) x (((α + - a) x (b + - a)) x (c + - a))

[N2; N19; Df2]
= (((0 x b) x c) + a) x (((a xb)xc) + - a) [3; N2]
= (((α x b) x c) + a) x (((α x δ ) x c ) + -fl) [AΓ2; iNΓS; iV9; JV ]̂
= ((α x 6) x c) + (a x - α) = (a x b) x c [Nl; N4]

It should be remarked that the proofs which are given above for
N23-N25 are patterned after the deductions which Newman used in order to
obtain the theses M23-M25, cf. [2], pp. 259-261.

2.2 It will be shown here that system 9ί possesses a property analogous to
that which was established for system 9W in section 1.2 above. Namely,
that its postulates together with the law of idempotency with respect to the
binary operation x form a sufficient axiom system for Boolean algebras.
For this end let us assume the axioms N1-N5 and the formula Tl. Then:

T2 [a]: a e A . ^ . a x 0 = 0
[Dfl; N25; Tl; cf. an analogous proof of # £ i n section 1.2]

T3 [ab] :a,beA.^>.-a + -b = - (ax b)
[Of2; N4; Nl; N2; N23; Tl; N13; N20; N19; N25; Dfl; T2; N7; N3; N24;

N8; N14; cf. R3]
T4 [ab]:a,beA.^>.ax b = - (- a + - b) [N20; T3; cf. R4]
T5 [ab] :a,beA.^.a + b = - (- ax - b) [N20; T3, cf. R5]
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T6 [ab]:a,beA . =>. - (a + b)=-a*-b [N20; T5; cf. Rβ]

T7 [abc] :a,b,ceA . D .a x (b + c) = (a x b) + (α x c)

[iV£6>; Γ3; Γ6; iVi; Γ4; cf. R7]

T8 [ab]:a,beA.^>.a + b = b + a7 [T5; N24; R8]

Since the formulas T8, N24, Nl, T7, N7, N16, Df2 and Dfl correspond
respectively to the postulates Bl, B2, B3, B4, B5, B6, B7 and B8 which are
given in (B), the proof that the axioms N1-N5 and Tl constitute an adequate
postulate system for Boolean algebras is complete.

2.3 Obviously, in the field of the fixed carrier set A the formulas N1-N5
are inferentially equivalent to the formulas Nl, N2, N14, N7, N8, Dfl and
Df2. Hence, we can reformulate definition (E) of the dual non-associative
Newman algebras, as follows:

(F) Any algebraic structure

W = < A , + , x , -, 0, 1)

where + and x are two binary operations, and - is a unary operation defined
on the carrier set A, and Oand 1 are the constant elements belonging to A,
is a dual non-associative Newman algebra, if it satisfies the postulates Nl,
N2, N14, N7, N8, Dfl and Of2.

We introduced definition (F) exactly for the same reason which is
given in regard to system 2JΪ in section 1.3 above.

2.4 Now, it will be proved that using system 91 we are able to obtain an
affirmative solution to Version B of the Problem 1.2. But, although
system $ is a dual of the system 9», formula C2* is obviously not a dual of
the formula C2. For this reason the deductions which will be used in this
section differ considerably from the proof presented in section 1.4.
Namely:

2.4.1 Let us assume the axioms of the system 91, i.e. Nl, N2, N14, N7, N8,
Dfl and Df'2, and, as the additional postulates, the cylindric formulas C2*,
C3, C5, C6 and C7 with a proviso that a dimension of each of these
formulas is a ^ 2. Then, cf. sections 2.1 and 2.3, we have at our disposal
the formulas N1-N25 and, moreover:

VI [κ]:κ< a . 3 . 1 = c κ l

PR [κ]:Hp(l).D.
1 = l x c κ l = cκl [1;C2*;N19]

V2 [XK] :X eA . K < a . 3 . cκx = cκcκx
PR [#κ]:Hp(2).D.

cκx = 1 x cκx = c κ l x cκx = cκ(l x cκx) = cKcK#
[1; 2; N19; VI; C3;N19]

Since it is assumed that a ^ 2, there are at least two ordinal numbers,
viz. 0 and 1, such that 0 < 1 < a. Hence:

7. We can obtain T8 from Nl -N5 without the use of Tl.
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V3 d 1 ? 1 = 1 [C5]
V4 d 1 ? 1 = c o ( d 1 ? o x d o > 1 ) [C6]
V5 [x]:xeA. D .c o(d o,i x x) x co(dO ) 1 x - #) = 0 [CZ]

Therefore:

V6 0 = co(do,iX - d 1 ? o )
PR 0 = c o(d o ? 1 x d 1 ? 0) x c o(d o ? 1 x - d 1 ? 0) [V5]

= c o (d l j O x d0 )i) x co(do > 1 x - d 1 ? 0 ) [N24]
= d 1 ? 1 x c o(d o ?i x - d 1 ? 0) = 1 X co(do,i x - d 1 ? 0 ) [V4; V3]
= c o (d o > 1 x - d 1 ? 0 ) [N19]

V7 co0 = 0
PR co0 = coco(do,i x - d 1 ? 0 ) = Co(do,i x - d 1 ? 0 ) = 0 [V6; V2; V6]

2.4.2 Now, assume the axioms mentioned in 2.4.1 of 9? and, as the addi-
tional postulates, the cylindric formulas Cl and C2* each of them of
dimens ional 1. Then, we have the formulas N1-N25, Cl yields V7 and
C2* implies

V8 [x]:xeA .=>.# x cox = x [C2*]

Hence:

Tl [a]:aeA.^>.a=axa
PR [α]:Hp(l).D.

a=a+0=a+(0x co0) = a + (0 x 0) [1; N7; V8; N21; V7]
= (a + 0) x (a + 0) = a x a [Nl; N7]

2.4.3 It follows from 2.4.1 and 2.4.2 that if a ^ 2, then postulates of 91
together with the cylindric postulates C£*, C3, C5, C6 and C7 form, cf.
section 2.2, an adequate postulate system for Boolean algebra. There-
fore, cf. [1], p. 179, in the field of system 91 the postulates C2*, C3-C7 of
dimension a > 1 yield Cl for any K < a. On the other hand, if a = 1,
then, cf. 2.4.2 and [1], p. 179, we have to add C 2 , a s a new axiom, to the list
of postulates mentioned above in order to obtain the requested result.
Therefore, we can establish the following theorem:

Theorem II. Let an algebraic structure

% =<A, +, x, -, 0, 1, c κ , d κ λ )

and the postulates Cl, C2*, C3-C7 be formulated exactly as they are given
in (A) and Version B of the Problem 1.2. And, let us modify CO, as follows:

CO** the structure (A, +, x, -, 0, 1) is a dual non-associative Newman
algebra (e.g. defined as in (F)).

Then:

(i) For any ordinal number a ^ 1, and every K, λ, μ < a, system 51 is a
cylindric algebra of dimension α, if it satisfies the postulates CO**,
Cl, C2*, C3-C7 for any K, λ, μ < a.
(ii) For any ordinal number a^l, and every κ<a, the substructure
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(A, +,x, -, 0, 1, c κ) of U is a diagonal-free cylindric algebra of dimension
a, if it satisfied the postulates CO**, Cl, C2*, C3 and C4 for any K < a.
(iii) For any ordinal number a — 2, and every K, λ, μ < a, system % is a
cylindric algebra of dimension a, if it satisfies the postulates CO**, C£*,
C3-C7for any K, λ, μ < a.

The proof of this Theorem is obvious, cf. 2.4.1, 2.4.2 and the proof of
the Theorem I in section 1.4 above.

Thus, Version B of the Problem 1.2 is solved affirmatively.

3 The mutual independence of the axioms M1-M5 of the system 9JΪ is
proved in [3], pp. 263-264. In order to establish that the postulates N1-N5
of 9? are also mutually independent we use the following algebraic tables:

+ 0 a β γ 1 x 0 a β γ 1 x -x

0 0 0 0 0 0 0 0 a β γ 1 0 1
a 0 a 0 0 a a a 0 1 1 β a β

^ β 0 0 β y β β β 1 0 0 a β a
γ 0 0 β γ γ γ γ 1 0 0 a γ a

1 0 a β γ 1 1 1 β a a 0 1 0

+ 0 a β γ 1 x 0 a β γ 1 x -x

0 0 0 0 0 0 0 0 a β γ 1 0 1
a 0 a 0 0 a a a 0 1 1 β a β

" β 0 0 β β β β β 1 0 0 a β a
γ 0 0 γ γ γ γ γ 1 0 0 a γ a
1 0 a β γ 1 1 1 β a a 0 1 0

+ a β γ x a β γ x -x

5 a β γ a a β a γ a γ

* * β γ a β β a γ β β β

γ Oί β γ γ γ β Oί y CL

+ a 1 0 x a 1 0 x -x

l f i a a 1 0 a a 1 a a 0
^ 1 a 1 0 1 1 1 1 1 0

0 0 0 0 0 a 1 0 0 1

+ a 1 0 x a 1 0 x -x

1 7 a a a 0 a a 1 a a 0
^ 1 1 1 0 1 1 1 1 1 0

0 0 0 0 0 a 1 0 0 1

Since:

(a) ^13 verifies N2-N5, hut falsifies Nl for a/γ, b/a, c/β: (i) γ + (a x β) =
γ + 1 = y , ( ϋ ) (γ + 0ί)x(γ + β) = OX β= β;
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(b) βH verifies Nl, N3-N5, but falsifies N2 for a/a, b/β, c/γ: (i) (a x β) +
γ = 1 + γ = γ, (ii) (a + γ) X (β + y) = 0 X j3 = β;
(c) ^115 verifies iV2, N2, N4 and N5, but falsifies N3 for α/α and b/a:
(i) a = αf, (ii) α x (a + - a) = a x (a + γ) = a x a = β;
(d) fllB verifies Nl, N2, N3 and N5, but falsifies N4 for α/α and b/1:
(i) α = a, (ii) αf + ( J x - 2 ) = αf + (2x(?) = αf + 2 = 2 ;

and

(e) ^117 verifies N1-N4, but falsifies N5 for «/α and δ/2: (i) a = a,

(ii) ( 2 x - 2 ) + α = ( l x θ ) + α = 2 + α = l ,

the proof that the axioms N1-N5 are mutually independent is complete.

Because the sets {Ml, M2, M14, M7, M8, Dl, D2} and {Nl, N2, N14, N7,
N8, Dfl, Df2} of the postulates given in (D) and (F) respectively are rather
the artificial axiomatizations of the systems Wl and 9ί and they were con-
structed for a specific purpose connected with the formulation of Problem
1.2, the mutual independence of the formulas belonging to each of these sets
will not be discussed in this paper.

3.1 Now, consider the following two algebraic tables:

+ 0 η x 0 η x -x

βlS 0 0 η 0 0 0 0 η

η η 0 η 0 η η 0

and

+ 0 η x 0 η x -x

βl% 0 0 η 0 η 0 0 η

η η η η 0 η η 0

Concerning ^HlB, cf. [4], p. 266. Since |Hlg verifies the postulates M1-M5
and PI, but falsifies Rl for a/η: (i) η = η, (ii) η + η = 0, it has been proved
that the associative Newman algebras are not Boolean algebras, but,
obviously, any system of such algebras can be considered as a proper
subsystem of a corresponding Boolean algebra. Similarly, βlS verifies
N1-N5 and SI, but falsifies Tl for a/0: (i) 0=0, (ii) Ox 0= η. Therefore,
the dual associative Newman algebras are not Boolean algebra, but any
system of such algebra can be understood as a proper subsystem of a
corresponding Boolean algebra.

3.2 In [2], p. 271, Example 10. Newman has proved that the formulas PI
and Rl are not provable in the field of his fully complemented non-
associative double algebra. Table fiZΌ which is given on p. 544 below and
which is adjusted to the system 2JΪ is an exact matrix formalization of
Example 10 which in [2] is formulated by Newman in a purely mathematical
way. The analogous table βZl for the system 9fc is given on p. 545.

Since βZΰ verifies M1-M5, but falsifies Rl for a/a: (i) a = a, (ii) a +
a = i, and falsifies Pi for α/δ, b/β and c/γ: (i) δ x (β x γ) = δ x δ = δ,
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(ii) (δ x β) x γ = γ x γ = γ, it is proved that PI and Rl are not provable in

the field of the system 3W. On the other hand, βZl verifies N1-N5, but

falsifies Tl for a/β: (i) β = β, (ii) β x β - a, and falsifies S2 for a/μ, b/κ,

and c/λ: (i) μ + (K + λ) = μ + μ = μ, (ii) (μ + K) + λ = λ + λ = λ. Hence, the

formulas SI and Tl cannot be obtained in the field of the system 9Ί.

Thus, the non-associative Newman algebras and the dual non-associa-

tive Newman algebras are weaker algebraic structures than the associative

and dual associative Newman algebras respectively.
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βia

+ a β γ δ ε ξ η θ L κ λ μ ι > π p σ

a L K λ μ v π p σ a β γ δ ε ξ η θ

β K t ε ξ γ δ θ η β a v π λ μ σ p

y λ ε i η β θ δ ξ γ v a p K σ μ π

δ μ ξ 77 ι θ β γ t δ ' π p a σ κ \ v

ε v γ β θ L η ξ δ ε λ K σ a p π μ

ξ π δ θ β η ι ε γ ξ μ σ κ ρ a v λ

η p θ δ γ ξ ε i β η σ μ λ π v c t K

θ σ η ξ ε δ γ β i θ p π v μ λ K a

l a β γ δ ε ζ η θ i K λ μ v Ή p δ

K β a v π λ μ σ p K i ε ξ γ δ θ η

λ γ v a p κ σ μ τ j \ ε ι η β θ δ ξ

μ δ π p a σ κ λ v μ ξ η ι θ β γ ε

v ε λ K σ o ί p u μ v γ β θ i η ξ δ

π ξ μ σ K p a v λ Ή δ θ β η i ε γ

p η σ μ λ π v o t K p θ δ γ ζ ξ i β

σ θ p π v μ λ K a σ η ξ ε δ γ β t

x a β γ σ ε ξ η θ i K λ μ v π p σ

a a β γ δ ε ξ η θ i K λ μ v π p σ

β β β δ γ ξ ε η θ i i ζ ε δ γ θ η

γ γ δ γ β η ξ ε θ i η t ε δ θ β ξ

δ δ γ β δ ε η ξ θ L η ξ i θ γ β ε

ε ε ξ 7 ] ε ε r ] ξ i ι r ] ξ ι t ξ ? 7 ε

ξ ξ ε ξ η η ξ ε L L η i ε ε t η ξ

η η η ε ζ ξ ε η L L i ξ ε ε ξ i η

Θ Θ Θ Θ Θ L L L Θ L L L L Θ Θ Θ L

I L L L I L L L I L L L L L L L I

K K L η η η η i i ι κ σ σ σ σ κ κ

λ λ ξ i ξ ξ t ξ i i σ λ σ σ λ σ λ

μ μ ε ε i i ε ε t t σ σ μ μ σ σ μ

v v δ δ θ i ε ε θ L σ σ μ i ^ α α μ

Ή T ϊ y θ y ζ i ξ θ t σ λ σ α π α λ

p p θ β β η η L θ L K σ σ a a p K

σ σ η ξ ε ε ξ 77 1 ι κ \ μ μ \ κ σ

x a β γ δ ε ξ η θ i K λ μ v i i p σ

- x ί K λ μ v π p σ a β γ δ ε ξ η θ
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μzx
+ a β γ δ ε ζ η θ i K λ μ v - π p σ

a a a a a a a a a a a a a a a a a

β a β θ θ θ θ β β β a p p p p a a

γ a & γ θ θ γ θ γ γ π a π Ή a Ή a

δ a θ θ δ δ θ θ δ δ v v a a v v a

ε a 9 9 δ ε i i δ ε μ μ σ a v v σ

ξ a 9 γ 9 i ξ i y ξ λ σ λ π α π σ

η a β 9 θ i ι η β η σ κ κ p p a σ

θ a β γ δ δ γ β θ θ p T ϊ v v T i p a

t a β γ δ ε ξ η θ i K λ μ v π p σ

κ a a π v μ λ σ p κ κ : μ λ π v p σ

λ a p a v μ σ κ π λ μ λ κ p i ϊ v σ

μ a p - π a σ \ κ v μ λ κ μ p p Ή σ

v a p π o i a ' π p v v i t p v v p ' π a .

' n a p a v v a p ' U T i v Ί i p p ' n v a

p a a - n v v T i a p p p v π π v p a

σ a a a a σ σ σ a σ σ σ σ a a a σ

x a β γ δ ε ζ η θ ι κ \ μ v Ί t p σ

a a β γ δ ε ξ η θ ι κ λ μ v τ i p σ

β β a v π λ μ σ p K i ε ξ γ δ θ η

γ γ v a p κ σ μ i τ λ ε i η β θ γ ξ

δ δ τ ι ρ a σ κ λ v μ ξ η i θ β γ ε

ε ε λ K σ a p π μ v γ β θ i τ ] ξ δ

ξ ξ μ σ K p a v λ π δ θ β η i ε γ

η η σ μ λ i r v a κ p θ δ γ ξ ε i β

θ θ p π v μ \ κ a σ η ξ ε δ γ β i

i i K X μ v Ή p σ a β γ δ ε ξ η θ

K K ί ε ξ γ σ θ η β a v π λ μ σ p

λ λ ε i η β θ δ ξ γ v a p K σ μ π

μ μ ξ η ι θ β γ ε δ Ή p a σ κ λ v

v v γ β Q i η ξ δ ε λ K σ a p π μ

π π δ θ β η ι ε y ξ μ σ / c p α z ^ λ

p p 9 δ y ξ ε i β η σ μ λ π v a K

σ σ η ξ ε δ γ β ι θ ρ τ ι p μ λ κ a

x a β γ δ ε ζ η θ ι κ λ μ v τ i p δ

- X L K λ μ v π p σ a β γ δ ε ξ η 9




