617

Notre Dame Journal of Formal Logic
Volume XVII, Number 4, October 1976
NDJFAM

THE MODULAR LATTICOIDS

BOLESLAW SOBOCINSKI

In this note'an algebraic system, henceforth called a modular latticoid,
which as far as I know was not yet mentioned in the literature, will be
formalized and its essential properties will be discussed.

1 We can define the system mentioned above as follows:
Any algebraic system
A=A, U, N

where U and N are two binary opevations defined on the cavviev set A, is a
modulay latticoid, if it satisfies the following two mutually independent
postulates:

Al [abcl:a,b,ceA D.(@anb)ufanc)=((cna)ud)na
A2 |abl:a,beA D.a=(bUa)Na

Remark I: We know that axioms Al and A2 are mutually independent since
tables M1 and M2, given in [4], p. 314, are such that M1 verifies A2 but
falsifies A1, and M2 verifies AI and falsifies A2.

Remark II: In[3] J. Riéan has proved that, if an algebraic system is based
on the postulates A1 and

C1 [abcl:a,b,ceA D.a=(cU(dUa)Na

then such a system is a modular lattice. Throughout this paper a modular
lattice system based on Rican’s axiomatization will be called system 9.

2 In [4], pp. 313 and 314, section 2, it has been proved that the following
formulas:

Bl [abl:a,bed .D.anb=bNa
B2 |abl:a,beAd .D.aUb=bUa

1. An acquaintance with [4] and [5] is presupposed. Throughout this paper the so-
called closure axioms are assumed tacitly.
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B3 |abl:a,beA D.a=an(aub)
B4 [abl:a,beA D.a=aU(anbd)

are the consequences of the axioms Al and A2.° Thus, cf. [1], p. 23,
system U is a latticoid.

2.1 Obviously, in the field of latticoids the indepotent laws for N and for U
are the consequences of B3 and B4, exactly in the same way as in the field
of lattice theory, cf. [1], p. 21. Moreover, it is well known that formulas
B1-B4 are mutually independent.

2.2 Now, it will be shown that some formulas which we shall need later are
the consequences of the set {BI; B2; B3; B4}, i.e., that they are provable in
the field of any latticoid. Namely:

DI [abl:a<b .=.aeA.beA.a=anb’ [Definition]
B5 [abl:a,beA.a<b D.aub=1b
PR [ab]:Hp(2) .2.
3. a=anbd. [2; D1]
aub=0ua=00U(@nNd)=0uU(dna)=06 (1; Bz, 3; BI; B4, a/b, b/a}]
B6 [abl:a,beA . D.anbs<a
PR [ab]:Hp(1) .D.
2. anbeA. [1; cf. footnote 1]
3. anb=(@nd)nN(@and)ua)=@nd)N(au(@and)=@nd)na
[1; B3, a/anb, b/a; B2, a/anb, b/a; B4]
anb<a [1; 2; 3; D1, a/an b, b/a)
B7 [abl:a,beA D.a<aub
PR [ab]:Hp(1) .O. '

2. aUbeA. [1; cf. footnote 1]
3. a=anf(aubd). [1; B3]

a<aubd [1; 2; 3; D1, b/a U b)]
A2 [abl:a,beA . D.a=(bUa)Na [B3; BI1, b/b U a; B2]

3 We know, cf., e.g., [1], Example 3, that there are latticoids such that in
their fields one of the associative laws holds, but obviously not both, i.e.,
either for N or for U, and such systems are the proper subsystems of
lattice theory. This is not the case in the field of system %, since in [4],
p. 315, Remark II, I proved that an addition of one of the associative laws,
i.e., either for N or for U, as a new axiom to the postulates Al and A2,
generates a modular lattice. On the other hand, I was unable to deduce the
associative laws from the set {A41; A2}, and in [4], p. 312, I conjectured that
system A is not a modular lattice.

4 This conjecture of mine was proved by T. A. Sudkamp. Namely, in [5] he
presented a finite algebraic table which verifies Al and A2, but falsifies C1

2. In 4], pp. 313 and 314, section 2.2, the enumerations of Bl - B4 are A22, A21, A19
and A15 respectively.

3. It should be noted that in the fields of modular latticoids the relation < is not
transitive.
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and both laws of associativity. Hence, due to this result of Sudkamp, we
know that system A is not a modular lattice. Therefore, ¢f. Remark II, in
RyCan’s system B its postulate CI cannot be substituted by A2. Hence,
system U is a proper subsystem of B.

5 It is well known that in the field of lattice theory the proper axiom of
modular lattice

F1 [abcl:a,b,ceA.a<c D.au(dne)=(@udb)nc

is inferentially equivalent to each of the several other modular formulas,
e.g., to AI and to each of the formulas

G1 [abcl:a,b,ceA D.(@ub)n(auc)=au(dn(cua))

H1 [abcl:a,b,ceA D.(@and)uc)nb=((cnd)ua)nbd

K1 [abcl:a,b,ceA D.an(uc)=an((dn(auc)) Uc)

K2 a, b,c,dl:a,b,c,deA D. (anbd)nc)ul@nd =({dna)
U(cnd)nat

In the field of latticoid {BI1; B2; B3; B4} these inferential equivalences do
not hold for all formulas given above. Namely, all modular formulas, each
of which is inferentially equivalent to F1I in the field of lattice theory, can
be divided into three classes, viz.: class (A) contains the formulas men-
tioned above such that in the field of {BI; B2; B3; B4} each of them is
inferentially equivalent to FI; class (B) contains these formulas such that,
in the field of the postulate-system given above, F1 implies each of them,
but in the same field no member of this class implies FI; class (C)
contains those formulas which are not the consequences of the system
{B]; B2; B3; B4; FI}. Below, we shall show that each of these classes is
not empty.

5.1 Let us assume that {BI; B2; B3; B4} holds in all deductions presented
in this subsection. We shall prove that in the assumed field each of the
formulas F1, Al, and GI is inferentially equivalent to the other ones.

5.1.1 Assume FI. We have also B6, cf. section 2.2. Then:

Al [abcl:a,b,ceA D . (@anb)Ulanc)=({(cna)ud)na
PR [abc]:Hp(1) .D
2. anc<a. [1; B6, b/c]
(@and)u@nc)=(anc)u@nd)=(anc)u(®dna)
=(enc)udb)na=((cna)ud)na
[1; B2, a/anb, b/anc; Bl; F1, a/anc; 2; BI, b/c]

5.1.2 Assume Al. We have also DI, c¢f. section 2.2. Then:

F1 [abc]abceA a<sc.D.audne)=(aub)nc
PR [abc] ..
3. =an C. [2; D1, b/c]

4. Concerning the formulas AI, G1, H1, KI and K2, cf. [3], [1], pp. 31 and 39, and [2].
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audne)=@nc)udne)y=(cna)ulcnd)=(cnd)u(cna)
=((anc)ud)nc=(@@ud)nc
[1; 3; BI, b/c; B1, a/b, b/c; B2, a/c Na, b/c Nb; AL, a/c, c/a; 3)

5.1.3 Again assume FI1. We have also B7, cf. section 2.2. Then:

Gl [abcl:a,b,ceA . D.(aub)n(auc)=au(dn(cuUa))
PR [abc]:Hp1 .D.
2. a<auc. [1; B7, b/c]
(aubd)n(auc)=au®dn(auc)=auU(dn(cuUa))
[1;2; F1, ¢c/a U c; B2, b/c]

5.1.4 Assume GI. We have also B3, cf. section 2.2. Then:

F1 [abcl:a,b,ceA.a<c .D.au(dnc)=(aud)nc
PR [abc]:Hp(2) .O.

3. auc=c. [1;2; B5, b/c]
aubne)=auBn(@uc)=au@®dn(cua)=(@aud)n(auc)
=(aubd)nec [1; 3; B2, b/c; GI1; 3]

5.1.5 It follows from the deductions given in sections 2.2 and 5.1.1-5.1.4
that class (A) is not empty and, moreover, that

{A1; A2} 2 {B1;B2;B3;B4;A1} 2 {B1;B2;B3;B4;F1} = {B1;B2; B3;B4;G1}
The fact that class (A) is not empty suggests that the modular formulas

which belong to this class can be called the latticoidal modular formulas.

5.2 Now, we shall prove that class (B) is not empty.

5.2.1 Assume system {BI; B2; B3; B4; A1}. Then:

HI [abcl:a,b,ceA . D.(end)uc)nb=((cnd)ua)nd
PR [abc]:Hp(1) ..
(@anb)uc)ndb=0Gne)u®na) =0Gnau@nc)
=((cnd)ua)nbd
[1; A1, a/b, b/c, c/a; B2, a/bNc, b/bNa; Al, a/b, b/a)

Thus, HI is provable in the field of system .
5.2.2 On the other hand, the following algebraic table®

Ula B v 6 n Nla B ¥ & n
ala B y 06 7 ala a o a a
mi BB B n & 1 Bla B a B B
yly n v & 1 yla a y vy v
616 6 & O n la B y & O
m{m m N n 0 nla B ¥y 06 7

5. It is self-evident that this table is isomorphic with the dual of the diagram given
in (1], p. 22, Figure 5.
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verifies BI, B2, B3, B4, and HI, but falsifies, e.g., AI for a/5, b/83, and
c/y: ) (8NP UGNy =BUy=7, (ii) ()NS)UB NS = (UBNE=nN
5 =5.

5.2.3 Hence, class (B) is not empty. In particular, with respect to
formula H1, we obtain an even stonger result. Namely, M| verifies also

N1 [abcl:a,b,ceA.D.an(dnc)=(and)nNc
but falsifies
M1 [abcl:a,b,ce A .D.au(duUc)=(audb)Uc

for a/B, b/y, and ¢/5: (i) BU(yUG) =BUSG =5, (i) (BUy) US=nUb =1.
From this follows that a latticoid with the additional postulates NI and H1
is not a modular lattice, cf. [4], p. 315.

5.3 In order to prove that class (C) is not empty we use Sudkamp’s table
M1, cf. [5]. M1, as we know, verifies AI and A2, but it falsifies KI for a/a,
b/6, and ¢/B: () an@GuUB) =and=0,(i) an(Gn(euB)uB) =an((6n
BYuB)=an(duB)=anB=a,and it falsifies K2 for a/a, b/B, ¢/y, and d/0:
() (@nBNy)u@no)=(any)uo=any=0, (i) (0Na)U(yNB)Na=
(ouB)Na=B8na-=a.

Hence, class (C) is not empty.

Remark III: In this note I shall not discuss the metaalgebraic properties of
the modular latticoids. It is rather self-evident that some metatheorems
concerning the modular lattices hold for the modular latticoids, but several
such theorems which are valid for the former systems obviously fail for
the latter ones.
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