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COMPLETENESS OF THE ALGEBRA OF SPECIES

JEKERI OKEE

In [4] it was announced that the algebra of species is complete, in the
sense that a formula of the algebra of species is provable in the algebra of
species if and only if it is valid in every algebra of species of all sub-
species of any infinite species.

1 We shall use the results of [3] to show that the algebra of species is
complete in the above sense.

Theorem 1 Let ¢ be a mapping of the formulae of the intuitionistic
propositional calculus onto the formulae of the algebra of species such
that, for every formula H of the propositional calculus, ¢(H) = (T = 1),
is a formula of the algebra of species, and T is a term obtained
from H by rveplacing every propositional wvariable, p, by a species
variable, A, and every prvopositional functov, —, v, A, ~, in H by the
corvesponding species-algebraic opervation, =, U, N, —. Then, ¢ is a one-
to-one mapping of the formulae of the propositional calculus onto the
formulae of the algebra of species such that a formula H of the proposi-
tional calculus is provable in the propositional calculus if and only if ¢(H)
is valid in every algebra of species of all subspecies of any infinite species
(cf. Theorem 4.11 in [ 3]).

Cofollary 1 The above mapping ¢ maps axioms (1)-(11) of the propositional
calculus onto axioms (1)-(11) of the algebra of species.

2 The axioms of the intuitionistic propositional calculus are of the form:

H — (Hz-’ H)

H — (H1 — H,) .—.H, — H,

H,— Hy. — (H, — Hs) — (H, — H,)

H, AH, — H,

H,AnH, — H,

H - — -(H1 - Ha) - (H1 — H, AHs)
H,— H,vH,

Hz—’ H1VH2

H, — Hs. — .(H; — Hs) — (H,v H, — H;)
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10. (H, — ~H,) — (H, — ~H,)
11. H,— (~H, — H,)

The rules of proof in the intuitionistic propositional calculus are:

1. The rule of substitution: if the formula H(p) is provable in the proposi-
tional calculus then the formula H(p/H,), which is obtained from H(p) by
substituting Hy for p throughout H, is also provable.

2. The rule of detachment: if the formula H, — H, is provable and the
formula H, is provable, then the formula H; is also provable.

3 Provability in the intuitionistic propositional calculus A formula H of the
propositional calculus is said to be provable from a set of formulae X if H
can be obtained from X by applying the rule of substitution and/or the rule
of detachment a finite number of times. The following relations hold:

1. If H is an element of X then H is provable from X.

2. (a) If (H, — H,) and H, are provable from X, then H, is also provable
from X.

(b) If H is provable from X, then any formula which is obtained from H by
applying the rule of substitution is also provable from X.

A formula is said to be provable in the intuitionistic propositional calculus
if it is provable from the axioms of the propositional calculus.

4 The axioms of the algebra of species are formulae of the form:

1. A= (B=A4)=1

2. [A=(A=B]=U=DB)=1

3. A=B=[B=0=U=0)]=1

4. (AnB=A4=1

5. (ANB =B=1

6. ( A=B=[A=0C)=A=(ANnDB)]=1
7. A=(AuB=1

8. B=(AUB =1

9. A=0=[(B=0=AuB=2C]=1
10. A=B =(B=4)=1

11. A=A=DB) =1

5 The rules of proof in the algebra of species are:

1. The rule of term-substitution: if the formula H(A) of the algebra of
species is provable, then the formula H(A/T) which is obtained from H(A)
by substituting the term T for A throughout H, is also provable.

2. The rule of species-detachment: if the formula 7, — T, = 1, is provable
and the formula T, = 1 is provable, then the formula T, = 1 is also provable.

6 Provability in the algebra of species A formula H of the algebra of
species is said to be provable from a set of formulae X, if H can be
obtained from X by applying the rule of term-substitution and/or species-
detachment a finite number of times.

The following relations hold:
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1. If His an element of X, then H is provable from X.

2. (@) f T,=>T,=1and T,=1 are provable from X, then T, =1 is also
provable from X.

(b) If H is provable from X, then any formula which is obtained from H by
applying the rule of term-substitution is also provable from X.

By the definition of ¢, together with sections 2-5, it follows that a
formula H of the propositional calculus is provable from X if and only if #
is provable from X in the algebra of species, and, by Theorem 1 and
Corollary 1, we conclude that a formula H of the algebra of species is
provable in the algebra of species if and only if it is valid in every algebra
of species of all subspecies of any infinite species.

REFERENCES

[1] Okee, J., ‘“Untersuchungen iiber den einstelligen intuitionistischen Pridikaten-
kalkiil der ersten Stufe,’”’ Zeitschvift fiir Mathematische Logik und Grundlagen
der Mathematik, vol. 18 (1972), pp. 37-48.

[2] Okee, J., ‘A species-algebraic interpretation of the intuitionistic propositional
calculus,’”’ Notices of the Amevican Mathematical Society, vol. 19 (1972), p. A-716.

[38] Okee, J., ‘A species-algebraic interpretation of the intuitionistic propositional
calculus,’’ Notre Dame Journal of Formal Logic, vol. XVII (1976), pp. 222-232.

[4] Okee, J., ‘“Completeness of the algebra of species,’”’ Notices of the American
Mathematical Society, vol. 20 (1973), p. A-446.

Makerere University
Kampala, Uganda





