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EQUATIONAL TWO AXIOM BASES FOR BOOLEAN ALGEBRAS
AND SOME OTHER LATTICE THEORIES

BOLESEAW SOBOCINSKI

In this paper it will be shown that the postulate systems for Boolean
algebras and six other lattice theories can be reduced to sets containing
only two equational axioms. As far as I know such axiomatizations of the
theories under investigation are not mentioned in the literature.

1 For this end we have to prove the following nine Propositions':

Pl An algebraic system (A,U) is a join semilattice, if it satisfies the
following two postulates:

Al [al:aeA D a=aUa
A2 [abcl:a,b,ce A .D.au(dUc)=cU(aUbd)

PlUl An algebraic system (A, N) is a meet semilattice, if it satisfies the
Sfollowing two postulates:

Bl |al:aeA D.a=ana
B2 |abcl:a,b,ce A.D.an(bnc)=cN(an b)

PHI An algebraic system (A, U, -) is a Boolean algebra, if it satisfies the
following two postulates: Al and

C1 [abcd):a,b,c,de A . D.au (buc)=(-(-cud) U-(-cU-d)U(aud)

PIV An algebraic system (A, U, N, O, I) is a lattice with universal bounds,
if it satisfies the following two postulates:

D1 [abcl:a,b,ceAD. (bN(cNa)Ua=a
D2 [abcdef): a,b,c,d,e,feA D ((an(®dnc)udUe
=((((cnnDuUuoOo)yn(@and)uUeu((fud)nd)

PV An algebraic system {A,U, N, *) is an ortholattice, if it satisfies the
Jfollowing two postulates: D1 and

1. Throughout this paper, 4 indicates arbitrary but fixed carrier set. The so-called closure axioms
are assumed tacitly.
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E1 [abcdefgh):a,b,c,d,e,f,g,he A D ((an(dbN(fuc))ud)Ue
=((((gnghuetn)n@nd)ue)u ((kud) nad)

PVI An algebraic system (A, U, N, 0, I) is a modular lattice with universal
bounds, if it satisfies the following two postulates: D1 and

F1 |[abcdefmn):a,b,c,d,e,f,m,ne A D ((an(duc)nNn(mnn)ud)Ue
=((rnDUO)N((@an(dn(auc)uc) Nm)ue)u ((fud) Nnd)

PVIl An algebraic system (A,U,N, ') is a modular ortholattice, if it
satisfies the following two postulates: D1 and

G1 [abcdefghmn):a,b,c,d, e, f,g, h,m,ne A O,
(@n@ue)nmn(gun))ud)Ue=((((kNhY) U @mtngh)t)
N{@an(dn(@uc))uc) nm))Ue)u ((fud)Nd)

PVIIl Az algebraic system {A,U, N, ') is an orthomodular lattice, if it
satisfies the following two postulates: DI and

H1 |abcdefghmn):a,b,c,d,e,f,g,h,m,ne A D,
(((@*n(@u(duc)uad))uayn(mnn)ug)ue
=((=n (' B U@ nechud)ua)nm)ueu((fug)ng)

PIX An algebraic system (A,U,N, O,I) is a distributive lattice with
universal bounds, if it satisfies the following two postulates: D1 and

K1 [abcdefmn):a,b,c,d,e,f,m,ne A D
((eanue)nmnnu)ud)ue=((((rNnI)u O0)N(((eanbd)
Uleanc)nm))ue)u((fud)nd)

Remarks:

1. Each postulate system presented above contains only two axioms and
these axioms are mutually independent as can be proved easily. Of course,
in axiom systems PV, PVII, and PVIIl the primitive operations are not
mutually independent. It is self-evident that the axioms belonging to PIil,
PIV, PV, and PIX are theses of the respective theories. On the other
hand, since formula

[abcl:a,b,ce A D.an(dbuc)=an((bN(aVUc)) U c)
is a modular lattice theorem, ¢f. [1], p. 39, and formula
[abcd]:a,b,c,de A D (a*tN(au (bUucud)Ua=(dnct) ubd)ua

is an orthomodular lattice theorem, cf. [7], pp. 317-319, we know that in the
systems PVI, PVIl, and PVIIl their axioms are theses of the respective
theories. For these reasons only the converses will be proved in this
paper.

2. Pamanabhan [6] has established that a semilattice can be formalized
using only two equational axioms which have the same lengthes as AI and
A2. The new axiomatizations of semilattices presented in Pl and Pl are
discussed in this paper, since these axiom systems are deeply involved in
the construction of the axioms C1, D2, E1, F1, G1, H1, and K1.
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3. Byrne [2] has shown that there is a base for Boolean algebras containing
only two axioms. However, his axiomatization is not equational and,
moreover, in some respect is longer than given in PIII.

4. It should be noted that forms of postulates given in PIV-PIX are
suggested by Kalman’s axiom system for lattices, cf. [5], but, obviously,
the deductions presented below in sections 4-9 differ in several points from
Kalman’s proofs.

2 Proofs of Pl and Pl
2.1 Let us assume AI and A2. Then:
A3 [abl:a,be A D aub=bUa
PR [ab]:Hp (1) D
aUb=aU(bUb)=bU(aUd) [1; A1, a/b; A2, c/b]
=bU(bU@) =bU (bU (aU a)) [A42, a/b, b/a, c/b; Al
=bU(eUu(bua)=(buau(bUa =0bUa
[A2, a/b, b/a, c/a; A2, a/b, b/a, c/bU a; Al, a/bU a)
A4 [abcl:a,b,ce A .D.au (bUc)=(aUud)Uc [Az; A3]
Since we have AI, A3, and A4, the proof of Proposition | is complete.

2.2 gsince P1I holds, we know automatically that BI and B2 imply

B3 [abl:a,be A D anb=bNa [B1; B2]
and
B4 [abcl:a,b,ce A.D.an(bnNc)=(and)nc [B2; B3]

Whence, Proposition Il is proven.
3 Proof of PN Let us assume Al and C1. Then:

c2 |abl:a,be A D a=(-(raUb)U-(-aUu-b)Ua
PR [ab]:Hp (1) .o
a=ava=aU (@Ua)=(-(raud)U-(-aU-b))U (aU a)
[1; A1; A1; C1, b/a, c/a, d/b]
= (-(~raUb)U=-(-aU -d))Ua [41]
C3 [abl:a,beA D a=-(-aUb)U-(-aU -b)
PR [ab]:Hp (1) .2
a=(-(-raubd)U-(-aU -b))Ua [1; c2]
= (-(-aU d) U -(~aU -b)) U ((-(~aU b) U -(-a U -b)) U a) [c2]
=(-(raub)U -(-au -b)) U ((-(~ra U b) U
~(~a U -B)) U (~(~a U b) U ~(-a U -b)))
[c1, a/-(-au b)U ~(-a U -b), b/-(-a U b) U -(-a U -b), c/a, d/b]
(-(rau d)u-(-au -b)) U (-(-a U b) U -(~a U -b))
[A1, a/-(-aU b) U -(-a U -b)]

n

=-(-aU b)U -(-a U -b) [A1, a/-(-a U b) U -(-a U -b)]
A2 [abcl:a,b,ce A D.aU(bUc)=cU (@aUbd) [c1; €3, a/c, b/d]
A3 |[abl:a,be A D.aUb=bUa [A1; A2; cf. section 2.1]

A4 [abcl:a,b,ce A D.aU(dUc)=(aUb)Uc [42; A3]
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Since Al and CI imply A4, A3, and C3, we have Huntington’s well
known postulate system for Boolean algebras, cf. [3], pp. 280-286, and [4].
Thus, the proof of Proposition Ill is complete.

4 Proof of PIV Let us assume DI and D2. Then:

D3 [def]:d,e,fe A . D.dUue=eU((fud) nd)
PR [def]:Hp (1) .O.
due=((dn(end)ud)Ue=(((dNI)UO)yN(dnNe))uUe)
U ((fud)nd) [1; D1, a/d, b/d, c/e; D2, a/d, b/e, c/d]
=eU ((fud)nd) [D1, a/e, b/(dNI)U O, c/d]
Bl |al:aeA D.a=aNa
PR [a]:Hp (1) .2
a=(a ﬂ(aﬁa))Ua—aU((aU(aﬂ(aﬂa)))n(aﬂ(aﬂa)))
[1; D1, b/a, c/a; D3, d/an (an a), e/a, f/a)
=((@au(@n(@na))n@n(ana))u (((an(@na)Vua Na)
[D3, d/a, e/((eU (@an (ana)) N(an (ana)), ffan(ana)]

=((au(@n(@na))nN(@n(ana))u(ana) [D1, b/a, c/a)
=aNa [D1, a/ana, b/ayu (an (an a)), c/a]
Remark 5: Concerning the proofs of D3 and BI, cf. Kalman [5].
D4 [abl:a,beA D (bNa)Ua=a [D1, ¢/a; BI)
Al [a]:aeA D a=ava [D4, b/a; BI]
A3 [abl:a,be A D.aub=bUa [D3, d/a, e/b, f/a; A1, B1]
D5 [abcdel:a,b,c,d,ecA D ((an(®nc)udUe
=(((cnn)uo)yn@nd)ueud (D2, f/d; A1, a/d; B1, a/d)

D6 [abc]:a,b,ceA D.an(®nec)=(((cNI)uoO)n (anb)
PR [abc]:Hp (1) .o
an®ne)=@n@®ne)U@ndnc) [1; A1, a/an (b Nc)]
=((@an@®ne)u@n@dnec)))U@ndnc)) [1; A1, a/an (b N )]
=(((cnHuo)yn@nd)u@ndne))n@n@dnec))
[D5,d/an(dnc),e/an (dnc)]
=(@an®@ne))Ucn)uo)n@nd)))Ul@n(dnc))
[43, a/an (b N c), b/((cn )N O)N (and)]
=(((ennuo)yn(@nd)u(@n(dne))u(((cnI)uoO)n (an b))
[D5, d/((cnI)UuO)N(anb), e/an (bnNc)]
=((an®nNne)ucnNI)UuO)yn(anb)))u(((cnI)uo)n (an b))
[A3,a/((cnT)uO)n(and), b/an(bnc)]
=((((enIHuUO)yNn(and))u (((cnI)uO)n (an b))
U (((ec N I)uU 0) N (an b))
[Ds5, d/((cnI)uO)N(and),e/((cnI)uU O)N (anbd)]
=(((cnuo)n(@nd)u((cnI)uo)n (an b))
[A1, a/((cnT)U O) N (an b)]
=((cnNI)u0)N (anb) [A1, a/((cNT)uU O)N (an b)]

Remark 6: The proof of D6 is not difficult, but it is rather cumbersome.
The deductions used here will be explained by the following schema:

Puta=anN(bNc)and B=((cNI)UO)N(anb). Then D5 will have the form
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Z1 [abcde]:a,b,c,d,eeA D. (aud)Ue = (BUe)Ud
Hence:
z2 |abcl:a,b,ceA D .a=8

PR

D7
PR

D8
PR

B2
B3
B4
D9
D10
PR

D11
PR

A4

PR

Di2
PR

D13
PR

eUa=(@Ua)Ua=(BuUua)Ua=(@upUa [1;A1; A1;Z1; A3]
BU)UB=(@up)UB=(BUBUB=BUB=8
[Z1;A3; Z1; A1; A1]

bc
abc]:Hp (1) .2.

Below, the same schema of deductions will be used several times.

[al:aeA D.a=((@anI)u0)na

[a]:Hp (1) .2
a=ana=an(ana)=((enI)u0O)n(ana)ll; BI; B1; D6, b/a, c/a)
=((anI)Uu0)Na [BI1]
[a)l:ae A D.a=(@nI)uoO
[a]: Hp (1) 2.
a=((@anHuO)na=(@anI)uo)yn(((anI)u 0)na) [1; D7; D7]
=((enyuo)n((tanI)uo)yn((@anI)u o))
[D6, a/(anI)U O, b/(anI)U 0, c/a)
=((@anI)uo)n ((eanlI)u 0) [B1, a/(an 1)U 0]
=(@nI)uo [B1, a/(anT)u 0]
labcl:a,b,ce A .D.an(dbnc)=cn(anb) [D6; D8, a/c)
[abl:a,be A D.anb=bNa [B1; B2; cf. section 2.2]
labc):a,b,ceA Dan(dNc)=(@nb)Nec [B2; B3]
labl:a,be A . D.a=aU(and) [D4; A3, b/b U a; B3]
[ab]:a,be A D a=an(aub)

[ad]: Hp (1) 2.
a=aUa=aU(bUa)na)=((buana)u((dbUa)na)

[1; A1; D3, d/a, e/a, f/b; D3, d/a, e/(b U a) Na, f/b]

=(bUaNa=an(ua)=an(aub)
[A1, a/(bUa) N a; B3, a/bu a; A3]

labcl:a,b,ce A D (aubyuc=(@auc)ubd
[abe]: Hp (1) .2.
(

aUub)Uc=(@ana)udb)Uc=((an(@ana)ud)uUc [1; BI1; BI]
=(((ean)uo)n(ena)uc)ubd D5, b/a, c/a, d/b, e/c)
=((@an(@na)uc)ub=(ana)uc)ud [Ds; BI]
=@uoub (B1]

labec)l:a,b,ce A . D.au(buc)=(aud)Uc
[abe): Hp (1) D
aUBuc)=BUc)Ua=0bBuUa)Uc=(@Ub)Uc

[1; A3, b/bU ¢; D11, a/b, b/c, e/a; A3]
[al:aeA D.a=au0
[a]:Hp (1) .2,
a=aUa=aU((anI)U0)=(@U(@nI)uUuO=alU0

[1; AI; D8; A4, b/an I, ¢/0; DY, b/I]

lal:aeA D.a=anI
[a] Hp (1) 2.
a=(am)uo anl [1; D8; D12, a/a NI
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It has been proved above that DI and D2 imply A3, A4, D9, B3, B4,
D10, D12 and D13. Therefore, the proof of Proposition 1V is complete.

5 Proof of PV In this and the next sections the proofs of many theses
are either the same or entirely analogous to the deductions given in
section 4. In such cases their proofs will be presented here in abbreviate
form. Now let us assume DI and EI. Then:

D3 [def]:d,e,feA . D>.dUe=eU ((fud)Nd)
PR [def]:Hp (1) .o
due=(dn(end)ud)Ue [1; D1, a/d, b/d, c/e]
=((du(eu((dn(@nd)ud))ud)ue [D1, a/d, b/d, c/d]
=((((dnadl)yu@n@n@nad)h)t)yndne)ue)u ((fud)nd)
LEL, a/d, b/e, c/d, f/dn (dNd), g/d, h/f]
=eu((fud)nd) [D1,a/e, b/(dndL) u(dtn(dn(dn d))t)t, ¢/d]

Bl [al:aeA D a=aNa [D1, D3, cf. proof of D3 in section 4]
D4 [abl:a,beA D (bNa)Ua=a [D1; BI]
Al [abl:acA D a=aua [D4; BI]
A3 [abl:a,beA D aUb=bUa [D3; A1; BI]
E2 |abcdefgl:a,b,c,d,e,f,ge A D ((an(dbN(fuc))ud)Ue
=((((gnghu(etnfH)n@nd)ueud [E1; AL BI]

E3 |abcfgl:a,b,c,f,geA D.an(bN(fUc)
=((gngHu(ctnfAY)n(and)
[A1; E2; A3; cf. proof of D6 and Remark 6 in section 4]
E4 [abcl:a,b,ce A .D.aub=(cnct)u (@ nd))yn(dua)
PR [abc]:Hp (1) .2
aUb=(aud)N(aud)=(aud) N ((@ubd)n (au b))

[1; B1; a/av b; B1, a/aU b]
=(aub) N ((@au d) N (bU a) [A3]
=((cnch)u(@tndy))yn((@u d) n(au b))

[E3, a/au b, b/au b, f/b, g/c, c/a]
=((cnech)U(atndH)t) N (au bd) [B1, a/au b]
=((cne)u(@tndh)yh)yn(pua [A3]
E5 [abcl:a,b,ce A D.aUb=(cNct)uU (atndi)t
PR [abc]:Hp (1) .o

aub=(cnc)u @ ndv)*)n (U a) [1, E4]
=((cnehhu@tndH)t) n (au b) [A3]
=((ecnehhu@tndy)h)y n(((cnet)u (@t n b)) n (b U a)) [E4]
=((cnchu@tnd))yn(((cnect)u (@ nd)t)yn((enct)

U (at n b))
[E3, a/(cnctyu (@t nbdh), b/(cnct)u (at n b)Y, f/b, c/a, g/c]
=((cnech)u (@ nd)y)n ((cnet)u (@t nbl)l)
[B1, a/(c N ct) U (a* N bt)t]
= (cnct)u (at nbdi)t [B1, a/(c N ct) U (a* n bt)t]
B2 [abcl:a,b,ceA D.an(dbnc)=cn(anb)
PR [abc]l:Hp (1) D
andney=an(dn(cuc) [1; A1, a/c]
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=(cnct)U(ctnet))n(an bd) LES3, f/c, g/c]
=(cUc)N(@nd)=cn(anbd) LES, a/c, b/c; A1, a/c]
B3 [abl:a,beA D anb=bna [B1; B2; cf. section 2.2]
B4 |abcl:a,b,ceA . D.an(dbNc)=(@nd)nc [B2; B3]
D9 [ab):a,beA .D.a=aU (anbd) [D4; A3; B3]

D10 [ab]l:a,beA D.a=an(@uUb)
[A1; D3; B3; cf. proof of DI0 in section 4]
D11 [abcl:a,b,ce A .D.au(dbUc)=(aUuc)Ubd
PR [abc]:Hp (1) .0
(aud)uc=(@anaudb)uc=(an(ana)ud)uc [1; B1; BI]
=((an(@an(ava))udb)uc [A1]
=(((@anat)u (@ na))n(@na)uc)ubd
LE2, b/a, c/a, f/a, d/b, e/c, g/a]

=(((avayn(ana)uc)ub [E5, b/a, c/a]
=((anducyub=(auc)ud [A1; B1; BI]
A4 |abcl:a,b,ce A D aU(bUc)=(aUubdUc [A3; D11; A3]

E6 [a):aeA D a=a't
PR [a]:Hp (1) .2

a=auUa=(atnatt)u (atnat)t [1; A1; E5, b/a, c¢/a*]
= (atn atl) U att = att [B1; a/a*; D4, a/att, b/at]
E7 |abl:a,be A D.a=(bnbdY)ua [A1; E5, b/a, ¢/b; B1, a/a*; E6)

E8 [ab):a,be A .D.anat=0bnbt
PR [ab]:Hp (1) .0
ana*=BndYu@nat)=(@na*)u (bnbdt)=>bn bt
[1; E7, a/an at; A3, a/b N b, b/an a*; E7, a/b N bt, b/a)

Df1 [a]:aeA .2 anat=0 [Es]
E9 [al:aeA D.a=auUO [E7, b/a; A3, b/a N a*; DfI]
E10 [abl:a,beA D.aub= (at Nnb)t [ES5, ¢/b, E7, a/(a* N bY)t]
E11 [abl:a,beA D (@Ub)t =a‘tnbdt [E10; E6, a/at N bt)

E12 [abl:a,beA D (anb) =atuybdt

[E11, a/a*, b/bL; E6; E6, a/b; E6, a/a* U b*]
Df2 ot =1 [Dr1]
EI13 [al:aeA D auvat=1
PR [a]:Hp (1) .2

avat=@nat) =@ nat=@na)=0t=1
[1; E10, b/at; E6; B3, b/a‘; Df1; Df2]

E14 [al:aeA D.a=anl [E10, b/at; E13]

Thus, the theses A3, A4, D9, B3. B4, D10, D12, D13, E12, E11, E6, Df1
and EI13 follow from DI and E1. Therefore, Proposition PV holds, cf.[1],
p. 52.

6 Proof of PVI Let us assume DI and F1. Then:

D3 [def]:d,e,feA . D.dUe=eU((fud)nd)
PR [def]:Hp (1) .2
due=(((dn(dud)n(end)ud)Ue
[1; D1, a/d, b/dn (du d), c/e]
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=(((@nNuo)n(dn(@dn@dud))ud)ne)ueu ((fud)nd)
[F1, a/d, b/d, c/d, m/e, n/d]
=eu((fud)nd) [DI,a/e,b/dNI)UO,c/dn((dn(@ud))ud)]

Since DI and F1 imply D3 and since B1, D4, and Al follow from DI and
D3 alone, cf. section 4, the following deductions hold:

D2 |abcdef):a,b,c,d,e,feA D (an(dnc)ud)Ue
=(((cN)uO)N(@Nb)Ue) U ((fud)nd)

PR [abcdef]: Hp (1) ..
en@®nec)ud)Ue=(an@ua)n@®nc)ud)Ue [1; BI; A1]
=(((enNI)uo)yn(an(@n(eaua)ua)ud)ueu ((fud)nd)

|F1, b/a, c/a, m/b, n/c]
=(((cnnuo)yn@nd)hue)u ((fud)nd) [A1; B1]

Since D2 is a consequence of DI and F1, we know that the system
{D1,F1} is a lattice with universal bounds. Hence, we have at our disposal
all theses proven in section 4. Therefore,

F2 |[abcdemn]:a,b,c,d,e,m,neA D
(@an@ue))nNmnnu)Ud)Ue
=(rn(@n(®dn(@uc))uc)nm))ue)ud [F1; D8; A1; BI]
F3 [abemn]:a,b,c,m,neA D @n@®uc)n (mnn)
=nN((@n((dbn(avc)uc)nm)
[F2; A1; A3; cf. proof of D6 and Remark 6 in section 4]
F4 [abcl:a,b,ceA . D.an(buc)=an((bnN(aVUc))Urc)
PR [adc]:Hp (1) .o
anuc=(a@anduce)n(an(dbuc) [1; B1, a/an (bU c)]
=(@an®ue)N(an®Uc) n(@an(duc))) [B1; a/an (dU c)]
=(anBue)n(an((dn(auc)uc)n(an(buc)))
[F3, m/an (bu c), n/an (b U c)]
=(@an@ue)n(en(@dn@uc)uc)nen{(bn(auc)) uc)))
[F3, m/an (BN (aVU ¢)) Uc); n/an (bU c)]
=(a@an((®dn(auc)ue)n@en((dn(auc) U c).
N(an ((bN(au c)) U c))
[F3, m/an (N (aU ) Uc),n/an (bn (aU ¢)) U c)]
=(@an((dn(auc)uc)u(@n((bn(au c) U c)
[B1, a/an ((bN (aVU c)) U c)]
=an ({(bn(aV ) U o) [B1, a/an ((bN (aU ¢) U o]

Remark 7: The deductions used here will be explained by the following
schema:

Puta=an(dbuUc)and B=an ((bN(aU c)) Uc). Then F3 will have the form
Z3 [abemnl:a,b,c,m,ne A D.an(mnn) =nn (BN m
Hence:

Z4 |abcl:a,b,ce A D .a=
PR [abc]:Hp (1) .D.
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a=anNa=aN(@na)=an(fNa) [1; B1; BI; Z3]
=an(@BnNp)=BnBnp=BNB=2B [23; z3; B1; B1]

Below, the same schema of deductions will be used several times.

Since in the field of any lattice F4 is inferentially equivalent to the
standard axiom of modular lattices

M1 [abcl:a,b,ceA.a<c DauUudnc)=(aubd)nec,
cf. [1], p. 39, the proof of Proposition VI is complete.
7 Proof of PVII Let us assume DI and GI. Then:

D3 [def]:d,e,feA D due=euU((fud)nd)
PR [def]:Hp (1) .2
due=(((dn@ud))n(end)ud)ue [1;DI1, b/dn (dUd), c/e, a/d]
=((dn@ud)nendn(@dnd))ud)) ud)Ue [DI,b/d, c/d, a/d]
=(((@ndyu@n@dn@dnd)))n(@n(@dn(dud))
ud))ne))ue)u((fud)nd)
|G1, a/d, b/d, c/d, m/e, g/d N (dnd), n/d, h/d]
=eU((fud)nd)
[D1,b/@ndYYyu@rn@n@nd)t)t,c/dn(dn(@ud))nd),a/e]

Thus, DI and GI imply D3 and, therefore, also B1, D4, and Al, cf.
section 4. Whence:

E1 [abcdefgh):a,b,c,d,e,f,g,he A D.
((@n@dn(fuc)h))ud)ve=((((gnghu(ctnfHt)yn(@nbd)) ue)
U((kud)nd) (61, b/a, c/a, m/b, n/c, g/f, f/k, h/g; Al; B1)

Since we have DI and EI, we know that the system under investigation
is an ortholattice. Then:

G2 |[abcdemn):a,b,c,d,e,m,ne A D
((an(uc)N(mnn)ud)Ue
=(mn(@n(dn(@uc)uc)nm)ueud

PR [abcdemn):Hp (1) .2
((an@@ue)n(mnnu)ud)Ue

=((@an@ue)nmn@Eun)))ud)Ue [1; A1, a/n]
=(((mnneYY)yu Etnr)Y) Nn({(@n (BN (auc) nd) Nm))Ue)
u(dua)nd) [G1, g/n, h/n, f/d]

=(rn(@an(dn(@auc))uc) Nm))Uue)u(dnd)
LE5, a/n, b/n, c/n; A1, a/p; Al, a/d)
=(mn({(@an(®dn(@uc)uc)nm)Ue)ud |B1, a/d)
G3 labemn):a,b,c,m,ne A D (an (bUc) N (mNn)
=nN((en((dN(auUc))Urc))Nm)
[G2; A1; A3; cf. proof of D6 and Remark 6 in section 4]
F4 [abcl:a,b,ceA . D.an(®Uc)=an((dN(aUc)) Uc)
[G3; BI; cf. proof of F4 and Remark 7 in section 6]

Since the system {D1, Gl} is an ortholattice and implies F4, the proof
of Proposition VIl holds, cf. section 6.
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8 Proof of PVII Let us assume DI and H1. Then;

D3 [defl:d,e,feA D.due=eu ((fud)nd)
PR [def]:Hp (1) .O.
due=(((dn(@u(@dudyvd))vd)n(end)ud)ue
[1, D1, b/(d* 0 (AU (dU d) U d)) U d,c/e,a/d]
=((dn(((d*nd)u(((@*ndytud)yud)ne)ueu((fudnd
[H1, a/d, b/d, c¢/d, m/e, n/d, g/d, h/d)
=euU((fud)nad)
[D1, b/d, c/(@* nd)u (((d*ndYt ud)ud),a/e]

Since DI and D3 imply Bl1, D4, Al, and A3, we can proceed as follows:

H2 |abcdeghmn):a,b,c,d,e,g,h,m,neA .2
(@t n(@u(ducud))uayn(mnn)ug)ue
s(En(((PrNnhuU@tnetudua)nm)ue)ug
[H1, f/g; A1, a/g; B1, a/g]
H3 [abcdhmn):a,b,c,d, h,m,ne A D,
(@ n(au ((duc)ud))ua)n (n Nn)
=n0 (kN AU (((d*net)t ub)ua)) Nm)
[H2; A1; A3; cf. proof of D6 and Remark 6 in section 4]
H4 [ahmn]:a,h,m,ne A D an (mNn
=n0 (h* N 7) U ((@** Ua) U a) Nm)
PR [akmn]:Hp (1) .O.

anNn(mnun) = (@ Na)ua)n(mnn) [1; D4, b/at]
=((@atn(avu((@aua)Ua)) ua)n (mNn) [A1]
=nn ((B* N AU (((at nal)t ua)ua) nm) [H3, b/a, c/a, d/a]
=nn (XN k) U (@t Ua) U a) N m) [B1, a/a']

H5 [ah]:a,he A D.a=(tNh)U((attfUa)ua)
[H4; BI; cf. proof of F4 and Remark 7 in section 6]

B2 [abcl:a,b,ce A D an(®dnc)=cn(anbd) [H4, m/b, n/c; H5]
B3 [abl:a,beA. D anb=bNa [B1; B2]
D10 [ab):a,be A .D.a=an (aUb) [D4; B3; A3; cf. section 4]

H6 [al:aeA Da= @t vua)ua
PR [a]:Hp (1) .D.
a=(((a** va)ua)tn (@t va)ua))u (@t va)ua)
[1; B5, n/(a*t U a) Ua]

=@*ua)ua [D4, b/((a** U a) U a)t, a/(@at* Ua) Ua]
H7 [ah):a,he A D.a=(h*nh)Ua [H5; HE6]
H8 [ab):a,beA D.a=auU (bNbdY [H7, r/b; B3, a/b'; A3, b/b N bt]

H9 [abcdh]:a,b,c,d, heA D
(@tN@u(duc)ud)))Ua=Enk)u(((dnechh)ud)ua)
[H3; BI; cf. proof of F4 and Remark 7 in section 6]
H10 [abcd]:a,b,c,de A .D.aU ((@u ((bUc)ud)) nat)
=(dtnetYud)ua
PR [abcd]:Hp (1) .2
aU((@au(dbuc)ud)nat)=(au((buclud))na)Ua
[1; A3, b/(@aU ((B U c) U d)) Na*]
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=@tn@Eu(duc)ud)))Ua [B3, a/at, b/au ((b U ¢) U d)]
=(rNd) U (((dtneci)tud)ua) [H9, h/b]
=(@d*neHtud)ua [H7, a/((@* N ct)t U B) U a, h/b]

Thus, H10, H8, and D19 are the consequences of DI and HI. Since it
has been proved in [7] that the set {H10, H8, D10} is a postulate system for
orthomodular lattices, the proof of Proposition VIII holds.

9 Proof of PIX Let us assume DI and KI. Then, in an entirely
analogous way to section 6, we obtain D3, Bl, D4, A1, A3, and D2 from DI
and KI. Hence the system {DI1,KI} is a lattice with universal bounds.
Therefore, we can prove in the same manner as in section 6 the following
theses:

K2 |abcdemn):a,b,c,d,e,m,ne A .D. ((an(BUc)Nmnn)ud)Ue
=(mNn(((and)u(@anc)Nm))Uue)ud [K1; D8; A1; BI]
K3 [abemn):a,b,c,m,ne A .D. ((en (bU c)) N (m N n))
=nN(((@end)u(au c)) N m)
[K1; AI; A3; cf. proof of D6 and Remark 6 in section 4]
K4 [abcl:a,b,ceA D an(uc)=(@ndu(@nc
[K3; BI; cf. proof of F4 and Remark 7 in section 6]

Since the system {D1, K1} is a lattice with universal bounds and implies
K4, the proof of Proposition IX is complete.

10 In another paper I shall discuss some problems related to the kind of
axiomatizations investigated here.
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