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EQUATIONAL TWO AXIOM BASES FOR BOOLEAN ALGEBRAS
AND SOME OTHER LATTICE THEORIES

BOLESLAW SOBOClftSKI

In this paper it will be shown that the postulate systems for Boolean
algebras and six other lattice theories can be reduced to sets containing
only two equational axioms. As far as I know such axiomatizations of the
theories under investigation are not mentioned in the literature.

1 For this end we have to prove the following nine Propositions1:

PI An algebraic system (A, u) is a join semilattice, if it satisfies the
following two postulates:

Al [a]:aeA.^>.a = aUa
A2 [abc]: a, b, c e A .=>. a U (b U c) = c U (a U b)

Pll An algebraic system (A, Π) is a meet semilattice, if it satisfies the
following two postulates:

Bl [a]:ae A .^>. a = a f) a
B2 [abc]: a, b, c e A .3. a Π (b Π c) = c Π {a Π b)

PHI An algebraic system {A, U, -) is a Boolean algebra, if it satisfies the
following two postulates: Al and

Cl [abed]: a, b, c, de A .D. a u (b U c) = (-(-c U d) U - (-c U -d)) u(f lUδ)

PIV An algebraic system (A, u, Π, O, /) is a lattice with universal bounds,
if it satisfies the following two postulates:

Dl [abc]:a,b,ceA .3. (b Π (c Π a)) U a = a
D2 [abedef]: a, b, c, d, e,fe A .D. ((a Π (b Π c)) U d) u e

= {(((c Π /) U O) Π (a Π b)) U e) U ((/U d) Π d)

PV An algebraic system {A, U, Π, L) is an ortholattice, if it satisfies the
following two postulates: Dl and

1. Throughout this paper, A indicates arbitrary but fixed carrier set. The so-called closure axioms
are assumed tacitly.
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El [abcdefgh]: a, b, c, d, e,f,g,heA .D. ((a Π ( δ π ( / U c))) U d) Ό e
= (((te n^1) u (cJ nfψ) n(αn δ)) u e) u ((hud)nd)

PVI Aw algebraic system (A, u, Π, O, /) is <z modular lattice with universal
bounds, if it satisfies the following two postulates: Dl and

Fl [abcdefmn]: a, b, c, d, ej, m,neA .D. (((a n (b u c)) Π (m Π n)) I) d) l) e
= ((((nn /) u o) n ((a n ((& n(αu c)) u c)) n m)) u e) u ((/u ί?) n <2)

PVII Aw algebraic system (A,U, Π, i ) zs α modular ortholattice, z/ zϊ
satisfies the following two postulates: Dl and

Gl [abcdefghmn]:<z, δ, c, <i, e,f,g, h,m,neA .3.
(((tf Π ( δ U c)) Π(mΠ(gU «))) U έί) U ̂  = ((((A Π A1) U (n1 Π ^ J 1 )
n ((a n ((6 n(βu c)) u c)) n m)) u e) u ((/u ίZ) n d)

P VIII Aw algebraic system (A, u, Π, -1) zs an orthomodular lattice, if it
satisfies the following two postulates: Dl and

HI [abcdefghmn]: a, b, c, d, e,f,g, h,m,neA .D.
((((α1 Π (a U ((b U c) U c?))) U «) Π (m Π w)) U g) U e

= ((»n (((hLnh)u (((dιn c ψ uft)u α)) nm)) u e) u ((/u^) n#)

PIX Aw algebraic system (A, U, Π, O,/) zs « distributive lattice with
universal bounds, if it satisfies the following two postulates: Dl and

Kl [abcdefmn]: a, b, c, d, e,f, m,neA .D.
(((a Π ( b Ό c)) Π ( m n n ) ) Ό d ) Ό e = ( (((w Π 7) U O) Π ( ( ( α Π δ)
U(flίΊ c)) Π m)) U ̂ ) U ((/U ^) Π d)

Remarks:

1. Each postulate system presented above contains only two axioms and
these axioms are mutually independent as can be proved easily. Of course,
in axiom systems PV, PVI I, and P VIM the primitive operations are not
mutually independent. It is self-evident that the axioms belonging to Pill,
PIV, PV, and PIX are theses of the respective theories. On the other
hand, since formula

[abc] :a,b,ceA Af lΠ(δUc) = flΠ ({b Π (a U c)) U c)

is a modular lattice theorem, cf. [1], p. 39, and formula

[ a b e d ] : a , b , c, d e A . 3 . ( a 1 Π ( a U ((b U c ) u d))) u a = {(d1 Π c 1 ) 1 u b) U a

is an orthomodular lattice theorem, cf. [7], pp. 317-319, we know that in the
systems PVI, PVII, and PVI 11 their axioms are theses of the respective
theories. For these reasons only the converses will be proved in this
paper.

2. Pamanabhan [6] has established that a semilattice can be formalized
using only two equational axioms which have the same lengthes as Al and
A2. The new axiomatizations of semilattices presented in PI and Pll are
discussed in this paper, since these axiom systems are deeply involved in
the construction of the axioms Cl, D2, El, Fl, Gl, HI, and Kl.
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3. Byrne [2] has shown that there is a base for Boolean algebras containing
only two axioms. However, his axiomatization is not equational and,
moreover, in some respect is longer than given in Pill.

4. It should be noted that forms of postulates given in PIV-PIX are
suggested by Kalman's axiom system for lattices, cf. [5], but, obviously,
the deductions presented below in sections 4-9 differ in several points from
Kalman's proofs.

2 Proofs of?\ and Pll

2.1 Let us assume Al and A2. Then:

A3 [ab]: a, b e A .D. a u b = b u a

PR |>δ]:Hp (1) .=>.
aΌb = al)(b{Jb) = bΌ(a\jb) [ 1 ; Al, a/b; A2t c/b]

= 6 U ( δ U f l ) = δ U ( δ U ( α U α ) ) [A2, a/b, b/a, c/b) Al]
= b U (a U (b U a)) = (b U a) U (δ U a) = b U a

[A2, a/b, b/a, c/a; A2, a/b, b/a, c/b U a; Al, a/b U a]
A4 [abc]: a, b, c e A .3. a U (b U c) = (a U b) U c [A2; A3]

Since we have Al, A3, and A4, the proof of Proposition I is complete.

2.2 Since PI holds, we know automatically that Bl and B2 imply

B3 [ab] :a,beA.^.anb=bΓ)a [Bl; B2]

and

B4 [abc]: a, b, c e A .=>. a Π (b Π c) = (a Π 6) Π c [.R2; J33]

Whence, Proposition II is proven.

3 Proof of PHI Let us assume Ai and Ci. Then:

C2 [αδ]:α,δe A .=>. fl= (-(-βU b) U -(-αu -6)) U a
PR [αδ]:Hp (1) .3.

α = α U β = « U ( « U α ) = (-(-« U δ ) U - ( - α U -δ)) U ( f l U f l )

[1; Ai; Al; Cl, b/a, c/a, d/b]
= (-(-α Uδ)U -(-α U -δ)) U α [Ai]

C3 [ab]: a, b e A .3. a = -(-a u δ) U -(-α U -δ)
PR [αδ]:Hp (1) . 3 .

α = (-(-α Uδ)u -(-« U -δ)) U α [ 1 ; C2]
= (-(-a u δ ) u -(-α U -δ)) U ((-(-« U δ) U -(-α U -δ)) U α) [C2]
= (-(-α U δ) U -{-a u -δ)) U ((-(-« Uδ)U

-(-α U -δ)) U (-(-α Uδ)U -(-« U -δ)))
[Cl, a/-(-a\j δ)!U-(-flU -δ), δ/-(-«U δ) U -(-flU -δ), c/α, d/δ]

= (-(-α U δ) U -(-« U -δ)) U (-(-« U δ) U -(-α U -δ))
[Al, at -(-a u δ) U -(-« U -δ)]

= -(-a u δ ) u -(-α u -δ) [Al, a/-(-a u δ) U -(-α U -δ)]
A2 [abc]:a,b,ceA . 3 . α U ( δ U c ) = cU(f lUδ) [Ci; C3, a/c, b/d]
A3 [ab] :fl,6eA.3.αU5 = δUfl [Al; A2; cf. section 2.1]
A4 [abc] :a,b,ceA .=>. α U (δ U c) = (a U δ) U c [A2; A3]
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Since Al and Cl imply A4, A3, and C3, we have Huntington's well
known postulate system for Boolean algebras, cf. [3], pp. 280-286, and [4].
Thus, the proof of Proposition III is complete.

4 Proof of PIV Let us assume Dl and D2. Then:

D3 [def]:d,e,feA .^. du e = eU ((fUd) Πd)
PR [ ^ / ] : H p ( l ) . ^ .

d U e = ((d Π (e Π d)) U d) u e = ((((<* Π / ) U O ) Π ( d n e)) u e)
U ((/U d) Πd) [1; 7)i, α/d, b/d, c/e; D2, a/d, b/e, c/d]

= e u ((/U d) Π d) [7)7, α/<?, δ/(d n 7) U O, c/d]
B l [ a ] : a e A . ^ . a = a Π a
PR [β]:Hp(l) .3.

β = (flΠ(βΠβ))Ufl = flU((flU(flΠ(flΠ «))) n(fln(flίi α)))

[1; Dl, b/a, c/a; D3, d/a n(aDa), e/a, f/a]
= ((a U (a Π (α Π «))) π ( o Π (β n «))) U (((tf n ( β Π α)) U α ) Π f l )

[Zλ?, rf/α, β / ( ( « U ( β Π ( f l Π a))) Π (a Π (a Π a))), / / α Π(aΠ a)]
= ( ( α u ( f l Π ( « n a))) (Ί (α Π (α Π α))) U ( f l Π α ) [i)i, b/a, c/a]
= aΠ a [Dl, a/a Π a, b/a U(flίl(flίl a)\ c/a]

Remark 5: Concerning the proofs of D3 and Bl, cf. Kalman [5].

D4 [ab] :a,beA .3. (b Π a) U a = a [Dl, c/a; Bl]
Al [fl]:«eA.D,a = flUfl [D4, b/a; Bl]
A3 [ab] :a,beA.^>.a{jb = bΌa [D3, d/a, e/b, f/a; Al, Bl]
D5 [abcde]: a, b,c,d,eeA .3. ((a Π (b Π c)) u d) u e

= ((((c n 7) u O) Π (a Π b)) u e) U d [D2, f/d; Al, a/d; Bl, a/d]

D6 [abc]:a,b,c eA .=>. a Π (b Π c) = (((c Π /) U O) Π (α Π b)

PR [αδc]:Hp(l) .=>.
flΠ(δnc) = (fln(δΠc))U(fln(δn c)) [ I ; A i , α/α n(δί l c)]
= ((« Π(δn c)) U(flΠ(δίl c))) U(βfl(δn c)) [ I ; Al, a/a 0 (b Π c)]
= ((((c n / ) u θ ) n ( β Π &)) u (c n (δ π c))) n (a n (6 n c))

[D5, ί?/« Π (6 Π c), e/a Π (b Π c)]
= ((α n (δ n c)) u (((c n/)uo)n(f l ί i &))) u (α n (b n c))

[A5, a/a 0 (b Π c), b/((c Π I) Π O) Π (adb)]
= ( ( ( ( c n / ) u θ ) n ( α n δ)) u ( a n ( b n c))) u ( ( ( c n / ) u o ) n ( α π b))

[D5, d/((c Π /) U O) Π (β Π 6), e/α D (b Π c)]
= ((« n ( δ n c)) u (((c n /) u o) n (α n 6))) u (((c n 7) u o) n (α n 6))

[A3, a/((c nl)Ό O)n(aPιb), b/a Π (b Π c)]
= ((((c n 7) u o) n (α n 6)) u (((c n / ) u o ) n ( α n 6)))

u (((c n 7) u o) n (α n 6))
[7)5, d/((c n / ) u o ) n ( α n δ ) , e/((c n 7) u o) n (anb)]

= (((c n / ) u o ) n ( « n 6)) u (((c n / ) u o ) n ( « n &))
[AI, a/((c Π 7) U O) Π (a Π 6)]

= ((c n/)uo)n(flίiδ) [Ai, α/((c n 7) u o) n (α n b)]

Remark 6: The proof of D6 is not difficult, but it is rather cumbersome.
The deductions used here will be explained by the following schema:

Put a= aΠ (bΠ c) and β = ((c Π 7) U O) Π (a Π b). Then 7)5 will have the form
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Zl [abode] :a, b,c,d,e eA .3. (a U d) U e = {β U e) U d

Hence:

Z2 [abc]:a,b,c eA .3. a = β
PR [abc]:Hp (1) .3.

a = a\Ja=(aUά)Ua=(βUa)Ua=(aUβ)Ua [l Al Al Zl; A3]
= ( β u a ) u β = ( a \ j β ) u β = ( β u β ) u β = β u β = β

[Z1;A3; Zl Al Al]

Below, the same schema of deductions will be used several times.

D7 [a]: a e A .3. a = ((a Π /) U O) Π a
PR [α]:Hp (1) .=>.

α = α Π α = a Π (α Π a) = ((« Π /) U O) Π (« Π a) [1; 5 i ; 51; Z)̂ , δ/α, c/α]
= ((flΠ/)UO)ίlβ [51]

Dδ [a]: ae A .^>. a = (a Π I) Ό O
PR [«]:Hp (1) .3.

a = ((« Π 7) U O) Π « = {{a Π 7) U O) Π (((α Π 7) U O) Π fl) [ 1 ; 7)7; D7]

= ((α n 7) u o) n (((Λ n 7) u o) n ((a n 7) u o))
[7)6, α/(β Π 7) U O, b/(a Π 7) U 0, c/α]

= ((α Π 7) U O) Π ((α Π 7) U O) [57, Λ/(Λ Π 7) U O]
= (aΠI)Ό O [57, β/(« Π/juO]

5 2 [abc]: a, b, c e A .^. a 0 (b Π c) = c Π (a Π b) [D6; D8, a/c]
B3 [ab] :a,beA.^>.anb = bΓ)a [57; B2; cf. section 2.2]

B4 [abc]: a, b, c e A .^. a Π (δ Π c) = (α Π b) Π c [52; 55]
7)9 [αδ]: β, δ e Λ .3. α = α U (α Π δ) [7)4; A5, b/b U α; 55]
7)70 [ab] :a,beA .Z). a = a f) (a U b)
PR [αδ]:Hp (1) .=>.

β = β u β = β u ((ft u α) n «) = ((5 u β) n a) u ((δ u «) π β)
[ 1 ; A i ; 7)3, rf/α, e/a,f/b; 7)3, rf/α, e/(δ U α) Π α,//δ]

= (δ U a) Π a = α Π (δ U a) = β Π (a U δ)
[A7, α/(δ U fl) Π fl; 53, α/δ U «; A3]

Dll [abc] :a,b,ceA .3. (a u δ) u c = (α u c) U δ
PR [>δc]:Hp (1) .=>.

(a U δ) U c = ((β Π β) U δ) U c = ((a Π (a Π α)) U δ) U c [ 1 ; 57; 57]
= ({{(a Π 7) U O) Π (a Π α)) U c) U δ [7)5, δ/β, c/β, d/δ, β/c]
= ((α Π (a (Ί α)) U c) U δ = ((« Π α) U c) U b [D8; 57]
= (α U c) U δ [57]

A4 [abc]: α, δ, c e A .3. a u (δ u c) = (a U δ) U c
PR [W|:Hp (1) .3.

a U (δ U c) = (δ U c) U a = (δ U α) U c = (β U δ) U c
[1; Λ3, b/b U c; 7)77, β/δ, b/c, e/a; A3]

D 1 2 [ a ] : a e A . D . a = a U O
PR [«]:Hp (1) .3.

β = flUfl = flU((flΠ/)uo) = ( β U ( f l n / ) ) u o = β U θ
[1; Al; D8; A4, b/a Π 7, c/0; 7)9, δ/7]

D13 [a]:ae A . 3 . « = a Π 7
PR [α]:Hp (1) .3.

α = (α Π 7) U O = a Π 7 [1; 7)8; D12, a/a Π 7]
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It has been proved above that Dl and D2 imply A3, A4, D9, B3, B4,
D10, D12 and D13. Therefore, the proof of Proposition IV is complete.

5 Proof of PV In this and the next sections the proofs of many theses
are either the same or entirely analogous to the deductions given in
section 4. In such cases their proofs will be presented here in abbreviate
form. Now let us assume Dl and El. Then:

D3 [def]: d, eje A .3. d U e = e U ((/U d) Π d)
PR [<fe/]:Hp(l) .3.

du e = ((dn (e n d)) U d) U e [1; ZλZ, α/d, δ/d, c/e]
= ((d u ( e u ((<* Π (<f Π d)) u 6?))) U d) U β [£>i, β/d, b/d, c/d]
= ((((d n d1) u ( ^ n (<z n (^ n ί?))1)1) n (d n ̂ )) u ̂ ) u ((/u d) n ^)

[EJ, «M b/e, c/d, f/d n(dDd), g/d, h/f]
= eu ((/u rf) n d) [Di, «/β, δ/(rfn d1) u (rfJ-n (rf n (<in ̂ ) ) i ) i , c/d]

Bl [a]:aeA.^>.a = aC)a [Dl, D3, cf. proof of D3 in s e c t i o n 4 ]
D4 [ab] :a,beA.^.(bΠa)Ua = a [Dl; Bl]
Al [ab] ;aeA.^.a = ava [D4; Bl]
A3 [ab] :a,beA.o.aUb = bUa [D3; Al; Bl]
E2 [abcdefg]: a, b, c, d, e,f,ge A . 3 . ({a Π(bΠ(fu c))) U d) U e

= ((((g Π g1) U ( c 1 Π Z 1 ) 1 ) n ( α Π δ ) ) U β ) U d [El; Al; Bl]
E3 [abcfg]:a>b,c,f,geA .3. flίl(δΠ(/U c))

= ((^π^i)u(cin/1)i)n(απδ)
[Ai; E2; A3; cf. proof of D6 and Remark 6 in section 4]

E4 [abc]: a, b, c e A .3. a U δ = ((c Π c 1) u (β 1 Π δ 1 ) 1 ) Πj (δ u a)
PR [αδc]:Hp (1) .3.

al) b = (a\J b) Π(aΌ b) = (aΌ b) Π((aΌb)n(al) b))
[ 1; Bl; a/a U b; Bl, a/a U b]

= («Uδ)n ((« U b) Π (δ U α)) [A3]
= ((c (Ί c 1 ) U (a1 Π δ 1 ) 1 ) Π ((a u δ ) Π ( α U δ))

[JS3, α/α U b, b/a U 6, f/b, g/c, c/a]
= ((c Π c 1 ) U ( α 1 Π b1)1) ί l ( α U 6 ) [J?i, α/α U b]
= ((c Π c 1 ) U (a1 Π δ 1 ) 1 ) Π ( δ U α ) [A3]

E5 [abc] :a,b,ceA .3. a U δ = (c Π c 1) U (β 1 Π δ 1 ) 1

PR [βδc]:Hp (1) .3.
a U δ = ((c Π cL) U (α 1 Π δ 1 ) 1 ) n ( δ U α ) [1, E4]
= {{c f)cL)Ό{aιΠ δ 1 ) 1 ) n ( α U δ ) [A3]
= ((c n c1) u {aL n δ1)1) n (((c n c1) u (Λ 1 n δ1)1) n (δ u «)i) [E4]
= ((c n c1) u {a** n δ1)1) n (((c n c1) u (Λ 1 n δ1)1) n ((c π c1)

u (α1 n δ1)1))
[E3, a/(c Π c 1) u (a1 Π δ 1 ) 1 , δ/(c Π c 1) u (α 1 Π bL)LJ/by c/a, g/c]

= ((c Π cL) U (α1 Π δ1)-1) Π ((c Π c1) U {a1 Π δ 1 ) 1 )
[Bi, α/(c Π c 1) U (α1 Π δ 1 ) 1 ]

= ( c n c 1) u (β 1 Π δ 1 ) 1 [Bl, a/(c Π c 1) U (α 1 Π δ 1 ) 1 ]

B2 [abc]: α, δ, c e A .3. α n (δ Π c) = c Π (α Π δ)

PR [αδc]:Hp (1) .=>.
α Π (δ Π c) = a Π (δ Π (c u c)) [I; Al, a/c]
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= ((c n c L ) u ( c 1 n c 1 ) 1 ) π ( α n δ ) [£3, f/c,g/c]
= (c U c) Π (β Π δ) = c Π (α Π δ) [E5, a/c, b/c; Al, a/c]

B3 [ab] :a,beA.^.aΓ)b = bΓ\a [Bl; B2; cf. section 2.2]

B4 [abc]: a, b, c e A .3 . a Π (b Π c) = (α Π δ) Π c [52; 53]

2)9 [«δ]: α, δ e A .3. α = α u (α Π δ) [2)4; A3; B3]

D10 [ab]:a,b eA .3. a = β Π (α u δ)

[Ai; 2)3; 53; c/. proof of 2)JO in section 4]

Dll [abc]: α, δ, c e A .3. α u (δ U c) = (α U c) U δ

PR [αδc]:Hp (1) .3.

(α U δ) U c = ((a Π α) u δ) U c = ((« Π (a n «)) U δ) U c [ 1 ; 52; 52]

= ((a n(flί l(flU α))) U δ) U c [Al]
= ((((a Π α1) U (α1 Π a1)1) Π (a Π a)) u c) \j b

[E2, b/a, c/a,f/af d/b, e/c9 g/a]

= (((a Ufl)n(flίlfl))Uc)Uδ [E5, b/a, c/a]

= ((flΠfl)Uc)uδ=(flUc)Uδ [Al; Bl; Bl]

A4 [abc] : α , δ , c e A A α U ( δ U c ) = ( f l U δ ) u c [A3; Dll; A3]

E6 [a]:aeA .3 . α = a11

PR [α]:Hp (1) .3.

fl = « U β = ( f l i Π a 1 1 ) U (α1 Π α 1 ) 1 [1; Al; E5, b/a, c/a1]

= (a1 Π α 1 1 ) U α 1 1 = α 1 1 [52; α/β1; D4, a/a11, b/a1]

E7 [ab]: a, be A .=>. a = (δ Π δ1) U a [Al; E5, b/a, c/b; Bl, a/a1; E6]

E8 [ab]: a, b e A .3. a Π a1 = δ n δ 1

PR [αδ]:Hp (1) .3.

« Π a1 = (δ Π δ1) U (a Π β1) = (αΠ a1) U (δ Π δ1) = δ Π δ 1

[1; £7, α/α Π a1; A3, a/b Π b1, b/a Π α1; £7, a/b Π δ 1 , δ/«]

2)/2 [a]:aeA .3. α Π f l ^ O [E5]

.EP [fl]:«eA.D.fl = flUO [£7, δ/α; A3, δ/α Π α 1 ; 2)/2]

^2(9 [αδ]: a, b e A .3. a u δ = (a1 Π δ 1 ) 1 [£5, c/δ, E7, ̂ /(a 1 Π δ 1 ) 1 ]

E22 [ab]: β, δ e A .3. (α u δ)1 = β 1 Π δ 1 [E26>; E6, a/a1 Π δ 1 ]

£22 [ab] :a,beA .3. (α Π δ)1 = a1 u δ 1

[£22, α/α1, δ/δ 1 ; £^; £(5, α/δ; £^, α/β 1 U δ 1 ]
Df2 o1 = 2 [zyj]

£23 [a]:aeA .3. cUfl 1 = 2

PR [β]:Hp (1) .3.

a\j a1 = (a1n a11)1 = (α1 Π a)1 = (a Π a1) = O1 = 1

[1; £20, δ/α1; E6; B3, b/a1; Dfl; Of2]

E14 [a]: a e A .3. α = α Π 2 [£2(9, δ/α1; £23]

Thus, the theses A3, A4, D9, B3. B4, D10, D12, D13, E12, Ell, E6, Dfl

and E13 follow from Dl and £2. Therefore, Proposition PV holds, cf. [1],

p. 52.

6 Proof of PVI Let us assume Dl and £2. Then:

D3 [def]:d,e,feA .3. du e = e U ((/U d) Π <?)

PR [<fe/]:Hp(l) .3.

d U e = (((d Π(dΌ d)) Π (e Π d)) U d) Ό e

[ 1 ; Dl, a/d, b/df] (d\j d), c/e]
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= ((((dO I) UO)Π ((df) ((dΠ (dUd))) Ud)) Γ) e)) U e U ((fUd) Π d)
[Fl, a/d, b/d, c/d, m/e, n/d]

= eu ((fUd)Πd) [Dl, a/e, b/(dΠI)uO, c/d n ((d n (d\jd))\jd)]

Since Dl and F I imply D5 and since Bl, D4, and Al follow from Dl and
D3 alone, cf. section 4, the following deductions hold:

D2 [abcdef]:a,b,c,d,e,feA .3. ((a 0 (b Π c)) U d) U e
= ((((c n /) u o) n (β n δ)) u e) u ((/u rf) n d)

PR [abcdef]:H$ (1) .D.
((fl Π (b Π c)) U d) U e = (((fl Π (fl U fl)) D (b Π c)) U d) U e [ 1 ; £ i ; A i ]
= ((((c Π /) U O) Π ((a Π ((α Π (a U α)) U α)) U 6 ) ) U e U ( (/U rf) Π ̂ )

[Fl, b/a, c/a, m/b, n/c]
= ((((c Π/)U0)Π(flΠ 6)) U e) U ((/U d) Π if) [Al; Bl]

Since D^ is a consequence of Z>i and Fl, we know that the system
{D1,F1} is a lattice with universal bounds. Hence, we have at our disposal
all theses proven in section 4. Therefore,

F2 [abcdemn]: a, b, c, d,e,rn,neA .3 .

(((a Π(bU c)) Π(m Πn)) Ud)Ue
= ((n Π ((a Π ((b Π(flU c)) U c)) Πm))\je)Όd [Fl; D8; Al; Bl]

F3 [abcmn]:a, b,c,m,neA .D. (a Π (δ U c)) Π (m On)
= nD((aΠ ((b Π (fl U c)) U c)) Π m)

[F2; Al; A3; cf. proof of D6 and Remark 6 in section 4]
F4 [abc] :a,b,ceA .3. aΓ\ (δ U c) = fl Π ((6 Π (fl U c)) U c)
PR [flδc]:Hp (1) .3.

fl n (δ u c) = (fl n (b u c)) n (fl n (b u c)) [ i ; BI, a/a n (δ u c)]
= (fl Π (δ U c)) Π ((α Π (δ U c)) Π (fl Π (δ U c))) [Bl; a/a Π (δ U c)\
= (fl n (δ u c)) n ((« n ((δ n (a u c)) u c)) n (a n (δ u c)))

[F3, m/a Π (δ U c), w/β Π (δ U c)]
= (fl n (δ u c)) n ((« n ((δ n {a u c)) u c)) n ((« n ((δ n (fl u c)) u c)))

[F3, m/a Π ((δ Π (fl U c)) U c); w/fl Π (δ U c)]
= (fl n ((δ n (α u c)) u c)) n ((fl n ((δ n {a u <?)) u c))

n (fln ((δn (flu c)) u c)))
[i^5, m/a Π ((δ Π (fl U c)) U c), w/fl Π ((δ Π (fl U c)) U c)]

= (fl n ((δ n (fl u c)) u c)) u (« n ((δ n (a u c)) u c))
[ E i , α/flΠ ((δΠ (αU c)) U c)]

= fl Π ((δ Π (fl U c)) U c) [ 5 i , a/a Π ((δ Π (fl U c)) U c)]

Remark 7: The deductions used here will be explained by the following
schema:

Put a = fl Π (δ U c) and β = a Π ((δ Π (a U c)) U c). Then iΉ will have the form

Z3 [abcmn]: a,b,c,m,neA .3. a Π (m Π w) = nΠ (β Π m)

Hence:

Z4 [flδc]: fl, δ, c e A .3. a = 0

PR [flδc]:Hp(l) .=>.
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a = α Π a = a Π (a Π a) = a Π (β Π α) [1; J5i; £ i ; Z3]

= αn(/3n/3) = /3n(βΠ0) = β Π β = β [Z3; Z3; £ i ; Bl]

Below, the same schema of deductions will be used several times.

Since in the field of any lattice F4 is inferentially equivalent to the

standard axiom of modular lattices

Ml [abc]:a,b,ceA .a ^ c .3 . a U (δ Π c) = (a\j b) Π c,

cf UL P 39, the proof of Proposition VI is complete.

7 Proof of PVII Let us assume Dl and Gi. Then:

D3 [def]:d,e,feA .3. d U e = e U ((/U rf) Π d)

PR [>/]:Hp (1) .3.
due = (((d Π(du d)) Π (e Πd)) U d) U e [ 1 ; D i , δ/rf Π (^ U d ) , c/e, a/d]

= {{(d Π(du d)) Π (e n ( ( d n (rf n rf)) U rf))) Ud)ue [Dl, b/d, c/d, a/d]

= ( ( ( ( ^ n ί? 1) u {dL r\(dr\(dn d))1)1) n ((rf n ((d n(du d))

Ud))C\e)))VJe)Ό {(f\Jd) Π d)

[Gl, a/d, b/d, c/d, m/e, g/d Π (d Π rf), w/rf, V ^ ]

= eu ((fUd)Πd)

[Dl, b/(dΠdι)D (dλn (d Π ( ^ Π ^ ) ) 1 ) 1 , c/rf Π ((d Π (rfurf)) Πrf),«/e]

Thus, Di and Gi imply Z)3 and, therefore, also Bl, D4, and Al, cf.

section 4. Whence:

El [abcdefgh]: a, b, c, d, e,f,g, he A .3.

((a Π ( 6 Π ( / U c))) U d) U e = ((( (£• ( Ί ^ 1 ) U ( c 1 Π / 1 ) 1 ) n ( β n δ ) ) U e )

U ((Λ U d) Π d ) [Gi, 6/α, c/a, m/b, n/c, g/f, f/H, h/g; Al; Bl]

Since we have Dl and El, we know that the system under investigation

is an ortholattice. Then:

G2 [abcdemn]: a, b, c, d,e,m,neA .3.

(((a Π(δU c)) Π (m Π n)) U d) U £

= ((w n ((α n ((& n ( β u c)) u c)) n m ) ) u ^ ) u d
PR [abcdemn] :Hp (1) .3.

(((α 0 (b Ό c)) Γ) (m f) ri)) U d) Ό e
= (((α Π (δ U c)) Π(mΠ(n[J ή))) U rf) U e [1; AZ, α/w]
= ( ( ( ( w n w 1 ) u ( n 1 n n 1 ) 1 ) n ((a n ((δ n ( « u c)) n c ί ) ) n m ) ) u ^)

U ((d u d ) Π d ) [Gl, g/n, h/n, f/d]
= ((n Π ((tf Π ((δ Π(flU c)) u c)) Π m)) U e)\j {dr\d)

[E5, a/n, b/n, c/n; Al, a/p Al, a/d]
= ((n Π ((a Π ((δ Π ( f l U c)) U c)) n w ί ) ) U β ) U d L^^, a/d]

G3 [abcmn]:a,b,c,m,ne A .3 . (a Π (δ U c)) Π (m Π w)

= «Π((flίl ((δ Π(flU c)) U c)) Π m)

[G2\ Al; A3; cf. proof of D6 and Remark 6 in section 4]

F4 [abc]:a,b,ceA .3. a Π (δ U c) = a Π ((δ Π (α U c)) U c)

[G3; Bl; cf. proof of .F4 and Remark 7 in section 6]

Since the system {Dl, Gl} is an ortholattice and implies F4, the proof

of Proposition VII holds, cf. section 6.
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8 Proof of P VIII Let us assume Dl and HI. Then:

D3 [def]:d,e,feA Λ dΌ e = e \j ((fΌ d) Π d)

PR [de/]:Hp (1) .3.

d U e = ((((d1 Π (d U ((d Urf)U d))) Όd)Π(eΓ\d))ud)Όe

[ 1 , Z>1, δ/V 1 Π (d U ((d U d) U d))) U d, c/e,a/d]

= ((dn (((^nd) u (((^nd1)1 ud) u d)) n *)) u e) u ((/u d) n d)
[tfl, α/d, b/d, c/d, m/e, w/d, #/d, Λ/d]

= <?U ( ( / U d ) Π d )

[Dl, 6/d, c/(dι Π d) U (((rf1 Π rf1)1 u d) u d), α/e]

Since Dl and D3 imply ^2, D4, Al, and A3, we can proceed as follows:

H2 [abcdeghmn]:a, b, c,d, e,g,h,rn,neA .3.

((((α1 n(cu ((b u c) u d))) ufl)n(mnw))u^)ue
= ((n Π (((hL Πh)u (((dι Π c 1 ) 1 U b) u α)) n m ) ) U ^ ) U g

[Hl,f/g;Al, a/g Bl, a/g]

H3 [abcdhmn]:a,b,c,d,h,mtneA .D.

((α1 n ( α u ((δ ϋ c ) u d))) uα)n(w Π w)
= n Π (((/i1 Π A) U (((dL Π c 1 ) 1 u b) u α)) Π m)

[H2; Al; A3; cf. proof of D6 and Remark 6 in section 4]

H4 [ahmn] :a,h,m,neA Λ a Π {m Π n)

= » Π (((h1 Πh)U ((alL Ufl)U a)) Π m)

PR [αfemw]:Hp (1) .=>.

a Π (m Π n) = ((α1 Πfl)Ufl)n(wίΠw) [1; i)4, b/aL]

= ((α1 n ( α U ((« Ufl)U <z))) Uβ)ίl(wίίlw) [Al]

= n n (((h1 Πh)\j (({a1 Π α 1 ) 1 Ufl)U a)) Π m) [^3, b/a, c/a, d/a]

= n ί l ( ( ( / 2 1 Π h ) Ό ( ( a l L u « ) U fl)) Π m ) [Bl, a/a1]

H5 [ah] :a,heA .^>. a = (hLΠh)Ό ((α1 1 ' Ufl)U«)

[iΓ4; -Bl; cf. proof of F4 and Remark 7 in section 6]

B2 [abc]: α, 6, c e A .=>. α Π (6 Π c) = c Π (α Π 6) [fl4, m/6, w/c; ίΓ5]

5 3 [ α δ ] : a , b e A .^>. aΠb= bΠa [Bl; B2]

D10 [ab]: a, b e A . 3 . a = « n ( f l U δ) [D4 B3; A3; cf. sect ion 4]

H6 [a]: a e A . 3 . a = (a11 U a) U a

PR [ « ] : H p ( l ) . 3 .

a = ( ( (α 1 1 Ufl)U α ) 1 Π ( ( α 1 1 U « ) U α)) u ((a11 U a) U a)

[1;H5, h/(aL1 U a) U a]

= (flπUfl)Ufl [D4, b/((aL1 UfljUfl)1, a/(aiJ" Ufl)Uα]

U7 [ah]:a,heA .3. α = (^π^)Ufl [̂ Γ5; ^

ITS [αδ]: a, b e A .3. α = α U (δ Π δ1) [#7, fc/δ; 53, α/δ1; A3, b/b Π δ 1 ]

i/P [abcdh]:a9 b,c, d, he A .3.

(aL Π(flU ((δ Uc)U d))) Όa = (hLΠh)Ό (((dL Π c 1 ) 1 U δ) U a)

[H3; Bl; cf. proof of F4 and Remark 7 in section 6]

#10 [abcd]:a,bfc,deA ,D.βU ((« U ((δ U c) U <2)) n o 1 )

= ((dJ-Πc1)1 u b)\ja

PR [αftcd]:Hp (1) .3.

βU((flU ((δ U c) U d)) Π α1) = ((α U ((δ U c) U d)) Π α1) U α
[ 1 ; A3, δ/(α U ((δ Uc)U d)) Π α 1 ]
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= (a1 Π (a U ((b Uc)U d))) U a [B3, a/a1, b/a U ((b U c) U d)]

= (b1 Πb)U (((d1 Π c ψ Ub)ua) [H9, h/b]

= ((d1 Π c1)1 u δ) U a [H7, a/({dL Π c 1 ) 1 u δ ) U f l , V&]

Thus, #itf, #S, and D19 are the consequences of Dl and # i . Since it

has been proved in [7] that the set {H10,H8,D10} is a postulate system for

orthomodular lattices, the proof of Proposition VIII holds.

9 Proof of PIX Let us assume Dl and Kl. Then, in an entirely

analogous way to section 6, we obtain D3, Bl, D4, Al, A3, and D2 from Dl

and Kl. Hence the system {Dl,Kl} is a lattice with universal bounds.

Therefore, we can prove in the same manner as in section 6 the following

theses:

K2 [abcdemn]: a, b, c, d,e,rn,neA .3 . (((a Π ( δ u c)) Π (m Π n)) U d) U e

= ((n Π (((a Π b) U (a Π c)) Π m)) U <?) U d [Kl; D8; Al\ Bl]

K3 [abcmn]: a,b,c,m,ne A . 3 . ((a Π (b \j c)) Π (m Π n))

= nf] (((a Π δ ) U ( f l U c)) Π m)

[Kl; Al; A3; cf. proof of D6 and Remark 6 in section 4]

K4 [abc] :a,b,ceA.o>.an(b\jc) = (anb)U(anc)

[K3; Bl; cf. proof of F4 and Remark 7 in section 6]

Since the system {DlfKl} is a lattice with universal bounds and implies

K4, the proof of Proposition IX is complete.

10 In another paper I shall discuss some problems related to the kind of

axiomatizations investigated here.
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