180

Notre Dame Journal of Formal Logic
Volume 27, Number 2, April 1986

On Purely Relevant Logics

ARNON AVRON

1 Introduction The system RMI - (which consists of the implication-nega-
tion axioms of RM) was investigated in [3] and shown there to be an optimal
relevance logic in its language. We note there, however, that one cannot add to
it an R-style extensional conjunction A, with A AB— A, A AB— B as axioms
and the adjunction rule of inference (A, B | A A B), without losing its rele-
vance character (see [1], 29.5, and [3], III.8).

This state of affairs is not altogether surprising. Anderson and Belnap faced
a similar problem when they came to add to R (or E5) extensional connec-
tives. In R, e.g., the meaning of — is given by the “relevant deduction the-
orem”, according to which a sentence of the form A, - (A, —»...—> (4, —~
B)...) is provable in R iff there is a proof in R~ of B from the assumptions
Ay, ...,A, which uses all the A;’s. (Here the meaning of “proof” is the usual
one, while the meaning of “use” is to be understood according to the rele-
vantist’s analysis of this term (see [1], Chapter 1).) Accordingly, if one wishes
to add to R~ an extensional conjunction such that AAB} A, AAB} B and
A, B} A A B are all valid modes of inference, then he must recognize A A B—
A, AnB—- Band A - (B— A A B) as valid sentences. However, it is well
known that by adding these schemes to R we get classical logic.

Anderson and Belnap’s first step in order to solve this difficulty was to give
up A — (B— A AB) as a valid sentence and to introduce instead adjunction as
a new, primitive rule of inference (besides M.P. for —). A second, unavoid-
able step was to propose some new concepts of “proof” relative to which some
version of the deduction theorem does hold. (In [1] and [5] three competing defi-
nitions can be found of what a “proof” in R or E is.! This is an obvious evi-
dence that the relevantists have no clear intuition at this point.) These concepts
of proofs all seem ad hoc and entail many absurdities. Consider an example:
A A (B— B) can be inferred, according to them, if we assume both A and B—
B but not if we assume A alone, although B — B is a logical truth of the sys-
tem and so it would be ridicuous to pretend assuming it.
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Our opinion is that the real source of these difficulties is the relevantist’s
unfortunate attempt to express pure extensional inferences (like that of A from
A A B) using relevant implication. Their failure to do so in the case of adjunc-
tion and the total impossibility of this idea? in the case of RMI, are only indi-
cations of something more fundamental: when — is relevant A A B — A (in
contrast to A A B} A) should be taken as valid only if the conjunction connec-
tive A occurring in it has a relevant character too. In particular 4 A B— B is to
be valid only if a necessary condition for the truth of 4 A B is that A and B are
relevant to each other.

In this paper we follow this line of thought by adding to R~ and RMI a
relevant conjunction, instead of the meant-to-be extensional one of R and RM.
Nevertheless, we shall try to keep as close as possible to the original systems and
ideas of Anderson and Belnap (leaving a more radical approach for some other
time). The most straightforward way to achieve this is to adjoin to R~ and
RMI the rules and axioms of Ry, (the “first-degree-entailments” fragment of
R and E?) without any further modifications. In this way we obtain two sys-
tems, PR and PRM respectively, which might be called “purely relevant” since
they possess the variable-sharing property with respect to both —» and A. We
show that R and RM can be obtained from PR and PRM by adding to them
axioms, the intuitive meaning of which is that any two sentences are relevant to
each other. We show further that the adjunction rule and the disjunction syl-
logism have quite a parallel role in the context of PR, PRM, R, and RM.*

For reasons which are discussed in [3], RMI seems to us preferable to R
in the context of pure relevance logic. (For example, it has an appropriate idem-
potent relevant disjunction, which R, has not.) Therefore, we devote our atten-
tion to PRM in the rest of this paper. We show, among other things, that this
system has an infinite characteristic matrix, which resembles Sugihara matrix but
has two “zeroes” instead of the single one of Sugihara. This limitation to pre-
cisely two zeroes seems nonintuitive to us, and indeed PRM contains some
unpleasant theorems like R(A, B) v R(A4, C) v R(B, C), where R(A4, B) is a
sentence of the language which intuitively means that A and B are relevant to
each other. By weakening a little bit the distribution axiom of PRM (which was
inherited from R), we get another system, PRM™*, which has a more satisfac-
tory semantics and in which sentences of the above sort are not provable. How-
ever, PRM* still contains nonintuitive theorems like R(A4, B) vR(A A B, C) and
so still leaves something to be desired.® In order to get a really appropriate pure
relevance logic we need a more radical approach to distribution and so a fur-
ther departure from Anderson and Belnap systems is called for. This will be the
subject of another paper.®

2 Preliminaries: Logical systems
The system R

Axioms

Rl A-A

R (A-B)-.(B->C)-»A-0)
R3 A->(B-C)—->.B->(A-C0)
R4 (A-(A-B)—->(A-B)
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R5 AAB- A
R6 AAB-B
RT (A->B)A(A->C)—-.A->(BAC)
R8 A->AvB
R9 B->AvVB
R10 (A-C)A(B—-C)-».(AVvB)-C
R11 (AvB)A(AvC)—> . Av(BAC)
R12 (A- ~B)—> (B— ~A)
R13 ~~A4 - A.
. A A-B A B .
Rules of inference B M.P) A B (Adj.)

R_, and R are the {—} and the {~, —} fragments, respectively, of R.

RM is the system obtained from R by replacing R1 by RM1: 4 - (4 -
A).

RMI is the system in the {~, —} language having RM1, R2-R6 as
axioms, and M.P. as the rule of inference. RML_, is the implicational fragment
of RMI,.

A thorough investigation of both systems, including a characteristic matrix
and Gentzen-type calaculi, is given in [3].

RM is the implication-negation fragment of RM. It is a proper extension
of RMI, and is usually called Sobodinski three-valued logic (see [8], [7], and
[11, pp. 148-149). RM_ (as well as RM_,) has only the classical logic as a
proper extension (see [3]).

RM_, is the implicational fragment of RM (see [6] and [3] for two differ-
ent formulations).

Other connectives
A+ B =df(~A)—>B
AeB=~(~A+ ~B).

The importance of ¢ is due to the fact that A - (B— C) and (A - B) — C are
equivalent in R.

The system Ry, (first-degree fragment of R and E)

Axioms

(1) ANB— A

2 ANB—>B

3)A-AVB

@4 B> AvVB

5)A->~~A

6) ~~A- A

(7 (AvB)A(AVvC)—->Av(BAC).

In (1)-(7) A, B, C do not contain —.
Rules of inference:

A-B,B-~>C
an —aAsc
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A—-B
~B—~A
A->B A-C

A-.BAC

A-C B-C
(AvB)->C -

All theorems of Ry, are first-degree-entailments, i.e., sentences of the form
A — B where 4 and B do not contain —.

An ordinary Sugihara matrix is a structure (S, <, ~, —) in which (S, <)
is a linearly ordered set. ~ is a unary operation satisfying De-Morgan conditions
(~~a=a,a<b= ~b =< ~a),—is a binary operation defined by:

~avb a<b
a—b: .
~anb otherwise,

12)

(I3)

(14)

we call a € S designated iff ~a < a.” An ordinary Sugihara matrix S is called
normal if @ # ~a for a € S. By NS, the normal Sugihara matrix, we shall mean
here the integers without 0 (with the usual < and ~), and by the abnormal Sugi-
hara matrix we similarly mean the integers. We note the Meyer has shown that
the normal Sugihara matrix NS as well as the abnormal one are characteristic
for RM (see [1]).

L. Definition 1
(a) PR is the system obtained from R by replacing (adj) by the following rele-
vant adjunction rule:

A-B A-C
A- .BaC

(b) PRM is the system obtained from RM by the same replacement.

(re. adj)

Theorem 1

(i) PR is equivalent to R5 U Ry, (i.e., the system in the language of R which
has as axioms and rules of inference exactly those of R5 U Ry,,, all extended
to the language of R).

(ii) PRM is equivalent to RMI U Ry,,.

Proof: (i) It is not hard to see that R5 U Ry, S PR. We show here, as an exam-
ple, that PR is closed under rule 14 of Ry.. We need first a lemma:

Lemma 1
(@) If tggA - B and tggA — C then tgr (A~ B) A (A— C)
(b) If bgC > A and b5z B — A then s (C—> A) A (B— A).

That PR is closed under I4 is an immediate consequence of part (b) of the
lemma and Axiom R11.

Proof: (a) If I-WA — B and WA — C, then IWM)A - (BAC) by
re. adj. Since terar BAC — B, also A —» (BAC) - .A — B is provable, and
similarly A - (BAC) —» .A - Cis. Using re. adj. once more, followed by M.P.,
we see that (A4 — B) A (A — C) is provable.
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(b) Suppose }WC — A and kgB — A. Then teran ~4 ~C and
teran ~A — ~B. By part (a) bgggz (A > ~B) A (=4 - ~O). Since ’E
(~A - ~B) - (B— A), we get easily that lzz77 (B~ A) A (C— A).

Returning now to the proof of Theorem 1, we note first that all the
systems we deal with in this paper are easily shown to be closed under sub-
stitutions of equivalents. As a consequence we can replace everywhere 4 —
(B-C)byA.B—->C, AvBby ~(~AA~B), A—> Cby ~C—- ~A4 and
vice versa. Now, in order to show that PR € R5 U Ry, we only have to
show that Axioms R7 and R10 are deducible in R~ U Ry, and by the above
remarks it is clear that it suffices to deduce R7 (say). Since }R——@;;;(A -

=

B)A (A - C) —». A— B we have that m[((A >B)A(A—>C))-A] -
B. Similarly m[((A - B)A (A - C)) o A] — C. From these theorems
R7 follows easily using re. adj. and the equivalence of A - (B— C) and 4 o
B—-C.

The proof of (ii) is similar.

The next definition introduces a matrix that will be shown later to be char-
acteristic for PRM:

Definition 2 AS, the augumented Sugihara matrix, is the matrix differing
from the ordinary Sugihara matrix S by having two “zeroes”, 0; and 0,, for
which O, v0, =1,0, A0, = -1, ~0; =0;, ~0, = 0,. (As a consequence 0; —
01 =01, 02—>02=02, 01_’02=02—’01 = —'1)

Note: In any other respect AS behaves exactly like S (e.g., a=> b= ~av b if
a<b, a— b= ~anb otherwise). Hence, in order to show that a particular for-
mula, known to be valid in S (i.e., a theorem of RM), is also valid in A4S it is
enough to check assignments involving both 0; and 0,. Using this fact the proof
of the following is straightforward:

Theorem 2
Every theorem of PRM is valid in AS.

As an immediate corollary we have:

Theorem 3 PR and PRM have the sharing-of-variable property for both —
and A, i.e., A > B and A A B are provable only if A and B share a variable.

Proof: Suppose A and B do not share a variable. Let v be a valuation such that
v(P) = 0, for every P occurring in A, v(P) = 0, for every P occurring in B.
Then v(A4) =0y, v(B) =0,, v(AAB) =v(A - B) = —1. Hence, by Theorem 2

I}TR;AAB, }FmA/\B.

We introduce now two kinds of sentences, both expressing formally that
A and B are relevant to each other:

Definition 3
(@) R*(A, B) =4 (A— A)A (B~ B)
(b) R*(A, B) =4 (A~ A) + (B- B).

The next theorem contains the most important proof-theoretical properties of
PRM:
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Theorem 4

(@ A, B, R"(A, B) bzkAAB

(b) brzz(AAB) = (A + B)

(¢) R*(A4, B), (A—>B) + (B— A) and (A - B) v (B — A) are equivalent in
PRM

(d) For any particular A and B, R* (A, B) and R"(A, B) are interdeducible in
PRM:

R*(A, B) bz R*(A, B)  R™(A, B) lpgzz R* (4, B)

(€) A — B lsg; R™(A, B)

(f) (i) tprigR" (A, A); (i) lgzzR™(A4, B) —» R (B, A)

(&) R™(A, B) gz R"(A, ~B)

(h) (i) RM(A, B) kszzz RN(A, B~ C); (ii) R*(A, B) lpzz; R(A, C— B)

() @) RA, B) bszzz RN(A A C, BAC); (ii) RN(A, B) gz RN(A Vv C, Bv C)
G) If T, A tpgz; C and T, B tpgz; C then T, AV B gz C

(k) B bz AV (4 > B).

Proof: (a) Since lz— A - ((4 - A) = A), we have that A |53 (4 > A) - A.
Hence, by R" definition, A tzz R*(A, B) — A. Similarly, B t5z R*(A, B) - B.
By re. adj. A, B lsg R*(A4, B) - A A B and (a) follows.

®) k= (C>A) > ((C->B)>.C—>.A+ B).® Substituting A A B for C
we obtain (b;.

(©) gz RT(A4, B) ¢ ((A—> B) + (B— A)). Also, since I-ﬁ:(A - C) —.
(B-0) . (A + B) — C) we have, by taking C to be AV B, lzzA + B—
A v B. Hence ls5((A—~ B) + (B~ A)) —». (A— B) v (B— A). Finally, since
teaz= (A — B) = R*(A, B), \gzz= (B— A) » R*(A, B), also lzgz;(4 — B) v
(B— A) - R*(A, B). h

(d) That R*(A4, B) b R*(A, B) follows immediately from (b). For
the other direction we have gz~ ~(A = 4) = (4 - A) and R* (A4, B) |z
~(A - A) - (B - B). Hence, by re. adj. we deduce that R*(A, B) bszz
~(A—- A) - R"(A, B) and so R*(A, B) lggz; ~R"(A4, B) = (A > A). Simi-
larly R* (A, B) tpgzz ~R"(A, B) - (B — B). Applying re. adj. we get: R* (A,
B) tpgzz ~R"(A, B) - R"(A, B). But |z— (~C—> C) - C, so R*(A, B) sz
R"(A, B).

(e) This is a direct consequence of (c¢) and (d).

(f) We leave the proof to the reader.

() Since gz~ R* (A, B) = R* (A, ~B), (g) is a consequence of (d).

(h) Similar to (g).

(i) We show, for example, that R"(A, B) tgz; R*(A A C, BAC). Now
we have: lgz- R* (A4, B) » .(A—> (B— (~B— A))). Hence, by (d), R"(4,
B) gz A —» (B— (~B— A)) and s0:

(1) R"(A, B) lpgzz (AAC) > ((BAC) » (~B— A)).
Also, since lgz= (B + C) —» (C—~ (~B — C)), we have that lp3;(B + C) —
(AAC—> (~B—:C)). Hence, by (b), lsgzz(BAC) = ((AAC) » (~B— ()), or:
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@) ras(AAC) > ((BAC) » (~B— ()).

From (1) and (2) we infer R"(A, B) tpgz7 (AAC) - ((BAC) = (~B —.
AnC)), so:

(3) RN(A, B) tpgz (AANC) » ((BAC) = (~(AAC) — B)).

Using (b) and the fact that fR—M—,; (A+ C)—- (C— (~C— A)) we infer
that:

@) bgz(AAC) > ((BAC) - (~C > A)).
Also, since WE C— (C-» (~C—-(C)), we have that

) bz (AAC) = ((BAC) = (~C - (0)).
Applying re. adj. to (4) and (5) followed by a contraposition we get:

6) rir(AAC) > (BAC) > (~(ANC) > O).
(6) and (3) give, again by re. adj.: RNA, B) lpgz7 (AAC) = (BAC) = (~(A A
C) > (BACQ)), i.e., RN(A, B) lggzzR*(AAC, BAC) (since bz~ R (A, B) &
(A —>. B— (~A— B)). Now use (d). N

(j) As a consequence of (a), (h) and (i) we have: Av B, Av (B~ C) bspzz
(AvB) A (Av (B~— C)). Hence, using distribution,® A v B, Av B - C) bz
Av (BA (B~ C)). Similarly: Av(B—C), AV (B— D) gz AV ((B— C) A
(B - D)).

Since it is easy to show that tzzB A (B - C). - C and that E — F |ggy;
(GVE)—- (GvF), we can conclude that

(1) AvB, Av(B-C) lggi7AVC

QAvV(B—C), Av(B— D) gz AV (B— (CAD)).
We can now use (1) and (2) to follow the proof in [1], pp. 301-302 and show
that if T, B lzz3; C, then T, A v B Igg5; A v C and, then, ().

(k) Since tsgzz4 — A v B we have, by (¢), that tz3;R"(A, A v B) and so,
by (g) and (f), tsgz;R(~A, A v B). It follows now, by (a), that ~A4, A v B bggz;
~A A (A v B), and so, using distribution and B sz A v B, that ~A, B lsr3;
(~AANA)v (~ANAB). But lgr(~AAA) > A and lsgz(~AAB) > (A - B)
(by (b)), hence ~A, B sz A v (A = B). Obviously A, B lzz AvA— B, and
so, by (j) ~AV A, Blggz; AV (A - B). But l5zA'v ~A4 (since -4 + ~A
and bz (A + ~A) - (A v ~A)). Hence (K). -

We turn now to prove the converse of Theorem 2, i.e., completeness of
PRM relative to AS. The proof is similar to that used by Dunn in [4] in order
to show the completeness of RM relative to Sugihara matrix (first shown by
Meyer). As a first step we generalize the semantics:

Definition 4 By an augumented Sugihara matrix we mean either an ordinary
Sugihara matrix or any structure obtained from a normal Sugihara matrix M,
having a minimal designated value (we denote by 1), by adjoining to M two
“zeroes” 0; and 0, and defining: 0; - 0; = ~0; =0;, 0, >0, = ~0, =05, 0, v
0,=1,0,A0, =-1, 0, >0, =0, > 0, = —1. The designated values of the
augumented matrix are those of M, together with 0, and 0,.

Note: It is not difficult to see that, like in an ordinary Sugihara matrix, the desig-
nated values are those a’s satisfying ~¢a <aand thata—> b= ~avbifa<b,
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~a A b otherwise. (The order relation is determined, of course, by A and v.)
Further, any augumented Sugihara matrix is a distributive lattice in which ~
satisfies De-Morgan conditions (~~a =a, a < b & ~b < ~a) and the normal
members of which form a chain.

Theorem 2* If T'tpgzz A, M is an augumented Sugihara matrix, and v is a
valuation in M in which every member of T has a designated value, then v(A)
is designated too.

We leave to the reader the proof of the above theorem, as well as of the
following lemma:

Lemma 2

(a) If M is an augumented Sugihara matrix, v a valuation in M, A a sentence
all atomic variables of which are among {Py,...,P,}, then v(A) € {0, 0,, %1,
+v(Py),..., xv(P,)}.

(b) If, under the above conditions, v(A) is not designated then A is not valid
in AS (Definition 2).

Theorem 5 The completeness theorem
@) If T is a PRM-theory, T m ¢, then there is an augumented Sugihara

matrix M and a valuation v in M such that v(C) is designated for any C € T,
but v(¢) is not.
(b) begazA iff A is valid in AS.

Proof: (b) follows immediately from (a), Theorem 2, and Lemma 2. To show
(a), let 7 and ¢ be as above. Following [1] and [4], we call a theory “prime”
if, whenever T} A v B, then either T} A or T} B. Using Theorem 4(j), we can
extend 7 to a prime theory T; such that 7T "1)7{;1"3' Let M={(M, <, ~, v, A,
—, Ty be the Lindenbaum algebra of T, constructed in the usual manner, '°
and denote by [A] the equivalence class of a sentence A. It is easy to see that
M is a distributive lattice in which ~ satisfies De-Morgan conditions. Also, since
Ty bsgaz AV ~A and T, is prime, a € Ty, or ~a € Ty, for any a € M. Since
lm Ae (~A—- A), a€ Ty iff ~a < a. Further, if a € Ty, and a < b, then
b € Ty, As usual, if we define v(A) = [A], we get a well-defined valuation for
which exactly the theorems of T} are true. Hence all theorems of T are true for
it and ¢ is not.

Call now a € M “normal” if a # ~a. Since lgz— A ». ~A - (A & ~A4),
am(A e ~A) > A, lggp(Ae ~A) > ~A, ais abnormal iff both @ and ~a are
in TM

To end the proof we must show that M is (isomorphic to) an augumented
Sugihara matrix. For this it suffices to show that: (a) The normal members of
T), form a chain under <. (b) If @ and b are abnormal and different, then a £
b, b £ a. (c) If a is abnormal, b normal and designated, then @ < b. (d) There
are at most two abnormal members in M. (Note: if there are two, 0, and 0,,
then (a)-(c) imply that 0; v 0, is a first normal and designated member of M.)

~avb a<b

© aﬁb={~a/\b atb.
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A key result in the proof of (a) and (c) will be the following consequence
of Theorem 4(k) and the primeness of Tj:

*) If To# A, To+ B, then Ty + A > B.

To prove (a) suppose [A], [B] € Ty, and that both are normal. Then T
~A and Ty | B. (*) implies, then, that Tj 3 ~A ~ B. But WE (~A—-B)->
R*(A, B), so by Theorem 4(c) and the primeness of Ty, either [A] < [B] or
[B] < [A].

For (b), assume [A] = [~A], [B] = [~B] and [A] = [B]. Then T, }
A—-Bandso Ty ~B— ~A. But [B] = [~B] and [~A] = [A] and so Ty |
B — A also. Hence [A] = [B].

For (c) suppose [A] is abnormal and [B] is normal and designated. Then
To ¥ ~B, Ty} ~A. (*) entails, therefore, that 7o ~B— ~A, andso T, A -
B and [A] = [B].

(d) follows easily from (a)-(c) and the fact that (M, <, ~) is a distribu-
tive De-Morgan lattice. For (¢) we note first that since l55(4 + B) ». Av B
and |spz;A4 A B— A + B (Theorem 4(b)), it is always the case that ~a A b <
a—->b=<~avb (a, b € M). Suppose now that [A] < [B], i.e., Ty + A - B.
Since tearrs (A - B)—» (~A—- (A - B)) and tra; (A - B) > (B~ (A~ B)),
the assumption T, F A — B implies that T, + (~4 v B) - (A —» B) and so
[A] - [B] = ~[A] v [B] in this case.

Suppose finally that [A] £ [B]. Then Ty ¥ A - Band so Ty + ~(A4 — B).
But tramz ~(A = B) = ((4 - B) = ~A), gz ~(A—>B) ». (A~ B) - B,
so the present assumption implies that Ty, - (4 - B) > (~A A B) and so [A —
B] = ~[A] A [B].

This completes the proof of the theorem.

As an immediate corollary we have:
Theorem 6 PRM is decidable.

II. (A) Adjunction and the disjunctive syllogism

Theorem 7

(a) Adding adj to PR we get R.

(b) Adding R"(A, B) or R*(A, B) to PRM we get RM.
(c) Adding R*(A, B) to PR we get RM.

Proof: (a) Follows immediately from the definitions of PR and R.

(b) Follows from Theorem 4 (a) and (b).

(c) In [3] it is shown that, if we add R* (4, B) to R, we get RM_,, which
is an extension of RMI. Hence PR U {R*(A, B)} is equivalent to PRM U
{R*(A4, B)} and part (c) follows from part (b).

Remark: Theorem 7 shows that R and RM are really close relatives. Both are
obtained from PR by adding schemes that are interdeducible in PRM and which
intuitively mean that any two sentences are relevant to each other.

Theorem 8 The adjunction rule (adj) and the disjunctive syllogism (v) are
equivalent in the context of PR: closing PR by either of these rules gives R. Sim-
ilar relations hold between PRM and RM.
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Proof: That R(M) results from adding adj. to PR(M) is trivial. By Meyer-
Dunn theorem ([1], Section 25) we know also that R and RM are closed under
v. Finally, in order to show that the system obtained from PR(M) by adding
(y) is R(M), it is enough, by Theorem 7, to show that R"(A, B) is derivable in
this system. But tzz~(R"(A4, B)) ¢ (~(A > A) v ~(B— B)), hence lpz~(4 —
A) Vv (~(B— B)vR"A, B)). Since lzgz~~(C— C), two applications of (v)
give R*(A, B).

Theorem 8 shows great similarity in the role of adj. and y with respect to
relevance logic.!! (This must not surprise us: Adj. can be used, in order to
derive the “paradox” A — (B — A) in a way which is parallel to that in which
v is used in order to derive ~A4 — (4 — B).) This similarity is strengthened by
the next theorem which shows that ~A4 A (4 v B.) — B can also be included in
a system of “relevance” logic.

Theorem 9 The system resulting from R by replacing R7 and R10 by
~A N (A v B). — B has the sharing-of-variable property for —. This remains the
case even if we add also the associative and commutative laws for v and n,
all forms of De-Morgan laws and all tautologies in the {~, v, A} language.

Proof: We use a structure similar to the matrix M, of [1], pp. 252-253. We
only change the definition of x Ay, x vy as follows: A behaves like classical con-
junction on {—1,1} and on {-2,2}. Also xAy = +0 if x, y are both designated
but the previous cases do not apply, x Ay = —3 otherwise. x v y is defined to be
—(—xA —y). It is now easy to check that all theorems of the system described
in the formulation of the theorem get designated values under each valuation
in this structure. Now if 4 and B share no variable, we can define V(P) to be
1 if P is a propositional variable of 4, V(P) = 2 otherwise. Then V(A4) €
{1, -1), V(B) € {—2,2} and V(A4 — B) = —3, which is not designated. Hence
A — B is not a theorem in this case.

II. (B) A maximal pure relevant logic

Definition 5
(a) A, is the submatrix of AS consisting of {—1, 1, 0;, 0,}.
(b) PRM, is the set of sentences valid in A4,.

Note: A4, is a combination of two known four-valued matrices: the truth-table
for ~ and — and the designated values are like those in the matrix we call by the
same name in [3], and which is isomorphic to the matrix introduced by Parks
in [7] (see [1], p. 168). On the other hand, the truth tables for ~, v and A are like
those in the Smiley matrix and introduced in [1], Section 13.3.12 It is important
that the order relation defined on the Smiley matrix according to the lattice oper-
ations v and A corresponds exactly to the one induced on the Parks matrix by —»
and by the choice of designated values (i.e., a < b iff a — b is designated).

Theorem 10

(a) PRM, has the variable-sharing property for both — and .

(b) Every logic extending PRM which has the variable-sharing property for —
is included in PRM,.
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(c) An axiomatization of PRM, is obtained by adding to PRM the scheme
Av(4A- B).

(d) PRM; has only two proper extensions: the classical calculus and RMj (the
set of sentences valid in the Sugihara matrix M; = {—1, 0, 1}) (see, e.g., [1],
p. 470).

Proof: (a) This is proved exactly as in the PRM case.

(b) Let L be an extention of PRM having the sharing-of-variable property
for —». Then KR* (A, B). Repeating the argument in the proof of Theorem 5,
we can find an augumented Sugihara matrix M in which all theorems of L are
valid but R*(A, B) is not. Since R* (4, B) is valid in any ordinary Sugihara
matrix, M contains both 0; and 0, and so A, is a submatrix of M. Hence all
theorems of L are valid in A, and L S PRM,.

(c) It is easy to check that A v (A — B) is valid in 4,. On the other hand,
if PRM + {Av.A — B} ¥ ¢, then, by repeating the argument of Theorem 5,
we can find an augumented Sugihara M in which A v .4 — B is valid but ¢ is
not. Clearly A v.A4 — B can be valid in M iff it contains exactly one undesig-
nated value. Hence M must be a submatrix of A,, and so ¢ is not valid in A4,.

(d) By the proof of (b), if L is an extension of PRM,, then FR* (A4, B).
This means, by (c) and Theorem 7(c), that RM + {Av (A —B)} S L. But it is
known that this system, called RM; in [1], has only one proper extension,
namely, the classical calculus.'?

II. (C) Fragments of PRM and PRM,

Theorem 11 Ryge Is the first-degree-entailment fragment of both PRM and
PRM,.

Proof: By Theorem 1, Ryy © PRM < PRM,. On the other hand in [1], 15.3 it
is shown that Iﬁﬁ—e A - B iff V(A) < V(B) for any valuation V in the Smiley
matrix, so (see the note after Definition 5) I-Rf_a'eA - Biff A > Bisvalid in A4,,
iff tprzs; A — B.

Theorem 12 PRM and PRM, have the same {~, —} and {—} fragments.
These fragments are proper extensions of RMI and RMI _, respectively. More-
over, these fragments are relevantly maximal logics in the sense that they have
the sharing-of-variable property and they include any other extension of RMI -,
(or RMI_,) having this property. (So no proper extensions of them in their lan-
guage have this property.)

Proof: In [3] we call the above fragments of PRM, (i.e., the sets of sentences
in the {~, =}~ and {—}~ language valid in 4,) “RMI2” and “RMI%” respec-
tively. We show there that a complete axiomatization of RMI>%(RMI?3) is
obtained by adding to RMI (RML_,) the scheme: [(P; - P,) » P;] » [((P, -~
Py) > P) > (P~ P3) > P) » (P> P) + (P> P) + (Pa—’Ps)]-M Now,
it is not difficult to check that this formula is valid in AS and so provable in
PRM. Hence, RMI(RML.) is contained in PRM, and since PRM < PRM,,
RMIZ (RMI?) is exactly the {~, -} ({~}) fragment of both systems. The
other parts of the theorem contain properties of RMI2 and RMI2 that were
proved in [3].
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II. (D) A subsystem with a more intuitive semantics Theorem 5 shows that
PRM and RM differ slightly: while in RM essentially all “paradoxical” sentences
are equivalent, in PRM we can have exactly two different such sentences. It may
seem more intuitive to have a potentially infinite number of “paradoxical” sen-
tences, irrelevant (and so non-equivalent) to each other in pairs. This can be
done, but only with the price of weakening the distribution axiom. This is not
too high a price, though. The justification of this axiom is not clear anyway,
and it is known to be the source of many unpleasant properties of the relevance
system. !>

As a first step we introduce a new connective, definable in PRM, and prove
a theorem about it. Both the connective and the theorem are important on their
own right.

Definition 6 ADB=4(A->B)vB.'
Lemma A, ADBlpB.

Proof: Since fz— A — ((A - B) — B), it follows that A Izz (A — B) — B. Also,
tsgB ~ B, 50 A gz (A D B) - B. Hence the lemma.

Theorem 13 The deduction theorem Let T be an L-theory where L is any
extension of PRM (having the same rules of inference), then T, Al Biff T |z
A DB.

Proof: The lemma gives the “if” part. For the “only if” it is enough to check
that the following three schemes are valid in AS and so provable in PRM: (i)
ADA; (i) (ADB)D[ADB-C))DADO)]; Gi))(AD.B->C)D
[(AD.B->D)D(AD.B-(CAD))].

We generalize now the semantics of PRM:

Definition 7

(a) By a generalized Sugihara matrix we mean any structure which is either an
ordinary Sugihara matrix, or results from a normal Sugihara matrix S, having
a first designated value 1 by adding to it a set of neutral values {f;};-,, all taken
to be designated. We further define: ~I;, = I, > I, = ;Al; = I;vI; = I;, and if
i#jthen ;> ILi=Lnl;=~1,LivI=1.

(b) ES, the canonical generalized Sugihara matrix is obtained from the integers
(without 0) by adding to them a countable set of neutral values in the manner
described in (a).

Obviously, a sentence A is valid in any generalized Sugihara matrix iff it
is valid in ES.

Theorem 14 Let PRM* be the system obtained by replacing the distribution
axiom of PRM by the following relevant version:

RD) [R"(A,B)VRMA,C)VvR"B, O] D[(AVB)A(AVC)—> . Av(Bn
).

Then PRM* is complete for the set of sentences valid in ES.

Proof: It is easy to check that all theorems of PRM™ are valid in ES. For the
completeness part of the theorem we note first that PRM* has all the proper-
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ties of PRM listed in Theorem 4. This is so because one can easily check that,
whenever the distribution axiom is used in the proof of Theorem 4,'” we can
apply previous parts of that theorem and the lemma after Definition 6 for
justifying the use of RD instead of distribution. Granting this, we can repeat
now the proof of Theorem 5 for PRM™* word by word. There is just one excep-
tion: in one place in that proof, distribution is used directly (i.e., not through
applications of Theorem 4): when we show that there are at most two neutral
values. In PRM* we do not have this limitation and so we just have to omit this
step.

The next theorem summarizes those properties of PRM that PRM* has as
well. The proofs are exactly as those of the corresponding theorems for PRM
(Theorems 3, 4, 6, 7, 8, 13) and are left to the reader.

Theorem 15 PRM* has the sharing-of-variable property for both — and A,
it is decidable, the deduction theorem for D holds in it, and it has all the proof-
theoretical properties stated in Theorem 4. Further, adding to it either R*(A,
B) or R*(A, B) as an axiom, or either adj or v as a rule of inference, we get
RM.

Besides the properties shared by PRM and PRM*, there are welcomed
properties that PRM lacks but PRM* has. The following theorem is a very
important example:

Theorem 16 PRM™ is a conservative extension of RMI .

Proof: In [3] we show the submatrix of ES consisting of {—1, 1, I}, I,...} is
characteristic for RMI . From this fact and the fact that ES is sound for RMI-
the theorem follows easily.

Note: In [3] we show that any proper extension of RMI_ is obtained by add-
ing schemes the meaning of which is that there are just a finite number of “para-
doxical” statements. Since such a limitation is not intuitive (unless we reject the
existence of any paradoxical statement) RMI is preferable to any of its exten-
sions (excluding perhaps classical logic). (There are also other reasons to choose
RMI as the “true” relevance logic in the {—, ~} language. See [3].)

The submatrix of ES mentioned in the last proof was called 4., in [3], and
it was shown there to be a minimal matrix characterizing RMI-,. For the full
language of PR we have the following:

Theorem 17 A complete axiomatization of the set of sentences in the lan-
guage of PR which are valid in A, is obtained by adding to PRM* the scheme
Av (A - B).

The proof resembles that of Theorem 10, and is left to the reader.

NOTES

1. Not to mention the ordinary, “official” one which is also sometimes used, e.g., in
the proof of the admissibility of (y).

2. We consider this impossibility as another evidence of the pure relevance character
of RMI-.
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11.

13.

14.
15.
16.

17.

(1]

(2]

3]
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. We prefer here the name R4, to E,, which was used in [1].

. In view of these facts, we think that like RM, R itself may hardly be called “a rel-

evance logic”.

. This observation is due to the referee.

. In this paper, whenever we talk about provability from a set of assumptions we

assume the ordinary (sometimes called “official” by the relevantists) sense of a
“proof”.

. This definition of a Sugihara matrix is a version of Dunn’s concept of a Sugihara

chain appearing in [1], p. 421. The adjective “ordinary” was added to distinguish
it from the generalization we introduce below.

. This is shown in [3], III.8. From now on we shall not give a proof of a sentence in

RAIS (or RMI.) when we claim such a proof to exist, since RMI5 and RML_, have
an efficient decision procedure (see [3]).

. This is the first place we use distribution in the proof of Theorem 4. Hence (a)-(i)

are true independently of this axiom.

Le., we define A = B iff Ty k55574 ¢ B. (By A ¢ B we mean either (4 » B) »
(B— A) or (A— B)A(B— A). Both are provable iff both A - B and B— A are
provable.) This is an equivalence relation. Denote by [A] the equivalence class of
A, and let M be the set of the equivalence classes. Define further: [4] < [B] iff
To+ A— B, [A] A [B] = [AAB], [A] v [B] = [Av B], ~[A4] = [A4], [4] -
[B] = [A — B]. These are all well-defined. Finally let T, the set of designated val-
ues, be {[A]|T, A}

Note also the similarity with respect to R: R is closed, as a system, under both rules,
but they cannot be applied freely in (“official”) R-deduction from R-theories with-
out violating basic relevant principles.

. In [1] the matrix consists of {1, 2, 3, 4}. The correspondence 1 & 1,4 o —1,2 &

0y, 3 & 0, is an isomorphism of the two matrices relative to {~, A, v}.

This is a consequence of Dunn’s characterization of RM’s extensions. See [1], 29.4
and p. 470.

For the case of RMI_, an equivalent formula containing only — is given in [3].
In [1], p. 313 it is called “a headache for E and related systems” (in some respects).

More on this connective and its importance in the context of RM can be found in

[2].
Actually only parts (j) and (k) depend on distribution (see note 9).

REFERENCES

Anderson, A. R. and N. D. Belnap, Entailment, vol. 1, Princeton University Press,
Princeton, N.J., 1975.

Avron, A., “On an implication connective of RM,” Notre Dame Journal of For-
mal Logic, vol. 27 (1986), pp. 201-209.

Avron, A., “Relevant entailment: semantics and formal systems,” The Journal of
Symbolic Logic, vol. 49 (1984), pp. 334-342.



194 ARNON AVRON

[4] Dunn, J. M., “Algebraic completeness results for R-mingle and its extensions,”
Journal of Symbolic Logic, vol. 35 (1970), pp. 1-13.

[S] Dunn, J. M., “Relevant logic and entailment,” in Handbook of Philosophical
Logic, vol. 111, ed. by D. Galby and F. Guenthner, D. Reidel: Dordrecht, Holland;
Boston: U.S.A. (1984).

[6] Meyer, R. K. and Z. Parks, “Independent axioms for the implicational fragment
of Sobocinski’s three-valued logic,” Zeitschrift fiir Mathematische Logic, vol. 18
(1972), pp. 291-295.

[7]1 Parks, R. Z., “A note on R-mingle and Sobocinski’s three-valued logic,” Notre
Dame Journal of Formal Logic, vol. 13 (1972), pp. 227-228.

[8] Sobocinski, B., “Axiomatization of a partial system of three-valued calculus of
propositions,” The Journal of Computing Systems, vol. 1 (1952), pp. 23-55.

Department of Mathematical Sciences
Tel-Aviv University

Ramat-Aviv, Tel-Aviv

Israel





