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On Interpretability of Almost Linear Orderings

AKITO TSUBOI and KENTARO WAKAI

Abstract Inthispaper we define the notion of m-linearity for me w(m> 1)
and discussinterpretability (and noninterpretability) of m-linear ordersin struc-
tures and theories.

1 Introduction We say that a structure N is (@)-interpretable in a structure M
if N is ()-definable in M®. We also say that a structure N is (@)-interpretable
in atheory T if N is (@)-interpretable in some model M of T. (For the defini-
tion of eg-structures, see Shelah [[5] or Hodges [2].) In [[3], Nies and Hodges stud-
ied interpretability of linear orderings and showed that no infinite linear order is @-
interpretablein the theory of M x M, where M x M isdefined so that an atomic for-
mula R((aq, by), ..., (an, b)) holdsin the structure if and only if R(ay, ..., an) A
R(by, ..., by) holdsin M. Though they proved their result asalemmafor deriving a
recursion theoretic result, whether atheory interpretsacertain kind of order or not will
beitself aninteresting problem in model theory. Let m > 1. In this paper, an ordered
set (M, <) will be called an m-linear order if there are no incomparable m elements
in M. So, by definition, 2-linearity coincides with linearity. Intuitively speaking, if
m < nthen an m-linear order can be considered closer to alinear order than an n-linear
order. In Section 2, wetreat interpretability with parameters and prove the following.

Result 1.1 Let T bethetheory of an infinite m-linear order (M, <). Then an infi-
nite linear order isinterpretablein T.

Thusif we alow parameters, the interpretability of linear order and the interpretabil -
ity of m-linear orders are essentially the same. However, asis shown in Section 3, if
we do not allow parameters, the situation is different.

In Section 3, we treat @-interpretability. We will consider reduced powers
[1¢ M of M and their interpretability of m-linear orders. (See 2] or Chang [ for the
definition of reduced power.) If M = (M, <) isalinear order and F is an ultrafilter,
then [T M > M, so [ [ M isalso alinear order. However, the statement that < isa
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linear order is not expressible by a Horn sentence; it may not be preserved in reduced
products. Infact if F isnot an ultrafilter, then < isnolonger alinear order in [ [ M.
This can be seen asfollows. Choose asubset A of thedomain | of F with A ¢ F and
A® ¢ F. For two dlementsaandbin M witha <b,let f: 1 - Mandg: | - M
be functions defined by: f(i) =a (ie A), f(i))=b (i ¢ A),gi)=a (i ¢ A),
g(i) =b (i € A). Then f and g are not comparable in [ M. In this section, we
show that if F satisfies a certain condition, then no linear order existsin [ [ M even
in the sense of @-interpretability. Among others we show the following.

Result 1.2 Let M be any structure. Let F be a filter over | with generators
{Ai}i<« C Fsuchthat A; C A holdsforany i < j < «. Supposethat the cardinality
of (VFisOor > m. Then noinfinite m-linear order is -interpretable in the reduced
power [ [ M.

Since the mth power of a structure can be considered as a reduced power via afilter
generated by an m-element set, so the result by Hodges and Nies [[3] stated aboveisa
corollary to Result[[.2] On the other hand, we can show that after naming one element
in a given infinite linear order (M, <), an (m+ 1)-linear order is @-interpretable
in the mth power M™ = M x --- x M. (So M™ is an example in which an infinite
(m+ 1)-linear order is @-interpretable but m-linear orders are not.) We will also
show that if F isthe Fréchet filter over an infinite set then no infinite m-linear order
is @-interpretablein [ [ M.

2 Interpretability In this paper, we assumethat me w and m > 1.

Definition 2.1  An ordered set will be called m-linear if each subset of cardinality
m has two comparable elements.

Example2.2 Let M bealinear order and N an n-element poset. |f weimpose lex-
icographic orderson M x N and N x M, then they both become (n + 1)-linear.

In Ikeda [[4], the notion of almost Rg-categoricity was introduced and it was shown
that if an almost R-categorica theory has exactly three countable models then a
denselinear ordering isinterpretablein the theory. Thefirst author of the present pa-
per thought that by starting from an m-linear order one can construct a theory with a
finite number of countable models and without linear ordering. Such atheory givesa
counterexample to the conjecture stated in [4]. However, it was not the case. In fact
we can show the following.

Theorem 2.3 Let T be the theory of an infinite m-linear order (M, <). Then an
infinite linear order isinterpretablein T.

Proof: Wewritea L bfora £ banda # b. We show the following statement by
inductionon m < .

() If M isan Rp-saturated model of T in which an infinite m-linear order is
interpretable, then an infinite linear order isinterpretablein M.
If m= 2, then the notion of m-linear order coincides with that of linear order. So let
m > 2 and suppose that we have shown (x) for m— 1. We need to show (x) for m.
Letn(M) =sup{|SV|:ae M},where ¥ = (b e M : b L a}. If n(M) > R, then by
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compactness, thereisan elementa € M with |SM| > Rq. (SM, <) isclearly (m— 1)-
linear order. By the induction hypothesis, an infinite linear order is interpretable in
SM. (Thisisthe only part where we need parameters. Hence if n(M) < &, then an
infinitelinear order isinterpretablein M without parameters.) Hence we may assume
that n(M) < Rq. Now we prove (x) for m by induction on n(M). If n(M) = 0, then
M isin fact alinear order and we are done. So suppose that we have shown (x) for
M withn(M) < n. Let M be an RXq-saturated m-linear order. Supposen(M) = n. We
put My = {b e SY : bisaminimal element of SM}. Now define abinary relation <*
onMbya<*bifandonlyifa<borae M.

Claim 24 <*istranstive.

Suppose a <* b <* c. We have four casesto be considered. In each of the cases, we
will show a <* c.

Casel: a=<b=<c Inthiscase, wehave a < c by thetransitivity of <.

Case2: a<b,be M. First supposea [t c. If ¢ < a, then we would have c < b,
contradictingb € M¢. Sowehavea < c¢. Next supposea L ¢. Then by theminimality
of bin Mg, wehavea =b. Hencea € M.

Case3: ae My, b<c Firstsupposea f c. If ¢ < a, thenwewould haveb < a,
contradicting a € My. So we havea < c. Next supposea L c. For showinga € Mc,
let d < a. We need to show d £ c. By theminimality of ain S’S" we haved L b. If
b < d, then we would have b < a, contradicting a € My. So we haved < b. Hence
d < c. Thusaisminima in SV, that is, a € M.

Case4. ae Mp,be M. First supposea [ c. ¢ < a does not occur, because a is
minimal element of Sg" Sowe havea < ¢. Next supposea L ¢. Weshow a € M¢
inthiscase. Letd < a. Weneedtoshow d Y c. Sinceaisminimal in Sg" drtbIf
d < b, thend £ c by theminimality of bin SM. If b < d, then wewould have b < a,
contradicting a € My,

Now define an egquivaence relation E(xy) by x <* y A y <* x. Let a/E denote the
equivalenceclass{b € M : E(ba)}. M/E = {a/E : a € M} becomes an order struc-
tureby a/E <* b/E <=qg a <* b. Wewritea/E <* b/E for a/E <* b/E and
a/E +# b/E.

Clam25 a<b=—a/E <*Db/E.

Supposea < b. Clearly a/E <* b/E. Moreover, a < bimpliesb £ aand b ¢ M.
Hencewe haveb/E £* a/E.

Claim 2.6 Theorder M/E isinfinite.

By Ramsey’s Theorem and the fact that M is an infinite m-linear order, there is an
infinite set {a; : i < w} witha < a; foral i < j < w. By Claim.5hbove, we have
aj/E#aj/Efori < j < w. Thus M/E isinfinite. By the induction hypothesis for

proving that M/ E interprets an infinite linear order, it is sufficient to show the fol-
lowing.

Clam 2.7 n(M/E) <n(M).
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Let b/E € M/E and &/E, ..., &/E be an enumeration of the set §)/c. By

Clam[Z5]a; L bforeachi=1,...,l. If | > n(M), then there must be somei with
a; € Mp. But then we have a/E <* b/E, contradicting the fact that & /E € S[':’/'{EE
O

3 Noninterpretability
Definition 3.1 Let F be afilter over aset I.

1. Let Bbeasubset of I. Then Fg denotestheset {XN B: X € F}. (Fgisclearly
afilter over B unless Fg = P(B).)

2. Wewill say that F ism-good if thereisabijectiont: 1 — | andasubset B C |
such that

@ XeF « (X)eF,foral Xc I,
(b) 1 isthedigoint unionof {r'(B):i < m}.

Theorem 3.2 Let M be any structure, F afilter over aset |. If F is m-good, then
no m-linear order is @-interpretable in the reduced power [ [ M.

First let us remark the following.

Remark 3.3 Let M be an L-structure and n € . As usua, M" denotes the nth
power of the structure M, that is, the direct product of n copiesof M. Thereisanother
notion of power of a structure. For an nm-ary L-formula ¢, let R, be a new m-ary
relation symbol. We definean {R, : ¢ € L}-structure M™ by

(1) theuniverseof MM is{(ay,...,an) :a1,...,an € M};
(2 MV =Ry (ay,...,am) < M Eo(ay,...,am).

Let a e (M®). Then a has the form ((a1 j)1<j<ks - --» (@n, |)1<j<k). We define
themapping o : (M) — (MM ® by o(@) = (& 1)1<i<n. - - -» (& K1<i<n). Then
o gives an isomorphism between {R, : ¢ € L}-structures (M®)" and (M™M)®.
For example, if ¢ is a k-ary formulain L (so R, is a unary predicate), then we
see the following hold: (M®)" = Ry(a) <= M® = R, ((agj)1<j<k) A -+ A
Ryo((@nj)1<j<k) <= M = o((agj)1<j<k) A - A @((@nj)1<j<k) <= M" =
@((@,1)1<izn, - - -» @ K)1zizn) <= (MN® = Ry (0 ().

Proof: By the assumption of F, thereare B c | and 7 : | — | witnessing the
m-goodness of F. We claim that [[g M =~ (J[g, M)™. We define f : [[¢ M —
(HFB M) by f((@)iel/F) = ((bi,j)ieB/FB)1<j<m, Where by j = ai-1(j)- We will
show that

[[MEe@.....d) < [[M"Ee(f@),.... f@)
F Fg

holdsfor any atomic formulag(xt, . . ., X¢). For simplifying the notation, we assume
k = 1and put a = al. Supposethat (HFB M)™ = o(f(a)) holds. If weput X; = {i €
©I71(B) : M = (&)}, then we have Xj € F,j-1g, for al 1 < j < m. Hence there
isY; € Fsuchthat Yj|z=1(B) = Xjforal 1< j<m Sofiel: Mg @)} =
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Ui<j<m Xi 2 Mi<j<m Yi € Fa. Thus[[¢ M [= (@) holds. The other direction is
easily shown.

By what we have just shown, to finish our proof of the theorem, it is sufficient
to show the following claim, which can be proven by refining arguments in [[3].

Claim 3.4 Let M be any structure. Then no infinite m-linear order is @-inter-
pretable in the structure M™.

Temporarily we say that a binary relation on A is a k-linear preorder on A if (i) it
isapreorder on A and (ii) it has no pairwise incomparable k elements. Then by Re-
mark[3.3] it is sufficient to show that no m-linear preorder on M™ with infinitely many
incomparable elementsis @-definablein M™,

By the way of contradiction, assume that there is such apreorder < definablein
M™. For elementsa, b € M™, let a ~ b denote therelationa < b A b < a. We may
assume that the domain of < is M™ itself. We may also assume that M issufficiently
saturated and homogeneous.

Subclaim3.4.1 Lettwotuplesay,...,am_1,amanday, ..., an_1, bhavethesame
typein M. Then thereisa permutation o of {1, ..., m} such that

fd((alv ey am—l, am)) ~ (al’ DR am—l, b)a

where f,; isthe automorphismof M™ defined by f ((X1, ..., Xm))=Xs(1) - - - » Xo@m)-

We may assume that ay, is different from any of ay, ..., an_1. Choose f € Aut(M)
whichmapsthetupleay, ..., an_1, btothetupleay, ..., am_1, an. Letge Aut(M™)
be the permutation of coordinates defined by g((X1, ..., Xm)) = (Xm, X1, -+« » Xm—1)-

Now let h € Aut(M™) be the automorphism defined by

h((Xl, B Xm)) = g((xls <oy Xm—2, f_l(xm—l)s f(xm)))

The following are easily shown.

1 W (@1 ..., 8m 1.b) = @mist, - 8m &1, .., ami) ifi < m,
2' hm((al’ AR ] arn*l’ b)) = (a].? cry amfl’ b)1 ar]d

3' (al, RN a-m—la b)7 h((ala DR am—l, b))a ety hm_l((ala R ) am—l» b)) are
distinct.

So by m-linearity, there are two distinct numbersi, j € msuch that
hi((a,...,am-1,b)) <hl(@@y,...,an 1, b)).
Since hisan automorphism of the structure M™, we may assumei = 0. Thenwe have
(@, ...,am 1,b) <hl((@y,...,am 1.0)) <--- <h*((ay, ..., an 1, b))
for any k € w. Let k = min the above inequality. Then, using property 2, we have
(@, ....,a8m-1,.b) <hl((a,...,amn-1.b)) < (@1, ...,am_1, b).

This together with property 1 concludes our proof of Subclaim 3.4.1.
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Now choose an indiscernible sequence | = (§)ic, in M such that for al i <
J, & < aj holdsin M™. Let &; denote the jth coordinate of the m-tuple &. So & =
aj]_, c ooy a|m

Subclaim 3.4.2 Thereisapermutation o of {1, ..., m} such that

(@11, ---» &mm) ~ fo(@mi11s - - @Bmemm),

where f, isthe automorphism of M™ defined by f (X1, ..., Xm)) = Xs(1), - - - » Xom)-
Fori=0,...,m wedefineb;, = bjy, ..., bim by

b — bij=aj,j ifjgm—i
N bij = Am+j,j if j>m—i
By the indiscernibility of 1, bi’s have the same typein M. So by Subclaim 3.4.1, we
have permutations o, . .., om Such that for eachi € {1, ..., m},
bi—1 ~ fo (b0).
This completes our proof of Subclaim 3.4.2, since by = a1, ..., amm and by, =
Am+1,15 - - - > Amtm,m-

Let o be one of the permutations chosen in Subclaim 3.4.2. By the indiscerni-
bility of 1, all the elements f x (k11,1 - - - » Bmk+1).m) € M™ (k € w) belong to the
same ~-class. Choose k > O with o* = id. Then

(a1, - -+ @mm) ~ (@Qmk4+1,15 - - - » Am(k+1),m)-

Now, for eachi € {1,..., m}, let g; be a mapping such that g;(aj4i i) = a;,i for all
j € w. By theindiscernibility of 1, g; can be extended to an automorphism of M. Put
g= (01, ..., 0m), then g is an automorphism of M™. So we have (agp,, ..., agm) ~
(8mk.1, - - - » &mk.m), contradicting our choice of 1. O

Recall that the Fréchet filter over aninfiniteset | istheset F={Xc | : | — Xis
finite}. We will say that afilter F has a descending system of generators if there is
{A i <k} C Fsuchthat: (i) A D Ajforali < j <« and (ii) for al X € F there
isi < kwith Ay C X.

Corollary 3.5

(1) If F isthe Fréchet filter over I, then no m-linear order is @-interpretable in
[ M.

(2) If F hasa descending system of generators and the cardinality of () F isOor
> m, then no m-linear order is @-interpretable in [ [ M.

Proof. It isenough to show that F is m-good.
(1) Let Bj(i <m)beadigoint partitionof | suchthat |Bj|=|l|andt: | — | ahi-
jection such that 7(Bj) = B(i11)modm- Then By and t witness the m-goodness.
(2) Noticethat if m > nthenan n-linear order is obviously an m-linear order. So,
for proving the corollary, we may assume that the cardinality of () F isOor m
or infinity.
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Let {A : i < «} be adescending system of generators of F and lp = () F. We may
assumethat Ag = I. Let I, = | — lp. By our assumption on |lg|, thereis abijection
70 lo = lpanddigoint subsets Xy, ..., Xmof lowith ;.- Xi = loand 7o(X;) =
Ximodm+1 forl <i<m o
We may assume that each |(A; — Ai;1) N 1] isinfinite, or a multiple of m by
replacing A;’'sif necessary. Hencethereisabijection 7, : 11 — |, and digoint subsets
Y1, ..., Yy of 11 with U1<|<m = |, and Tl(YﬂAJ)—Y(|m0dm)+1mAJ forl<i<
mand j < k. Lett=19Utand B= X, UY;. Thenzand BWltnessthem-goodness
U

Example3.6 Let M = (M, <, a) be an infinite linear order with a named ele-
ment a. We show that there is a @-definable (m + 1)-linear order in M™. First
we may assume that in M there are infinitely many elements greater than a. Let
¢(X) be the formula expressing (i) a < x and (ii) any two elements between a and
x are comparable. Then an element (ag, ..., an) € MM satisfying ¢(x) hastheform
(a,...,a,b,a, ..., a),thais thereisig (e {1, ..., m}) witha =aforali #igand
aj, = b > a. So ¢(x) determines an infinite set. It is clear that if m+ 1 elements are
given, then we can choose two comparable elements from them.
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