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ABSTRACT. In this paper we study the existence of time periodic solutions
to a class of nonlinear parabolic equations with multivalued nonlinear terms
subject to the homogeneous Dirichlet boundary condition. We give two
types of existence results: one for large periodic solutions with any large
data, and the other for small periodic solutions with small data. Both
concern the case where the nonlinear terms contain either a upper semi-
continuous multivalued term or a lower semicontinuous multivalued term.
Some applications of our results are also given.

1. Introduction

Let Q C RY be a bounded open subset of RY with smooth boundary 99, and
let Qr := Q2 x [0,T] and I'p := 99 x [0,T] with T" > 0. Consider the following
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time-periodic problem:

%u(z,t) — Au(x,t) € —0p(u(x,t)) + G(z, t,u(z,t)), (z,t) € Qr,
() u(z,t) =0, (z,t) € I'r,
u(z,0) = u(z,T), x € Q,

where d¢ is the subdifferential of the proper lower semicontinuous convex func-
tion ¢: R —[0,00] and G: Q7 x R —2F is a nonmonotone multivalued mapping.

Such inclusions appear naturally in the study of the existence of time periodic
solutions to parabolic equations with discontinuous nonlinearities, usually when
one extends the discontinuous nonlinearity to a multivalued map by filling the
jumps at the discontinuity points of the nonlinearity, and one passes to the
problem of finding solutions to the corresponding differential inclusion. We refer
to [25] where a time periodic problem with the homogeneous Dirichlet condition
is studied for the equation

(1.1) Lu(z,t) = g(x, t,u(z,t))
driven by an uniformly parabolic operator
8 n n
Lu(x,t) = v u(z,t) — Z (asj (2, t)ug,)z; + ij(x,t)uzj + c(z, t)u(x, t)
ij=1 j=1

with a discontinuous nonlinearity g(z,t,u). To prove the existence of strong
solutions for (1.1), one considers the problem of proving the existence of solutions
for the differential inclusion

(12) Lu(x,t) € [g,(x,t,u(x,t)),g+(x,t7u(x,t))]
with g_(x,t,u) = hmlnfg(t x,v) and gy (x,t,u) = hmsupg(t x,v).

Conditions on the points of discontinuity of the nonhnearlty under which
any solution of the inclusion (1.2) satisfies the equation (1.1) almost everywhere,
were obtained in [8], [9]. In [25] the author gave the principle of lower and upper
solutions for the existence of strong solutions without additional constraints on
the jumping-up discontinuities of the nonlinearity.

On the other hand, the existence of periodic solutions in Banach spaces has
been studied in many papers. As applications of general theorems, some of them
dealt with the existence of periodic solutions of the differential inclusions (1.2)
obtained by filling the jumps.

In [6], nonlinear parabolic equations are studied by using the method of
upper and lower solutions, truncation and penalization techniques as well as
results from the theory of operators of monotone type and a fixed point theorem
for set-valued maps defined in ordered metric spaces due to [13]. Deuel and
Hess [10] used the upper and lower solutions method to establish the existence
of periodic solutions for a class of nonlinear parabolic problem.



PARABOLIC EQUATIONS WITH NONMONOTONE MULTIVALUED TERMS 1077

In [18] a nonlinear periodic problem with a discontinuous nonmonotone non-
linearity is considered and using a lifting result for operators of type (S;), a ge-
neral surjectivity theorem for operators of monotone type and an auxiliary prob-
lem defined by truncation and penalization, the authors proved the existence of
a solution lying between an upper solution and a lower solution.

The periodic problem in the context of abstract evolution equations was also
addressed by Vrabie [28] and Hirano [15], but they both assumed that the nonlin-
ear perturbation term are sublinear and single-valued. The abstract treatment
for the periodic problems for parabolic equations is also given in [22], which can
cover a wide class of nonlinear heat equations with multivalued perturbations as
well as Navier—Stokes equations.

We mention that problems with maximal monotone terms (unilateral con-
straints), both for finite and infinite dimensional cases, can be found in the book
of Vrabie [27].

The goal of this paper is to adapt and improve the techniques and arguments
developed in [24] in order to apply them to (P) and obtain existence results for
time periodic solutions, which improves some applications given in [22]. Our
approach uses tools from multivalued analysis, together with the theory of non-
linear operators of monotone type and methods from the theory of nonlinear
evolution equations.

We prove two types of existence results: one for large periodic solutions with
any large data, and the other for small periodic solutions with small data. In
both cases, we are concerned with the case where GG is upper semicontinuous as
well as the case where G is lower semicontinuous.

This paper is organized as follows. In Section 2, we recall some notations and
basic definitions used in the following sections. In Section 3, we formulate our
main results. Section 4 contains a few auxiliary results and Section 5 is devoted
to the proof of main results. In Section 5, we exemplify the applicability of our
results.

2. Notations and preliminaries

In this section we recall some notations and basic definitions from the non-
linear operator theory and the multivalued analysis which we shall use in the
sequel. For further details we refer to [2], [3], [5], [16] and [24].

Let X and Y be topological spaces and 2¥ be the family of all subsets of
Y. A multivalued mapping F: X — 2Y is said to be upper semi-continuous
(u.s.c., for short) on X if for every zyp € X and for each open subset V C Y
such that F(xg) C V, there exists a neighbourhood U of zy such that F(z) C
V for all z € U. A multivalued map F: X — 2Y is said to be lower semi-
continuous (l.s.c., for short) on X if for each xy € X and for every yo € F(x0)
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and any neighbourhood V of yg, there exists a neighbourhood U of =y such that
Fx)NV #0 forall x € U.

Equivalently, a multivalued map F: X — 2Y is upper semicontinuous (re-
spectively, lower semicontinuous) on X if and only if, the set F~(C) := {z € X :
F(z)NC # 0} (respectively, F*(C) :={z € X : F(z) C C}) is closed in X for
each closed subset C of Y.

It is well known that if F': X — 2Y is upper semicontinuous on X with closed
values, then its graph Gr(F) :={(z,y) € X xY :y € F(x)} is closed in X x Y.
Conversely, if F: X — 2Y has a closed graph and if for each x € X, there exists
a neighbourhood U of z such that F(U) := |J F(z) is precompact, then F is

zeU

u.s.c. on X.

By a selection of a multivalued map F: X — 2¥ we mean any function
f: X — Y such that f(z) € F(z) for all z € X.

Let (M,X) be a measurable space. We are particularly interested in the
case where Y is the o-algebra £(Qr) of Lebesgue measurable subsets of Qr :=
Qx [0,7] and M = Qr, where T > 0 and Q C RY is a given open set, as well
as the case where M = X is a Banach space and ¥ := £L(Q7) ® B(X), where
L(Qr) ® B(X) is the product oc—algebra on Qr x X generated by sets of the
form Ax B with A € L(Qr) and B € B(X) with B(X) being the Borel o-algebra
of X.

Let (X, - [|x) be a separable Banach space. A closed valued multifunction
U: M — 2% is said to be Y-measurable (or simply, measurable) if, for every
open set U C X, we have

UV (U):={weM:¥(w)NU # 0} € X.
It is known that W: M — 2% is measurable if and only if for every x € X, the
map
wd(z, V(w)) :=inf{]|]z —z||x : 2 € T(w)}
is a measurable Rt = R* U {co}-valued function (see [16, Corollary 19, p. 142]).

A multifunction ¥: M — 2% with nonempty valued is said to be graph measur-
able if

Gr(¥) ={(w,2) e M x X : 2€ ¥(w)} € Z® B(X).
For multifunctions with closed values, the measurability implies the graph
measurability, while the converse is true if ¥ is complete.
Let Y be a Banach space with norm || - ||y and F:1:=[0,7] — 2 be

a multivalued map. Then for 1 < p < oo by S%, we denote the set of all
selections of F' which belong to the Lebesgue-—Bochner space LP(I,Y") that is

Sh={veLP(I1,Y):v(t) € F(t) ae. t € I}.
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It is easy to check that for a graph measurable multifunction F: I — 2V, the
set S%. is nonempty if and only if ¢t — inf{|jz|y : € F(t)} is majorized by
a LP(Q)-function (see [16, Lemma 3.2, p. 175]).

In the remaining of this section we collect some definitions and properties
concerning maximal monotone mappings.

Assume that H is a real Hilbert space with inner product (-, - )y = (-, )
and norm || - ||gr. Assume A: H — 2 is a maximal monotone operator. The mi-
nimal section (or minimal selection) of A is the function AY: H — H satisfying
the following conditions:

A%z) € A(z) and [A%(x)|m = inf{||¢]lm : € € A(z)} for all z € D(A).

Recall that, the graph of any maximal monotone operator is demiclosed, that
is, closed in H x H,,, where H,, denote the space H furnished with the weak
topology.

Let ¢: H — R := RU{+00} be a lower semicontinuous convex function. We
say that ¢ is proper if its effective domain

D(p):={z € H: p(zr) < +oo}
is nonempty. The multivalued map dp: H — 2H defined by

(2.1) dp(x) ={ge€ H:p(y) —p(x) > (9,y —x)n forall y € H}

is called the subdifferential of ¢ (in the sense of convex analysis).
It is known that if the subdifferential p of a proper lower semicontinuous
convex function ¢ is a maximal monotone operator and

D(0¢) :=={x € H: 0p(x) # 0} C D(p).

We shall use 9°¢p instead of (99)” to denote the minimal section of the maximal
monotone operator dep.

3. Main results

Let © € RY be a bounded open subset of RN, T > 0, Q7 := Q x [0, T] and
Iy :=09Q x [0,T]. For a Banach space X, we denote by C([0,T]; X) the set of
all continuous maps w: [0,7] — X such that u(0) = u(T).

To formulate our main results we introduce some conditions on the multival-
ued map G: Qr x R — 2F:

(GC) (Growth condition) There exist nonnegative numbers k € [0,1), ¢ €
(0,2%), C, > 0 and a function a(-, -) € L*(Qr) such that

(3.1) G (,t, w)ll* < Ja(z,t)] + k|0% (u)|? + Cqlul* Y,
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for all (z,t) € Qr and for all u € D(9¢), where |||G(x,t,u)||| := sup{|{] :
¢ € G(z,t,u)} and

o0 if N=1or 2,
— if N> 3.
N_2 "=

(HE) (uws.c. condition) G: Qr x R — 2% is a multivalued map with closed
convex values such that:
(a) for almost all (z,t) € Qr, G(z,t, -): R — 2% is upper semiconti-
nuous,
(b) For each u € R, G(-, -,u): Qr — 2% is L(Qr)- measurable.

(HZ) (Ls.c. condition) G: Q7 x R — 2% is a multivalued map with closed
values such that:
(a) for almost all (z,t) € Qr, G(x,t, -): R — 2% is lower semicontinu-
ous,

(b) G: Qr xR — 2% is £L(Qr) ® B(R)-measurable.

Then our main results are stated as follows.

THEOREM 3.1 (Large periodic solution). Let condition (GC) be satisfied with
q=2and C; = Cy < M}(1 — k), where \ > 0 is the first eigenvalue of —A
with domain D(—A) = H?*(Q) N H (). Assume further that condition (H)
or (H%) is satisfied. Then there exists a solution u € C([0,T]; H}(Q)) of (P).
More precisely, it holds that

(3.3) Ib(x,t) € Op(u(x,t)), Fg(z,t) € Gz, t,u(z,t)) such that

(3.4) %—Au—i—b—g:() for a.e. (z,t) € Qr,
ou 9 9
(3.5) —,Au,b,g € L*(0,T; L*(2)).

ot’
THEOREM 3.2 (Small periodic solution). Let condition (GC) be satisfied with

2 < g < 2*. Assume further that (H{,) or (HZ) is satisfied. Then there exists
a (sufficiently small ) number ro > 0 such that, if ||a|, < 7o, then problem (P)

admits a solution u € C([0,T); Hj(Q)) satisfying (3.3)~(3.5). Here

t+1
lall = sup [ a9 oy s
t

0<t<o0o
where |’d(o7s)|L1(Q) is the zero extension of |a( -, s)|r1(q) to [0, 00).
4. Auxiliary results

In this section we assume that Q is a bounded open subset of RY with
finite Lebesgue measure denoted by |2, N > 1, ¢: R — [0,00] is a proper
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convex and lower semicontinuous function, T > 0, Q7 := Q x [0,T], and H :=
L2(0,T; L?(Q)).
We here prepare two kinds of notions for the multivalued maps.

DEFINITION 4.1. Let G: Qr x R — 2% be a multivalued mapping. The
multivalued map G: H—2" defined by

(4.1) Gu) ={g e H: gz t) € Gz, t,u(xz,t)) for ae. (z,t) € Qr}
is called the realization of G in H.

DEFINITION 4.2. We say that the realization G of G in H is a.e.-demiclosed
if for any sequence of functions (u,)pen from Q7 into R which converges almost
everywhere in Qp to a function u: Q7 — R and for any sequence of functions
(gn)nen from Qr into R such that g,(x,t) € G(z,t, un(z,t)) for each n € N and
almost all (z,t) € Qr, which converges weakly in H to a function g € H, then
one has g € é(u), that is,

g(z,t) € G(z,t,u(z,t)) for almost all (z,t) € Qr.

Proposition 1 of [24] with 2 and Q replaced by (z,t) and Qr, respectively as-
sures that condition (Hf,) gives a sufficient condition for the a.e.-demiclosedness
of G.

PROPOSITION 4.3. Let (H,) be satisfied. Then G: H — 2™ defined by (4.1)
is a.e.-demiclosed.

5. Proofs of main results

Let ¢: R — [0, +00] be a proper lower semicontinuous convex function with
#(0) = 0 and put

1 9 .
(5.1) o(u) = 5/9 V()| d$+/§2¢(u(m‘))dm if u € D(p),
" it u e 12(©) \ D(y).
where
D(p) = {u € HY(Q) : p(u) := /Q¢(u(x))dx < —|—oo}.

Then ¢ becomes a proper lower semicontinuous convex functional from L?(Q)
into [0, +o00] and its subdifferential is given by

(5.2) Op(u) = —Au + 0¢p(u)
with domain
(5.3) D(d¢) ={u € D(p):uc H*(Q)N HL(Q),
there exists b € L?(Q2) such that b(z) € d¢(u(x)) for a.e. x € N}.
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Moreover, for any b € d¢(u) such that

(5.4) z=—Au+Db,

it holds that

(5.5) 2122 > l1AullZ + )2

whence follows

(5.6) (—Au,b)2 >0 for all b € d¢(u) and all u € D(Dy)
(see Lemma 1 in [23]). Then we prepare the following standard result.

PROPOSITION 5.1. For any h € H := L*(0,T; L*()), the problem

%(xat) - Au(x,t) € *8¢(u(xat)) + h(x7t)v (l’,t) € QTa
P u(z,t) =0, (x,t) € I'p,
u(z,0) = u(z, T), x €,
admits a unique solution u, € C([0,T]; HE(Q)) satisfying
(5.7) %, Auy, € L*0,T; L*(9)).

PROOF. Since ¢( ) is coercive in L2(Q), i.e. ¢(u) > Ai]jul|?2/2, the existence
of periodic solution up, € C([0,T]; L3()) is assured by Corollary 3.4 in [5] and
the uniqueness follows from the strict monotonicity of dy.

Furthermore the regularity (5.7) assures the absolute continuity of the map-
ping: ¢t — (u(t)) on [0,T] (see Lemma 3.3 of [5]), which together with the fact
up, € Cr([0,T]; L?(2)) assures up, € Cr([0,T]; HE (Q)). O

Hence, we can well define a multivalued mapping

G:H:=L*0,T;L*(Q)) — 2%,
G(h) :={veH v(x,t) € Gz, t,up(z,t)) ae. (z,t) € Qr},

where uy, is the solution of (P)y. Here we set

(5.9) G )[13 := suplvlls - v € G(R)},

and, for R > 0, put Kg := {h € H : ||h||x < R}. Then the upper semicontinuity
and the lower semicontinuity of G in H,,, is assured by the following results,
where H,, is the space H := L?(0,T; L*(2)) endowed with the weak topology.

(5.8)

LEMMA 5.2. Let G: Qr x R —2% satisfy (HS) and suppose that there ex-
ists R > 0 such that G maps Kg into itself. Then G: Kr — 2K=7 is upper
semicontinuous with respect to the weak topology of H.

LEMMA 5.3. Let G: Qr x R —2% satisfy (HZ) and suppose that there ex-
ists R > 0 such that G maps K into itself Then G: Kr — 2K& is lower
semicontinuous with respect to the weak topology of H.
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ProoF orF LEMMA 5.2. Since Ky is a compact subset of H,,, in order to
show the upper semicontinuity of G, it suffices to show that its graph is closed in
Hw X Hy, as is stated in Section 2. This part is essentially done in Lemma 4.3
of [22] or Lemma 3.1 of [21]. However, for the sake of completeness, we repeat
the same reasoning reflecting the present specific setting.

Let (hpn,gn)nen be an arbitrary sequence such that h,, — h, g, — g weakly
in H, hy, € Kg, gn € G(hy), i.e. gn(z,t) € G(z,t,up, (x,t)) and up, (z,t) is the
unique solution of

g up, (x,t) — Auyp, (x,t) € =0d(up, (x,t)) + hp(x,t), (z,t) € Qr,

ot
(5'10) Up,, (.T, t) =0, (£E, t) el'p,
Uh,, (.13, 0) = Uh, (l‘,T), z € Q.

Multiplying (5.10) by z, = —Auy,, + by, with b, (z,t) € 0¢(up, (z,t)), we have

(5.11) iw(wn(x,t)) +llzn @172 < [hn(®)l[72]l2n (1)1

dt

—~

1
< Sl ®lze + S 1hn@IZe-

DN | =

Since h,, € Kpg, integrating (5.11) over [0,T], we get by (5.5)

T T T
612 [ 1B, O+ [ IO di< [ (Ol de < R
0 0 0

Since
lzllzellullze > (2 w)zel > IVullZe = VA Vul e flull e,
we get
(5.13) 2X10(u) < 2|32 for all u € D(¢p) and for all z € dp(u).

Hence we find that there exists tg € [0, 7] such that

2
onT

T
(5.14) Pl (o) < 7 [l ()t <

Then integrating (5.11) over [to,t] with t € [to, to + T, we obtain

T T

605 swp plun, @)+ [ [Bun, O ade+ [ [ba(O]sdt < Co
0<t<T 0 0

where Cj is a constant depending on 7', A; and R but not on n. Hence we

can derive the boundedness of ||dup,, (t)/dt| r2(0,7;12(0)) from the equation and

the pre-compactness of {uy,, (t)}nen in L?(Q2). Then, by Ascoli’s theorem, there
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exists a subsequence of (up, )nen, denoted again by (up, )nen, such that

Up, —> U strongly in C([0,T]; L*(Q)) and a.e. in Qr,
Oup,, N ou N o
W a Weakly in L (O,T, L (Q)),
—Aup, = —Au weakly in L?(0,T; L*(9)),

b, — b€ dp(u) weakly in L?(0,T; L*(Q)).

Passing to the limit in (5.10), we find that u gives the unique solution of solution
of (P)p. Furthermore, since g, (z,t) € G(x,t,up, (z,t)) almost everywhere in Qr
and g, € Kpg, there exists a subsequence of (g, )nen, denoted again by (gn)nen,
which converges weakly to some g in H.

On the other hand, up, — u almost everywhere in (7. Therefore, by Propo-
sition 4.3 we find that g € G(h).

Since the argument above does not depend on the choice of the subsequences,
we conclude that the original sequence (hy,,gn)nen converges to (h,g) which
belongs to the graph of G, that implies the closedness of the graph of G in
Houw X Hap- O

PRrROOF OF LEMMA 5.3. We repeat almost the same argument as in the proof
of Lemma 10 in [24]. In order to check the lower semicontinuity of G, we have
only to show that for any weakly closed subset C' in H,

G (C):={h€Kr:G(h) C C}

forms a weakly closed subset of H. Let C be a weakly closed in H and let (hy,)nen
be a sequence in G (C) weakly convergent in H to some hg € H. To prove that
GT(C) is weakly closed, it suffices to show that go € C for any go € G(hg). Let
go € G(ho), i.e. go(z,t) € G(x,t,up,(z,t)) for almost every (z,t) € Qr. Then
we are going to show that go € C. For each n € N we define ¢,,: Q7 — R by

x,t
(e 1) = digo(a, 1), G, tun, 1)) + 220,
where d(go(x,t), G(x,t,up, (x,t))) = inf{|go(z,t) — y| : v € G(z,t,un, (x,1t))}
and p(z,t) > 0 almost everywhere in Qr, and ||p||z2(g,) = 1. Then by virtue
of (b) of (HZ), we can show that for each n € N, ¢,(-, -) is a measurable

function, and the multifunction (z,t) — I, (z,t) where
(516) Fn(xat) = {y €eR: |90(x7t) - y| < @n(mat)} N G(xat,uhn ((E,t))

is also a measurable mapping with nonempty values (see the proof of Lemma 2
in [24]). Then, by the Kuratowski and Ryll-Nardzewski theorem (see Theo-
rem 5.1 in [14]), there exists a measurable selection g,(x,t) of I'y(x,t), i.e.
gn: Q17 — R is measurable and

(5.17) gn(z,t) € Tp(z,t) for ae. (z,t) € Qr.
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Since T'yp(z,t) C G(x,t, un, (x,t)) and G maps Kg into itself, (g, )nen is bounded
in ‘H. Then there exists a subsequence of (g,)nen again denoted by (gn)nen
such that

(5.18) (gn)nen converges weakly in H to some ¢°.

On the other hand, since (hy,)nen is also bounded in H, repeating the same
argument as for (5.15), we obtain the same estimate (5.15) and find that

up, — up, strongly in C([0,T], L*(Qr)) and for a.e. (z,t) € Qr, as n — oo.
In particular,
up,, (z,t) = up, (z,t) as n — oo for a.e. (z,t) € Qr.
Hence, by virtue of the fact that the lower semicontinuity of u +— G(z,t,u)

implies the upper semicontinuity of u — d(v,G(x,t,u)) for every v € H (see
Proposition 2.26, Chapter 1 of [16]), we see that

on(z,t) > 0 asn — oo for ae. (x,t) € Qr.
Then, in view of (5.16) and (5.17), we get
(5.19) gn(z,t) = go(x,t) as n — oo a.e. (z,t) € Q.

Then, by virtue of Egorov’s theorem together with (5.18) and (5.19) we get that
g° = go (see the proof of Lemma 10 of [24]). Consequently, (5.18) implies that
(gn)nen converges weakly in H to go. Since g, € G(h,) C C and C is assumed
to be weakly closed in H, we conclude that gg € C. (]

5.1. Proof of Theorem 3.1. Large periodic solutions. In this sub-
section, we give a proof of Theorem 3.1. To this end we prepare the following

lemma.

LEMMA 5.4. Let (GC) be satisfied with ¢ = 2 and Cy = Cy < N3(1 — k),
where A1 > 0 is the first eigenvalue of —A. Then there exists R > 0 such that G
maps Kg into itself.

PRrOOF. Let h € K and uj be the unique solution of (P); whose existence

is assured by Proposition 5.1. Therefore wu;, satisfies the equation

0

5 up(x,t) — Aup(x,t) + bp(x,t) = h(z,t), (x,t) € Qr,

where by, (x,t) € 0p(up(z,t)) for (z,t) € Qr. Multiply (5.20) by uy, then we get
1d
2 dt

Integration of this over [0, 7] gives

(5.20)

lun )72 + I Vun ()72 + d(un (@, 6) < [1A(E)]] 2 |un (@) 2.

T

/0 IVun (1) 25 dt + / Bun (1) di < / V() e oan () 2 .
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Then, by Poincaré’s inequality, we have

T T
G2 M [ @< [ Fun(e 0l di
0 0
M7 ) 1 /7 )
=5 ; ”uh(xat)HLthJrﬁ ; [h()]|22 dt.
Hence, we obtain
T 9 R2
(5.22) | lunte 0l e < 5.
0 1

We next multiply (5.20) by by (z,t) and we get

d ~ 1 1
7 Oun@ ) + 16n )22 < SI0a(@)1Z2 + IROIZz,

where we used the fact that (—Aup(t),bn(z,t))r2 > 0 (see (5.6)). Then we
obtain

T
(5.23) /|mﬂm;ﬁgR?
0
We set now
Ha”Ll(Q )
5.24 R? = _eleven gL
(5:24) max{lkC’g//\f’

Then we obtain by (GC), (5.9), (5.22), (5.23) and (5.24)

Co
G, < s r) bl + Callun < ol o)+ (1 + 2 ) B2 < 7
which implies that G maps Kg into itself. U
Now we are ready to give a proof of Theorem 3.1.

PROOF OF THEOREM 3.1. Suppose that G satisfies (H{,) or (HZ). Then
Lemma 5.4 together with Lemma 5.2 or Lemma 5.3 assures that G maps Kg into
itself and G becomes upper semicontinuous or lower semicontinuous multivalued
maps. Then applying the Kakutani-Tikhonov fixed point theorem for G (for
the upper semicontinuous case) or the Schauder-Tikhonov’s fixed point theorem
for a continuous selection g: Krp — Kpg of G whose existence is assured by
Fryszkowski’s theorem [11] (for the lower semicontinuous case), we can obtain
a fixed point o € Kp of G (i.e. h € G(h). Then u; gives the desired solution. [J

5.2. Proof of Theorem 3.2. Small periodic solutions. In this subsec-
tion, we give a proof of Theorem 3.2. In parallel with Lemma 5.4 we now have
the following;:

LEMMA 5.5. Let (GC) be satisfied with 2 < q < 2*. Then there exists a (suf-
ficiently small) number R > 0 such that G maps Kg into itself.
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To prove this lemma we use the following result (for a proof, see Lemma 6
of [24)).

LEMMA 5.6. If ¢ € (2,2*), then for any n > 0, there exists K,(n) > 0 such
that

2(g—1
(5.25) ul 290 < | Aull}s + Kq(n) | Vul s,

for all w € H?(2) N HE (), where

2N — 1)

2(¢—-1) forN:1,20rforN23andq§ﬁ,

7= 4(q - 2) 2(N — 1)

24 ———F—— N >3 and
+2N—(N—2)q for N >3 and g > N2

PrROOF OF LEMMA 5.5. Let h € K and uy, be the solution of (P);. Then
by (5.21) we can obtain

T
1
(5.26) / Vun ()2 dt < — R2.
0 A1

Next, multiplying (5.20) by —Awuy(t) and zp,(¢) = —Aup(t) 4 by (t), we get

1d

(5.27) §&||Vuh(t)lliz + | Aun ()22 < [1h(®)]|z2 | Aun ()]l 2.

(5.28) (un(t) + lzn(®ONZ2 < 1h(®)llz2ll2n(®)] e,

¥
which implies
T T T
(5.29) / | Aup(t)|3. dt +/ |65 (2)[32 dt < / |2 (t)||72 dt < R2.
0 0 0
Furthermore, let ¢y € [0,T] be such that
IVun(to) 1 = min, [¥un (012,
Then (5.26) gives
(5.30) IVun(to) |22 < — R?
. o)z = )\1T .

Then, integrating (5.27) over [to,t] with ¢ € [tg, to + T'], we have

1
(5.31) [Vun ()22 < [[Vun(to)]|2: + R* < (A 7T 1) R?,
1
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for all ¢ € [tg,to + T]. Now we apply Lemma 5.6 with n = k/C,;, and we obtain
by (5.26), (5.29) and (5.31)

(5.32) // G da dt

2 1)
Slallosian + [ 100l i+ Cy [l ar
T
el + [ (Il + 12w ) e

k T
+ Oy (C’) /0 IVun |72 dt
q

BN/ 1 (-2)/2 1
< 1 2 K —+1 =2 _ R?
i+ 5 0 () (2 1) o L

k 1 (v—2)/2 1 ) )
< 1 k K 1 — R .
Ha”L (QT)+< +C <C )<)\1 + > )\1R >R

Here, nothing that v > 2, we take R and |[|a| 1 (g, sufficiently small so that:

k 1 (v=2)/2 1 9 1
] _ S Rv2<I(1-
(5.33) CK(C)(AT+1) >\1R _2(1 k),
1
(5.34) lallzr@r) = 5 (1= k)R,
Then, (5.32)—(5.34) assure that G maps Kp into itself. O

ProOOF OF THEOREM 3.2. We can repeat exactly the same arguments as
in the proof of Theorem 3.1. However, in this case, we have to take |lal/z1(0,)
sufficiently small so that

1—k MNT)O2D2(1—k) Y0
HCLHLl(QT) < 2)/2
2 [2CKy(k/Cy)(MT +1)0 =2/

6. Examples
In this section we give some examples which can be dealt with in our setting.

6.1. The case where D(¢) = R!. Let 3(-) = 9¢(-) be a maximal mono-
tone graph in R! x R! which can be multivalued such that ¢(0) =0 = m]iRn o(r)
reRL

and
(6.1) |80q§(u)|2 > u?P=Y - forallueR!, 1<p<oo, C;>0.

We also introduce a class of continuous functions Cp, 4 by the following: f € C, 4
if and only if f: R! — R! is continuous and satisfy

(6.2) |f(w)]* < Co + kolu*P™Y + COu?™Y) for all u € RY,

where 1 < ¢ < oo, Cy > 0, Cg >0 and kg € [0,1) are constants.
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In the following we consider the case where
(63) G(ﬂ?,t, ’LL) = G()(u) + fe(x7t)7 with fe € LQ(QT)

6.1.1. The upper semicontinuous case. Take fi", fi, fi, fa € Cpq, such
that

fi(u) < fy (w) forall u € (—o0,0],
fif(u) < f5f (w)  for all u € [0, +00),
2 (0) < fi7(0),

and define
[f7 (u), f5 (w)] ifu<0,
(64) Golw) = { [fi(w), f ()] ifu>0,
[£7(0), £ (0)] ifu=0.

Then it is easy to see that G(z,t,u) = Go(u) + fe(x,t) is a closed convex and
upper semicontinuous multivalued function satisfying (Hf,). Note that there is
no continuous selection of Go( ).

Here we note that fli, f2jE € Cp,q together with (6.1) and (6.2) implies that,
for any small > 0, there exists C,, > 0 such that

(6.5) [|G(x, t,u)l|]* < Cylfe(a, t)?
+ (141)[Co + koCi + k|0 p(w)[* + CLJul*~ Y]

for almost every (z,t) € Qr, for all u € R'. Then the existence of periodic
solutions of our equation with (6.1), (6.2) and (6.3) falls into the following two
cases:
(I) Large periodic solutions. We can apply Theorem 3.1 for all of the following
cases, i.e. problem (P) admits a solution satisfying (3.5) for any f. € L?(Qr).
(I4) The case where g < p. Since the Young inequality assures that for any
€ > 0, there exists C; > 0 such that

(14 n)COul@D < £|0°p(u)|* + C.  for all u € RY,
G(z,t,u) satisfies (GC) with k = (1 +n)ko +¢ <1, C; =0 and
la(@, )] = Cyl fe(z, t)* + (1 +n)(Co + koC1) + C-.
(I2) The case where g < 2. Since for any € > 0, there exists C; > 0 such that
(1+ T])C’g|u|2(q_1) <elul* +C. forall u € RY,

G(z,t,u) satisfies (GC) with k = k := (1+n)ko < 1, ¢ = 2, Co=0C=¢<
A2(1 — k) and

la(@, )] = Cyl fe(z, ) + (1 +n)(Co + koC1) + Ce.



1090 M. OTANI — V. STAICU

(I3) The case where ¢ =2, p < 2 and C9 < N3(1 — ko). G(z,t,u) satisfies
(GC) withk =k = (1+n)ko<1,q=2,C,=Cy=(1+n)CY < }(1 —k) and

la(z, )] = Cylfe(@, ) + (1 +1)(Co + koC1).

(1) Small periodic solutions. Let 2 < q < 2* and let Cp, koCy and | f.||?
be small enough. Then (P) has a periodic solution satisfying (3.5). In fact,
G(z,t,u) satisfies (GC) with k = (1+n)ko < 1, ¢ € (2,2%), Cq = (14 1)CJ and

la(z, )] = Cy| fe(z, ) + (1 +1)(Co + koCh).
Then we can apply Theorem 3.2.
6.1.2. The lower semicontinuous case. Let f, f~ € Cp, and —oc0 < g <
r1 < 400 such that f~(u) < f*(u) for all u € (rg, 1) and define
{f*(u)} if 11 <w (when 11 < +00),
(6.6) Go(u) = ¢ {f~(u)} if u <rg (when — oo < rg),
Lf7(w), )] NQn if u € (ro,m),
where Q,, := {q € Q : 10™q € Z} with n sufficiently large so that
[fﬂu),f*(u)} NQ, #0 forall u € (rg,r).

Then it is easy to see Go( ) is lower semicontinuous and closed valued (but not
convex valued) and there is no continuous selection of Go(-).

Note that assumption f* € Cp,q assures (6.5). Then we again obtain two
kinds of results just same as: (I) large periodic solutions and (II) small periodic
solutions, as before.

6.2. The case where D(¢) is precompact. Here we give some examples
for the case where D(¢) is precompact, i.e.

D(¢) = {u € R : ¢(u) < +00} C [a,b] with — oo < a < b < +o0.
Consider the following typical two examples:

EXAMPLE 6.1.

(6.7) o) = Iy =4 Teelnt

400 otherwise.

Then we have
{0} if u € (a,b),
(—00,0] if u=a,
[0,4+00) ifu=b,
0 if u & [a,b].
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EXAMPLE 6.2.
h(u) if u € (a,b),

+o0  otherwise,

(6.8) P(u) = én(u) =

where h € C'((a,b); RY) is convex and satisfies

lim A(u) = lim h(u) = 4oc.

u—a-+ u—b—
Then we have
{P(uw)} ifue(ab),

00Le) = 0om(u) =1 4 if u ¢ (a,b).

Again define G(x,t,u) by (6.3) together with (6.4) or (6.5). Then since
D(01}4y)) = [a,b] and D(0¢p) = (a,b), G(z,t,u) satisfies (GC) with k = C; =0
and

la(z,t)| = C(|fo(2,t)]* +1) for some C > 0,
provided that f (i = 1,2), f* € C(R';R'). Hence, Theorem 3.1 assures that
(P) admits a solution u satisfying (3.5) for any f. € L?(Q7).
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