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THE LONG-TIME BEHAVIOR
OF WEIGHTED p-LAPLACIAN EQUATIONS

SHAN MA — HoONGTAO L1

ABSTRACT. In this work we study weighted p-Laplacian equations in
a bounded domain with a variable and generally non-smooth diffusion co-
efficient having at most a finite number of zeroes. The main attention is
focused on the case that the diffusion coefficient a(x) in such equations sat-
isfies the inequality ligI}LiEf |z — 2| "Pa(x) > 0 for every z € Q. We show the

existence of weak solutions and global attractors in L2(Q), L(Q2) (¢ > 2)
and Dé’p(ﬂ), respectively.

1. Introduction

Let Q be a bounded smooth domain in R™ (n > 2). We consider weighted
p-Laplacian equations

% —div(a(z)|VulP~2Vu) + f(u) = g in Q x RY,
(1.1) u=0 on 99 x RY,
u(z,0) = ug in Q,
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where 1 < p < n, and f € C1(f) satisfying

(1.2) f'(s) > =,
(1.3) Cils|7— Co < f(s)s < Co|s|?+ Cy, q>2

for any s € R. In order to handle applications to media which possibly are
somewhere ‘perfect’ insulators (see [7]) we allow the coefficient a(-) to vanish
somewhere. Therefore, the problem (1.1) is considered as being degenerated.
The degeneracy of problem (1.1) is studied in the sense that the measurable,
nonnegative diffusion coeflicient a(x) is allowed to have at most a finite number
of zeroes at some points, and we assume that a: 0 — R satisfies the following

assumption:

(Hp) a € L (Q) and liminf |z — 2| ~Pa(x) > 0, for every z € Q.
r—z

Recently, motivated by [5], where a semilinear degenerate elliptic problem

was studied, the authors in [1]-[3], [9]-[11], [13], [14] considered the existence of

global attractors for some classes of degenerate evolutionary equations under the

assumption that a € L{ (Q), for some a € (0,2), satisfies

loc

(1.4) limjnf |z — 2| %a(x) > 0, for every z € Q.

Typically, Anh and Ke in [3] have studied the existence of weak solutions and
global attractors for degenerate p-Laplacian equation whenever « € (0, p).

In this paper, we mainly consider degenerate p-Laplacian equation in the
case of & = p, that is, the weighted function a satisfies assumption (#,). In this
case, Dy? () (see the definition in Section 2) is compactly embedded only in the
space L™(Q) (1 < r < p) but not in L?(Q2) or LP(Q) (p > 2), which gives rise the
additional difficulty due to the lack of compactness. Firstly, for the existence of
solutions to our problem, Galerkin method seems so inconvenient to deal with
parabolic equations because the inverse of the prime operator is not always com-
pact in Hilbert space L?(2). Secondly, it is well known that if we want to prove
the existence of global attractor in LP(£2) we need to verify that the semigroup
associated with (1.1) has some kind of compactness in L?()). However, there is
no corresponding compact embedding result for this case. Hence, we can obtain
the compact attractor only in L"(Q2) (1 < r < p) but not L?(Q2) or LP(Q2) by
uniformly compact methods.

For our problem, we firstly give the corresponding embedding theorem, then
prove the existence of weak solutions based on the singular perturbation method.
Furthermore, we discuss the compact attractors of the weak solutions in L?(Q)
and L9(£2) by use of asymptotic a priori estimate method introduced in [21] and
combining with the existence of absorbing set in Dé’p (©) which is compactly
embedding only in L"(2) (1 < r < p). Finally, we show the existence of global
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attractor in Dé’p (Q2) by verifying that the semigroup of weak solutions is asymp-
totically compact.

2. Preliminary results

In this section, we introduce some of the basic results on functional spaces,
and then review briefly some necessary concepts and theorems on global attrac-
tors. In order to study problem (1.1) we introduce the weighted Sobolev space
Dy?(€) defined as the closure of C§°(€2) in the norm

1/p
lollogs = ( [ atavulraz) "

Next proposition, which is easily proved by using similar arguments as in [3],
refers to continuous and compact inclusion of D™ ().

PROPOSITION 2.1. Let Q be bounded domain in R™ (n > 2) and a € L, ()
satisfy (1.4) for some a € (0,p]. Then the following embeddings hold:

(a) DyP(2) is continuously embedded in Wol’pn/(n+a)((2);

(b) Dy?(Q) is continuously embedded in LP«(2);

(c) DyP() is compactly embedded in L™ () as 1<r <pi=pn/(n —p+ a).

REMARK 2.2. p¥ > p when a € (0,p), pX, = p when a = p, which plays the
role of the critical exponent in the Sobolev embeddings.

In the present paper we only consider the case of @ = p, that is, a satisfies
the hypothesis (H,).

We now review briefly the basic results on the existence of global attractors,
see [4], [6], [15], [18], [21] for more details.

DEFINITION 2.3. Semigroup {S(¢)}+>0 on Banach space X is called asymp-
totically compact if for any bounded sequence {z,,}3°; and ¢, > 0, t,, — co as
n — 00, {S(t,)x,}22, has a convergent subsequence in X.

THEOREM 2.4. Let {S(t)}i+>0 be a semigroup on LP(Q) (p > 1), which is
a continuous or weak continuous semigroup on L4(Q2) for some ¢ < p and have
a global attractor in L1(Q), where Q& C R™ is bounded. Then {S(t)}i>0 has
a global attractor in LP(Q) if and only if

(a) {S(t)}i>0 has a bounded absorbing set By in LP()), and

(b) for anye >0 and T =T(e, B), such that

/ |S(t)up|P de < e for anyup € B andt > T.
Q(|S(t)uo|>M)

THEOREM 2.5. Let {S(t)}+>0 be a semigroup on LP(Q) (p > 1) and {S(¢t)}+>0
have a bounded absorbing set in LP(Q)). Then, for any € > 0 and any bounded
subset B C LP(Q)), there ewist positive constants T = T(B) and M = M(e)
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such that m(Q(S{t)ug| > M)) < € for anyt > T and uy € B, where m(e)
(sometimes we also write it as |e]) denotes the Lebesgue measure of e C Q and
|ul = M) ={z € Q | |u(x)| > M}

THEOREM 2.6. For any € > 0, the bounded subset B of LP(2) (p > 1) has
a finite e-net in LP(Q) if there exists a positive constant M = M(g), which
depends on €, such that

(a) B has a finite (3M)9=P)/4(g/2)P/9-net in LI(Q) for some q > 1;
(b) / lulP de < 27 CPF2D/Pe for any u € B.
Q(Ju|=M)

3. Existence and uniqueness of the global solution

In this section, we show the existence and the uniqueness of the global so-
lutions for (1.1). Let D=7 (Q) be the dual space of Dy "?(Q), where p’ is
the conjugate of p, i.e. 1/p+ 1/p’ = 1. We denote Qp = Q x [0,T], V =
LP(0,T; DyP () N LY(Qp) and V* = L' (0,T; D~4#'(Q)) 4+ L9 (Qr), respec-
tively, where ¢’ is the conjugate exponent of ¢, i.e. 1/g + 1/¢’ = 1. For a
convenience, hereafter let ||- ||, be the norm of L?(Q2) (p > 1), |u| be the modular
(or absolute value) of u, C be the arbitrary positive constant, which may be
different from line to line and even in the same line.

DEFINITION 3.1. A function u(z,t) is called a weak solution of (1.1) on
0,T] if and only if u € C([0, T]; L*(Q)) N LP(0, T; Dy* (Q)) N LI(0, T; L9(Q)) and
u|t=0 = ug almost everywhere in € such that

/QT <§;§+a|vu|p—2vw§+f(u)§>da: dt :/Q g€ da dt

T

holds for all test functions & € V.
The following lemma makes the initial condition in problem (1.1) meaningful.
LEMMA 3.2 ([3]). Assumeu € V and du/dt € V*. Thenu € C([0,T]; L*()).
Let
Lyou = —div(a(z)|Vu|P~2 Vu), u € DyP(Q),
Lpa.u=—div(ac(z)(|Vue|* + ) P22 Vu.), ue DyP(Q).
We now establish the existence and uniqueness of the problem (1.1).

THEOREM 3.3. Assume 2 C R™ is a bounded open domain with smooth
boundary, f satisfies (1.2)—(1.3) and g € L?(2). Then, for any ug € L*(Q) and
T > 0, there exists a unique solution u of (1.1) which satisfies

w e C([0,T); L*(2)) N LP(0, T; Dy (Q)) N LI(Qp).

The mapping ug — u(t) is continuous in L*(9).
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PrROOF. For any 0 < ¢ < 1, we choose u. o € C°(£2) such that ||us |/ are
uniformly bounded with respect to €, and u. o — ug in L?(Q2) as e — 0.
Consider the problem

65;6 . diV(GE(Jf)“vualQ + 6)(1’—2)/2qu) 4 f(ue) =g inQx R+,
(3.1) U =0 on 00 x Rt
us(z,0) = uco in £,

where a.(z) = a(x) +¢ for x € Q.
According to the classical theory on parabolic equations (see for example [4],
[6], [17], [18]), the problem (3.1) admits a unique weak solution

ue € C([0,T); L3(Q)) N LP(0, T; WP () N LY(Qp)  with % € L*(Q7).

Here u. is called a weak solution of the problem (3.1), if

T (Oue (r—2)/2
32 [ [ (GEetalvr+9"? VuTp s fup)dar
0 Q

T
:/ / gpdzdt,
o Ja

for p € C§°(Qr) and ue|i=o = ue o almost everywhere in €.
We do some estimates on u.. Multiplying (3.1) by u. and integrating over €,
we get

1d ~2)/2
33) o+ [ a(Vup+)" 290+ [ fudu = [ guds
Q Q Q

We can use (1.3) and the Holder inequality to write

1d

(& C
4 - 2 P q < QO 2
64)  galueli+ [ a@Vlrde+ G [ uprde < il + 56 ol

where [ = [, dz. The Gronwall inequality implies, for any T € R,

u. is uniformly bounded in L>(0, T, L?(2)) with respect to &.

Integrating (3.3) and (3.4) both sides between 0 and 7' and using the Young
inequality, we may get by a standard procedure(see for example [4], [8], [17]
and [18]) that

(p—2)/2
/ Qe (|Vu5|2 + 5> |Vue|*dzdt < C,
Qr

/ a|VuelP dzdt < C  and / lug|? dxdt < C
Qr Qr
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with C independent of £. Noting (1.3), we obtain

T
Ny = [ ([ 1500 o)
T , T
a-1)4 q'(g—1)
SO/O (/Q(Hlusl ) dsc>dt§0/0 </91+|u5| dz)dt.

So we have that f(u.) is uniform bounded in L% (0, T; LY (€2)) with respect to &.
We now extract a weakly convergent subsequence, denoted also by wu. for
convenience, with

ue —u in L*(0,T; Dy* (),
ue —=u in LI(0,T; LI(Y)),
flue) = x in L7 (0,T; LY (Q)),
Lpa.tie =19 in LP (0,T; D~"7 (Q)).
Since f € C(R), it follows that f(u.) — f(u) in L9 (0,T; L7 (2)).

Now we show that u is a weak solution of problem (1.1). Multiplying (3.1)
by ¢ and let € — 07 to derive

T T

0
/ /lw+ﬁV¢+f(u)@dxdt:/ /gcpd:vdt for ¢ € C5°(r).
o Jo Ot o Ja

Therefore, to obtain the existence we need only to prove
T T

(3.6) / /ﬂVg@daﬁ dt :/ /a|Vu|p_2VuV<pdxdt, v € C5°(9r)
0 JO 0 Jo

for C§°(S2r) is dense in V. From (3.3) we can obtain

/ a: (|Vu: > + ) (p_2)/2\Vu5|2 dxdt
Qr

:7/ %usdxdtf/ f(ug)usdxdtJr/ gue dx dt.
ap Ot Qr Qr

Let v € C§° (). It is obvious that

T
/ /ag((|Vu5\2+£)(p_2)/2Vu5—(|Vv\2+£)(p_2)/2Vv)~(Vu5—Vv) dz dt > 0.
0o Ja

Therefore,

0 _
— ﬁugdajdt—/ a€(|Vu5|2—|—5)(p 2)/2Vu8Vvdasdt
op Ot Qr

- / a(|Vo]* + 6)@_2)/2V1}(Vu5 — Vv) dzdt
Qr
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+ 5/ (Vo] +¢) (p72)/2Vv(Vu€ — Vv) dz dt
Qr
- flue)ue da dt + / gue dx dt > 0.
QT QT

Letting ¢ — 0T in the above inequality and noticing that

9

/ (Vo> +¢) (piz)va(Vus - Vo) dz dt‘

T

gs/ (|W\2+s)p’2/2|vu||vu5|dxdt+e/ (IVo]? + )" da dt — 0
Qr

T

as € — 0T, we arrive at

(3.7 —/ @ud;vdt— IVudz dt
ap Ot Qr

— / a| V[P 2Vo(Vu — Vo) dz dt — / f(uw)udzdt + / gudx dt > 0.
Qr
On the other hand, choosing ¢ = u in (3.2) leads to
8u5
(3.8) IWudrdt = — f Judzx dt + gu dz dt.
0o JQ Qr
Then, it follows from (3.7) and (3. ) that
T
/ / (¥ = a|Vo|P~2Vv) (Vu — Vo) da dt > 0.
0o Ja
Choosing v = u — Ap with A > 0 in the above inequality, we get
T
/ / (0 —alV(u—2p)|P"*)V(u— Ap)Vdadt > 0,
o Ja

which implies by letting A — 07 that

T

/ / (¥ — a|VuP~*Vu) Ve dz dt > 0.
0o Ja

If we choose A < 0, we achieve the inequality with opposite sign. Thus

T

/ / (0 — a|VuP~*Vu) Ve drdt = 0,
0o Ja

which lead to (3.6). And then u € C([0,T]; L?(£2)) follows from Lemma 3.2.

Now we will show that u(0) = up. Choosing some ¢ € C'([0,T]; DyP(Q) N
L9(Q2)) with ¢(T") = 0 as a test function and integrating by parts in the ¢ variable
we have

T
/0 —(u,¢') + ( = div(a(z)|VulP*Vu),¢) ds

T T
+ / (F(uls)), ) ds = / (9(2), ) ds + (u(0), 9(0)).
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Doing the same in the above approximations, we get
g (r-2)/2
| )+ (= diviac@)(Vuc +2) 200, ) ds
0

+ / (F(ue(5)), p)ds = / (9(2), ) + (ue(0), 9(0)).

By taking limits we conclude that
T
/ —(u,¢') + { — div(a(z)|VulP*Vu),¢) ds
0

+ / (F(u(s)), o) ds = / (9(x), ) ds + (uo, 9(0)),

since uco — ug. Thus u(0) = uo.
Finally, we prove the uniqueness and the continuous dependence on ug. Let
up and vy be in L? and consider w(t) = u(t) — v(t). Then

e div(a(x)|Vu|P~2Vu) + div(a(z)|Vo|[P~2Vo) + f(u) — f(v) =0

and w(0) = up — vo. Multiplying by w and integrating over ) gives

%%HwH% + ( — div(a(2)|Vul[P>Vu) + div(a(z)| V[P 2 Vv),u — v)
+ {f(u) = f(v),u—v) =0.
Using (1.2), we obtain
Dl < 13

Integrating this gives the uniqueness and the continuous dependence on initial
conditions. O

Now we can use these solutions to define a semigroup {S(¢) };>0 on L*(Q) by
setting S(t)up = wu(t), which is continuous on ug in L?(2). In what follows, we
always assume that f satisfies (1.2)—(1.3) and g € L*(Q), and {S(t)}:>0 is the
semigroup generated by the weak solutions of (1.1) with initial data ug € L?(€2).

4. Existence of global attractors

4.1. Existence of absorbing sets.

THEOREM 4.1. The semigroup {S(t)}:+>0 possesses a bounded absorbing set in
L2(Q), LY(2) and Dy?(Q) respectively, i.e. for any bounded subset B in L*(Q),
there exists a constant T(||ugl|2), such that

lu(®)3 < po  and [u(®)] +/Qa(x)|Vu(t)|p dx < pr,

for allt > T and uy € B, where u(t) = S(t)uo.
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PROOF. Let F(s) = [; f(r)dr, from (1.3), we deduce that
Cils|? — k < F(s) < k+ Cyls|?.
So,
(4.1) él/Q\ude—k\m g/QF(u) dx§k|Q|+52/Q\u|qda:.

Multiplying (1.1) by w and integrating over ), we get

1d
§£||u|\%+/a(x)|Vu\pd1:+/f(u)uda::/gudx.
Q Q Q

Using (1.3) and the Holder inequality to deduce that

1d Ch 1
sl + [ a@)vuy e+ G [ julrde < Sglf + Cole.
So we have

d
(4.2) &HUH% +C</ a(z)|Vul? dm+/ |U|qd$) < C(llgll2, [2])-
Q Q

Noticing that g > 2, we deduce
d
Gl + ¢ [ do < gl 9.
Q

By the Gronwall lemma, we obtain the existence of absorbing set in L?(€2), i.e.
there exist pp and Ty = Tp(]|uol|2) > 0 such that

[u(®)]3 < po  for t > Tp.

Taking t > Ty and integrating (4.2) on [t,t 4 1], we have

t+1
/ (/ a(z)|Vul? dz +/ |ul? dm)ds < C(|lgll2s 12, po), for all t > Tp.
t Q )

Then, by (4.1), we can deduce that, for all ¢ > T,

as | - ( [ a@varas+ [ F(u)dx)dssc<||g||2,|ﬂ|,po>.

On the other hand, multiplying (1.1) by u;, we obtain

d (1

(4.4 (5 [a@rvap+ [ Fw) s < a0
dt\p Jo Q

Therefore, from (4.3) and (4.4), using the uniform Gronwall lemma, we get

[ a@Ivup ds+ [ P s < gl |9, o).
Q Q

Thanks to (4.1), this inequality implies that, for all t > Ty + 1,

/ o(2)|Vul? dz + / fult dz < C(g]l2, 121, po)-
Q Q

Taking T' = Ty + 1 and p; = C(]|gll2, |€2], po), we complete the proof of Theo-
rem 4.1. O
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4.2. Global attractors in L?(Q) and L%(Q). Our goal in this subsection
is to deal with the existence of global attractor in L?(2) and L4((2), respectively.
In view of the definition of global attractor (see [4], [6], [17], [18]) we need to
verify {S(t)}+>0 is compact in L?*(Q2) and L4(f2), however, which we can not
obtain by the uniformly compact method for lack of the corresponding Sobolev
compact embedding theorem. Here we notice that D} () can be embedding in
to L"(2) and finally obtain the compactness of the attractor in L?(2) and L%(Q)
using the asymptotic a priori estimate method introduced in [21].

THEOREM 4.2. The semigroup {S(t)}1>0 generated by (1.1) with initial data
up € L?(Q) has a global attractor ofy. That is, < is compact, invariant in L*()
and attracts every bounded subset of L*(S)) in the topology of L*(£2).

PROOF. In order to prove the existence of global attractor in L?(£2), we need
to verify that the semigroup associated with (1.1) has some kind of compactness
in L2(Q). Now we distinguish two cases to verify it.

Firstly, we consider the case p > 2. From Proposition 2.1, it is easy to know
that {S()};>0 is compact in L2(Q) for Dy?(Q) is compactly embedded in L?(£),
so there exist a global attractor in L?((2).

In the case 1 < p < 2 the proof is more complicated. Firstly, we give a priori
estimate for the unbounded part of modular |u| for the solution w of (1.1) in
L?-norm. For any fixed € > 0, there exists § > 0 such that for any e C Q and
m(e) <4

(4.5) /|g(av)|2 dr < e.

Moreover, from Theorem 2.5 and 4.1, we know that there exist T = T'(B, ¢) and
M; = M(e) such that

(4.6) m(Q(|u(t)] > M;)) < min{e, 6} for ug € Band t > T.

In addition, thanks to (1.3), we know f(s) > 0 when s > (Cy/C1)Y9. In the
following we assume M = max { M, (Cp/C1)Y/9} and t > T.
Multiplying (1.1) by (u — M)4 and integrating over 2, we have

1d
53l =043+ [ o)V M) do
2 dt o
+ [ )Mo= [ gtu= 1) do
Q Q
where (u — M)y denotes the positive part of u — M, that is

u—M ifu>M,
(u— M)y = .
0 if u < M.
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Set Q1 = Q(u(t) > M). Notice that f(u) > Cru?™! —C3 and u — M < u as
u > M, from the Cauchy inequality and the Holder inequality, we deduce that

d
(4.7 —||(u—M)+||§+C’/ (u—M)lde < C | |gf*dr, ast>T.
dt a Q
Combining with (4.5)—(4.6) and LY — L?(Q2)(q > 2), we get
d 2 2
L= 3+0 [ (w—M)Pdr < Ce,
dt o
We apply the Gronwall lemma to infer
=)l = [ - MPdo<Ce,

(o1

Let Q3 = Q (u > 2M), we have

(4.8) / lu]? dx < Ce.
Qo
Replacing (v — M)y with (u + M)_ and using the same method as above, we
obtain
(4.9) / lu|? dz < Ce.
Qu<—2M)

Hence, assertions (4.8) and (4.9) yield
/ lu(t)|* dx < Ce for any ug € B and t > T,
Q(lu(t)|2M)

where the constant C' is independent of £ and B.

Let By be the absorbing set in Dy”(£2), we can consider our problem only
in Bg. From Proposition 2.1 we know Dé’p(Q) is compactly embedded into
L™ (Q) for some 1 < r < p*, so By is compact in L"(§2), and By has a finite e-net
in L"(Q). According to Theorem 2.6 we see By is compact in L?*({2), hence,
Theorem 4.1 implies the existence of attractor in L?(€2). O

We now prove the existence of global attractors for {S(¢)}¢>0 in L7(£2). We
firstly give a priori estimate for the unbounded part of modular |u| for the solu-
tion u of (1.1) in L%-norm.

THEOREM 4.3. For any ¢ > 0 and any bounded subset B C L?(Q), there
exist T =T(B,e) and M = M (e) such that

/ |u|fde < Ce  for allt > T and ug € B,
Q(|ul>M)

where the constant C' is independent of € and B.
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PrOOF. Let t > T. Integrating (4.7) on [t,t + 1] and combining with (1.3)
and Theorem 4.2, we have

t4+1
(4.10) / (/ lu — qux)dt < Ce.
t Q

On the other hand, multiplying (1.1) by (u— M)ffl and integrating over 01, we
get

1i/ |u—M|qd:r+(q—1)/ a(x)|VulP(u — M)T? dz
qdt Jo, oh

+ fu)(u— M)a! d:c:/ g(u— M), dx.
0 N

In view of (1.3), we have
1d 9
-— |lu — M|%dx + (¢ — 1) a(x)|VulP(u — M)~ dx
qdt Jo, (o

+C lu — M|*72dx < Ce,
931

where we used the Holder inequality and the Cauchy inequality. Hence,

d
(4.11) — lu — M9 dx < Ce.
dt Jq,

Using (4.10) and (4.11), the uniform Gronwall lemma leads to

/ |lu — M|?dz < Ck,
[ 951

where the constant C is independent of € and B. Thus

(4.12) / |u|? dx < Ce.
Q(u>2M)

Repeating the same steps above, just taking (u+ M)_ and (u+ 2M)(f1 instead
of (u— M), and (u — 2M)i_1, respectively, we deduce that

(4.13) / |ul?dzx < Ce.
Q(u—2M)
Combining (4.12) with (4.13), we obtain that
/ |u|dz < Ce. O
Q(lu|=2M)

Theorems 2.4, 4.1 and 4.3 lead to the existence of global attractor in L9(£2).

THEOREM 4.4. The semigroup {S(t)}i>0 generated by the weak solution of
equations (1.1) has a global attractor o, in L1(NY), i.e. o, compact, invariant
in LY(Q) and attracts every bounded subset of L?(Q) in the topology of L(S2).
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4.3. Global attractor in Dy?(Q) N L(f). In this subsection, we prove
the existence of a global attractor in Dé’p (Q). At first, we will give some a priori
estimates about u; endowed with L?-norm.

THEOREM 4.5. Assume that ) is a bounded smooth domain in R™, g € L*(Q),
and f satisfies (1.2) and (1.3). Then, for any bounded subset of L?(Q), there
exists a positive constant T = T(B) such that

|uell3 < C forug € B and s > T,
where u(s) = d S(t)ug/dt|i=s and C is independent of B.

PrOOF. From Lemma 5.1 in [19] we know that for any bounded subset of
L?(Q), there exists a positive constant T' = T'(B) such that

|ue, |3 < C forall ug € B and s > T,
where u, is solution to (3.1). Thus, we have
ue, — h(s) in L*(Q) forany s >T and ||h(s)||3 < C forall s >T.

On the other hand, from the proof of Theorem 3.3, we know that u.; — u; in V*.
By the uniqueness of limit, we have

llul|2 = [|A(s)||3 < C forall s > T. O

In order to verify that the semigroup {S(¢)}:>0 is asymptotically compact in
Dé’p (©) we need the following simple property of weighted p-Laplacian:

PROPOSITION 4.6. The operator Lq ,: Dy* () — D=1 () is strong mono-
tone, i.e. for any u,v € D(l)’p(Q), there exists a positive constant § such that

(Lp,atn = Lp,auz, ur — uz) 2 0flur — uzl prr.

PrOOF. We need to prove the strong monotonicity. From the Lemma A.0.5
in [16], we know

(('x‘p—Zx - |y‘17—2y7x - y)) Z 5|3j - y‘pv

where ((-, -)) is the standard scalar product in R™. So

(Lp,at1—Lp qu2, u1 —us) :/a(:c)((|Vu1|p*2Vu17|VuQ|p*2VuQ,VulfVuQ))
Q

> 6llur — uzf prr- O

THEOREM 4.7. The semigroup {S(t)}i>0 generated by the weak solution of
equations (1.1) has a global attractor < in DyP(Q) N LY(Y), i.e. o compact,
invariant in DYP(Q) N LY(Q) and attracts every bounded subset of L2(Q) in the
topology of Dy* () N L(Q).
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PrOOF. Firstly, we prove that the semigroup {S(¢)}:>0 is asymptotically
compact in DyP(Q). Let By be a bounded absorbing set in D} () obtained in
Theorem 4.1, then we need only to show that for any sequence {ug,}>°; C By

(4.14) {un(tn)}22, is precompact in DyP(9Q),

where uy, (tn) = S(tn)uon-

Thanks to Theorems 4.2 and 4.4, we know that {u,(t,)}52, is precompact
in L?(Q) and L9(Q), so we can assume that the subsequence {u(tnr)}s, is
Cauchy sequence in L?(Q2) and L7(Q).

In the following, we prove that {u,x(tnx)}32, is Cauchy sequence in Dy ().
Noting Proposition 4.6, we have

O|tn,, (tny) = un, (tnj)”Dé’p

<(Lp,atiny, (tny,) — Ly atin, (tnj )s Uny (tny,) — Un,; (tn,- )

d d
:<_ &unk (tnk ) _f(unk (tnk )>+ %unj (tnj ) +f(unj (t'nj ))7 Un, (tﬂk ) _unj (tn]‘ )>

<,

+/ |f(u7lk (tnk)) - f(um (tn]))| ’unk (tnk) - u”j (t"j)‘
Q
d

d
< Hdtunk (tnk) — o Un, (t'n«j)

d d
7 Uny, (tnk) - %

. (tn.
- tn (tn,)

|unk (tnk) - un_;’ (tnj )|

dt L Hu"k(t"k) 7“";‘(’5%)”2

+ C(l + [[n,, (tnk)HZ + Hun] (tnj)Hg> Hunk (tny,) — Un; (tnj)’ q

which, combining with Theorem 4.4 and 4.5, yields (4.14) immediately. Set

)

D(I],meq

o =()JS®Bs :

s>0t>s
which consists of all the limit points of the orbit of By, i.e.
o ={y:3t, > o0, T, € By with S(tp)z, — y in Dé’p(Q) NLYQ)}.

On the other hand, from Theorem 4.2, we know there exists y* € L?(Q) such
that

S(ty)rn, — y*  in L*(Q) as n — oo.
By the uniqueness of the limit, we get y = y*, and &/ = o5. Using Theorem 4.2
again, we know ¢ is invariant. So & is the global attractor in Dy (€2) N L4(Q),

which is compact, invariant in Dy?(Q)NL%(Q) and attracts every bounded subset
of L2(2) in the topology of Dy () N LI(Q). O

REMARK 4.8. From the procedure of the proof of Theorem 4.7, obviously,
we know that A = Ay = A,.
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