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Dedicated to the memory of Ioan I. Vrabie

ABSTRACT. We consider a general periodic system driven by a nonlinear,
nonhomogeneous differential operator, with a maximal monotone term
which is not defined everywhere. Using a topological approach based on
Leray—Schauder alternative principle, we show the existence of a periodic
solution.

1. Introduction

In this paper, we study the existence of solutions for the following periodic
system

a(u'(t)) € A(u(t)) + f(t,u(t),v/(t)) fora.a. teT:=][0,b],

(P) ) )
u(0) = u(b), u'(0) =1u'(b).

In this problem, a: RY — R¥ is a continuous, strictly monotone (hence maximal

monotone too) map which satisfies certain polynomial growth conditions. As

/

a special case, the differential operator v — a(u')’ incorporates the vector p-

Laplacian u — (|u/|P~2u’)’, where | - | denotes the RY norm. However, we
stress that a is not in general homogeneous. On the right-hand side of (P),
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A: RN — 28" ig a maximal monotone map and D(A) = {z € RN : A(z) # 0}
needs not to be all of RY. In this way problem (P) includes also systems with
unilateral constraints (differential variational inequalities). The perturbation
f: T xRN xRV — RY is a Carathéodory function (that is, for all (z,y) €
RN xRNt — f(t,z,y) is measurable and for almost all t € T, (z,y) — f(t,z,7)
is continuous). We impose on f(¢,x,y) some general growth restrictions and
unilateral conditions for |z|, |y| big. The presence of the multivalued maximal
monotone term A and the dependence of f on the derivative u’, make problem
(P) nonvariational. Therefore our approach is topological based on the fixed
point theory. More precisely, we use the Leray—Schauder alternative principle.
In the past periodic systems were studied assuming A = 0 and that the
function f(t,z,y) satisfied the Hartman or the Nagumo—Hartman condition (see
Hartman [4], Knobloch [5]). A condition of this kind is very convenient because it
produces an a priori bound for the solutions of the problem. We refer also to the
works of Knobloch and Schmitt [6], Manasevich and Mawhin [7], Mawhin [9]. We
mention that problems with maximal monotone terms (unilateral constraints),
both finite and infinite dimensional, can be found in the book of Vrabie [10].

2. Mathematical background — hypotheses

Let X be a reflexive Banach space. By X* we denote the topological dual of
X and by (-,-) the duality brackets for the pair (X*, X). Given A: X — 2%,
the graph of A is the set

Gr(A) ={(u,u") € X x X* :u" € A(u)}.
We say that A is monotone if
(w*—v*u—v) >0 forall (u,u),(v,v") € Gr(4).

We say that A is strictly monotone if the above inequality is strict when u # v.
The map A is mazimal monotone if Gr(A) is maximal with respect to the inclu-
sion among the graphs of all monotone maps. This is equivalent to the following

condition:
if (" —v",u—v)>0 forall (u,u*) € Gr(A4), then (v,v*) € Gr(4).
By D(A) we denote the domain of A, that is, the set
D(A)={ue X : A(u) # 0}.

If A: X — 2% is maximal monotone, then it is easy to check that Gr(A) is
sequentially closed in X, x X* and in X x X. Here by X, (resp. X)) we
denote the space X (resp. X*) furnished with the weak topology.

When the ambient space is a Hilbert space, then we introduce some useful
single valued approximations of the identity and of A. So, suppose that H is
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a Hilbert space of norm || - ||. We identify H with its dual (that is, H = H* by
the Riesz—Frechet theorem). Given A: H — 2% and A > 0, we introduce the
following single-valued maps

Iy = (I +XA)~'  (the resolvent of A),
1
=3
The next proposition summarizes the properties of these maps.

Ay (I —Jy) (the Yosida approzimation of A).

PROPOSITION 2.1. If A: H — 2" is a mazimal monotone map and A > 0,
then:

(a) Jx: H — H is nonexpansive, that is,
|Ix(w) = Ia@)] < |lu—=v|| for allu,v € H;

(b) Ax(u) € A(Jr(u)) for all u € H;
(¢) Ay is 1/X\ Lipschitz, that is,

1
[[Ax(uw) — Ax(v)]] < XHU —v|| for allu,v € H;

(@) [[Ax@)] < [[A°w)]| = min{[lu*]| : u* € A(u)} and Ax(u) = A°(u) as
A — 0% for all u € D(A);
(e) D(A) is convex and Jy(x) — proj(u; D(A)) as A — 0T for all u € H.

REMARKS 2.2. We know that when A: H — 27 is maximal monotone,
then for every u € D(A), A(u) is nonempty, closed and convex. Therefore it is
proximinal (that is, it has the best approximation property, which means that
given any v* € H, we can find @* € A(u) such that

o = @[l = d(v*, A(w) = imf{[lo" —u* s w* € A(w)}.

Moreover, when v* = 0, the strict convexity of H (a consequence of the paralle-
logram law), implies that this best approximation element 7* denoted by A°(u) is
unique. The map u — A°(u) is known as the “minimal section of A”. Similarly,
since D(A) C H is convex, given u € H, by proj(u, D(A)) we denote the unique
best approximation of u from D(A). If D(A) = H, then Jy(u) — w for allu € H

as A — 07 and so, we can think of Jy as an approximation of the identity. For

more details on these and related issues we refer to Gasinski and Papageorgiou [3]
and Vrabie [10].

Let X, Y be two Banach spaces and G: X — Y. We introduce the following
topological notions for G:

(a) We say that G is compact, if it is continuous and maps bounded sets into
relatively compact sets.
(b) We say that G is completely continuous, if

Uy, —>u in X = Gu,) — G(u) inY.
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Here and in what follows — denotes weak convergence.

In general, these concepts are distinct. Indeed, let X =Y =[' and let G =
I = the identity map. Then by the Schur property, G is completely continuous,
but since {' is infinite dimensional, it cannot be compact. However, if X is
reflexive, then complete continuity implies compactness. Moreover, if in addition
G is linear, then the two notions are equivalent.

Next we recall the Leray—Schauder alternative principle which we will use in
the analysis of problem (P); see e.g. [3, p. 627].

THEOREM 2.3. If X is a Banach space, G: X — X is compact and
K:={ue X :u=0G(u) for some 0 <6 <1},

then one of the following statements holds:

(a) K is unbounded,
(b) G has a fized point.

In the analysis of problem (P) we will use the space

Wl’p((O,b);RN) = {u € Wl’p((O,b);RN) cu(0) = u(b)}, 1<p<oo.

per

By || - | we denote the norm of this space which is defined by
lull = (lully + /I5)7 for allu € Wk ((0,b);RY),

per
where || - ||, denotes the LP-norm. In the sequel, for notational economy, we

will write Wy? = W2E((0,6); RY). Also, given a measurable function g: T x

RN x RN — RY (for example, a Carathéodory function), by N, we denote the
Nemytski operator corresponding to g, defined by

Ny(u)(-) =g(-,u(-),u'(-)) forall ue WrP.
Now we introduce the hypotheses on the data of (P).
H(a) a: RN — RY is a map such that a(y) = ao(|y|)y with ag: (0, +00) —
(0, 4+00) such that tag — 07 as t — 0% and
(i) a is continuous, strictly monotone (hence maximal monotone too);
(ii) (a(y),y)r~y > Coly|P for all y € RN, with Cy > 0, 2 < p < +o0;
(iii) |a(y)| < C1(1 + |y[P~1) for all y € RN, with C; > 0.

REMARKS 2.4. The above hypotheses are general and include the case of the
vector p-Laplacian which corresponds to the map

y — |y’ 2y, forally e RV.
Other possibilities are the maps
y = [yP "y + 1yl %y, 2<q<p, forallyeR";
y— (1+[y[)P=2/2y, for all y € RN,
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The restriction 2 < p (see hypothesis H(a) (ii)) is needed because in general we
have D(A) # RY (see hypothesis H(A) below). If D(A) = RY then we can have
1 < p < oco. Finally note that a: RV — RY is a homeomorphism.

The hypothesis on the multivalued term A is the following:
H(A) A: RN — 28" is a maximal monotone map such that 0 € A(0).

REMARK 2.5. We do not require D(A) = RY. This way we incorporate in
our framework systems with inequality constraints.

The hypotheses on the perturbation f(-, -, -) are the following:
H(f) f: T xRN x RYN — R¥ is a Carathéodory function satisfying:
(i) there exist 81: T x RT — R* and 82: T x RT — R™ such that
[f(t 2, 9)| < Bt |x]) + Ba(t, |2])]y] "~

for almost all ¢t € T, all =, y € RN, with 1 < ¢ < p and, for every
M > 0, we have

sup{fi(t,s): 0<s< M} <~y m(t), foraa. teT,
sup{fa(t,s) : 0 < s < M} <y p(t), foraa. teT,
where 413 € LP (T) and g0 € L®(T) (where 1/p 4+ 1/p' = 1);
(ii) there exists a function n € L°°(T') such that 0 < n(t) for almost all
te T, n+#0,and for every € > 0, there exist M, > 0 and C. > 0
such that
(f(t.z,y), 2)ay = [0(t) — ellal? — Cely|*™ |z]

for almost all t € T, all |z], |y| > M-..

REMARK 2.6. Consider the function

F(t,y) = n(t)g(x) + Clyl*™" + k(t)a

where n € L>(T), n(t) > 0 for almost all t € T, n # 0, g € C(RY,RY) and
satisfies

(9(z),z)

lim inf EY > p>0 CeRNandke Lp/(T), k(t) >0 for a.a. t€T.

|z|—o00 |33|p

This function satisfies hypotheses H(f) above.

3. Existence theorem

Let g € )i (T RV ) We first consider the following periodic problem

51) —a(u'(t)) + |u(t)[P~2u(t) = g(t) for a.a.t €T :=]0,b],
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PROPOSITION 3.1. If hypotheses H(a) hold and g € o (T,RN), then problem
(3.1) admits a unique solution u € C*(T,RY).

PROOF. Let G: Wi,’p — (Wi,’p)* be the nonlinear map defined by

b
(G(u),h) = / (a(u'),h )g~ dt  for all u,h € WyP.
0

Hypotheses H(a) imply that G is continuous, monotone, hence maximal mono-
tone too. In addition, let

&0 LP(T,RY) — LF'(T,RN) = (LP(T,RV))"
be defined by
Ep(u)(+) = u( )P~ ?u(-).
This map is continuous and strictly monotone, hence maximal monotone too.

Then the map V = G+&,: Wx* — (Wi,’p)* is continuous and strictly monotone,
hence maximal monotone too. Also for all u € WJ{,’p , we have

(V(u),u) = Collw'l[}; + [lull}

(see hypothesis H(a) (ii)), hence V' is coercive.

Invoking Corollary 3.2.32, p. 320 of Gasinski and Papageorgiou [3], we infer
that V is surjective. So, we can find u € W]i,’p C C(T7 RN) such that V(u) = g,
therefore

—a(@ ) +|ut)P~2ut) = g(t) for a.a. t € T :=0,b],

t
3.2
(3:2) a(0) = a(b).

Moreover, the strict monotonicity of V' implies that this solution is unique.
From (3.2) we see that (a(u))) € LP (T,RN). Also, since @' € LP(T,RN),

7

from hypothesis H(a) (iii) we see that a(@) € L (T,RN). Tt follows that

~

a(u') € W]{,’p ‘cc (T,RY). Recalling that a is a homeomorphism, we infer
that o’ € C (T RN ) and so, we conclude that @ € C1(T,R"). Finally, it follows
that @'(0) = @/ (b). O

Let @: D(@) C LP(T,RY) — L¥ (T, RY) be defined by
(3.3) a(u)(+) = —a(d'(+)),

for all u € D@) = {y € CY(T,RY) : aly’) € Wx ,y(0) = y(b),y'(0) = ¥/ (b)}.
We have the following result for this map:

PROPOSITION 3.2. If hypotheses H(a) hold, then the map
a: D(a) C LP(T,RN) — L¥ (T, RYN)

defined by (3.3) is mazimal monotone.
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PRrROOF. From Proposition 3.1 we know that
(3.4) R(@+¢&,) = LP(T,RN).

Also, the map @ is monotone. Indeed, let u, v € D(@) and let (-, -), v be the
duality brackets for the pair (L” (T, RN),L”, (T, RN)). We have

(@(u) —a(v),u—v)py
b
= /O (—a(u) +a(@),u—v),y dt

b
= / (a(u') —a(v'),u’ —v") gy dt (by integration by parts)
0
Z 07

hence @ is monotone.
Suppose that v € LP(T,RY), v* € L' (T, RN) and assume that

(3.5) (a(u) —v*,u—v)p,y >0 forall ue D(a).
From (3.4) we know that there exists u; € D(a@) such that
(3.6) a(ur) + &p(ur) = v 4+ &,(v).
Using (3.6) in (3.5) with u = u; € D(a), we obtain

0 < (&p(v) = &p(wn),ur = v)ppr,s

hence u; = v (recall that &, is strictly monotone), therefore a(uq) = v* (see
(3.6)). So, (v,v*) € Gr(a) and we conclude that @ is maximal monotone. O

For A > 0, we next consider the following approximation to problem (P):

Py) a(u'(t)) = Ax(u(t)) + f(t,u(t),v/(t)) for a.a. t €T :=|0,b],
uw(0) = u(d), ' (0)=1d/(b).

PROPOSITION 3.3. If hypotheses H(a), H(A), H(f) hold and X > 0, then
problem (Py) has a solution uy € C*(T,RY).

PROOF. Let Ay: LP(T,RN) — LP (T,RY) be defined by
Ax(u)(+) = Ax(u(-)).
Recall that 1 < p’ < 2 < p. We consider the map
Ly: D(@) C LP(T,RN) — 1P (T,RY)

defined by
Ly(u) =a(u) + &, (u) + Ay(u) for allu € D(a).

Using Theorem 3.2.41 of Gasinski and Papageorgiou [3, p. 328,], we have

(3.7 L) is maximal monotone.
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Also, since Ay is monotone and A (0) = 0, via hypothesis H(a) (ii) we see that
(3.8) Ly is coercive.

From (3.7), (3.8) and Corollary 3.2.31 of Gasinski and Papageorgiou [3, p.319],
it follows that Ly is surjective. Evidently Ly is strictly monotone (recall that &,
is so). Hence, the inverse map

Lyt LY (T,RY) — D(a) C LP(T,RY)
is well defined. Recall that D(a) C C*(T,RY).
Cram 1. L;lz Lp/(T, RY) — CH(T,RY) is completely continuous.

Let g, — g in L’ (T,RN). Let u, = Ly '(gn) for n € N, and u = L} !(g).
We have Ly (u,) = g, for all n € N, hence

a(un) + &p(un) + g,\(un) =gn, un€ D(a), forallneN,

therefore

Colluplly + l1unlly < llgnllp lunllp
(recall that (Ax(x),z)gy > 0 for all z € RY) and we derive |Ju, [P < Cq||u,|| for
some Cy > 0 and for all n € N, therefore

(3.9) {tn }nen € WP is bounded.
For almost all t € T" and all n € N we have
—auy (8)) + [ () P2t () + Ax(n(8)) = g (2),

therefore
(3.10) {a(ul,) }nen C LY (T,RY) is bounded.
Hypothesis H(a) (iii) and (3.9) imply that
(3.11) {a(ul,)}nen C LP' (T,RY) is bounded.
Then, from (3.10) and (3.11), it follows that

{a(ul))}nen € WHP'(T,RY) is bounded,
hence
(3.12) {a(u))Inen € C(T,RY) is relatively compact

(recall that wir' (T7 RN) - C(T, }RN) compactly). We know that a is a home-
omorphism. Let 7: C'(T,RY) — C(T,R™) be defined by

Nw)(-)=a'(u(-)) forallueC(T,RY).

Evidently 7 is continuous and bounded (that is, maps bounded sets to bounded
sets). Then, from (3.12) we infer that

(3.13) {ul }nen € O(T,RY) is relatively compact.
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In addition by (3.9) and the compact embedding of WP (T, RN) into C’(T, RN),
we conclude that

(3.14) {tn Inen € C(T,RY) is relatively compact.
From (3.13) and (3.14) we infer that

{tn }nen C C* (T, RN) is relatively compact.
So, we may assume that (along a subsequence)
(3.15) Up, — U in CI(T,RN), as n — 0o.

Note that (un,g,) € Gr(Ly) for all n € N. Since L) is maximal monotone, we
know that Gr(Ly) is sequentially closed in LP (T, R"Y) x o (T, RN )w. Therefore
(u,g) € Gr(Ly), hence Ly(u) = ¢g. Hence, for the original sequence, we have

u, — 4 =1Ly"(g) inCYT,RY), asn — oc.
This proves Claim 1.
Now let N: W]{[p — L¥ (T,RY) be defined by
Nu)(-) = —Np(u)(-) + &) () for all u € Wi
CrLAam 2. N: Wa? — L (T,RYN) is continuous.
Consider a sequence u,, — u in Wy*. Then u, — u in C(T,RN) and so

||Un||C(T’RN) <M for some M >0, alln e N.

Then hypothesis H(f) (i) implies that
(3.16) [t (8), 1, ()] < y1a0 (8) + 92,00 (8) (1 + |, (5)P7)
for all t € T, all n € N. We may assume that
U (1) (t) forallteT,
(3.17) ul, (¢) '(t) foraa.teT,
lul, ())| < @(t) for a.a. t €T, all n € N with p € LP(T).

— U
— U

From (3.17) it follows that
(3.18) F(t un(t),ul, () = f(t,u(t),u'(t) fora.a. teT.

Then (3.16)—(3.18) and Vitali’s theorem (the extended dominated convergence
theorem; see Gasinski and Papageorgiou [3, p.901]) imply that

N¢(up) = Ng(u) in LP (T,RY), as n — .
Also, the continuity of &, implies that

Ep(un) = &p(u) in LY (T, RN)7 as n — 0.
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We conclude that
N(up) = N(u) in Lp,(T,]RN), as n — 0o,
that is, N(-) is continuous. This proves Claim 2.
Let Ky = {ue Wy? :u=0L'N(u), 0<0<1}.
CrLaM 3. K, C W]{,’p is bounded.
Let w € K. Then, for some 6 € (0,1), we have Ly(u/0) = N(u), hence

(3.19) a(é u> + m}l_lgp(uw&(; u) = —Ns(u) + &(u).

Hypotheses H(f) (i), (ii) imply that for a given € > 0, we can find C5 = C3(e) > 0
and p € L¥' (T) such that

(3.20) (—f(t 2, y), 2)rn < [=0(t) +ellz[? + Caly|*™ ] + u(?)

for almost all t € T, all z,y € RY. On (3.19) we act with u. Using hypothesis
H(a) (ii) and (3.20), we obtain

Co .
(321) ol +

el

b b
< / [—n(t) + €] |ul? dt+C3/ Ju/ |7 u| dt + Cy
0 0
with C4 = ||p||1 > 0, hence
b b
(3.22) Collu'[[5 + [1 = e]fJullh + / n(t)|ul? dt < 03/ |u/ |7 |u| dt + C,y
0 0

(recall that 0 < 6 < 1). Using Young’s inequality with £ > 0 (see Gasinski and
Papageorgiou [3, p.913]), we obtain

b
(3:29 Ca [ w17 ul dt < Gl + ul
0

for some 7 < p and some C5 = C5(¢) > 0 (recall that 6 < 1 and ¢ < p).
We return to (3.22) and use (3.23). Then

b
(3.24) Collw'[I + [T — 2e]fjull} + / n(t)|ul? dt < Csl[lw/[|” + 1]
0

for some Cg > 0. Also, reasoning as in the proof of Lemma 1 of Aizicovici,
Papageorgiou and Staicu [1], we conclude that

b
06||u’||;;+/ D) ufP dt > Callul]? for some Cr > 0.
0

Using this in (3.24) and choosing ¢ € (0,1/2) we finally arrive at
[lull? < Cs[|lul|” + 1] for some Cs > 0.

Since 7 < p, it follows that K C Wi,’p is bounded. This proves Claim 3.
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Claims 1 and 2 imply that L;lﬁ : WP — WxP is continuous. In addi-
tion, since N maps bounded sets into bounded sets, it follows by Claim 1 that
L;\l]v maps bounded sets into relatively compact sets. Hence L;lﬁ is compact.
Combining this with Claim 3 and Theorem 2.3 (the Leray—Schauder alternative
principle), we see that we can find uy € D(A) such that

uy = L;lﬁ(u)\)
Hence uy € C1(T,RY) is a solution of (Py). O
Letting A — 0" we will now produce a solution of problem (P).

THEOREM 3.4. If hypotheses H(a), H(A), H(f) hold, then problem (P) has
a solution u € C* (T7 RN).

PROOF. Let A\, — 0" and let u, = u,, be the solution of problem (P),)
(see Proposition 3.3). We have

(3.25) @(un) 4 Ax, (un) + Ny(up) =0 in LP (T,RY), for all n € N.
By using integration by parts, H(a) (iii) and that
t(/Al)\n (z),z)gy >0 for all z € RY,

we obtain

b
Colll, |2 < / (= F (b, 1), )

b b
< / [n(t) + el fun (£)]P dit + Cs / WALSIRP
0 0

(see (3.20), hence, as before, using Young’s inequality and Lemma 1 of [1], we
obtain

[Co — eCrol[[uall” < C1a[l + [uall"]  with Cy, C1o,C11 >0, 1 <7 <p.
Choosing € € (0,C9/C1p) and recalling that 7 < p, we obtain
(3.26) {tn}n>1 € WP is bounded.
On (3.25) we act with Ay, (u,) € LP (T,R"). Noting that
|A\)\n (un) ()] = [Ax, (un(t))] < %|un(t)| forallt € T, alln € N,

we have

b
(3.27) /0 (—a(u, (), A, (un))en dt + [ Ax, (un)lI3

b
< / N ()| A, ()] .
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From Proposition 2.1 we know that A, is Lipschitz continuous. Hence by
Rademacher’s theorem (see Gasinski and Papageorgiou [3, p.56]), Ay, is differ-
entiable almost everywhere on RY. Recall that u, € C*(T,R"™). So, the map
t — Ay, (un(t)) is differentiable almost everywhere on T' and

%AM (un(t) = A} (un(®)s(t) for o, t €T

(chain rule). Here A\ (u,(t))u,(t) is interpreted to be zero when u;,(t) = 0

n

(even if Ay, is not differentiable); see Marcus and Mizel [8]. Moreover, by the
monotonicity of Ay, (see Proposition 2.1), at every point of differentiability
z € RN, we have

(3.28) (y, A\ (z)y)p~y >0 for ally € RY.

Performing an integration by parts, we have

b
(3.29) A(—Q(U;)I,AAn(Un))RN dt

_ /0 ' (a(u;), %AA" (un))RN dt

b

— / ao ([ 1) (i, A, (un)ul ) dt - (see hypotheses H(a))
0

>0

for all n € N (see (3.28)). Returning to (3.27) and using (3.29) and the Cauchy—
Schwarz inequality (recall that 1 < p’ < 2 < p), we obtain

(3.30) |l Ay, (un)|l2 < Cra for some Cyy > 0, all n € N.
So, we may assume that
(3.31) ;1\,\n (un) ==k in L*(T, RN) (hence in LY (T, RN) t0o).

As before (see the proof of Proposition 3.3, Claim 1), using (3.26) and (3.25),
we obtain that

{tn Inen € CHT,RY) is relatively compact.

Hence we may assume that

(3.32) u, —u in CHT,RY), as n — oc.
We have
(3.33) Ny(upn) = Np(@) in LP (T,RYN), as n — co.

Therefore, passing to the limit as n — oo in (3.25) and using (3.31)—(3.33), we
obtain

(@) + k + Ny(a) = 0.
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We now complete the proof of the theorem by showing that
k(t) € A(u(t) for almost all t € T.
To this end, note that
In, (Un () + A A, (un(t)) = un(t) forallteT, allneN,

hence
j,\n (un) + )\WZ)\” (up) = uy
with
T, (W)(-) = I, (un(+)) for all u e Wa?,
therefore

73, () = wnl2 = AnllAx, (un)|l2 < Cr2A, for alln € N

(see (3.30)), and we conclude that j;\n (un) — win L*(T,RY) (see (3.32)).
From Proposition 2.1 we know that
Ax, (un (1)) € A(Jy, (un(t))) forallt €T, alln e N,
therefore
(Jx, (un), Ax, (un)) € Gr(A) for alln € N,

where A is the lifting of A on L2(T,RY), that is,

/T(u) ={ve L*(T,RY) : v(t) € A(u(t)) for a.a. t € T'}.

We know that A is maximal monotone on L3(T,RY) (see e.g. Aizicovici, Papa-
georgiou and Staicu [2, Lemma 1]). Therefore

Gr(//l\) C LA(T,RY) x L*(T,RY),, is sequentially closed.

Hence, from (3.32) and (3.31), it follows that (@,k) € Gr(A), hence k(t) €
A(u(t)) for almost all t € T. We conclude that u € C*(T,RY) is a solution of
problem (P). O
4. An example

Let C =RY = {x: (zp)f_y € RN 1z, >0 for all k = 1,...,N} and let i¢
be the indicator function of C, that is
0 ifreC= Rf,
400 otherwise.

Zc(x) =

We know that i¢ is proper, convex, lower semicontinuous (that is, ic € FC(RN );
see Gasinski and Papageorgiou [3, p. 488]). We set

A(z) = dic(x) = Ne(x),

where 0 stands for subdifferential in the sense of convex analysis and N¢(z) is
the normal cone to C' at z.
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Recall that

Ne(z)={z* e R : (2*,c — 2)gnx < 0 for all c € C}
={z* e RY : (2", 2)gy = 0(2z*,C) :=sup {(z*,c) : c € RV} }.

Evidently, if z € int(C), then Ng(x) = {0} and if x ¢ C = domic then
Nc(x) = 0 (see Gasinski and Papageorgiou [3, p. 526]). We have

and

D(A)=C=RY

{0} if z = (z1)n_; € int(RY)

(that iszp >0 forall k=1,...,N),
—RY n{z}t ifw= (z)p, € ORY

(that is zx = 0 for some k=1,...,N).

A(z) =

Then problem (P) is equivalent to the following differential inequality

(4.1)

(t),u'(t)) a.e. on {teT:u(t)cint(RY)},

t,u
t,u(t), ' (t)) ae. on {t €T :u(t) € ORY},

IN

)
a(w'(t))" = f(
(W' (@) < f(

(f(t,u(t), v (t) —a(w' (t)),u(t))gy =0 for a.a. t €T,
u(t) e RY for t € T, u(0) = u(b),u'(0) = v (b).

Using Theorem 3.4, we can state the following existence result for problem (4.1):

THEOREM 4.1. If hypotheses H(a), H(f) hold, then problem (4.1) admits

a solution u € C1(T,RN).
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