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NONLOCAL SCHRODINGER EQUATIONS
FOR INTEGRO-DIFFERENTIAL OPERATORS
WITH MEASURABLE KERNELS

RoNALDO C. DUARTE — MARCO A.S. SOUTO

ABSTRACT. In this paper we investigate the existence of positive solutions
for the problem

—Licu+ V(w)u = f(u)
in RN, where —L g is an integro-differential operator with measurable ker-
nel K. Under apropriate hypotheses, we prove by variational methods that
this equation has a nonnegative solution.

1. Introduction

In this paper we consider the class of integro-differential Schrodinger equa-
tions

(P) —Lxu+V(z)u=f(u) inRY,
where —L is an integro-differential operator, given by

—Lru(r) =2 lim (u(y) — u(@)) K (z —y) dy

e—0t le—y|>e
and K satisfies general properties. This study leads both to nonlocal and to non-

linear difficulties. For example, we cannot benefit from the s-harmonic extension
of Caffarelli and Silvestre (see [11]) or commutator properties (see [29]).
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The study of nonlocal operators is important because it intervenes in a quan-
tity of applications and models. For example, we mention their use in phase tran-
sition models (see [1], [10]), image reconstruction problems (see [24]), obstacle
problem, optimization, finance, stratified materials, anomalous diffusion, crystal
dislocation, semipermeable membranes, flame propagation, conservation laws,
ultra-relativistic limits of quantum mechanics, quasi-geostrophic flows, multiple
scattering, minimal surfaces, materials science and Lévi process (see [9]).

This paper was motivated by [3]. In this paper the authors studied the
existence of positive solutions for the problem

—Au+V(z)u= f(u) inRY,
u € DV2(RY),

where V' and f are Hoélder continuous functions, V' is nonnegative and f has
a subcritical or critical growth. Our purpose is to study a similar problem when
the laplacian operator is replaced by the operator —Ly. In this case, we have
difficulties because our operator is nonlocal and some methods used in [3] cannot
be used.

Several papers have studied the problem (P) when K(z) = Cy s|z|~N 72,

1 — cos(¢ -t

that is, when —Lf is the fractional laplacian operator (see [18]); we will mention

where

some of these papers. In [5], the author has proved the existence of positive
solutions of (P) when V is a constant small enough. Also, in [27], the problem
was studied when f is asymptotically linear and V is constant. In [37], the
authors have studied the problem (P) when V € C¥ (RN R), V is positive and
lim V(|z]) € (0, o).
|z|— 00

In [43], the authors have studied (P) when V and f are asymptotically periodic.
When V' = 1, Felmer et al. have studied the existence, the regularity and
the qualitative properties of ground states solutions for problem (P) (see [22]).
In [40], the authors have shown the existence of solutions for (P) when V €
CN (RN ,R) and there exists 79 > 0 such that, for any M > 0,

meas({z € By, (y); V(z) < M}) =0 as |y| = oo.
In [29] the problem (P) was studied when V € C1(RY | R),
liminf V(z) > Vi,

|z|—o00
where V,, is constant, and f € C*(R™,R). By method of the Nehari manifold,

Secchi has showed that the problem (P) has a solution if V' < V, but V is
not identically equal to V., where V, is a constant. Also in [29], Secchi has
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obtained the existence of ground state solutions of (P) for general s € (0,1)
when V(z) — oo as |z| — oo. In [42], the authors obtain the existence of
a sequence of radial and non radial solutions for the problem (P) when V and f
are radial functions. Some other interesting studies by variational methods of
the problem (P) can be found in [4], [7], [12]-[14], [16], [21], [25], [26], [28], [30],
[34], [35], [38] and [41]. Many of them use strong tools that we cannot use here
in our problem, as the s-harmonic extension and commutator properties.

In the literature, interesting conditions on V have been studied. Motivated
by the above papers, especially by [3], we will assume hypotheses about f and V'
analogous to the hypotheses assumed in [3]. We will assume that the potential V'
satisfies:

(Vi) inf V(a)>0.

(V2) V(x) < Vi for some constant Vi, > 0 and for all z € B1(0) = {z € RV :
|z] < 1}.
(V3) There are R > 0 and A > 0 such that V(z) > A for all |z| > R.
Also, we will assume that f € C(R,R) is a function satisfying:
(f1) |f(s)] < cols|P~1, for some constant co > 0 and p € (2,2%), where 27 =
2N /(N —2s) and N > 2s.
(f3) There is 6 > 2 such that 0F (¢) < tf(¢) for all ¢ > 0, where

Flt) = /0 £(s)ds.
(fs) f(t) >0forall t >0 and f(t) =0 for all ¢ < 0.

The kernel K: RY — (0,00) is a measurable function satisfying:
(K1) K(z) = K(—z) almost everywere in RY.
(K2) There are A > 0 and s € (0,1) such that A < K(x)|z|V*2* almost

everywere in RY.
(K3) vK € LY(RY), where v(z) = min{|z|?, 1}.

Note that, if K = CNys|x\*(N+2s) then the operator —L is the fractional
laplacian, (—A)*.

Our main result is the Theorem 5.2. It states that if V' satisfies (V1)—(V3)
and f satisfies (f1)—(f3), then there is A* = A*(V,8,p,co,s) > 0 such that if
A > A*, then the problem (P) has a nonnegative nontrivial solution.

Our paper is organized as follows. In Section 2 we will present some proper-
ties of the space in which we will study the problem (P). The functional associ-
ated with the problem (P) does not have the mountain pass geometry. Therefore,
inspired by the idea of [3], we define an auxiliary problem. We show in Proposi-
tion 3.7 that the functional associated with the auxiliary problem has the moun-
tain pass geometry and it satisfies the Palais—Smale condition. The argument
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used in [3] does not work well in our case because our operator is nonlocal. To
show Proposition 3.7, we need to prove some technical lemmas: Lemmas 3.2-3.6.
We emphasize that the techniques used in [3] could not be adapted for our case,
therefore we use a new technique. In Section 4 we will prove a general estimate
for weak solutions of

—Lru+b(z)u = g(z,u),

where b > 0, |g(z,t)| < h(z)[t| and h € LYRYN) with ¢ > N/2s. We will show
that there is M = M(q, ||k Lom~)) such that, the solution u satisfies

|ul| oo mry < M|ull 25 @ny -

This estimate will be obtained in Proposition 4.5. In [2], using the s-harmonic
extension of [11], the authors have showed the same estimate when —Lk is
the fractional laplacian operator. In our case, we cannot use the s-harmonic
extension, because we don’t have a analogously version of this result for general
operators. The strategy of the proof is to define special functions through the
mean value theorem (see equations (4.1) and (4.2)). The Lemmas 4.3 and 4.4 are
technical lemmas and they show that there is a order between these two functions.
This order and other properties are fundamental in the proof of inequality (4.13),
consequently in the proof Proposition 4.5. To the best of our knowledge, we
emphasize that this general estimate obtained in Proposition 4.5 is new in the
literature. As an application of the estimate obtained in Section 4, we prove the
Theorem 5.2. This is a new result in the literature.

2. Preliminaries

Consider s € (0,1). We denote by H*(RY) the fractional Sobolev space,
defined as

H*(RY) := {u € L*(RY): /RN /RN Wdzdy < oo}.

The space H*(RY) is a Hilbert space with the norm

1/2
— 2 (u(z) — u(y))®
||u||HS(]RN) = (‘/RN "U/| d$+AN ‘/]RN dedy .

We define X as the linear space of functions u: RY — R in L2(R¥) such that

(@) = (u(@) —u(y)) v K(z - y)

is in L2(RY x RY). The function

= (/ wtdo / / (u@) —u(y)*K (@ —y) d:r,dy)l/ i
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defines a norm in X and (X, || - ||x) is a Hilbert space. By (K3), the space X is
continuously embedded in H*(R"). Therefore, X is continuously embedded in
LP(RY) for p € [2,27], where 2% = 2N/(N — 2s). If Q C RY, we define

Xo(Q)={ueX:u=0in Q°}.

The space Xo(2) is a Hilbert space with the norm

ull xo(0) = (/Qu2 dz + /Q(u(x) —u(y))*K (z —y) do dy>1/27

where @ = (¢ x Q2°)¢ (see Lemma 7 in [31]). It is continuously embedded in
HE(RYN). For definition and properties of H§(R™) we indicate [18].
In the problem (P), we will consider the space E defined as

(2.1) E:{ueX: -

V(2)u? dr < oo}.

The space FE is a Hilbert space with the norm

Jul) = ( [ ] ) sty re—yasay+ [ v dx)m.

Let A, B C RN be measurable and let u,v € X. We will denote
wilase = [ [ (o) = u)o@) — o) Kz ) dody
and we will denote [u, v]g~ ygy by [u,v]. If u,v € C5°(RY) then
(—,CKU,U)LQ(RN) = [u, v].
Therefore, we say that u € E is a solution for the problem (P) if

(2.2) [u,v] + V(z)uwvdx = f(u)vder forallv e E.
RN RN

The Euler-Lagrange functional associated with (P) is given by

1
I(u) = =|ju|? f/ F(u)dz, where F(¢ / f(s

2 RN
From the hypotheses about f, we have F' € C*(E,R) and
(2.3) I'(u)v = [u,v] + V(z)uvdr — fu)vdz.

RN RN
By equations (2.2) and (2.3), u is a solution for the problem (P) if and only if u
is a critical point of I.
We will denote by B,(y) = {x € RY : |z —y| < r} and BS(y) = [B,(y)]°.

Define I: Xo(B1(0)) — R by

1
/ / u(z) —u(y 2K(m—y)dxdy+f/ VOOqux—/ F(u)dx,
RN JRN 2 Jpn RN
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where Vo, is the constant of (Vg). The functional Iy has the mountain pass
geometry. We will denote by d the mountain pass level associated with I,
that is

(2.4) d = inf Jnax, Io(v(t)),
where
(2.5) I'={vy € C([0,1], Xo(€2)) : 7(0) = 0 and (1) = e},

with e have fixed and verifying Iy(e) < 0. Note that d depends only on V., 6
and f.

3. An auxiliary problem

We will modify the problem (P). We will define an auxiliary problem, as
in [3]. But, as the operator —L is nonlocal, we cannot use the same ideas of [3]
to prove that the functional associated with the auxiliary problem satisfies the
Palais—Smale condition. Therefore, we will use other techniques.

For k = 26/(6 — 2) we consider

_ f@)  ifkf(t) < V()
f(z,t) = V()

t iftkf(t) > V(x),
and

[y iffz[ <R,
3.1 )=
3.1) glo1) flx,t) if |z| > R,

and define the auxiliary problem

—Lxu+V(z)u=g(x,u) inRY,
ue b

We have that, for all t € R and xz € RY,

(1) flz,t) < f(b);

(2) g(z,t) < V(2)t/k, if [z] > R;
(3) G(z,t) = F(1), if [z < R;
(4) G(z,t) < V(2)t2/2k if |z| > R,

where .
G(x,t):/ g(x,s)ds.
0

The Euler—Lagrange functional associated with the auxiliary problem is given by

() = %HuHQ - /RN Gla,u) da.
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The functional J € C1(E,R) and
Po= [ [ (we) = u)o@) ~ o) K ) dody

+/ V(x)uvdxf/ g(z,u)vdx.
RN RN

The functional J has the mountain pass geometry. Then, there is a sequence
{tn }nen such that

(3.2) J'(uy) =0 and  J(u,) — ¢,
where ¢ > 0 is the mountain pass level associated with J, that is

3.3 — inf J((t
(3.3) ¢ = Inf max (v(t))

where I' = {y € C([0,1], E) : 7(0) = 0 and v(1) = e} and e is the function fixed
in (2.5). By definition

(3.4) c<d
uniformly in R > 0 (see (2.4)).
LEMMA 3.1. The sequence {uy }nen is bounded in E.

PROOF. By (f2),
90 = g = (C2 Yl + gl + [ Gateu - Gla) do
-2\, 0 1. .5 / 1 1/ ,
> — ull® + =||ul|* + —g(z,u)u — — V(z)u* dx
(5 e g+ [ Gotwan— g [ v

1
> (= 2,
> (%)nm

Therefore
/ 0—2 2
(3.5) ) + 17l > (T2 )
for all w € E. This last inequality ensures that the sequence {u, } nen is bounded
in . O

The next results (Lemmas 3.2-3.6) are technical. We will use these lemmas
to prove that the functional J satisfies the Palais—Smale condition (Proposition
3.7).

Consider 7 > R, A = {x € RN : r < ||z| < 2r} and n: RY — R a function
such that n = 1 in BS,.(0), n =01in B,(0), 0 <79 <1 and |[Vn| < 2/r. Note that

(3.6) (B(0) x B,(0))° = (B5(0) x RY) U (B,(0) x By).
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We will decompose

(87) B(0) x BY = (4 x RN) U (B3, (0) x B, (0))

U (B5,(0) x A) U (B5,(0) x B, (0))
and
(3.8) B, (0) x BX(0) = (B, (0) x A) U (B, (0) x B, (0)).

LEMMA 3.2. We have that
Loy o 8008~ @) ) — ) ) K ) ey
B (0) (0)
Up () — Uy T)Upy () — Up, K dzr d
o /B o 8008) = ) 0 ) — ) (0K 2 ) ey

/ / —y)dz dy.
B,.(0) J B

PROOF.
/ / — un(y)) (n(@)un(z) — n(y)un(y)) K (z —y) dz dy
B(0) J Bs,.(0)
+ /Bgr(o) /BT(O)(un(:z:) — un(y)) (@) un(z) — n(y)un(y))K(z — y) dx dy

I
S

[ o) = @)K o~ ) dody
0) JBg (0

r

[ (unle) =~ un) PR o ) ddy

B.(0) / Bs,(0)

2w ’K(z — T
» / tn(2)? — un(y)2K (z — y) da dy

/ / —y)dzdy. O
-(0) /B,

LEMMA 3.3. Lete > 0. There is g > 1 that depends on e, such that if r > rg

then
/ / u, (Y)? K (x —y)dedy <e, foralln € N.
B-(0) J BS,.(0)

ProOOF. For each y € B,(0), B-(y) C Ba-(0). Then

(3.9) / K(x —y)de < / K(x —y)de = K(z)dz.
B5,.(0) Bi(y) B;(0)

By Lemma 3.1, there is L > 0 such that [u,||3. @~y < L foralln € N. By (Ks),

there is 79 > 1 such that
€
K(z)dz < =,
/Bs(m L

r

+
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for all > rg. Then, by (3.9),

/ / un(y)?K(z —y)dedy = / un(y)? / K(z —y)dzdy
B,.(0) /B3, (0) B.(0) 5, (0)
<

< / un(y)2 K(z)dzdy = K(z) dz/ un(y)2 dy < e,
B.(0) Be(0) Bg(0)

for all n € N and r > rg. O

LEMMA 3.4. There are constants K1 > 0 and Ko > 0 such that

[ )@ = s lnte) =) K @ =) ddy

S R S [P
ProOOF. Note that
[ @) =K@ =)de = [ a0 = nwPK() dz

= / In(z+y) — )’ K(z)dz + / In(z+y) — n(y)’K(z) dz
B1(0) B (0)

4 4
<2 |z|2K(z)dz+4/ K(z)dz < 2 P, 4P,
" JB1(0) B (0) "
where
P = / |2]2K(2)dz and P, = K(z)d-=.
B1(0) B{(0)

Let K1 = 2v/P; and Ko = 2y/P,. Then, by the Holder inequality,
310) [ [ ) unle) = un)0(e) ~ ) o ) d dy

< (2 ovB) [l [ o) ~maFKG i)

K
< (B0 K o )20

LEMMA 3.5. For the same constants K1 > 0 and Ko > 0 of Lemma 3.4, we
have

/ / (@) — n () 1) un () — 1y )un (9) | K (2 — ) dz dy
B.(0)JA

K
= <7,1 + K2) |n || 2 (a) [tns un /2.
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ProOOF. Indeed,

/ / 1 () — 4 (5) 1720 () — (g () K (2 — ) dr dy
B,(0)JA
— [ [ @ laa(@) ~ wn ) a) Kz~ ) e dy
B,(0)Ja
- / / i) 1 () — 0 () 10(2) — (9 | K (& — ) dy iz
A JB,.(0)
- / / i () 10 () — () () — (@) | K (y — ) e dly.
A JB,()

By (K;) and Lemma 3.4, we conclude the proof of this lemma.

LEMMA 3.6. We have that
[ @) an@) = wn ) 0(e) ~ ) K o ) drdy
Bs, (0) /A
< (B2 Ko ) ol w2
PROOF.
[ ) n ) = w0 00~ ) K = ) iy
Bs,.(0) /A
— [ [ (o) = ) 0) ~ 00 K o ) ddy
Bs,.(0) JA
[ @) (@) - un0) o) ~ 1)K o ) ddy
Bs,.(0) /A

— [ [ o) = ) 0) - DE Gz~ ) oy
Bs5,.(0) JA

Sy i
Bs (0)JA

2

- : (@) (un(z)
< - /BCT(O) /Aun(ﬂc)(un(m) —un(y))(n(z) —n(y))K(z —y)de dy

2

—un(y))(n(z) = n(y)) K(z —y) dr dy

= [ [ @) une) ~ ) 0(0) ~ () K ) drdy
Bs,.(0) JA
</ » [ () 0) = 0 @) o) = (@K 2 = )
— [ [ un@lual) = un @) = 0@ Ky - z) dyda
A JB3,.(0)

K
S (741 + K2> ||U7IHL2(A) [unaun]l/Q-

In the last inequality, we have used Lemma 3.4 and (K;).
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The next proposition ensures the existence of a solution at the level ¢ for the
auxiliary problem (see (3.3)). We will prove that the functional J satisfies the
Palais—Smale condition. We cannot proceed as in [3], because our operator is

nonlocal.

PROPOSITION 3.7. Suppose that f and V satisfy (V1), (f1)—(f3). Then the
functional J satisfies the Palais—Smale condition.

PRrROOF. By Lemma 3.1 the Palais—-Smale sequence {u,, } nen is bounded in E.
We can suppose that {u, }nen converges weakly in F to u € E. By the properties
of K we have that nu, € X and ||[nu,| < ||un| (see Lemma 5.1 in [18]). Then,
the sequence {nuy, }nen is bounded in X. Therefore J'(uy,)(nun) = 0,(1), that is,

[ty U] +/ V(J;)uin dx = / (@, un)nuy, dx + o (1).
RN RN

But, note that [t,, Nun] = [tn, NUn] B, (0)x B (0) because n =0

in B,-(0). By (3.6), (3.7) and (3.8) we have

+{un,Mun]Be(0)x B (0)?

[um Uun]AxRN + [Um nun]Bgr(O)xA + [Um nun]Bgr(O)ngr(O)

+ [tn; Mun]Bg (0)x B,.(0) + [Uns MUn] B, (0)x Bs, (0) + [Uns NUn] B, (0)x A
+ V(z)uindz = / 9(x, Uy )Nuy dz + o (1).
RN RN
By Lemma 3.2 and [un, nun]Bg (0)xBg (0) = [Un,Un]Bs (0)xBg, (0) = 0 (because
n=11in BS,.(0)), we have

[Un MUn] AxrN + [Un, nun]Bgr(O)xA + / V(x)ufm dx
R

N
< / 9, un)un d + / / un(®)?K (& — y) dz dy
RN B(0) J Bs,.(0)

- [Unvnun]Br(O)xA + 0, (1).

If C and D are measurable subsets of RN and v € E, then

sl = /C /D (u() — u(y))(nu(z) — nuy) K (z — y) dx dy
- / / n(e) () — u(y) 2K (@ — y) dr dy
CJD
+ /C /D u(y)(u() — u(@) (1(x) — 1)K (@ — y) dz dy.

Thereby,
/ / () (Un (x) — un ()’ K (x — ) do dy+
A JRN
+ /ST(O) /A () (un(z) — un(y))QK(x —y)dxdy + / V(x)uin dx

RN
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S/ 9(x, up)nupdz + o) / K(z —y)dx dy — [un, nun]B, (0)x A
= [ [ ) () = ) @) = ) K 2 = 9) oy
[ ) (o) ~ ) 0) = n)E o~ 9) ddy + 00 (1),
5.0) /4

From Lemmas 3.4-3.6, we obtain constants K7, Ko > 0 such that

/RNV(x)uin dx
= /A / 0(@) (un () = wn (y))? K (x — y) da dy
' / 5.(0) / (@) (un () = un(y))*K(z — y) dz dy + /RN V(z)uindx

< / (@, up )nuy, dx + / (x —y)dady
RN B(0) J Bg (0)

K
+ <T1 + K2> llwn |22 a) [t , tn] % + 0, (1).
By (2), (f3) and r > R we have

1
/ 9(x, up )nuy, de < %/ 0V (z)u2 da.
RN RN

Thereby,

(1—1>/ nndx</ / (x —y)dxdy
k) Jry B,.(0) J Bg

n ( n Kz) ot 2 [ty ]2 + 0 (1):

By Lemma 3.1, there is C; > 0 such that ||u,|| < Ci. Then, for some constant
C>0

(3.11) <1]1€> /|m>2rV(o:)uida:

<[ wrPKE ()l + o)
B;(0) ¥ B5,.(0)

Let € > 0. By Lemma 3.3, we can take r, large enough, such that

k—1 1
g1 [ vewars B (i)l +oul),
|z|>2r r

for all n € N. Also, we can assume that
e(k—1)

(3.13) ullrzay < 6C(/r Dk
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By property (2) of g

\%
g(a:,un)un < I(::) u?p

for all z, with |x| > 2r > R. Therefore, by (3.11)
€ 1 k
(3.14) / g(x, up)uy, de < 3 +C( =+ 1) ——|unllz2a) + on(1).
|z|>2r r k—1

The space E is continuously embedded in H*(RY) and H*(RY) is compactly
embedded in LP(A) for p € [2,2%). Hence E is compactly embedded in LP(A) for
p € [2,2%). By the weak convergence of {u, }nen, we obtain that |Jup||a — ||u]la-
By (3.13), for n large enough,

e(k—1)
6C(1/r+1)k
By (3.14) we can take ny € N such that if n > n; then

/ g(x, up)uy, de < 5—8
|z|>2r 6

unllLzay <

Note that, we can suppose that r > 0 satisfies

€
gz, u)ude < —.
»/:c|>27‘ 12

By the compact embedding of E in L%(Bs,-(0)) for ¢ € [2,2%), {un }nen converges
for w in L9(Bs,(0)) for g € [2,2%). By definition of g and the Lebesgue dominated
convergence theorem

/ g(x, up )uy, doe — g(z,uw)udz
|z|<2r |z|<2r

Then, we take ng € N with ng > n; and such that if n > ng then

/ g(x, Uy )ty dx —/ g(z,u)udzr| < -
e <2r ol <2r 12
Thereby, for n > ng we have
/ g(x, Uy )ty dx —/ gz, v)udr| < e,
RN RN

that is,
lim g(z, un)u, dz :/ g(z, u)ude.

n—o0 RN RN

From J'(up)un, = 0,(1),

1
Sl = [ gty do +o,()
Then
1 9 1 9
Sl = [ g, upude = 3 Jull,
RN
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because J'(u)u = 0. We conclude that |lu,|| — |lu|| and therefore, the weak
convergence of {up }nen to u ensure that {u, }nen converges to u in E. O

COROLLARY 3.8. Suppose (V1), (f1)—(f3). Then, there is u € X such that
J(u) = ¢ and J'(u) = 0. Moreover, u > 0 almost everywere in RY.

PRrROOF. By 3.2 and Proposition 3.7, there is u € X such that J(u) = ¢ and
J'(u) =0. Let A={x e RN : 2| > R}n{x € RN : u(z) < 0}. If z € A, then
g(z,u(x)) = V(z)/ku(x) and if z € A°, then g(z,u) > 0. We have

0> [u,u]+ V(z)uu~ = (]1 - 1) /AV(x)uu_ + /C g(z,u)u”dx >0

AC
where v~ (x) = max{—u(z),0}. Then [u,u~] = 0. This implies that u~ = 0 (see
proof of Lemma 4.1 in [20]). O

As a consequence of inequalities 3.4 and 3.5 we have the following proposition.

PROPOSITION 3.9. If V and f satisfies (V1), (Va), (f1)—(f3), then the solu-
tion u of the auxiliary problem satisfies ||u||*> < 2kd uniformly in R > 0.

4. L°° estimate for solution of auxiliary problem

In this section, we will prove a Brezis-Kato type estimate. We will prove
that, assuming some hypotheses, there is M > 0 such that the solution of the
problem

—Lgv+b(x)v = g(z,v) inRY

satisfies [|ul| o ®y) < M|ul| 2z gny and M does not depend on [|ul| (see Propo-
sition 4.5). We emphasize that, to the best of our knowledge, this result is being
presented for the first time in the literature. In [2], the authors have showed this
result when the operator —L is the fractional laplacian operator, that is, when
K(x) = Oy |z|~N=25. But, in our case, we cannot use the same technique used
in [2], because we do not have a version of the s-harmonic extension for general
integro-differential operators. Therefore, we present an another technique.

REMARK 4.1. Let 8 > 1. Define the real functions
m(z) ==\ = 1) (2 +27P) = APt +217P) + 2,
p(x) =N = 1) (@ +27P) MNP +217F) — 2,

()

where A := $%2/(28 — 1). Then m(z) > 0 and p(x) > 0 for all x > 0. Indeed,
defining the function g(z) = 2%+ (3—1)m’(x)/B(A—1) we have g(1) = ¢'(1) = 0
and ¢”(z) > 0 for all z > 1. Then, m/(x) > 0 for all z > 1. From m(1) =0 and
m(z) = m(z~1) for all z > 0, we conclude that m(x) > 0 for all z > 0. From
p(1) =0, p(x) = p(z~1) for all z # 0 and p/(z) > 0 for all z > 1, we conclude
that p(xz) > 0 for all x > 0.
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Let 8 > 1. Define
f() = 2oV and g(z) = alal*".

The functions f and g are continuous and differentiable for all x € R. Consider
z,y € R with « # y. By the mean value theorem, there are 61 (z,y), f2(z,y) € R
such that

(4.1) £ Orfe.y) = =10
and
(42) o (s ) = 22,
that is
2(8—1) _ 2(8—1)
(4.3) (28— 1)}os (@, )25 = 2 zzm
(B-1) _ (8-1)
(44) Bl0n (o)) = I

Implying that

1 x|x|2(’6—1) _ y|y‘2(,3_1) 1/2(8-1)
4. _
(4.5) 61(z,y)] (%1 e ,
1 z|z|B=D — y|y|B-D\ D
4.6 0 _ (= .
(4.6) 102(z, y)| (5 p—

We will consider 6y (x,x) = 63(x,2) =0 for all z € R.

REMARK 4.2. Note that |01 (x,y)| = |61(y, z)| and |02(x,y)| = |02(y, z)| for
all z,y € R.

LEMMA 4.3. With the same notation, if x # 0 then |61 (x,0)| > |02(z,0)].

PRrOOF. By (4.5) and (4.6), we have
a(6-1)\ 1/2(—1) L\ V26D

101 (x,0)| = zlz] = 2],
25—1 . 28— 1
1 1.|1,|6 1\ 1/(8-1) 1 1/(B-1)

o= (Y ()

B
Thereby, |01(x,0)| > |02(x O)| O

LEMMA 4.4. Ifx,y € R, then |01(z,y)| > |02(z,y)|-

ProOF. If z = 0 or y = 0 then the inequality was proved by Lemma 4.3 and
Remark 4.2. The case x = y is trivial. We can suppose that x # y, = # 0 and
y # 0. By (4.5) and (4.6) we have that |01 (z,y)| > |02(z,y)| if and only if

1 x|x|2(671) . y|y|2(571) 1/2(B-1) - lx|$|ﬁ71 B y|y|,871 1/(5*1)'
26 -1 T—y —\p T—y
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This last inequality is true if and only if
L afaPPD —ylyPPD 1 (afel Tt -yl PN
28 —1 r—y ﬂ r—y '

This last inequality occurs if and only if

Az — y)(@|z*P7D — ylyPEY) > (2]~ - yly|Ph)2,

that is
A(|z]* = zylyPP =Y — ya|z 2B + y2) > (2 — 2zyle|PHy|P T + [y

But, if # # 0 and y # 0, then the last inequality is equivalent to
o ()G ()]
> () 2w ()
We will prove that (4.7) is true. If z -y > 0, then
[\ P2 el Ll
AKIyI) ((i) ingy(y));(x) }
Y x| |y x
- [(EDZ () -G ()]
() - ()
=A=Dy - ol R 3 i Wl N
a-n (B (o) Tl () ]
If -y <0, then
() - () - ('|) ()]
TR
- [(H) () () ()]
~(E) ()
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B —B B-1 —B+1
|yl |yl |yl |yl
_ (wl)
_p .
|yl

By Remark 4.1, we have that m(|z|/|y|) > 0 and p(|z|/|y|) > 0. This proves the
inequality (4.7) and Lemma 4.4. O

Our main result of this section will establish an important estimate involving

the L>°(RY) norm of the solution u of the auxiliary problem. It states that:

PROPOSITION 4.5. Let h € LY(RYN) with ¢ > N/2s, and v € E C X be
a weak solution of
—Lyv+b(x)v = g(x,v) inRY,
where g is a continuous functions satisfying |g(x, s)| < h(x)|s| for s > 0, b is
a positive function in RN and E is definded as in (2.1). Then, there is a constant
M = M(q, ||h||paryy) such that

[Vl Lo @yy < Mol g2z @)

PROOF. Let 3 > 1. For any n € N we define A,, = {z € RV; ju(z)[*~! < n}
and B,, := A¢. Consider
t|t2B=Dif [¢)81 <, B if ¢ <,
fult) = ) . . and g,(t) := . .
n4t if |t[P=1 > n, nt if [t[7~1 > n.

Note that f,, and g, are continuous functions and they are differentiable at all
points with the exception on n'/#=1 and —n'/(F=1 and their derivatives are
limited. Then f,, and g, are Lipschitz continuous. Therefore, setting

Up = fpnov and 1wy, :=gpov

we have that v,,w, € E. Note that

[v,0,] = /An /An (Vn(2) — v (y) (v(x) — v(y) K (x — y) dz dy
+ /Bn /Bn (Un(2) — va(y))(v(z) —v(y) K (x — y) de dy + 2[v,vp]a, xB, -

By (4.1), if z,y € A,, then

vn(x) —vn(y) = f(01(z, ) (v(z) — v(y)),
where 01 (x,y) = 61 (v(z),v(y)). Therefore

+n2/B /B (v(z) —v(y))?K(z — y) de dy + 2[v, v, 4, x B, -
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Analogously, by (4.2)
wnvwal = [ [ 0ale )P D 0la) o) K e - ) dady
An J A,
ot [ 0~ o) K e = ) dedy + 2, s
where 65 (z,y) = 02(v(z),v(y)). By Lemma 4.4,
s w,) _/ / 101 (2, 4) PP (w(a) — v(y))2K ( — y) dar dy
+n /B / v(z) —v(y) K(z — y)de dy + 2[wn, wp]a, xB, -
This implies that
(4.9)  [wn, wy,] +/ b(z)w? dx — [v,v,] — b(x)vv, dx
RN RN
<E=12 [ [ 10 0w o) e — ) dady

+ 2[wy, wn) A, x B, — 2[V, Un]a, xB, -

By (4.8), we have
(4.10)  [v,vy) —|—/ b(z)vv, dx — 2[v,vp]a, x B,

> (26— 1) / / 1012, )20V (0() — () K (@ — ) da dy,
because b(x)vvy, = b(z)w? > 0. Replacing (4.10) in (4.9) we obtain

[Wn, wy] + /RN b(x)w?2 dr — [v,v,] — /RN b(x)vv, dx

< (g ﬁ_lf ([v,vn] + /R by, dz)

2(8 —1)?
28— 1

+2[wn’wn]AnXBn + <2 >[vavn]An><an
that is

[wn, wy] —|—/ b(z)w? dx
RN

< (fﬁ_l)f + 1> ([v,vn] + /RN b(z)vo, da:)

12
A lovlan,

+ Q[U)nawn]Aann + < -2~

52
25 — ([v,vn] + /]RN buvy, d:v)
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_1\2
+ 2[wn7wn]Aann + ( -2- 2(265_11)) [’van]Aann

<B | glz,v)vndr
RN

_ 2
+ 2[wn7wn]An><Bn + < -2 - 2(2%_11)) [’van]Aann-

In short,

(4.11) [wmwn]—i—/ b(x)widxgﬂ/ g(x,v)v, dz + 2[wp, wplA, xB,
RN RN

_1\2
(22 2,

But, if n € N and

2(8 - 1)?

=2
C=2+5

then a simple calculation shows that the function

r(s,t) = 2(ns — 1]t)’~)? = O(s = 1) (n®s — t]sPO7V),
satisfies
(4.12) r(s,t) <0 for all |s| > n/B=D and [t| < nl/(B-D.

Taking s = v(x) and ¢t = v(y) for x € B, and y € A,, and replacing in (4.12) we

obtain

2(wn(z) — wa(y))® = Clv(z) — v(y))(va(@) = va(y)) < 0.
Hence

2(8—1)2

Q[wnzwn]Aann + < —-2- (266_1)) [v7vn]An><Bn S 0.
By (4.11),
(4.13) [Wa, W] +/ b(x)w? dz < 8 g(x,v)v, dz.

RN RN

Let S > 0 be the best constant verifying ||uHi2 &) < S[u,u)?, for all u €

H*(RY) (see theorem 6.5 in [18]), that is

ll 2
(4.14) S= sup — LR

ueHs(RN) [uvu]z
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The critical inequality (theorem 6.5 in [18]) ensures the existence of S. By (4.13)

2/2; 2/2;
</ |wy, | dz) < </ [wp, | da:)
A, RN

< S[wn, wnl? < Sllwnl? < S8 / o2, 0(z) v, de
RN

< Sp - h(f)wi dr < SﬂHhHLq(RN)||wn||2qu/(q_1)(RN).

But, we have that |w,(z)| < |v(2)|? for all z € B,, and |w,(x)| = |v(z)|? for all
x € A,. Thereby,

i 2/2% (¢=1)/q
(/ |v]P% dx) < SB[l e @y (/ |v[298/(a=1) dac) )
An RN

By the monotone convergence theorem,
(4.15) [vll 228 @y < (BSI1P| L@y *P[|v]| p26as vy
where ¢1 = ¢/(¢ — 1). Define n := 2%/(2¢1), and note that n > 1. When 8 =17
we have that 208¢q; = 2%. Then, by (4.15)
(4.16) 1oll 2y < (98Il aga) 270 22 v
Taking 8 = n? in (4.15) we obtain
2 2
(4.17) 1oll 2202 gy < 777 (SRl pa@n )Y 0]l p2tn vy
By (4.16) and (4.17) we have

2 2
oll o2 ey < 2720 (S A o)) /272 o] 2z o

Inductively, we can prove that

”v”L?é""" RN
(RN)

< A 2 (g )BT

for all m € N. But,

= m n =1 1
= and _—
mz::l 2 2(n—1)? mz::l 2™ 2(n—1)

Thereby, for all m > 0,
p— 2 —
oll oz vy < 172D (Sl ey ) 20D ]2 vy
Recalling that [[v]|pecgvy = lim [[v||r@~yy) and that 7 > 1 we have that
n—oo
[Vl oo @rvy < M| 22 n)

for M = /201 (S| gy /20D and n = N(q — 1)/(q(N — 25)).
We conclude the proof of Proposition 4.5 noting that M depends only on ¢
and ||hHL‘1(]RN)‘ |:|
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5. Solution for Problem (P)

In this section, we prove the main result (Theorem 5.2). By Corollary 3.8,
there is u € E such that J(u) = ¢ and J'(u) = 0. We have the following estimate
for ||u||Loo(RN).

LEMMA 5.1. The solution u of the auziliary problem satisfies
[ ul| poo (mvy < M (2Skd)/?,

where d and S are defined respectively in (2.4) and (4.14), k = 26/(0 — 2), and
0 is defined in (f2).

PRrROOF. Consider the functions

50) it lal < Ror o) < Y,
0 if || > R and f(t) > A t,
and
V(z) if |z| < R and f(u) < V](f) u,
b(x) = -
(1 - i)V(m) if || > R and f(u) > v )k’u

Note that the function u is solution of

~Lxu+b(x)u=H(z,u) inRY,

uec k.
By (f1), |H(x,t)| < colt|P~! for p € (2,2%). Thereby, |H(x,u)| < h(z)|u|, where
h(x) = colulP~2 . Note that h € L%/®=2(RN) and

1Al Loy < C(2kSd)P=2)/%
where ¢ = 2% /(p — 2). The number p satisfies
2s 2% N
2s

<28 =2+ —2% th = >
p <2 Ty % on 4=

By Proposition 4.5 and sobolev embedding

el vy < Ml 22 ey < MSY2]Jull
where M = M(q, ||h||ar~y). By Proposition 3.9, we have
(5.1) [ull oo rvy < M (2kSd)'/>.
This concludes the proof. O

THEOREM 5.2. Suppose that V satisfies conditions (V1)—(Vs) and that f
satisfies (f1)—(f3). There is A* = A*(V,0,p,c0,5) > 0 such that if A > A*
in (V3), then the problem (P) has a nonnegative nontrivial solution.
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PRrROOF. Let u be a weak solution of the auxiliary problem. Let || > R. If

u(z) = 0 then by denfition f(u(x)) = g(x,u(z)). If u(z) > 0 then

f(u(z)) - -2
ey S olul” < collull L gy
collull gy A < BPPeMP228d)e D2 Vi)

A - A k

Define A* = kP/2coMP~2(25d)P=2)/2_ If A > A* then

flu(z) _ V()
Tulw) =k

By definition of g we have g(z,u(z)) = f(u(z)). Then g(x,u(z)) = f(u(x)) for
all z € RY. Therefore, u is a nonnegative and nontrivial solution of (P). ]
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