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FIXED POINT INDEX THEORY
FOR PERTURBATION OF EXPANSIVE MAPPINGS
BY k-SET CONTRACTIONS

SMAIL DJEBALI — KARIMA MEBARKI

ABSTRACT. In this work, we develop a fixed point index theory for the sum
of k-set contractions and expansive mappings with constant A > 1 when
0 < k < h—1 as well as in the limit case k = h—1. After computing this new
index, several fixed point theorems and recent results are derived, including
Krasnosel’skii type theorems. Two examples of application illustrate the
theoretical results.

1. Introduction

Starting from the Krasnosel’skil fixed point theorem (KFPT for short) [22],
the fixed point theory for sums of operators developed promptly and has been
widely extended to various types of nonlinear mappings (see, e.g. [10], [29], [36])
in theory as well as in applications to many problems in nonlinear sciences.
KFPT (1958) concerns the sum of a contraction and a compact mapping and
turns out to be a generalization of Banach’s contraction mapping principle (1922)
and Schauder’s fixed point theorem (1930) [33]. However, its proof uses both of
these important results. It states that the sum 7'+ F' has at least one fixed point
in D whenever the mappings T, F': D — FE satisfy the following conditions:

(a) for all x,y € D, T'(z) + F(y) € D.

(b) T is a contraction.
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(¢) F is compact, continuous.

The proof of this result lies in the fact that if £ is a linear vector space, FF C F
a nonempty subset, and g: F' — F is a contraction, then the mapping I —g: F —
F' is a homeomorphism [34, Lemma 2.9].

Earlier, the concept of measure of noncompactness has been employed by
Darbo [12] and later by Sadovski [32] to introduce the notions of k-set contrac-
tions and condensing mappings, respectively and then to derive some fixed point
theorems for these classes of operators. One of the most important feature of
these results is that the sum of a contraction and a completely continuous map-
ping turned out to be a strict k-set contraction (with respect to some measure
of noncompactness), extending by the way Krasnosel’skii’s fixed point theorem.

Later many researchers have been interested in the extension of the above
theorem in various directions by modifying assumptions (a)—(c), or even the
underlying space E; we cite [10], [18], [35], [36].

Another fixed point theorem established by Krasnosel’skii in 1964 is the cone
expansion and compression theorem (see, e.g. [20], [24], [23]) for mappings that
need not be the sum of operators but act on some cones of Banach spaces. The
latter theorem has been recently deeply improved too; see [3], [4], [17], [25], [26],
[30] and references therein.

This second existence result plays a key role in the study of positive fixed
points for various classes of nonlinear operators posed in some ordered Banach
spaces. Indeed the positivity of solutions of nonlinear equations, especially or-
dinary, partial differential equations, and integral equations is a very important
issue in applications, where a positive solution may represent a density, temper-
ature, velocity, ...

The positivity condition can be mathematically described by introducing
a cone P in some Banach space E, that is a closed convex subset such that
aP C P for all positive real number o and PN(—P) = {0}. Notice that a cone P
induces a partial ordering < in E defined by z < y if and only if y —z € P. We
will denote by P* =P\ {0} and E* = E \ {0} the punctured cone and space,
respectively. We say that x < yif y—z € P*andz L yify —x ¢ P. A cone P
is called normal if there exists a positive constant N such that, for all z,y € P,

we have
z<y = |z| <Nyl

The least positive constant N is called the normal constant of P.

This work is part of generalizations leading to fixed point theory for sums
of operators. More precisely, our aim is to construct a generalized fixed point
index for operators that are sums of the form T + F', where T is an expansive
operator and F' is a k-set contraction. For this we will appeal to the fixed point
index theory for strict set contractions (see [1], [27], [28]). Then we derive several
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existence results for the nonlinear equation x = Tx + Fz, where x € P, extend-
ing by the way Krasnosel’skii and Sadovski fixed point theorems for classes of
operators that can be expressed as sums of nonlinear contractions and expansive
mappings. Moreover, using some approximation arguments, we show that the
theory still holds for the limit case concerning the important class of mappings F’
that are 1-set contractions. These mappings include, as particular cases, sums
of nonexpansive and compact mappings. Note that the topological degree for
these special mappings was first introduced by Petryshyn in [31] (see also [14]
and [21] for a survey on the fixed point theory for 1-set contractions).

Before proceeding with the theoretical results of this paper, we recall that
as early as in the 70’s, F. Browder [9, Chapter 13] introduced a topological
degree for a class of compact perturbation of strongly accretive mappings. The
construction of the degree was based on the Leray—Schauder degree together
with the perturbation of maximal monotone operators. An interesting fact in
the study of accretive operators is that they may lead to the construction of
contractive mappings (see [7]). In this respect, we also mention Chen, Ha, and
Cho [11] who discussed the fixed point index for operator sums of the form —A+
K, where A: D(A) C P — 27 is an accretive operator with (I + A)(D(A)) =P
and K is a strict set contraction. As consequences, they have deduced some
solvability results for the operator inclusion x € —Ax + Kz, where x € P.

In this section, we will also collect some notations, definitions, and auxiliary
results we need throughout this paper. Of particular importance for our purpose
is the fixed point index for k-set contractions and its properties. Then we will
present our main contributions in the subsequent sections. We will consider
separately two cases: firstly the case of the sum T + F', where T is expansive
and F' is a k-set contraction is treated in Section 2. Then in Section 3, we will
discuss the limit case where F is a (h — 1)-set contraction. Sections 2 and 3
are also concerned with the computation of the fixed point index. Some fixed
point theorems are further derived as consequences in Section 4. The paper ends
with two examples of application to nonlinear integral equations in Section 5
illustrating the abstract results obtained in this work.

Let E be a Banach space. A mapping f: E — FE is said to be completely
continuous if it is continuous and maps bounded sets into relatively compact
sets. A subset X C FE is called a retract of E if there exists a continuous map
p: E — X such that p(z) = z for all x € X. Then p is called a retraction. It is
easy to see that, in any topological space, every retract is closed. Conversely,
every closed convex subset of a locally convex topological vector space is a retract
of this space.
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The concept of k-set contraction is related to that of the Kuratowski mea-
sure of noncompactness (MNC for short) (1930) which we recall for the sake of
completeness.

DEFINITION 1.1. Let E be a real Banach space and Qg be the class of all
bounded subsets of E. The Kuratowski measure of noncompactness « : Qp —
[0, 4+00) is defined by

a(V)_inf{6>O ’ V= U V; and diam (V;) < 4, for ablli_l,...,n}7
i=1

where diam (V;) = sup{||z — y| &, 2,y € V;} is the diameter of V;.

For the main properties of measures of noncompactness, we recommend,

e.g. [5], [6] and [13].

DEFINITION 1.2. Let FE be a Banach space and A: D C E — E a continuous
mapping which maps bounded subsets of E into bounded subsets.

(a) A is said a k-set contraction if there exists a constant k& > 0 such that
a(A(V)) < ka(V), for every bounded V' C D.
(b) A is a strict k-set contraction if k < 1.

The proofs of our results involve the fixed point index for strict k-set con-
tractions whose basic properties are collected in the following lemma. For the
proof we refer the reader to [19, Theorem 1.3.5] or [1], [13], [20].

LEMMA 1.3. Let X be a retract of a Banach space E. For every bounded
open subset U C X and every strict k-set contraction f: U — X without fized
point on the boundary OU, there exists uniquely one integer i (f, U, X) satisfying
the following conditions:

(a) (Normalization) If f: U — U is a constant map, then i(f,U, X) = 1.
(b) (Additivity) For any pair of disjoint open subsets Uy, Us in U such that
f has no fized point on U\(U; U Us), we have

Z(faUaX) :i(faUlaX)+i(f7U23X)a

where i(f,U;, X) := z(f|7], U;, X), j=1,2.
(¢) (Homotopy Invariance) The index i(h(x,t),U, X) does not depend on the
parameter t € [0,1], where
(i) h:[0,1] x U — X is continuous and h(t,x) is uniformly continuous
in t with respect to x € U,
(ii) h(t, -): U — X is a strict k-set contraction, where k does not de-
pend on t € [0,1],
(iii) h(t,z) # z, for every t € [0,1] and z € OU.
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(d) (Preservation) If Y is a retract of X and f(U) C Y, then
Z(f7U7X) :Z(f,UﬁY7Y),

where i (f,UNY,Y) :=i(flgay, U, Y).
(e) (Excision property). Let V. C U an open subset such that f has no fized
point in U\V. Then

i(f,U, X)=14(f,V,X).
(f) (Solvability). If i(f,U, X) # 0, then f has a fixed point in U.
The following results are direct consequences of this definition.

PROPOSITION 1.4. Let X be a closed convex of a Banach space E and U C X
a bounded open subset with 0 € U. Assume that A: U — X is a strict k-set
contraction that satisfies the Leray—Schauder boundary condition:

Ax # Az, for all x € OU and for all X > 1.
Then i(A,U,X) = 1.

COROLLARY 1.5. Let P be a cone of a Banach space E and U C P a bounded
open subset with 0 € U. Assume that A: U — P is a strict k-set contraction
satisfying ||Az| < ||z|| and Az # x for all x € OU. Then the fizved point index
i(A,U,P) =1.

PRrROPOSITION 1.6 ([19, Corollary 1.3.1]). Let X be a closed convez of a Ba-
nach space E and U C X a nonempty bounded open convexr subset of X. As-
sume that A: U — X is a strict set contraction such that A(U) C U. Then
(AU, X)=1.

PRrROPOSITION 1.7 ([19, Theorem 1.3.8]). Let X be a closed convex of a Ba-
nach space E and U C X be a bounded open subset. Assume that A: U — X is
a strict k-set contraction. If there exists ug € X, ug # 0, such that Aug € X, for
all A\ >0 and

x — Az # Aug, for all x € OU and for all A > 0,
then the fized point index i(A, U, X) = 0.

REMARK 1.8.

(a) Proposition 1.4 remains true even if the operator A is a 1-set contraction
(see [21, Theorem 3]).

(b) Proposition 1.7 remains true even if the operator A is a semi-closed (I—A
closed) 1-set contraction and X is a wedge in F (see [21, Theorem 4]).

(¢) At least for compact mappings, the properties of the fixed point index
remain valid in the more general setting of a translate of a cone K = P+6
(0 € E) (see [16]).
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To establish our results, we need the following technical one concerning ex-
pansive mappings.

DEFINITION 1.9. Let (X, d) be a metric space and D be a subset of X. The
mapping T: D — X is said to be expansive if there exists a constant h > 1 such
that

d(Tz,Ty) > hd(x,y), forall z,ye D.

LEMMA 1.10 ([35, Lemma 2.1]). Let (X, -||) be a linear normed space and
D C X. Assume that the mapping T: D — X is expansive with constant h > 1.
Then the inverse of I —T: D — (I —T)(D) exists and

IT-T) e~ (I -T)"y| < ——la—yl, foralla,ye (I -T)D).

1
h—1
PROPOSITION 1.11. Let (X, d) be a complete metric space and D be a closed
subset of X. Assume that the mapping T: D — X is expansive and D C T(D),

then there exists a unique point x* € D such that Tx* = x*.

In case of a Banach space, it can be observed that the operator T=1: T(D) —
D is a surjective 1/h-contraction. Proposition 1.11 then follows from Banach’s
contraction principle.

In all what follows, P will refer to a cone in a Banach space F, () is a subset
of P, and U is a bounded open subset of P. For some constant r > 0, we will
denote the conical shell by P, = P N B,, where B, = {z € E : ||z|| < r} is the
open ball centered at the origin with radius r.

Assume that T: 2 — FE is an expansive mapping with constant A > 1 and
F:U — E is a k-set contraction. By Lemma 1.10, the operator (I —T)~! is
1/(h — 1)-Lipschtzian on (I — T)(Q).

2. The case where F is a k-set contraction with 0 <k < h -1

2.1. Definition of a fixed point index. Suppose that 0 <k < h —1,

(2.1) FU) (I -T)(),
(2.2) x#Te+ Fx, forallzedUN.
Then x # (I — T)"'Fx, for all € OU and the mapping (I —T)"*F: U — P is

a strict k/(h—1)-set contraction. Indeed, (I —T)~1F is continuous and bounded;
and for any bounded set B in U, we have

1
—-7T) ! < — <
a((I-T)"'F)(B)) < 1 a(F(B)) < e
By Lemma 1.3, the fixed point index i((I — T)~'F,U,P) is well defined. Thus
we put

(B).

DEFINITION 2.1. i (T + F,UNQ,P) =i((I - T)"'F,U,P).
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We call this integer the generalized fixed point index of the sum T + F on
U N Q with respect to the cone P. Notice that, for U N Q = @, the index
(T +F,UNQ,P)=0.

REMARK 2.2. If T: E — E and F: U — E, then the condition F(U) C

(I —T)(2) can be replaced by F(U) C (I —T)(F) both with
(y=Ty+Fz, x€l) = yeP.

Indeed, for every x € U, there exists y € F such that (I — T)y = Fu, i.e.
y=Ty+ Fx. Hence y = (I —T)"'Fz € P.

THEOREM 2.3. The fized point index defined in Definition 2.1 satisfies the
following properties:
(a) (Normalization) If U =P,, 0 € Q and Fx = zp € B(-T0,(h—1)r)NP
for all x € Py, then

i(T+ F,P,NQ,P) = 1.

(b) (Additivity) For any pair of disjoint open subsets Uy, Us in U such that
T + F has no fized point on (U\(U; UUs)) NQ, we have

W+ FUNQP)=i.(T+ F,U1NQP)+i(T+ F, Uy N, P),

where i, (T + F,U; NQ, X) =i, (T + F|U—7, U,NQ,P), j=1,2.
(¢) (Homotopy Invariance) The fized point index in(T + H(t, -),U N Q,P)
does not depend on the parameter t € [0,1] whenever
(i) H:[0,1]xU — E is continuous and H (t,x) is uniformly continuous
in t with respect to x € U,
(i) H((0,1] x T) © (I - T)(©),
(iii) H(t, : ): U — E is a l-set contraction with 0 < 1 < h —1 and [
does not depend on t € [0,1],
(iv) Tz + H(t,x) # z, for allt € 0,1] and x € BU N Q.
(d) (Solvability) If i.(T + F,U NQ,P) # 0, then T + F has a fized point
in UNKQ.

PROOF. Properties (b), (c) and (d) follow directly from Definition 2.1 and
the corresponding properties of the fixed point index for strict k-set contractions
(see Lemma 1.3). We only check that if U = P, then

i(I —T) t20,U,P) =1.

For this, we show that yo := (I —T) 29 € P, N Q. We have F(P,) = {2} C
(I —T)(82), which gives yo € Q and since T is an expansive operator with A > 1

and F(P,) C B(=T0,(h—1)r) NP, Lemma 1.10 guarantees that
I(I = T)yo +T0|| = I(I = T)yo — (I = T)0| = (h = Dllyoll-
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Hence
(h = Dllyoll < (I = T)yo + T0|| = |20 — (=T0)|| < (h —1)r,
that is yo = (I — T) "'z € P,. By property (a) in Lemma 1.3, we deduce that
i((I—=T)""2,Pr,P) = 1.
Therefore i, (T + zo, P N, P) = 1, which completes the proof. O

REMARK 2.4. Theorem 2.3 still holds if instead of the cone P, we consider
a retract X of E. In this case, the conical shell P, is replaced by X N B,..

Next, we compute the fixed point index for the class of mappings under

consideration.
2.2. Computation of the fixed point index.

PROPOSITION 2.5. Assume that T: Q) C P — FE is an expansive mapping
with constant h > 1, F: P, — E is a k-set contraction with 0 < k < h — 1,

F(OP,NQ) CP, and tF(P,) C (I -T)(Q) forallt €[0,1]. If
0€Q, |T0|<(h—=1)r and FzxPax—Tz, foralxzedP,.NQ,
then i, (T + F,P, NQ,P) = 1.

PROOF. Consider the homotopic deformation H: [0,1] x P, — E defined
by H(t,z) = tFx. The operator H is continuous and uniformly continuous in ¢
for each . Moreover, H(t, -) is a k-set contraction for each ¢ and the mapping
T + H(t, -) has no fixed point on 0P, N 2. Otherwise, there would exist some
xo € OP-NQ and tg € [0,1] such that xg = Txg + toFxg. Consider two cases:

Case 1. If tg = 0, then Txg = zg and
(h = Dllzoll < I = T)zo + 10| = [|T0]| < (h—1)r,

which is a contradiction.

Case 2. If ty € (0,1], then Fxg > toFxo = xo — Txp, which contradicts our
assumption.

From the invariance under homotopy and the normalization property of the
index fixed point of the sum T + F, we deduce that

(T+FP-NQP)=i.(T+0,P.NQP)=1,
which completes the proof. O

REMARK 2.6. The results of Proposition 2.5 does not hold if (0P, N Q) ¢ P.
Indeed, let P be a cone in a Banach space E with non-empty interior and
r > 0. We choose a point x; in the interior of P with dist(xy, E \ P) > r
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and ) = Py|p,).- With T'= 2] and F': P.>z+ —x; € —P C E, all assump-
tions of the latter proposition are satisfied. However 0 € —P C FE \ P implies
that . (T + F, P, NQ,P) =0.

COROLLARY 2.7. Assume that T: Q C P — E is an expansive mapping
with constant h > 1, F: P, — E is a k-set contraction with 0 < k < h — 1,

FOP. NQ) C P, and tF(P.) C (I —T)(Q), for all t € [0,1]. If0 € Q,
70| < (h—1)r, and

Tex+ Fx <z, forallxedP.NQ,
then T + F has a fixed point in P, N 2.
PROOF. Since F' and T satisfy the assumptions of Proposition 2.5, then
i(T+F,P.-NQP)=1.

Corollary 2.7 then follows from the existence property of the fixed point index
in Theorem 2.3. O

PROPOSITION 2.8. Assume that T: Q) C P — FE is an expansive mapping
with constant h > 1, F: P, — E is a k-set contraction with 0 < k < h —1 and

tF(P.) C (I —-T)(Q), forallt€[0,1]. If0€ Q, | T0| < (h—1)r, and
(2.3) Fz# XNz —Tz), foralzedP. NQand>1,
then the fized point index ix(T + F, P, NQ,P) = 1.

PROOF. Define the homotopic deformation H: [0,1] x P,, — E by H(t,z) =
tFz. The operator H is continuous and uniformly continuous in ¢ for each x.
Moreover, H(t, -) is a k-set contradiction for each ¢ and the mapping T+ H (¢, - )
has no fixed point on 9P, N 2. Otherwise, there would exist some g € P, N2
and to € [0,1] such that g = T'zg + toFzo. We may distinguish between two

cases:

Case 1. If to = 0, then T'zg = x¢ and
(h— Dllwoll < (I - To + TO| = [ T0] < (h — 1)r,

which contradicts xg € OP,.

Case 2. If ty € (0,1], then Fxg = (zg — Txo)/to, where 1/tg > 1, leading
again to a contradiction with the hypothesis (2.3).

By properties (a) and (d) of the fixed point index in Theorem 2.3, we deduce
that

i(T+F,P,NQP) =i, (T+0,P,NQP)=1. O

The following result is an immediate consequence of Proposition 2.8:
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COROLLARY 2.9. Assume thatT: Q C P — E is an expansive mapping with
constant h > 1, F': P, — E is a k-set contraction with 0 < k < h — 1 and

tF(P,) C (I-T)(Q), forallt €[0,1]. If0 € Q, |TO|| < (h— 1)r and
|Fz|| + |Tx| < |z, for allz € dP,NAQ.
Then T + F has a fized point in P, N €.

PRrROPOSITION 2.10. Assume that T: Q C P — E is an expansive mapping
with constant h > 1, F: P, = E is a k-set contraction with 0 < k < h—1, and

tF(P,) Cc (I -T)(Q), forallt €]0,1]. If0€ Q, ||T0]] < (h— 1)r, and
|Fz|| <|lx —Tz|| and Tx+ Fx#z foralxz e dP,.NLQ,
then the fized point index ix(T + F, P, NQ,P) = 1.

PROOF. It is sufficient to prove that the condition in the proposition implies
the analogous one in Proposition 2.8. For this, assume by contradiction that
some zp € 0P, NQ and A\ > 0 exist and satisfy Fag = Ag(zo — Txo). Then two
cases are discussed separately:

Case 1. If \yg =1, then Tzg + Fxy = 2o and a contradiction is reached.

Case 2. If Ny > 1, then ||[Fxgl| = Xo|lwo — Taol|| > ||Jzo — Txol|, whence
a contradiction. O

PROPOSITION 2.11. Let U be a bounded open subset of P with 0 € U. Assume
that T: Q C P — E is an expansive mapping with constant h > 1, F: U — E is

a k-set contraction with 0 <k <h—1, and F(U) C (I —-T)(Q). If
Fex# (I-T)Azx), forallxzedUNQ and X >1,
then the fized point index i.(T + F,UNQ,P) = 1.

PROOF. The mapping (I-T)"1F: U — P is astrict k/(h—1)-set contraction
and it is readily seen that the following condition of Leray—Schauder type is
satisfied

(I-T) 'Fz# \x, forallze€dU and A > 1.
In fact, if there exist 29 € QU and \g > 1 such that (I —T) ! Fzq = Aozo. Then
Fxg = (I —T)(Moxo), which contradicts our assumption. Our claim then follows
from Definition 2.1 and Proposition 1.4. O

PROPOSITION 2.12. Let U be a bounded open subset of P with 0 € U N ().
Assume that T: Q@ C P — FE is an expansive mapping with constant h > 1,
F:U = E is a k-set contraction with 0 <k <h—1 and F(U) C (I -T)(Q). If

(24) ||Fx+T0| < (h—=1)||z|| and Tx+ Fx#x, forallz € dUNQ,
then the fized point index i,.(T + F,UNQ,P) = 1.
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PROOF. According to Lemma 1.10, we can see that (I — T)"'F: U — P

is a strict k/(h — 1)-set contraction. From the inclusion F(U) C (I — T)(Q),

for each « € U, we can find some y €  such that Fox = y — Ty. In what
follows, we check that the condition of Corollary 1.5 is satisfied. For each x € U,
(I -T)"'Fx e Qand

T(I-T) 'Fz)+Fx=(I-T) 'Fu,
which implies that
|T((I—T)""Fz) —T0| < |(I = T)"'Fz| + | Fx + T0]|.
T being expansive with constant h, we have
\T((I —T)"'Fz) —T0|| > hl|(I = T) ' Fzl|.
Therefore
(2.5) (I —=T)""Fz| < ﬁ||Fx+TO||.
From (2.5) and assumption (2.4), we conclude that for all z € 9U,
(7 =) Fal < - |Fe+ T0] < |,
Our claim then follows from Definition 2.1 and Corollary 1.5. O
The following result is as straightforward consequence of Proposition 1.6.

PROPOSITION 2.13. Assume that T: Q C P — E is an expansive mapping
with constant h > 1, F: P, — E is a k-set contraction with 0 < k < h —1 and
F(P.) c (I-T)(Q). If further (I —T)"*F(P,) C Py, then the fized point index
iw(T+ F,P-NQ,P)=1.

As a particular case, we get

COROLLARY 2.14. Assume that T: Q C P — E is an expansive mapping
with constant h > 1, F: P, — E is a k-set contraction with 0 < k < h — 1, and

F(P.)c(I-T)%). If0€Q and
(2.6) |Fxz+TO0|| < (h—1)r, forall z € P,,
then the fized point indez i.(T + F,P, NQ,P) = 1.
PROOF. From (2.5) and Assumption (2.6), for any = € P,., we conclude that
(1 —T)"'Fa|| < %HFQE‘ + 70| <,
which implies that (I —T)"'F(P,) C P,. O

A particular situation in Corollary 2.14 is given by
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COROLLARY 2.15. Assume that T: Q C P — E is an expansive mapping
with constant h > 2, F: P, — E is a k-set contraction with 0 < k < h—1, r is

sufficiently large and F(P,) C (I —=T)(Q). If 0 € Q and
(2.7) |Fz|| < ||z||, for all z € Py,
then T 4+ F has at least one fized point in P, N Q.
PRrROOF. We have the estimates:
|Fa + 70| < | Fa| + |1T0]| < |l2]l + |T0] < r+ | T0] < (h— 1)r,

for r > ||T0||/(h — 2). By Corollary 2.14, i.(T + F, P, N, P) = 1. As a conse-
quence, 7'+ F' has a fixed point in P, N Q. O

PROPOSITION 2.16. Let U be a bounded open subset of P. Assume that
T:Q C P — E is an expansive mapping with constant h > 1, F: U — E is
a k-set contraction with 0 < k < h —1, and F(U) C (I —T)(Q). If there exists
ug € P* such that

(2.8) Fz# (I —-T)(x— Aug), forallX>0 andxz € 0U N (Q+ Aug),
then the fized point index i.(T + F,U N Q,P) = 0.

PROOF. The mapping (I-T)"1F: U — P is astrict k/(h—1)-set contraction
and for some uy € P* this operator satisfies

x— (I -T)'Fx # Mg, for all z € 9U and for all A > 0.
By Definition 2.1 and Proposition 1.7, we deduce that
iW(T+F,UNQP)=i((I-T)'F,UP) =0,
proving our claim. O

PROPOSITION 2.17. Let U be a bounded open subset of P. Assume that
T:Q C P — E is an expansive mapping with constant h > 1, F: U — E
a k-set contraction with 0 < k < h—1, and F(U) C (I — T)(Q). Suppose
further that there exists ug € P* such that T(x — Aug) € P, for all A > 0 and

x € 90U N (4 Aug), and one of the following conditions holds:

(a) Fx £ x — Mug, for all x € U and for all A > 0.
(b) Fz e P, |[Fx| > ||z — Muoll, for all x € OU, for all A > 0, and the cone
P is normal with constant N = 1.

Then the fized point index i.(T + F,U N Q,P) = 0.

REMARK 2.18. In condition (b), we may replace ||Fz| > ||z — Aug|l by
[Fa] > [|l]].
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PrOOF. We show that conditions (a) or (b) imply that
Fx#(I—-T)(x — Aug), forall A >0 and z € dU N (Q+ Aup).
On the contrary, assume the existence of Ao > 0 and z¢ € OU N (Q 4 Aoug) such
that
F.’L‘O = (I — T)(mo — /\0’LLO).
Then xg — Agug — Fag = T(xg — Aoug) € P. If condition (a) holds, then a con-
tradiction is achieved. Otherwise, we deduce that
F{L‘o S o — )\OUO.
Since P is normal with constant N = 1, we deduce that
[ F'zol| < [|zo — Aouol|,

contradicting condition (b) and ending the proof of Proposition 2.17. O

2.3. Fixed point theorems of cone compression and expansion type.
In this section, two fixed point theorems of cone compression and expansion for
an expansive operator perturbed by a k-set contraction are established. Assump-
tion (a) is called the cone compression while (b) is the cone expansion.

Given two constants 0 < r < R, define the open sets:

Pr={zeP:|z]|<r} and P.r={xeP:r<|z| <R}

THEOREM 2.19. Let E be a Banach space, P C E a normal cone with con-
stant N = 1, and Uy and Uy two bounded open subsets of P such that Uy C Us
and 0 € Uy NQ, where Q C P. Assume that T: Q — E is an expansive mapping
with constant h > 1, F: Uy — E is a k-set contraction with 0 < k < h —1 and
F(Uz) € (I —=T)(Q). Let ug € P* be such that T(z — \ug) € P, for all A > 0
and x € OU; N AU N (Q+ Aug), and suppose that one of the following conditions
is satisfied:

(a) Fx € P, |Fz| > ||z — Aug||, for all z € OUy, for all X € [0,1] and

|Fx 4+ T0| < (h—1)||z|, for all x € OUs5.

(b) ||Fz+T0| < (h—1)||z|, for allz € OUy and Fx € P, ||Fx| > ||z —Auol|,

for all x € OUs, for all X > 0.

Then T + F has at least one fized point in (Uz \ Up) N Q.

PrOOF. We only give the proof in case of the cone expansion. Without loss
of generality, assume that Tx+ Fx # x on 0U;NQ and Tz + Fx # x on OU; NQY,
otherwise we are finished. By Propositions 2.12 and 2.17, we have

i*(T+F,U1 ﬂQ,P) =1 and i*(T+F,U2 OQ,P) =0.
The additivity property of the index yields
i(T + F, (U \Up) NQ,P) = —1.
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By the existence property of the index, the sum T + F has at least one fixed
point in the closed set (Uz \ Uy) N Q. O

THEOREM 2.20. Let E be a Banach space, P C E a cone, and0 € QQ C P. Let
v, 8>0,v # B, r=min(y, ) and R = max(v, 8). Assume thatT: Q — E is an
expansive mapping with constant h > 1 such that |T0|| < (h—1)y, F: Pr — E is
a k-set contraction with0 < k < h—1, F(OP,NQ) C P and tF(Pr) C (I-T)(%),
for allt € [0,1]. Let ug € P* be such that T(xz — Aug) € P, for all X > 0 and
x € 0P N (Q+ Aug), and suppose that the following conditions are satisfied:

(a) Fx } o —Tux, for allx € 0P, NQ,

(b) Fa & x — Aug, for all x € OPg, for all X > 0.

Then T + F has a fized point x € Pp g N Q.

REMARK 2.21. If 8 < ~, then conditions (a) and (b) represent a compression

property of T'+ F upon the conical shell P, N2, while if 8 > +, these conditions
express an expansion property of the conical shell P, g N €.

PrROOF. We only present the proof in case of the cone compression. It is
analogous for the cone expansion. By Propositions 2.5 and 2.17, we have
WwW(T+F,QNPr,P)=1 and . (T+F,QNP.,P)=0.
The additivity property of the fixed point index in Theorem 2.3 yields
i(T+F.QNP.g,P)=1
By the existence property, T + F has at least one fixed point in the open set

Pr.r N, proving our claim. O

3. The limit case where F is an (h — 1)-set contraction

3.1. Definition of a fixed point index. Suppose that T: Q@ — FE is h-
expansive and F: U — E is an (h — 1)-set contraction. Since (I — T)7! is
1/(h — 1)-Lipschtzian, then (I —T)"'F: U — P is a l-set contraction. Assume

that

(3.1) tE(U) C (I -T)(Q), foralltel0,1]

(3.2) 0l -T—-F)(oUNQ).

Then there exists v > 0 such that xeglUfﬁQ le — Ta — Fzx|| > ~. Thus 0 ¢
(I =T —-kF)(OUNQ), for all k € (1 —~/M,1), where M = v + sup || Fz|.

zeU
In fact, for all x € OU N2, we have

I0—(x —Tax —kFz)|| > ||t —Tx — Fz|| — (1 — k)||Fz|| >v— (1 —k)M > 0.

In other words,  # (I — T) 'kFx, for all z € 9U and k € (1 — v/M,1).
Clearly, (I — T)~'kF is a strict k-set contraction mapping. As a consequence,
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by Definition 2.1 and Lemma 1.3, the fixed point index i.(T + kF,U N Q,P) is
well defined. Thus we set

DEFINITION 3.1. For k € (1 — /M, 1) we have
i(T+ F,UNQ,P)=i(T+kF,UNQP)=i((I-T) 'kF,U,P).

However we must check that i.(T + F,U N £, P) does not depend on the
parameter k € (1 — /M, 1). For this, let G; = k;F: U — E be kj(h — 1)-set
contractions with k; € (1 —~/M,1) (j =1,2). Then

|Gjz — Fz|| = (1 — kj)||Fz| < (1 —k;)M <, forallzedU.
Define the convex deformation H: [0,1] x U — E by
H(t,z) =tGix + (1 — t)Gax.
The operator H is continuous, uniformly continuous in ¢ for each z, and H([0, 1]
xU) C (I —T)(9). In addition H(¢, -) is a k(h — 1)-set contraction for each ¢,
where k = max(ky, k2) and T + H(t, -) has no fixed point on OU N 2. In fact,
for all z € OU N 2, we have
|lo —Tax — H(t,z)|| = ||z — Tex — tGrz — (1 — t)Gax|
> |le — Tax — Fz|| — t|Fx — Giz|| — (1 — t)||Fx — Gax|
>y—ty—(1—-t)y=0.
From the invariance property by homotopy of the index in Theorem 2.3, we
deduce that
(T + G, UNQP) =0T+ G2,UNQ,P),

which shows that the index i, (T + F,U N Q,P) does not depend on k.

The integer defined in Definition 3.1 will be called the generalized fixed point

index of the sum T + F on U NQ with respect to P. It satisfies some properties
grouped in the following theorem.

THEOREM 3.2.

(a) (Normalization) If U = P, = PN B, is a conical shell and Fx = zy €
B(=T0,(h —1)r) NP, for all x € P, then i.(T + F, P, NQ,P) = 1.

(b) (Additivity) For any pair of disjoint open subsets Uy, Us in U such that
0¢(I—-T-F)((U\(UyUU2))NQ), we have

W(T+FUNQYP)=i.(T+ F,U1NQ,P)+ i (T + F,Uy;NQ,P),

where i, (T + F,U; NQ, X) := z*(f|7j, U,nQ,P), j=1,2.
(¢) (Homotopy Invariance) The fized point index i.(T + H(t, -), UNQ,P)
does not depend on the parameter t € [0, 1], where
(i) H:[0,1]xU — E is continuous and H (t,x) is uniformly continuous
in t with respect to x € U,
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(i) H(t, -): U — E is an (h — 1)-set contraction,
(iii) tH([0,1] x U) C (I =T)(), for all t € [0,1],
(iv) 0 (I —T—H(t,-))(dUNQ), for all t €]0,1],
(d) (Solvability) If i.(T + F,UNQ,P)#0, then0e (I - T — F)(UNQ).

PROOF. (a) Since F is a constant mapping, it is a 0-set contraction (com-
pletely continuous), which implies that (I —T)~1F is a 0-set contraction. As in
the proof of Theorem 2.3, part (a), yo = (I —T) 129 € P,. By the normalization
property in Lemma 1.3, we deduce that

i((I-T) " 20,Pr,P) =1
Therefore i, (T + 2z, P, N, P) = 1, proving our claim.
(b) Let

y= _ inf |l — Tax — Fz|| > 0.
(U\(UlUUQ))ﬂQ

Suppose that G = kF: U — E is a k(h — 1)-set contraction and
(3.3) |Gz — Fz|| <, forallz e U\ (U UUy)NAN.
From Definition 3.1, we have
i«(T+F,UNQP)=1i.(T+GUNQ,P),
T+ FUNQP)=i.(T+GU;,NQP), j=12

Hence T + G has no fixed point in U \ (U; UUz) N Q. In fact, if the exists
xo € U\(U; UUy) NQ such that xg = Trg + Gxo, then

v < |lxo — Txo — Fxo|| = ||xo — Txo — Gxo + Gro — Faoll = ||Gro — Fxol|,
which contradicts (3.3). The claim follows from Definition 3.1 and property (b)
of the fixed point index in Theorem 2.3.

(¢) By the property of the function H, there exist v > 0 and N > 0 such
that

|l —Tx—H(t,x)|| >, forallz e dUNQandt e [0,1],

as well as |H(t,z)|| < N, for all z € U and t € [0,1]. Let K(t,z) = kH(t,z),
where k € (1 —v/2N,1). Then for all x € 90U N and t € [0, 1], we have

|o —Te — K(t,2)|| = [|lv = Tx — H(t, z)|| + |H(t, z) — K(t, )]
>y—(k—1)N>~—~v/2>0.

Obviously, K(t, ): U — FE is a k(h — 1)-set contraction, where k does not
depend on t € [0,1] and K([0,1] x U) C (I —T)(£2). Then our claim follows from
Definition 3.1 and property (c¢) of the fixed point index in Theorem 2.3.
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(d) Consider a sequence (ky)n, C (0,1) such that k, — 1, as n — oo and
define the function G, = k,F, n = 1,2,... Then G,,: U — E is a k(h — 1)-set
contraction. Since ||Fz| < oo, for all z € U, we obtain that

|Fz — Guz|| = ||Fx — ko Fz|| = (1 — k) || Frz|| = 0, asn — +oo.

Hence there exists ng > 0 such that, for every n > ng,

|Fz — Gpzx| <7, where0<~vy< inf |x—Tzx— Fzxl.
xedUNQ

By assumption and Definition 3.1,
w(T+ F,UNQNP) =i (T +G,,UNQ,NP) £0.

Thus, property (d) in Theorem 2.3 guaranties that for all n = 1,2 the

g Ly e eny

mapping T+ G,, has a fixed point x,, in U N Q. Consequently,

lxn — Tap — Fay,|| = ||xn — Tan — Gran + Gpen — Fag||

= ||Gnayn — Fa,|] = 0, asn — +oo.

Then x,, — T'zy, — Fz, — 0,as n — 400, thatis0e (/ - T - F)(UNQ). O

REMARK 3.3. As for the additivity property in Theorem 3.2, we cannot
replace the condition 0 ¢ (I —T — F)((U\(U; UU,)) N Q) by the weaker one
that T + F has no fixed point on (U\(U; UUz)) N Q. In fact, let us consider the
Banach space ¢ of real sequences converging to zero with the sup-norm and the

cone P of sequences (a,,) with only positive entries a,. Let r: Ps — P be the
radial retraction, s: P1 3 (ay,as,...) — (1,a1,as,...) € Py the well-known shift
map, and let F :=sor. For T =21, F = —F, and U = Q = P5, U; = P3 \ Pa,
Uy = Ps \ P4, we get

i(T+F,Ps,P)=1#£0+0=i(T+F,Up,P)+i.(T + F,Us,P).
REMARK 3.4. Notice that a sufficient condition for (3.2) holds is:

36>0, Ve edUUQ, |x—Tx— Fx| > 0.

3.2. Computation of the fixed point index. According to Theorem 2.3
and in a way similar to the one used to show Propositions 2.5-2.12, we can show
the following results. The proofs are omitted.

PROPOSITION 3.5. Assume thatT: Q2 C P — E is an expansive mapping with
constant h > 1 and F: P, — E is a (h—1)-set contraction with F(0P,NQ) C P

and tF(P.) C (I =T)(Q), forallt € [0,1] and 0 & (I —T — F)(OP,NQ). If
0eQ, ||TO|| < (h—1)r, and

Fx #x—Tx, forallxzedP.NLQ,
then the fized point indez i.(T + F,P, NQ,P) = 1.
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PROPOSITION 3.6. Assume that T: Q) C P — FE is an expansive mapping
with constant h > 1 and F: P, — E is a (h — 1)-set contraction with tF(P,) C
(I =T)(Q), forallt € [0,1] and0 & (I —-T — F)(0P-NNQ). If0 € Q, ||T0] <
(h—1)r, and

Fx# Max—Tx) forallxzedP.NQ and X > 1,
then the fized point index ix(T + F, P, NQ,P) = 1.

PROPOSITION 3.7. Assume that T: Q) C P — FE is an expansive mapping
with constant h > 1 and F: P, — E is an (h—1)-set contraction with tF(P,) C
(I =T)(Q), forallt € [0,1] and0 g (I -T — F)(0P,NNQ). If0 € Q, |T0] <
(h = 1)r, and

|Fz|| < ||z —Tz|| for allxz € dP.NQ,
then the fized point indez i.(T + F, P, NQ,P) = 1.

ProOPOSITION 3.8. Let U be a bounded open subset of P such that 0 € U.
Assume that T: Q C P — FE is an expansive mapping with constant h > 1
and F: U — E is an (h — 1)-set contraction with F(U) C (I — T)()) and
0¢g(I-T-F)QUNQ). If

Fz#(I-T)A\x), forallz€dUNQ and > 1,
then the fized point indez i..(T + F,U N Q,P) = 1.

PROPOSITION 3.9. Let U be a bounded open subset of P such that 0 € UNK.
Assume that T: Q C P — FE is an expansive mapping with constant h > 1
and F: U — E is an (h — 1)-set contraction with F(U) C (I — T)(Q) and
0¢g(I-T—-F)0UNQ). If

(3.4) |Fx 4+ T0| < (h—1)]||z| foralzedUnQ,
then the fized point index i,(T + F,UNQ,P) = 1.

PRrOPOSITION 3.10. Let U be a bounded open subset of P. Assume that
T:Q C P — E is an expansive mapping with constant h > 1 such that F: U —

E is an (h — 1)-set contraction with tF(U) C (I —T)(Q), for allt € [0,1] and
0¢(I—-T—F)0UNKQ). If there exists ug € P* such that

(3.5) vFx # (I —T)(x — Aug),

for all X > 0, z € OU N (2 + Aug) and v € (0,1), then the fized point index
w(T+F,UNQ,P)=0.

PROOF. The mapping (I —T)"'F: U — P is a 1-set contraction. Suppose
that i.(T + F,U N Q,P) # 0. Then, from Definition 3.1, for k¥ € (ko,1) with
some 0 < kg < 1, we can see that

i(I —T) 'kF,U,P) #0.
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For each k € (ko,1) and r > 0, define the homotopy:
H(t,z) = (I —T) 'kFz + trug, forz €U andt € [0,1].

The operator H is continuous and uniformly continuous in ¢ for each . Moreover,
H(t, -) is a strict k-set contraction for each ¢ and

H([0,1]xU) = -T)"'"kF(U) + trup C P.
We check that H(t,z) # x, for all (¢,z) € [0,1] x 9U. If H(tg, o) = x0 for some
(to, o) € [0,1] x AU, then
xo — torug = (I — T) 'kFxy,
and so xg — torug € ). Hence
(I = T)(xg — torug) = kFxo,

for g € OU N (2 + torug), contradicting assumption (3.5). By the property (c)
of the index in Lemma 1.3, for k € (ko, 1), we deduce that

i((I=T)""kF +ruo,UNQ,P) =i((I —T) "kF,U,P) #0.

By property (f) of the index in Lemma 1.3, for each k € (ko, 1) and r > 0, there
exists x, € U such that

(3.6) z, — (I = T) 'kFz, = rup.

Letting r — 400 in (3.6), the left-hand side of (3.6) is bounded while the right-
hand side is not, which is a contradiction. Therefore

(T +F,UNQ,P)=0,
which completes the proof. O

PrOPOSITION 3.11. Let U be a bounded open subset of P. Assume that
T:Q C P — E is an expansive mapping with constant h > 1 such that F: U —
E is an (h — 1)-set contraction with tF(U) C (I — T)(R), for all t € [0,1]
and 0 ¢ (I =T — F)(OUNQ). Suppose that there exists ug € P* such that
T(x— Aug) € P, for all A > 0 and x € U N (Q+ A\ug), and one of the following

conditions is satisfied:
(a) vFz £ x — Aug, for allz € U, X >0, and v € (0,1).
(b) Fz € P, v||Fz| > |z — Augl|, for all z € U, A >0, v € (0,1), and the

cone P s normal with constant N = 1.

Then the fized point indez i.(T + F,UNQ,P) = 0.

The proof is similar to that of Proposition 2.17.
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PrOPOSITION 3.12. Let U be a bounded open subset of P. Assume that
T:Q C P — E is an expansive mapping with constant h > 1, and F: U — E
is an (h — 1)-set contraction with F(OU) C P and tF(U) C (I — T)(Q), for
allt € 10,1 and 0 ¢ (I =T — F)(OUNQ). Suppose further that there exists

ug € P* such that

(3.7) coFx £ x—T(x—Aug), for all X >0, z € OUN(Q+Aug) and ¢y € (0,1).
Then the fized point index i,(T + F,UNQ,P) = 0.

PROOF. The mapping (I —T)"*F: U — P is a 1-set contraction. By contra-
diction, suppose that i, (T + F,UN, P) # 0. From Definition 3.1, for k € (ko, 1)
with ¢g < kg < 1, we have

i(I-=T)"'kF,U,P) #0.
For each k € (ko,1) and r > 0, consider the homotopic deformation
H(t,x) = (I —T) 'kF +trup, forx €U andt < [0,1].

The operator H is continuous and uniformly continuous in ¢, for each x. More-
over, H(t, -) is a strict k-set contraction, for each t and H([0,1] x U) C P. We
prove that H(t,x) # « for all (t,z) € [0,1] x OU. If H(tg,x09) = xo for some
(to, o) € [0,1] x OU, then

xg — torug = (I — T) " 'kFxy,
and so xg — torug € €2. Hence
xg — torug — T(xg — terug) = kFxg,
for zg € QU N (2 + torug), which implies that
xo — T(xg — torug) > kFxo > coFxg,

contradicting assumption (3.7). As a consequence, by property (c) of the index
in Lemma 1.3, for k € (ko, 1), we get

i(I —T) 'kF +rup, UNQ,P) =i((I - T) 'kF,U,P) #0.

By the existence property of the index in Lemma 1.3, for each k € (kg,1) and
r > 0, there exists x,- € U such that

(3.8) z, — (I —T) 'kFx, = ruo.

Letting r — 400 in (3.8), the left side of (3.8) is bounded, but the right side is
not, leading to a contradiction. Therefore

i(T+F,UNQP) =0. 0
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4. Fixed point theorems

In this section, we present fixed point theorems for some special mappings,
including 1-set contractions. The first two follow from Corollary 2.14 and Corol-
lary 2.15, respectively.

COROLLARY 4.1. Assume thatT: Q C P — E is an expansive mapping with
constant h > 1 and F: P, — E is compact. Assume that F(P,) C (I — T)(2)
and |[Fz +T0| < (h—1)r, for all x € P,. Then the sum operator T + F has at
least one solution in P, N Q.

COROLLARY 4.2. Assume that T: Q C P — E is an expansive mapping
with constant h > 2 and F: P, — E is a 1-set contraction such that F(P,) C
(I-T)(Q) and ||[Fz| < ||z|, for all x € P, with r > ||T0||/(h —2). Then T+ F
has at least one fized point in P, N L.

Recall that an operator L is said to be semi-closed if the identity perturbation
I — L is a closed operator.

COROLLARY 4.3. Let Q be a closed subset of P. Assume that T: Q — E
is a 2-expansive mapping and F: P, — E is a 1-set contraction with tF(P,) C
(I =T)(8), for allt € ]0,1]. Assume further that 0 € Q, ||T0|| <7, and T+ F

is semi-closed and satisfies
|Fx| + || Tx|| < ||lz||, for allz € dP, N
Then T + F has a fived point in P, N L.

PRrROOF. Assume that 0 € (I — T — F)(9P, N ), otherwise we are finished.
Since F and T satisfy the assumptions of Proposition 3.7, then

0e I —T—F)(P,NQ).

So there exists a sequence (x,, ), in P, N2 such that z,, — Tz, — Fx,, — 0 as
n — +o0. Since I — T — F is closed, then 0 € (I — T — F)(P, N Q). Hence there
exists € P, N Q such that z = Tx + Fz. Because 0 ¢ (I — T — F)(OP, NQ),
we obtain x € P, N Q. O

According to Proposition 3.5, the following corollary is proven in the same
way.

COROLLARY 4.4. Let 2 be a closed subset of P. Assume that T: Q) — E is
a 2-expansive mapping and F: P, — E is a 1-set contraction with F(OP, N Q) C P

and tF(Pr) C (I-T)(82), for allt € [0,1]. Assume further that 0 € Q, | T0| < r,
and T + F is semi-closed and satisfies

Fe+Tx <z, foralxedP.NQ.
Then T + F has a fized point in in P, NSD.
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5. Applications

5.1. Example 1. Consider the nonlinear integral equation:

b
(5.1) x(t) = 23(t) + p(t)z(t) — / K(t,s,z(s))ds, a<t<b,
a
where p: [a,b] — Ry is continuous and K : [a, b] X [a, ] x Ry — R is continuous
together with its first partial derivatives. We let
(Ho) 1<p1: = algtlgbp(t) <py=: argggbp(t)-
(H1) There exists R > 0 such that

b
/ K(t,s,u)ds < R* 4 (p(t) — 1)R, for all (t,u) € [a,b] x [0, R].
Our main existence result for equation (5.1) is

THEOREM 5.1. Under assumptions (Ho) and (H1), the integral equation (5.1)
has at least one bounded solution x € C([a,b]) such that 0 < z(t) < R, a <t <b.

PrOOF. Consider the Banach space E = C([a,b],R) normed by |z|e =
m{a;g} |z(t)|, the positive cone P = {z € E : z(t) > 0}, and the conical shell
te

)

Pgr := P N Bg. Define the operators T, F: Pr — E by

b
(Ta)(t) = () + p(a(t) and (Fa)(t) = - / K (t,s,2(s)) ds

respectively, for t € [a,b]. Then the integral equation (5.1) is equivalent to the
operational equation x = Tx + Fx. We check that all assumptions of Proposi-
ton 2.8 are satisfied.

(a) Obviously, T and F map Pg into E. Moreover
IT2 = Tylloe > prlle — ylloo, for all 2,y € P,
that is T': Pr — P is expansive with constant h = p; > 1.
(b) If x € Pg, then ||z|/sc < R and (H;) guarantees that
(5.2) |Fzlloo < R® + (p2 — 1R,

which implies that F(Pg) is uniformly bounded. For z € Pg, differentiating
(Fz)(t) with respect to t yields

b
(Fz)' () = _/ WUZ&

Hence
(5.3) AN >0, [[(Fr)|e <N.

Estimates (5.2)—(5.3) imply that F'(Pg) is an equicontinuous subset of E. Ap-
pealing to the Arzela—Ascoli compactness criterion, we can show that F' maps
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bounded sets of P into relatively compact sets. In view of the sup-norm and the
continuity of function K, it is easily checked that F' is continuous. Therefore,
F:Pr — E is completely continuous, i.e., is a 0-set contraction.

(¢) Checking (2.3). Assume that there exist 29 € 9Pg and Ag > 1 such that
F,To = )\0(.’1,'() — Tl‘o)

Let tg € [a, b] with z¢(t9) = R. From (1), we have

b
(5.4)  —(Fao)(to) = / K(to, s,20(s)) ds < B* + (p(to) — 1)R.
In addition

—(Fxo)(to) = —Ao(wo(to) — (Txo)(to))
= Xo(R®+ (p(to) — 1)R) > R’ + (p(to) — 1) R,

contradicting (5.8). Hence (2.3) holds.

(d) Tt remains to check that uF(Pgr) C (I — T)(Pr), for every u € [0,1].
For this, let 2 € P and u € [0, 1] be fixed and define the nonlinear operator on
Prby Az =Tx + uFz. As T is, A: Pr — E is pi-expansive mapping.

In order to use Proposition 1.11, we check that Pr C A(Pg). Indeed, for
given v € Pg, define the operational equation set on P p:

(5.5) Au = v.

On the one hand, v(t) — uFz(t) > 0, for all t € [a,b] and Assumption (H;)
guarantees that

lv—nFz|l < vl + pl Pzl < R+ R* + (p2 = )R = R + p2R.

Hence v — uF'z € E((L R3 +p2R) n7p.

On the other hand, from the expression of operator T, we can easily check
that T: Pr — T(Pgr) is a bijection, where T(PR) is a conical shell centered at
origin with radius R®+py R. Then there exists some u € P g such that (5.5) holds.
By Proposition 1.11, A has a unique fixed point w € Pg, that is (I —T)w = uFz.
Since z and y are arbitrary, we conclude that uF(Pg) C (I — T)(Pg), for every
p € [0,1]. Therefore Proposition 2.8 applies with 2 = Pg and gives the desired

conclusion. O
5.2. Example 2. Let (X,|| - ||) be a Banach space ordered by a cone K.
Consider the nonlinear integral equation:
“+o0
(5.6)  a(t) = a(®)a(t) —bt)e™ o — [ G(t,5)g(s)f(s,(s))ds, t>0,

0
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where zg € K is such that ||zg]| = 1, a,b: [0,+00) — [0,400) are bounded
functions, and m is a real number. f € C([0,+o00) x K,K), g € C([0,400),RT)
and the kernel G: [0, +00) x [0, +00) — RT is defined by:

1 Je™s(em —e ™) if0<t <5< o0,
G(t,s) = — ( ) -

2m | e=mt(ems — =) if 0 <5<t < oo,
Suppose that the following conditions hold:
(H1) There exist p,q € L ([0, +00), R") such that
1£ (@) < p(t) + a(®)2ll, for all (t,) € [0, +00) x K,

where, for some 6 > m, the coefficients p and ¢ satisfy:

+o0 +oo
/ e’ g(t)q(t)dt < oo and / g(t)p(t) dt < oo.
0 0

(Hz) For all r > 0 and all subinterval [a, b] C [0, 400), the nonlinearity f(-, -)
is uniformly continuous on [a, b] x Bx (0, ) and there exists a nonnegative
function [ € L'([0, +00)) with

—+oo
/ O g(1VI(E) dt = 2m(ag — 1),
0
a(f(t, B)) <l(t)a(B), te[0,+00),
for every bounded subset B C X.

REMARK 5.2. (a) According to [15, Lemma 2.3], G is the kernel to the second-
order differential operator —z” +m?2z = 0, 0 < t < 400 subject to homogeneous
Dirichlet conditions.

(b) Let

+o00
M, = / e "*G(s,s) g(s) p(s) ds,

o

“+oo
My = / e0=m)5 G (s, 5) g(s) q(s) ds.
0

By (H1), these integrals are convergent. Indeed

+oo 1 oo
M, = o / o—ms _ —3ms) g(s)p(s)ds < 5 g(s)p(s) ds < 400,

mJo
+oo
M2<7/ )dS<+OO

We prove an existence result for equation (5.6).

THEOREM 5.3. Further to (H1)—(Hz2), assume that
(H3) ag:= inf a(t) > 1+ M,.
t€[0,4+00)

s
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Then the integral equation (5.6) has a sequence of approximate solutions. If
further X is reflexive and, for each t € J, the mapping
—+o0

(Ha) t = G(t,5)g(s)f (s, 2(s)) ds

0

is weakly sequentially continuous, then (5.6) has at least one positive solution
x € C(J,K).

PRrooOF. Consider the Banach space
E= {:v € C(0,+0), X) ¢ lim_e™"[la(t)] exists}
—+00

equipped with the weighted Bielecki sup-norm [|z|lg = sup (e %"||z(t)||). Let
t

€[0,400)

the positive cone P = {x € E : x(t) > 0, for all t > 0} and the conical shell
Pr:={z € P:|z|o < R}, where R > (M1 + ||b||sc)/(a0 — M3 — 1). Define the
operators on E:
(Tx)(t) = a(t)z(t) — zob(t)e™ w0,
+oo

G(t (s)f(s,z(s))ds.

0
Then the integral equation (5.6) is equivalent to the operational equation z =
Tx + Fx.

We check that all assumptions of Proposition 3.9 are fulfilled. Obviously, T
and F map Pg into E. From (H3), we have

Tz —Tylle > aollz — yllo, for all z,y € E,
that is T is expansive mapping with constant ag > 1. If € Pg, then
lzlle < R and | Fzl|¢ < M;+ MR,

which implies that F(Pgr) is uniformly bounded. According to ([15, Lemmas
3.2 and 3.5]), under assumptions (H;) and (Ha), F is a k-set-contraction on Pg

with
I
= %/0 el0=m)34(5)1(s) ds.
In addition, by assumption (#;), for all z € 9P and t € [0, +00), we have

+oo
™| Fa(t) + TO)]| = =™ /O G(t,5)g(s)f(5,2(s)) ds + b(t)e™ o

+oo
S/ "G (s,8)9(s)[p(s) + a(s)e” [[xllo] ds + bl
0
< My + MaR + ||b]| s < (ap — 1)R.
Passing to the supremum over t guarantees that

|Fz 4+ T0|lp < (ap — 1)||z|lg, for all z € OPg.
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It remains to show that F(Pg) C (I —T)(Pr). Arguing as in the first example,
it is sufficient to prove that

(5.7) y € F(PRr) implies y+T(Pgr) D Prg.

For any z,u € Pg, define

+oo

58) o) = % (u(t) - b(E)e™ g +

for t > 0. Hence v(t) >0, ¢ > 0 and
1

e_etHU(t)H = @ (e_etu(t) + b(t)e(m_e)txo
+o0

+e7 0 G(t,s)g(s)f(s,x(s)) ds)

0

Gmmmvaumm)

0

1
< oo (lullo + bl o]l + 241 + M2R)

1
< ((My + DR+ M + [b]c) < B.

ag
Thus v € Pg. Consequently, from (5.8) we have

—+o0

u(t) = — ; G(t,s)g(s)f(s,2(s)) ds+a(t)v(t) —b(t)e™ wo = (Fz)(t)+(T)(t),

for t € [0, 4+00), proving that Fz + T(Pr) D Pg.
Without loss of generality, assume that 0 ¢ (I —T — F)(0Pgr), otherwise we
are finished. By Proposition 3.9 with U = Pg and Q = Pg, we get

io(T + F,Pp, P) = 1.

By the existence property of the index, 0 € (I —T — F)(Pr), i.e. there exists
a sequence (z,), in Pg such that z, — Tz, — Fz,, — 0, as n — +o00. Since
the sequence (z,), is bounded in FE, then so is (z,(t)), in X for each t. X
being reflexive, there exists a subsequence still denoted (x,,(t)),, which converges
weakly in X. By [8, Theorem 5], the sequence (z,,), also converges weakly in
C([0,400), X) to some limit x. Assumption (Hs) implies that x — Tz — Fx = 0,
that is the mapping T+ F has at least one positive fixed point in P, which is
a solution of the integral equation (5.6). d
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