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FIXED POINT RESULTS IN SET P, . WITH APPLICATIONS
TO FRACTIONAL DIFFERENTIAL EQUATIONS

LINGLING ZHANG — HUuUl WANG — XIAOQIANG WANG

ABSTRACT. In this paper, without assuming operators to be continuous or
compact, by employing monotone iterative technique on ordered Banach
space, we at first establish new fixed point theorems for some kinds of
nonlinear mixed monotone operators in set Pj, .. Then, we study a new
form of fractional two point boundary value problem depending on a certain
constant and give the existence and uniqueness of solutions. We also show
that the unique solution exists in set P . or P, and can be uniformly
approximated by constructing two iterative sequences for any initial values.
At the end, a concrete example is given to illustrate our abstract results.
The conclusions of this article enrich the fixed point theorems and provide
new methods to deal with nonlinear differential equations.

1. Introduction

In the past decades, one can observe a remarkable amount of interest for the
development of fixed point theory, since it has a huge number of applications
in engineering, mechanics, the nuclear industry, fluid dynamics, biological chem-
istry technology and elasticity, etc. It is worthy to mention the recent papers [9],
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[10], [15]-[17], [20], [23], [26], [27], [30], without assuming operators to be con-
tinuous, compact or having upper and lower solutions, the authors study fixed
point theorems for the single operator, such as a generalized convex increasing
operator, an t—«/(t) mixed monotone model operator, a t—a/(t, u, v) mixed mono-
tone model operators, a mixed monotone e-concave-convex operator, a monotone
T-¢-convex operator and so on and obtain results on the existence of unique pos-
itive fixed points in P,. On the other hand, the unique existence criterions of
positive fixed point for some sum-type operators are also presented in P, (note
that Py is a subset of a cone P), see [11], [13], [18], [19], [29]. As applications,
authors establish some results for the local existence and uniqueness of positive
solutions to boundary or initial value problems which including fractional differ-
ential equations, elastic beam equation, Lane-Emden—Fowler equation, second
order impulsive differential equations and so on, see [1]-[3], [7], [12], [19], [21],
[28] and the references therein.

Furthermore, in [25], the authors study the fixed point problems in a new
set which is defined as P, = {r € E|lr+e € Py} with <e<h,ec P. It is
obvious that P, . is not a subset of P for some e and P, C P}, .. In this case, the
¢ — (h, e) concave increasing operator A: P, . — E is introduced and satisfies

Adz + (A —1)e) > p(N) Az + (p(\) —1)e, forall x € Py, A€ (0,1),

with ¢(A) > A. For such operator the authors obtain the uniqueness of fixed
point in P .. Also, by using the obtained fixed point theorem, the authors
study the existence and uniqueness of solution for a class of fractional differential
equation with integral boundary conditions, a fractional ¢-difference equation
with three-point boundary conditions and a new coupled system of fractional
equations, see [22], [24], [25].

Besides, in [14], Wardowski introduced a new type of (e, u)-concave-convex
operator A: Ce 4 X Ceq — Ce,, which satisfies

AQz+ (A= Du, Ny + (A = D) > Lz, y, \) Az, y) + (L(z,y,\) — 1)u,

where z,y € Cey, A € (0,1), L: C¢ yy X Ceyy X (0,1) — (0,400) is a mapping and
satisfies L(z,y,A\) > X\. And C,,, = {z € E : ae < z+u < e for some «, 3 > 0}
for e € P*, u € P, u < e. According to the definition of the set Py, . and C ,
we know these two sets are essentially the same.

Inspired by the above literature, in this paper, we study the fixed point
theorems for some kinds of mixed monotone operators in set P . with an order
determined by a normal cone. We suppose that T': Py . X P, . — E is a mixed
monotone operator and satisfies

T<)\u + (A=, % v+ (i - 1>e> > (N (u,v) + (p(N) — 1)e,
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with A € (0,1), u,v € Py and p(A) > A. Or

A A
with A € (0,1), u,v € Py and 0 < 8= B(\) < 1. Or

1 1
T(/\u +A—1)e,—v+ ( - 1)6) > M7 (u,v) + (/\ﬁp‘) —1)e,

1 1
T()\u + (A= 1)e, Ut ()\ — 1) e) > NP (g ) 4 (AWFOUY) ),

with A € (0,1), u,v € Ppe, and 0 < § = B(A,u,v) < 1. By using the cone
theory and monotone iterative method, we present the unique existence results
for the operator T'. Then, we focus on studying the existence and uniqueness of
solution for a certain type of nonlinear fractional differential equation:

Dgou(t) + f(t,u(t),u(t) =a, 0<t<l, n—-1<a<n,
(1.1) u(0) =0, 0<i<n—2 neN, n>3,
Dy u(t)|i=1 = 0, 2<v<n-—2,

where Df, is the Riemann-Liouvile fractional derivative. a € R is a constant.
When a > 0, by applying the fixed point theorem of mixed monotone operator on
set Pp ., we deduce the sufficient conditions which guarantee the existence and
uniqueness of solution in Py, .. When a < 0, we study the existence of a unique
positive solution by applying the fixed point theorem of mixed monotone operator
in set Pj,. Also, for any given initial value points, two iterative sequences are
constructed to approximate the unique solution. At last, an interesting concrete
example is given to demonstrate the results.

From literature, no papers have considered the fixed point theorems of these
kinds of mixed monotone operators in set P, . and also no papers have concen-
trated on the equations (1.1) with a # 0. Therefore, our research is new and
worthy. Straightly speaking, our work is different from those in [7], [9], [10],
[14]-[17], [21], [27], [30].

(a) Our study is based on set Py . to study the fixed point theorems, while
papers [9], [10], [15]-[17], [27], [30] deal with the set P},. Here we should point
that if we set e = 6, then P, . = P, which implies P, C Py .. In this case, the
corresponding fixed point theorems have been studied in [10], [16], [27]. So the
operators in our study have a more general form.

(b) Comparing with results in [14], we do not require the mixed monotone
operator defined by A: C¢ X Cey — Ce . Soour research improves the assumed
condition for the operator.

(c) In case of the equation (1.1), the previous results are only focused with
the case a = 0. For example, in [7], [21], the authors study the existence and
uniqueness of positive solution by using fixed point theorems on set P,. However,
in this paper, we study the same results of problem (1.1) with a < 0 by applying
the fixed point theorem on Pj. Besides, for the case a > 0, we can not deduce
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the similar results by means of previously available methods in [7], [21], [27]. So
by using the fixed point theorems on set Py ., we obtain the problem (1.1) has
a unique solution in Py, ..

In conclusion, our research not only extends and improves the previous fixed
point theorems of mixed monotone operators, but also present some new ways
to solve the nonlinear equation problems, especially for the differential system
with a certain type like problem (1.1).

The outline of this paper is as follows. In next section, we recall some prelim-
inary facts that we need in the sequel. In Section 3, cone theory and monotone
iterative technique are used to discuss the unique existence of fixed point for some
kinds of mixed monotone operators in set P, .. In Section 4, by using the fixed
point theorems presented in this paper, we study the existence and uniqueness
of solutions to a form of fractional two point boundary value problem dependent
on a certain constant. Also, an example is given to illustrate the obtained main
result.

2. Preliminaries

In the following, we first give some definitions and lemmas in ordered Banach
space. For more details, we refer to [5], [6], [25], [27].

DEFINITION 2.1 [6]. Let E be a real Banach space. A non-empty closed
convex set P C FE is called a cone if it satisfies the following conditions:

(a) f x € P, A >0, then \x € P;

(b) If x € P, and —x € P, then x =0,
where 6 denotes the zero element of E. The cone P includes a partial order in F
given by

z2yel <y & y—zeP,

in which we denote z <y or y > z if z # y.

DEFINITION 2.2 ([6]). A cone P is called normal if there exists a constant
N > 0 such that for all z,y € E, § < z <y implies ||z|| < N||y||, where N is
called the normality constant of P.

DEFINITION 2.3 ([6]). Given h > 6 (i.e. h > 6 and h # ), we denote by
Py, the set P, = {x € E | x ~ h}, in which ~ is the following equivalence
relation: for x,y € E, we write x ~ y if there exist A > 0 and g > 0 such that
A <y < puz.

DEFINITION 2.4 (][25]). Given h > 6 (i.e. h > 6 and h # ), take an element
e € P, with @ < e < h, and define P, = {z € E | x+e € P,}. Then we can see
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that

Py, . = {x € E | there exist p = p(h,e,x) >0, v =v(h,e,z) >0
such that uh <z + e < vh}.

LEMMA 2.5 ([25]). Ifx € Phe, then Ax + (A — 1)e € Py for A > 0.

LEMMA 2.6 ([25]). Ifz,y € Py, then there exist 0 < p < 1, v > 1 such that
py + (p—1e <z <wvy+ (v—1e.
Further, we can choose a small r € (0,1) such that
ry+(r—De<z<r'y+ (' —1e

In the sequel, we present the basic concept of the fractional derivative, a use-
ful lemma and the properties of Green function which can be used to study the
differential equations (1.1).

DEFINITION 2.7 ([8]). Let a > 0. Suppose that u : (0, +00) — R is a contin-
uous function. Then the Riemann-Liouvile fractional derivative of order « for

the function wu is defined as

Dgeutt) = s (8 [a= (e am

where n = [a]+1 with [o] standing for the largest integer less than the number a.
I'(«) is the Euler gamma function defined by

+oo
[a) = / to~te~t qt.
0

LEMMA 2.8 ([4]). Let g € CI0,1] be given. Then the unique solution to
problem
—Dfiu(t) =g(t), 0<t<l,n—-1<a<n,
u(0) =0, 0<i<n—-2 neN, n>3,
Dyut)|,_, =0, 2<v<n-2,

8

1
(2.1) u(t) = / G(t, s)g(s) ds, te[0,1],
0
where
a—1 _ Ja—v—1 _ _ oa—1
t*1(1—-s) (t—s) L 0<s<t<l,
[(a)
(2.2) G(t,s) = pe1(] = g)a-v-l
0<t<s<1

') ’

is the Green function for this problem.

LEMMA 2.9 ([21]). The function G(t,s) satisfies the following conditions:
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a) G(t,s) is a continuous function on the unit square [0, 1] x [0, 1];

(b) G(t,s) >0 for each (t,s) € [0,1] x [0, 1];

() M—(1—35)"](1—s)> V1t <T()G(t,s) < (1 —8)¥ v 1t*=L for all
t,s €10,1].

3. Main results

In this section, we study the fixed point theorems for some kinds of mixed
monotone operators on set P, .. We assume that E is a real Banach space with
a partial order introduced by a normal cone P of E. Take h € E, h > 0,e € P
with § < e < h, P, and P}, . are given in the Definitions 2.3 and 2.4. The main
abstract results are as follows.

THEOREM 3.1. Let P be normal. Assume thatT': Py o X Pp . — E is a mized
monotone operator and satisfies the following conditions:

(Ly) there existh € E, e € P with 6 <e < h, h# 0 such that T(h,h) € Pj ¢;
(La) for any u,v € Py, and every A € (0,1), there exist () > X such that
1 1
(3.1) T()\u + (A —1e, Y + ()\ - 1) e) > (AT (u,v) + (@A) — 1)e.
Then:
(a) there exist ug, vo € Ppe such that
ug < o, ug < T'(ug,vo) < T(vo,ug) < vo;

(b) the operator T has a unique fized point x* € P, ¢;

(c) for any initial values xo,yo € Pp . and the sequences , = T(Tn—1,Yn—1),
Yn =T (Yn-1,Tn-1), forn=1,2,..., we have x, — =* and y, — x* as
n — 00.

PROOF. Step 1. We prove the conclusion (a). By h € E, e € P with § < e <
h, h # 6, we easily obtain h € P}, .. Considering the fact that T'(h, h) € P} ¢, by
Lemma 2.6, we choose a small number ¢, € (0,1) such that

(3.2) toh + (to — 1)e < T(h,h) < tg'h+ (tg* — 1e.

With the fact that ¢(tg) > to, we can choose a sufficiently large positive integer
k such that

(3.3) <‘p(t°)>k > 1

Let

1 1
(3.4) an, =tgh + (tg — e, bn:h+<—1>e, n=12...
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By (3.4), we deduce that

1 1

(3.5)  anp=toan—1+ (to—1)e, by =—"bp_1+ ( — 1)6, n=12...
to to

Now, set

(3.6) Ug := A, vg := by.

It is obvious that wg, vo € Pp, according to Lemma 2.5. Also, we get up <
t2kvg < vp. From (3.1)-(3.6), we deduce

T (up,vp) = T(ak, bk) = T(toak_l + (to — De, % brp_1 + (tlo — 1) e)
= p(to)T(ak—1,be—1) + (80(750) —1))e

B @(to)T<toak 2+ (to — L)e, h S <1 - 1) e) + (p(to) — L)e

to
> ¢(to) [@(t0) T (ak—2,bk—2) + ((to) — 1e] + (p(to) — 1))e
= (p(t0))*T(ak—2, bp—2) + [(¢(t0))* — 1]e
> (p(t0)) T (ao, bo) + [(o( (to))" — 1]e
= (p(t))* T (h, h) + [((to))* — 1]e
> 67 toh + (to — V)e] + (t§ 1 = 1)e = thh + (t§ — 1)e = uo.

| \/

Condition (3.1) implies that

37 Tluv) < ﬁ (/\u—l— (A= 1)e, %1)4— (i 1)6) + (SD(&) - 1>e.
By (3.2)~(3.7), we obtain that

1 1
T(’Uo, ’U,O) :T(bk, ak) = T<t bk—l + (t — 1) €7t0ak_1 + (to — 1)6)
0 0

1
T(bk_l + (1 — to)e + (to - 1)6, ap—1
(o)

+(1 tt)”(tlo‘l>e)+<so<lto>‘1)e

1 1
= s+ (1)

=Ty teer (5 =1 Jetomen 0= 0e) + (5 -1)e
: 80(1?50) {90(10) Tk, ax-2) + <<P(1tO) - 1)6} " <<P(1fO) - 1>6
1

- <so<1o>>2T(b“’““) * wa)g 1]

<

3S)
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= (wlto))km’h” [(W(lto))k ‘1]6
k k
<(ai) Lar () [Gag) 1)
1 N R

It follows from mixed monotone property of operator T' that

(3.8) uo < T'(uo, vo) < T'(vo,u0) < vo.

Step 2. We will prove the conclusion (b) hold. We at first show that x* is
a fixed point of T" in P, .. Denote the sequences

(39) Un :T(un—lavn—1)7 Un :T('Un—lyun—l)v n=12...

By (3.8) and (3.9), we get ug < uy = T (ug,vo) < T(vg,ug) = v1 < vg. From (3.9)
and the mixed monotone property of T, we deduce that u, < v,. Hence, by

induction, it is easy to get that
(3.10) < <. ..<u, <...<v, <. < <v, n=12,...

Note that ug,vg € Py and ug < v, from Lemma 2.6 and (3.10), we can choose
a constant rg € (0,1) such that ug > rovg + (1o — 1)e, thus

Up > Ug > TV + (ro — 1)e > 1rovp + (1o — 1)e, m=1,2,...
Define
(3.11) t, =sup{t > 0| u, >tv, +(t—1)e}, n=12,...
Thus we have
(3.12) tn €(0,1), wup >tyvp+ (th —1l)e, n=1,2,...
It follows from (3.10) and (3.12) that
Upt1 > Up > Loy + (t, — e > tpvper + (b — 1)e, n=0,1,...

By (3.11), we get t,41 > t,. Therefore, t, is increasing with ¢, C (0,1), i.e.
O<to <ty <...<t, <...<1. Supposet, — t*asn — oo, then t* = 1.
In fact, if t* € (0,1), we consider the following two cases:

Case 1. there exists an integer N such that ¢ty = t*. As ¢, is an increasing
sequence, so we have t, = t* as n > N. It follows from ug, vy € Pp and (3.10)
that w,,v, € Py.. Also, (3.12) implies that

1 1
(3.13) Un < n + (t ~ 1) e, tn€(0,1).
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Then, for n > N, by monotone property of T, (3.1), (3.9), (3.12) and (3.13), we
have

1
Upt1 = T (Un, vy) > T<tnvn + (tn, — e, . Uy + ( — 1) e>

1 1
= T<t*vn + (t* = 1e, 7 Un + <t* - 1> e>

> ()T (vn, un) + (p(t7) = Ve = p(t")vny1 + (0(t7) — De.

According to (3.11), we can easily obtain t,4+1 > ¢(t*) as n > N. So, t* =
tnt1 > @(t*) > t* as n — oo, which is a contradiction.

Case 2. t, < t* for all integers n. By monotone property of T, (3.1), (3.9),
(3.12) and (3.13), we get

t

n

:T(Zj(t*vn (= 1)e) + (’;” - 1)6,Z<tl*un + (tl - 1)e>
(1))

(e et (2 s (o) )
>0 2 ) )T + (06 - el + () ~1)e

— (2 ot + (o2 ) ot - 1)

By application of (3.11) again, we know that t,11 > @(t,/t*)p(t*) > (t,/t*)e(t*)
for all integers n. Taking n — 0o, we obtain t* > ¢(t*) > t*, which is impossible.

1 1
Upt1 =T (Un,vpn) > T(tnvn + (tn — 1e, 7 Un + ( — 1> e>

Y

Hence t* = 1. That is lim t, = 1. In what follows, we prove u,, v, are two
n— oo

Cauchy sequences. For any natural number p, it follows from (3.10) and (3.12)
that, forn =0,1,...,

0 < Uptp — Up <V —Up <V — tpvp — (b, — 1e
=(1—=tp)vn+ (1 —tn)e < (1 —tn)vg + (1 —ty)e.
Similarly, for n =0,1,.. .,
0 < vy — Vntp < Uy —up < (L—tn)v + (1 —ty)e.

From the normality of cone P, we have

||un+p —up| < M(1—t,)||vo+el =0, v, — Unpl < M(l —tn)|lvo+el = 0,
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as n — oo, where M, M are the normality constants, which implies {u,}, {v,}
are Cauchy sequences. Since E is complete, there exist u*, v* € [ug, vo] satisfy
U, = u*, v, > v* asn— oco.
By (3.10), for all n € N, we have u,, < u* < v* <wv, with u*,v* € P, .. Clearly,
0 <v*" —u* <wvp—up < vy —tpv, — (b — e = (1 —t,)(vo + €).
By using the normality of cone P again, we have
lv* —u*|| < N(1 —tp)|lvo+el| =0 (n— o0),

where N is the normality constant. Thus u* = v*. Set 2* := u* = v*. Then we
get upt1 = T(Up,v,) < T(x*,2%) < T(vp,Un) = Vpt1. Letting n — oo, we have
x* =T(x* «*). That is z* is a fixed point of T in Py, .

Further, let us illustrate the uniqueness of the fixed point. In fact, suppose
T has another fixed point * € Pp.. According to Lemma 2.6, there exists
30 € (0,1) such that

So S0
Set
_ . R 1
(3.14) t:sup{t>0‘tx+(t—1)e§$ §t$+(t—1)e}.
Then we can easily obtain that 0 < # < 1 and
_ - 1 1
(3.15) tm+(t—1)e§x*§tx+<t—1)e.

Next we prove ¢ = 1. Suppose that 0 < t < 1, it follows from (3.1), (3.15) and
the mixed monotone property of 1" that

(3.16) =T (z% 2") > T(tx + (t—1)e,

1_
37
2 o) T(Z,7) + (p(f) — Ve = p(H)T + (p(f) — e

Also, by (3.7) and (3.15), we get
T+ (1 - 1)e,t:c+ (t— 1)6)

@) e+ ()= s ()

It follows from (3.14)—(3.17) that ¢ > ¢(t) > ¢, which is a contradiction. So
t = 1, which gives 2* = Z. Hence, the fixed point of T is unique in Pj, ..

:*M —

(3.17) a* =T(z*,2%) < T(

Step 8. Defining successively the sequences

T :T(xnfhynfl% Yn :T(ynflvxn71)7 n = 1727”-
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for any initial points xg,yo € P, we are to prove that x,, — z*, y, — =* as
n — oo. Since z*, xg, Yo € Ph.e, there exist go,q1 € (0,1) such that

1 1
qozr* + (g — e <axog < —a* + ( - l)e,
do do

g+ (@ —De<y < —z"+(——1]e
q1 q1

Let ¢ = min{qo, q1}, then ¢* € (0,1), and
* ok * 1 * 1
(3.18) "+ (@ —e<zo, yo< —2"+|——1])e
q q

Choosing a sufficiently large positive integer m such that

Put

(3.19) uy = ¢t + (¢ — 1)e, vy = " + (q*m — 1> e.

q*m

Obviously, it follows from Lemma 2.6, (3.18) and (3.19) that

(3.20) ug, v € Pre and uj <wo, yo < .
Set
(321) u/n :T(u;m—lav;z—l)v ’U;, :T(U;L—lauln—l)7 n= 1727'--

Similar to the previous argument, it follows that there exist y* € P, . such that
T(y*,y*) =y, and

. r_ /A
lim u,, = lim v, =y .
n—oo n—oo

By the uniqueness of fixed point of operator T" in P ., we have z* = y*. From
(3.20) and (3.21), we induce that u, < x,, y, < v}, for n = 1,2,... Thus, we
have

lim z, = lim y, = «~. O
n—oo n—oo

REMARK 3.2. If we assume that T': P, X Py — Pj¢, then T(h,h) € Py,
is automatically satisfied. So we can get the following conclusion.

COROLLARY 3.3. Let P be a normal cone. The mized monotone operator
T: P ex Py e — Pp. satisfies (La), Then the conclusions (a)—(c) in Theorem 3.1
hold true.

THEOREM 3.4. Let P be a normal cone of a real Banach space. Assume that
T: Pye X Py — E is a mized monotone operator, satisfies (L1) and
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(Ls) for any u,v € Phe, all A € (0,1), there exists 0 < B = B(A) < 1 such
that

1 1
(3.22) T()\u + (A= 1e, yv+ (A — 1>e> > NI (u,v) + (WD —1)e.

Then the conclusions (a)—(c) in Theorem 3.1 still hold true.

PROOF. Taking into account that A € (0,1), 0 < 8 = B(\) < 1, we imme-
diately conclude that A*) > X. So, if we set p(A) = A**) in Theorem 3.1, we
easily obtain that results (a)—(c) hold. Here we omit the proof. O

COROLLARY 3.5. Let P be a normal cone of a real Banach space. The mized
monotone operator T': Py . X Py . — Pp . satisfies (Lg). Then the conclusions
(a)—(c) in Theorem 3.1 hold true.

THEOREM 3.6. Let P be a normal cone of a real Banach space E. Assume
that T': Py . X Py — E is a mized monotone operator, satisfies (L1) and (La)
for all u,v € Py, A € (0,1), there exists 0 < = B(\, u,v) <1 such that

1 1
(3.23) T()\u + (A —=1)e, 30t ()\ — 1) e> > NIy 4) 4 (WO _1)e,

where B(A,u,v) may be multitudinous for the fized X, u, v. Let B(\ u,v) =
inf B(\, u,v). Suppose that
(a) B(A u,v) is nondecreasing in u € Py . for fited X € (0,1), v € Py ;

(b) B(A,u,v) is nonincreasing in v € Py, . for firted X € (0,1), u € Pje.

Then the conclusions (a)—(c) in Theorem 3.1 still hold true.

ProOF. Firstly, we will prove the conclusion (a), i.e. there exist ug, vg € Phe
such that
ug < Vo, ug < T'(ug,vo) < T'(vo,up) < vo.
According to B(\, u,v) is a bounded set for the fixed A\, u,v, so there exists
0 < B(\u,v) = inf B(A, u,v) < 1. Combining with (3.23), for any A € (0,1),
u,v € Py, ., we have

1 1
(3.24) T()\u +(A—1e, T+ (A — 1) e) > NPy v) 4+ (MO0 e,

Formula (3.24) can be written as

(3.25) T()\u +(A—=1e, % v+ (i - 1)6)
> N1+ A, u,0) T (u,v) + A1+ (A u,v)) — 1le.

if we set n(\, u,v) = ANBAwv) =1 1 for all X € (0,1), u,v € Py .. Obviously,
n(A\, u,v) > 0. Let

(3.26) oA u,v) = A1+ n(A u,v)).
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We easily see that ¢(\, u, v) is nonincreasing in u for fixed A, v, nondecreasing in
v for fixed A, u, and

(3.27) d(A\,u,v) > A, forall A € (0,1), u,v € Ppe.
From (3.25) and (3.26), we have

(3.28) T()\u + (A= 1)e, % v+ (/1\ - 1> e)
> p(\, u,v)T(u,v) + [Pp(A, u,v) — 1]e.

Together with the fact that T'(h,h) € Py, by Lemma 2.6, we choose a small
number ¢, € (0,1) such that

1 1
0 0

Since ¢(to, h, h) > to, we can select some positive integer k such that

k
(3.30) <¢(t°tohh)> > %

Let (3.4)—(3.6) hold, then we have ug, vg € Phe, and ug < t2*vy < vg. From
(3.4)-(3.6), (3.27)—(3.30), we have

T(ug,vo) =T (ag, bg) = T(toakl + (to — e, % br—1+ (tlo — 1> e>

> ¢(to, ap—1,bx—1)T(ar—1,br—1) + [#(to, ar—1,br—1) — 1]e

=¢(to, ar—1,bk—1) T(toak—g + (to — 1)e, % bp—2 + (tlo - 1) e)
+ [¢(to, an—1,br—1) — e

> ¢(to, ak—1,br—1)d(to, ax—2,br—2) T(ar—2,bx—2)
+ [#(to, ak—1,br—1)d(to, ak—2,br—2) — 1]e

> ... > d(to, ak—1,bg—1) - .. d(to,a1,b1) T(a1,b1)
+ [p(to, ak—1,b5—1) ... ¢d(to,a1,b1) — 1]e

> (¢(to, by h)* 1T (a1, b1) + [(é(to, h, h)P — 1]e

wmmwﬁlT@m+aolm$m+(éQQ
(0o, by 1)) — 1)e

d(to, hy h))FT (b, h) + [(¢(to, h, h))* — 1]e

> (
>th L toh 4 (to — 1)e] + (ti™1 — 1)e = tfh + (& — 1)e = uo.

The (3.28) implies that
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(3.31) T(u,v) < WT(Au + (A= 1D, %v + (i - 1>e>

1
(s 1)
By (3.4)—(3.6), (3.27), (3.29), (3.30), (3.31) and conditions (a), (b), we obtain

that

1 1 1
T T <——— T(tobp+ (to— Ve, —ap+ [ — — 1
(vo, up) (bg,ar) < 5(to, brran) (o k + (to )e, toak+ (to >e>

+(Siay )
L T(bg—1,ak-1) + (1) - 1>e

< -
~ ¢(to, by, ax) é(to, bi, ax

1 1
< T\ bg_2,ar_
= ¢(to, br, ax) é(to, br—1,ar-1) ( b2 Tk 2)

[ 1 1
* _¢(t07bkaak) ¢(t0,bk—17ak—1) B 1:|e
1 1
= oo, b, ar) " o(to, by, az) Ty, a1)
[ 1 1
* Lo(to,bryar) T blto,ba,az) 1]6
1 1
< o, bryan)yit v ¥ [w(to,bk,ak»“ - 1}3
_ 1 T(hh) [ 1 B 1}3
= (¢(to, bk, ar))*=1 ¢(to, b1, a1) (d(to, b, ar))k 1o (to, b1, ar)
1 1

<
N (¢(t07 bk7 ak))k_l té(tmtal h,toh)
0

1 1
X — h+ — —1]e
tl*é(to,to h,toh) tlfﬁ(to,to h,toh)

0 0
1

— — 1} e
k—ltﬂ(to’t(’ h,toh)

+
[(¢(t07bkaak)) 0

< 1 1h+ L1 1 1h+ ! 1
T -] — e=— — — e = 1p.
Tttt o o\t '

It follows from mixed monotone property of operator T' that

() S T(UO,U()) S T(’Uo, UO) S vo-

Secondly, we will show x* is a fixed point of T'. Denote the sequences in (3.9),
similar to the step two in the proof of Theorem 3.1, we can easily obtain

U< <...<u, <...<v, <...<v <y, n=12...
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Let t,, = sup{t > 0| u,, > tv,+(t—1)e}, n =1,2,... Then u,, > t,v,+ (t,—1)e.

We can easily obtain that ¢, is increasing with ¢, C (0,1), and there exists t*

such that lim ¢, = t*. Next we prove t* = 1. In fact, if t* € (0, 1), consider the
n—oo

two cases:

Case 1. There exists an integer N such that ¢ty = t*. In this case, we have
t, =t* and u, > t*v, + (t* —1)e asn > N. So

1 1
Unt1 = T(up,vy) > T(t*vn + (" — e, 7 Un + (t* — 1) e)
()20 T g ) [0 0) — e

_ (t*)é(t*’v"’u")vn_;'_l + [(t*)é(t*»vn’u") _ 1}6, n> N.

vV

Hence, by the definition of ¢,, we get t,,41 > (t*)é(t*’”"’“") > t*n > N. This is
a contradiction.

Case 2. t, < t* for all integers n. In this case, we have

1 1
Unt1 =T (Un, vn) > T<tnvn + (tn — De, . Uy + <t — 1> e>

tn . N tn t* (1 1
t*
(1))

¢ B(tn/t" t v+ (" —1)e,un /t*+(1/t" —1)e)
= (i)

1 1
x T t" v, + (t* = 1)e, 7 Un + (t* - 1) e)

¢ )B(tn/t*ﬂf*vn-‘r(t*—1)€7un/t*+(1/t*—1)6) ‘|
n —1]e

£\ B/t v (" = Deun /(11 =1)e) )

ﬁ(tn/t*,t*v,,LJr(t*71)e,un/t*+(1/t*fl)e)
) (t*)é(t*»vnaun) _ 1 e

t * ﬁ(t*ﬂ’nvun)
t* t*

tn t* ﬁ(t*vvnvun)
— X t* ()7 —1le
t* t*

=1, ()BT o) "y 4 [tn(t*)é(t*:vn,un)—l B 1} ..
Applying the definition of ¢,, again and the monotone property of 3, we have

tnit > tn(t*)é(t*’vn’u")_l > tn(t*)ﬁ(t*’vo’uo)_l.
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Taking n — oo, we obtain t* > t*(t*)é(t*’”"’“o)*1 > t*, which is impossible.
Hence t* = 1. That is li_>m t, = 1. Furthermore, according to proof of Theorem
3.1, {un}, {vn} are C:mu((:)ﬁy sequences, and upy1 = T(up,v,) < T(z*,2*) <
T (vp, Un) = Upt1. Letting n — oo, we have z* = T'(z*,2*). So 2* is the fixed
point of operator T'.

Next, we show the uniqueness of fixed point. Suppose T € P} . is another
fixed point of operator T'. Let

t:sup{t>0

_ L 1
trT+(t—1le<z Stx—F(—l)e}.

Obviously, 0 < t < 1 and

(3.32) ¥ =T(x", ") > T[tw—i— (t—1e, %E—&— (1 - 1)6:|
> ¢(t,7,2)T(T,7) + [¢(t, T, T) — 1]e
= ¢(%a z, T)f + [QZ)(%? z, f) - 1]6
Also we get
(3.33) o =T(a",2") < T(ix—i— (1 - 1)6,1590—1— - 1)6)
1 __
=G0 (D7 + (- Deiz + (- 1)e) T@ =)
+ ( : - 1)
oL, (/DT + (1fi— Def+ (- 1)e) )"
1

ot /DT + (1/T — e, tT + (T — 1)e)

1
+ <¢(t7 (/0T + (1/t — 1)e, iz + (I — 1)e) B 1>6'

By the monotone property of ¢, we have
_1 1 — _ _
(3.34) d)(t, T+ <t - 1>e,tm+ (t— 1)e> < ¢(t,T,T).
Hence, by (3.32)—(3.34), we deduce that
1 1 - _
¢(t7tm + (t - 1)e7tm+ (t— 1)6)96

+ [¢<t,1x+ <1—1>e,tm+(t—1)e> —1]6
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<z* < —= = - L = = T
T o, (/0T + (1/T = Ve, tT + (T — 1)e)
1

* (¢(t, 0z + (/Do + G-De) l>e'

It follows from the definition of ¢ that
_ 1 /1 o _
t> gb(t,ter <t - 1>e,tm+ (t— 1)@) > t.

This is a contradiction. So t = 1, which implies 2* = Z. As a result, the fixed
point of 7" is unique in P .

Lastly, similar to the proof of step three in Theorem 3.1, we can obtain for
any initial values g, yo € P ¢, constructing successively the sequences

Tn :T(xnflvyn71)7 Yn :T(ynflamnfl)v n:1727--~7
we have x, — =* and y, — z* as n — oc. U

COROLLARY 3.7. Let P be a normal cone of a real Banach space. The
mized monotone operator T': Py o X Py o — Pp . satisfies (Ly). Let B(\,u,v) =
inf B(\,u,v). Suppose that B(\,u,v) is nondecreasing in u € Pp. for fized
A €(0,1), v € Py and nonincreasing in v € Py for fited X € (0,1), u € Pp, .
Then the conclusions (a)—(c) in Theorem 3.1 hold.

REMARK 3.8. In the Theorem 3.1, Theorem 3.4 and Theorem 3.6, suppose
the operator 1': Pj, ¢ X P, . — E is a mixed monotone operator, and satisfies the
conditions (L) and (Lg) or (Ls3) or (Ly), then the operator T': Py, ¢ X P e — Phe.

Proor. We will take the following case as an example, and other cases are
similar to this proof, whose proof is omitted here.

The operator T': Py, . x P, . — E satisfies the conditions (L) and (Lg). Since
T(h,h) € Py, e, then T(h,h) 4+ e € Py, there exists tg € (0,1) such that

toh < T(h,h) +e < ty'h.
By h € E, e € P with® <e < h, h # 0, we easily obtain h € P, .. For any

(z,y) € Ppe X Ppe, by Lemma 2.6, there exist g, po € (0, 1) such that

1 1
prh+(p—le<z< —h+ (1)6,
H1 H1

1 1
pah + (p2 — e <y < —h+ (—l)e.
H2 M2
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Let po = min{p, pa}, then p € (0,1). From (3.1), (3.7) and the mixed monotone
property of operator T', we obtain

T(z,y) > T(ulh—i— (1 — 1)e,ih+ (1 — 1)e>

M2

>T<uh+(u—1)e,;h+ <;—1)e>

> o(u)T'(h,h) + (p(p) — e = (u)(T(h,h) +e) — e > p(u)toh — e,

T(e.9) < (on+ (o =1 )ewnali+ (ia - )
(ot (5= 1)t (= 1))

1 1 1
< T+ (w(u) - 1)6 = o T e) me s crmh

Hence o(p)toh < T(x,y) +e < h/(¢(u)to), which means T'(x,y) + e € Pj,. Then
T(z,y) € Ppe. Sowehave T: Py o X Pp o — Ppe. O

IN

REMARK 3.9. If we set e = 0, then Pj, . = P, which implies P}, C P .. In
this case, we can deduce the following Corollaries 3.10-3.13 as special cases of
the Theorems 3.1-3.6 and Corollaries 3.3-3.7. Here we should point that these
special cases of our main results not only show the fixed point of mixed monotone
operator T is unique, but also guarantee the fixed point is positive.

COROLLARY 3.10 (see Theorem 2.1 of [27]). Suppose that P is a normal cone
of E, and the mixed monotone operator T: P x P — P satisfies the following
conditions:

(Aq) there exists h € P with h # 0 such that T'(h,h) € Pp;
(Ag) for any u,v € P and X € (0,1), there exists p(N\) € (A, 1] such that
T(Au, \"tv) > (N A(u, v).
Then:
(a) T: Ph X Ph — Ph;
(b) there exist ug, vo € Py and v € (0,1) such that rvg < up < vg, ug <
T(uo, vo) < T'(vo, uo) < vo;
(¢c) the operator T has a unique fized point x* in Pp;

(d) for any initial values xo,yo € Py, constructing successively the sequences
Tn :T(xn—layn—1)7 yn:T(yn—laxn—l)7 n:1727"'7
we have x, — =¥ and y, — =¥ as n — oo.

COROLLARY 3.11 (see Theorem 2.1 of [16]). Let P be a normal cone of
a real Banach space E, h > 0. T: P, x P, — Py, is a mized monotone operator.
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Assume that for all 0 < A < 1 and u,v € Py, there exists 0 < S(A) < 1 such that
1
T()\u, X v) > M7 (u,0).

Then T has a exactly one fixed point x* in Pn. Moreover, for any initial point
Zo,Yo € Py, constructing successively the sequences x, = T(Tp—1,Yn—1); Yn =
T(Yn-1,Tn-1), n = 1,2,..., we have ||z, —z*|| = 0 and ||y, — z*|| — 0 as
n — oo.

COROLLARY 3.12 (see Theorem 3.2 of [16]). Let P be a normal cone of
a real Banach space E, h > 0. T: P, x P, — P}, is a mized monotone operator.
Assume that, for all 0 < A < 1 and u,v € Py, there exists 0 < S(\,u,v) < 1
such that

1
T()\u, X v) > tﬂ(’\’“’“)T(u, v).

Let (A, u,v) = inf B(A\,u,v). Suppose B(\,u,v) is nondecreasing in u and
nonincreasing in v. Then there exists a unique fized point x* € Py such that
T(x*,2*) = x*. Moreover, for any initial point xo,yo € Pp, constructing succes-
sively the sequences ,, = T(Tpn—1,Yn-1); Yn = T(Yn—1,Tn—1), n = 1,2,..., we

have ||z, —z*|| = 0 and ||y, —z*|| = 0 as n — oo.

COROLLARY 3.13 (see Theorem 2.1 of [10]). Let P be a normal, solid cone
of E. Suppose that T: P, X P, — Py is a mized monotone operator and there
exists a constant € [0,1), such that

T, A"'y) > NT(x,y), for allz,y € Py, A€ (0,1),

then the operator T has a unique fixed point x* € Py. Moreover, for any
(9507110) S Ph X Ph; Tn = T(xnflaynfl): Yn = T(ynflwrnfl); n = 172a~‘~>
satisfy v, — =¥, yp, = =¥ as n — oo.

4. Application

In the sequel, we take into account the existence and uniqueness of solu-
tions for the problem (1.1). We will work in the Banach space E = C]0,1]
= {z:[0,1] — R is continuous} with the standard norm ||z|| = sup{|z(¢)|: t €
[0,1]}. Notice that this space can be equipped with a partial order given by

z,y € Cl0,1], z <y & x(t) <y(t) for all t € [0,1].
Set P ={z € C[0,1] | z(t) > 0,t € [0,1]}, the standard cone. It is clear that P
is a normal cone in F and the normality constant is 1. Define the set
Py ={zeP|3¢n>0:Ch(t) < x(t) <nh(t), t €[0,1]},
Ph7e={1‘€E|1‘+€EPh}.
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Here we choose

1
a a
4.1) e(t) = G(t,s)ds = ———— 1 — — ¢ forallte|0,1],
(@) elt) = [ Gl ds =t - st forall e 0.1
where G(t,s) is given in (2.2). It is easy to obtain e(t) > 0 by the nonnegative
of G(t,s) and a > 0, which means e € P. And e(t) = 0 by a = 0, which means

e = 0. Further, set

(4.2) h(t) = Mttt for all t € [0, 1]
with M > a/[(a — v)T'(«)]. Tt follows from (4.1) and (4.2) that
(4.3) e(t) = aoTE . ae S aoarmt SMeT = h(t).

So, 0 < e(t) < h(t) implies § < e < h. Then we can see that h € P, . and

Py, . = {x € E | there exist u1 = p1(h,e,z) >0, pz = pa(h,e,z) >0
such that u1h < x4 e < ush}.

THEOREM 4.1. Assume the following conditions:

(Hy) the constant a > 0, the function f: [0,1] X [—€*,4+00) X [—e*,+00) —
(=00, +00) is continuous, where e* = max{e(t) : t € [0,1]};

(Hz) f(t,x,y) is increasing in © € [—e*,400) for fized t € [0,1] and y €
[—e*,+00), decreasing in y € [—e*,+00) for fized t € [0,1] and x €
[—e*, +00);

(H3) for any X € (0,1), t € [0,1], x,y € (—00,+0), z € [0,€e*] there exists
©(A) > X such that

Fit, 2+ A =Dz, 2y + (AT = 1)2) > oA\ f(t,2,9);

(Hy) f(t,0,M) > 0 with f(t,0,M) £ 0 fort € [0,1] and M > a/[(a — V)
I'(a)] > 0. Then:
(a) there exists ug,vo € Pp e such that ug < vo and

up(t) < /0 G(t, s)f(s,uo(s),vo(s)) —e(t), te]l0,1],

1
UO(t) > A G(tv S)f(sa UO(S)a UO(S)) - e(t)a te [07 1}7

where e(t), h(t) are given in (4.1) and (4.2);
(b) the problem (1.1) has a unique solution u* in P ¢;
(c) for any xo,yo € Ph.e, constructing successively the sequences

xn(t):/o Gt 5) (5 2m1(5), yn1(5)) ds — e(t), n=1,2,....

yn(t):/o Gt 5) £ (5, g1 (), Tn1(s)) ds — e(t), n=1,2,....
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we have both x,(t) and y,(t) that converge uniformly to u*(t) for
all t €10,1].

PRrROOF. From Lemma 2.8 and (4.1), the problem (1.1) has an integral for-
mulation given by

u(t) = /0 G(t, 5)f(s, uls), uls)) ds — a /0 G(t,5) ds
1
:/0 G(t,s)f(s,u(s),u(s))ds —e(t)

ENO )

.

_ /O G(t, ) (s, uls), u(s)) ds —

We define the operator T': P . X Py . — E by

1
T(u,v)(t) = / G(t,s)f(s,u(s),v(s))ds —e(t), te]0,1].
0
It is easy to prove that u is the solution of problem (1.1) if and only if it is a fixed
point of the operator T. Next, we divide the proof into three steps.
Step 1. We show operator T': P, . X P, . — E satisfies the condition (Ls).

For any u,v € Py, A € (0,1), from (Hs), we obtain

TOu + A= De, X o+ (A = 1)e)(t)

= ; G(t,s)f(s,  u(s) + (A= De(s), A\ o(s) + (A7t = 1e(s)) ds — e(t)
>0 0) [ Gt ) (s u(s).o(s)) ds — eft)
1

=¢(A) [/O G(t,s)f(s,u(s),v(s))ds —e(t) | + (¢(A) — 1)e(t)
=@(N)T(u,v)(t) + (p(A) = De(t).
Hence, for all u,v € P, ., we have

TOu+ A =De, Ao+ (A =1)e) > o(N)T(u,v) + (p(N) = 1e.

Step 2. We prove operator T': Py . x P, . — F is a mixed monotone operator.
For u € P, ¢, we have u+e € Py, so there exist ¢ > 0 such that u(t)+e(t) > Ch(t),
te [Oa ]-]7 by (H1)7 we get

u(t) > Ch(t) —e(t) > —e(t) > —e*.

for all u;,v; € Py (1 =1,2) with u; > ug, v1 < ve, we know that u; (£) > ua(t),
v1(t) < va(t), and wu,(t),vi(t) € [—e ,+00), for all t € [0,1]. According to the
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nonnegative property of G(¢,s) and (Hsz), we obtain
1
T(uy,v1)(t) = / G(t,s)f(s,u1(s),v1(s))ds — e(t)
0

1
E/CWJVQWQMMW@*dUZNWWMW
0

which means T'(u1,v1) > T(us,v2), that is, T is a mixed monotone operator.

Step 3. We prove that T'(h, h) € Py, .. By the definition of Py, ., we only need
to prove T(h,h) + e € Py. On the one hand, from (Hs), Lemma 2.9, (4.2), for
any t € [0, 1], we have

1
ﬂmmw+d®:ACwﬁﬁ@M$M@Ms
= /01 G(t,s)f(s, Ms** Ms* ') ds

1 (1 _ 8>a—y—1to¢—1
< /0 TS M0y ds

1

:m/o (1—=8)*""""f(s,M,0)ds - t*~

1 1
=—— 1—5)*""1f(s, M, 0)ds - h(t).
On the other hand, we also obtain

T(h,h)(t) +e(t) = /01 G(t, S)f(S,Msa’l,Msafl) ds

1 [1 _ (1 _ S)y](l _ s)a—u—lta—l
3 )
1

1 o B
:@/0[1—(1—3) J(1—s) £(5,0,M)ds -t

f(s,0,M)ds

! ' v a—v—1 .
- m/@ [1—(1—29)"1-s) f(s,0,M)ds - h(t).

Let

1 ' v a—v—1
ll._w/o[l—(l—s) 11— s) £(s5,0, M) ds,

1
loy:= m/o (1—s)*"""1f(s, M,0)ds.

So we have [1h(t) < T'(h,h)(t) + e(t) < loh(t), t € [0,1]. It follows from (Hs)
and (Hy) that

/ (1 $)*=Lf(s, M,0) ds 2/ (1= (1—)"](1— 8)**~Lf(s,0, M) ds > 0,
0 0

which implies I > 1; > 0. Hence T'(h,h) + e € P}, holds, that is T'(h, h) € Pj.
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As a result, Theorem 3.1 (a) implies that there exist ug,vg € Pj e such that

uo(t)g/o G(t, 5) f(s,u0(s), vo(s)) ds — e(t), ¢ € [0,1],

1
wlt) > / G(t, 5)f (5, uo(s), vo(s)) ds — e(t), ¢ € [0,1].

Theorem 3.1 (b) means that the operator 7' has a unique fixed point u* in P .
Moreover, by conclusion (c) in Theorem 3.1, for any x¢, yo € P, the sequences

xn(t)zfo Gt 5) (5,2 1(5), yn1(5)) ds — e(t), n=1,2,...,

yn(t):/o G(t,8)f(8,yn-1(8),n-1(s))ds —e(t), n=1,2,...,

and z, — u*, y, — u* as n — oo, where G(¢,s) and e(t) are given in (2.2)
and (4.1). O

From Theorem 3.4 and Theorem 3.6 and similar to the proofs of Theorem 4.1,
we can deduce the following Corollary 4.2.

COROLLARY 4.2. If we replace condition (Hs) in Theorem 4.1 with the fol-
lowing condition (Hs) or (Hg) or (Hy):
(Hs) for any A € (0,1), t € [0,1], z,y € (—00,+00), z € [0,e*] there exists
B € (0,1) such that
J e+ A =Dz Ay + (A = 1)2) > N f(ta,y);
(Hg) for any X € (0,1), t € [0,1], ,y € (—00,+0), z € [0,€e*] there exists
B(N) € (0,1) such that
Ft 2o+ (A= D2 Ay + (A = 1)2) 2 AV f(t2,y);
(H7) for any X € (0,1), t € [0,1], z,y € (—00,+00), z € [0,€*] there exists
BA,x,y) € (0,1) such that
Ft Az + (A= 1)z A My + (71— 1)2) 2 MO £ 3,)
Then the results (a)—(c) in Theorem 4.1 still hold.

Next, by using Corollary 3.10 we can easily obtain the problem (1.1) has
a unique positive solution.

THEOREM 4.3. Suppose that:
(HY) the constant a < 0, the function f: [0,1] x [0, +00) x [0, +00) — [0, +00)
is continuous with f(t,0,1) # a;
(HS) f(t,z,y) is increasing in x € [0,+00) for fited t € [0,1] and y € [0, +00),
decreasing in y € [0, +00) for fized t € [0,1] and x € [0, +c0);
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(H%) for any A € (0,1), t € [0,1], z,y € [0,+00), there exists p(A) € (A, 1]
such that

Ft 2z, 37 y) > oM f(t,2,y);
Then:

(a) there exists ug,vo € Pn and r € (0,1) such that rvg < ug < vo and
1
up(t) < / G(t, s)[f(s,up(s),vo(s)) —alds, te]0,1],
0

1
volt) > / G(t, 5)[f (s, v0(s), wo(s)) — alds, ¢ € [0,1]

where h(t) = t*~1, G(t,s) is given in (2.2);
(b) the problem (1.1) has a unique positive solution u* in Pp;
(¢c) for any zg, yo € Py, constructing successively the sequences

2alt) = [ G500 1(3)o1(6) —alds, m =12,

1
()= [ G35 ns(hmna(s) ~alds, n=12....,
0
we have ||z, —u*|| = 0 and ||y, — u*|| = 0 as n — oo.

PRrROOF. Tt is well known that « is a solution of problem (1.1) if and only if

u(t) = / G(t, 5)[f (s, u(s), u(s)) — a ds,

where the Green function G(t,s) is given in (2.2), constant @ < 0. Define an
operator T': P x P — E by

T(u,v)(t) = /0 G(t,s)[f(s,u(s),v(s)) —a]ds, for all u,v € P.

Obviously, u is the solution of problem (1.1) if and only if v = T'(u,u). From
(H}), we know that T: P x P — P. In the sequel we prove the T satisfies all
the assumptions of Corollary 3.10.

Firstly, we show that T is a mixed monotone operator. For any wu;,v; € Py,
i = 1,2 with u; > ug, v1 < vg, we know that ui(t) > ua(t), v1(t) < wva(t),
t € 10,1]. Since G(t,s) is nonnegative and in view of (H}), we obtain

T(ur, 01)(t) = / G(t, 5)[f (s, u(s), v (5)) — a] ds

1
> / G(t, 5)[ (5 ua(s), va(s)) — a] ds = T(uz, v2)(1),
0

which means T'(u1,v1) > T(us,v2), that is, T is a mixed monotone operator.
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Secondly, we prove the operator T satisfies the condition (Hj). In fact, for
any A € (0,1), ¢t € [0,1], z,y € [0,+00), by (H}) and a < 0, we have

T(Au, \" 1) /Gts f(s,Au(s), \"to(s)) — a] ds
> / G(t,5)[o(N) £ (5, u(s), o(s)) — a] ds

1
2 SD(A)/O G(t,s)[f (s, u(s),v(s)) — al ds = (AT (u, v)(t),

which implies T'(Au, A=) > ¢(A\)T(u,v) for u,v € P, X € (0,1).
Thirdly, we show that T'(h, h) € Pj,. According to (H}), (H}) and Lemma 2.9,
we have

/Gts f(s,h(s),h(s)) —a]ds
7/ G(t,s)[f(s, 5271, 547 Y) — a]ds

0

1 [1 _ (1 _ S)y](l _ S)a—u—lt(x—l alds
> / o) [£(5,0,1) —ald
- 1 — (1 =51 =) f(s —alds-
= Fa | = =910 =7 6 0.1) — s ),
and
/Gts L8271 s —a)ds
_S)a v— 1ta 1 alds
< / R V(e 1.0) —ald
! 1 a—v—1 —alds -
:/0 g (1= 9" . 1.0) = alds- (1),
Set
1 ! v a—v—1 —alds
I .=@/0 1= (1 - )")(1 = > [f(5,0,1) — ] ds,
1 ! a—v—1 _ s
ly .:m/o (1—13s) [f(s,1,0) — a] ds.

Then we have
Ish(t) <T'(h,h)(t) < lah(t).
It follows from f(¢,1,0) > f(¢,0,1) # a that
1 1
/ [£(5,1,0) — a] ds > / [£(5,0,1) — a]ds > 0,
0 0

which means I3 > 0, 4 > 0. Hence T'(h,h) € P.
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Lastly, an application of Corollary 3.10 implies the conclusions (a)—(c) in
Theorem 4.3 hold. (]

REMARK 4.4. For the problem (1.1), by the use of Theorem 3.1, we can prove
the existence and uniqueness of nontrivial solution z* € Pj, ., see Theorem 4.1.
However, we can not guarantee that this solution is positive unless the constant
a < 0. When a < 0, by applying the Corollary 3.10, we can obtain the problem
(1.1) has a unique positive solution z* € P, see Theorem 4.3. Thereinto, When
a = 0, we have e = 6. In this case, the set P, . = P, which implies the
theorem 4.3 is a special case of theorem 4.1. Moreover, if we set a = 0, p(\) = \?
in Theorem 4.3, the corresponding result has been obtained in [21]. Therefore,
our study for the problem (1.1) is more general. Besides, we should point that
we can not deduce the similar results for the problem (1.1) with ¢ > 0 by means
of previously available methods in [27], [21]. So our study of the fixed point
theorems in set P}  is significant.

REMARK 4.5. If the Green function satisfies some properties similar to Lem-
ma 2.9, then our main results (Theorem 4.1, Corollary 4.2, Theorem 4.3) can
be applied to many fractional differential equations boundary value problems
depending on certain constant.

In what follows, we give an concrete example to illustrate our main result.

ExAMPLE 4.6. Consider the following problem:

1/3 1/3
7/2 14 L b2 5/6
Dy u(t)+(3 u(t)+F(7/2)> (2 7t t

“, L N(E 2 \s2 _ 3 71/3:

(4.4) +K 3 (tHF(?/?))(? 7t>t Tult)+ 141“(7/2)} 1
for0<t<1;

u(0) = u/(0) =« (0) = 0;

Dy 2u(t)],_, =0,

where a = 1, « = 7/2, v = 3/2, n = 4. This example can be written in the form
of (1.1) with the function f defined by

14 1 \Y3/1 2\
_(14_ 1 1 2 /
f“’x’y)‘<s“r<7/2>> (2 7t) e

+Kl;erF(?l/Q))(;_it)tmij141{’7/2)]_1/3

_ (66(? o+ e(t)) " [(e(t) + 1>y +e(t) + e*] o

e*
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a ja-1 _ a o — 1 5/2 2 7/2

(o — B)T(a) al(a)  2I(7/2) 72

e(t) =
e (t) = max{e(t): t € [0,1]} = )

It is obvious that f: [0, 1] X (—00, +00) X (—00, +00) — (—00, +00) is continuous
and f(t,z,y) is increasing with respect to the variable z, decreasing with respect

to the variable y.
Take h(t) = Mt5/2, t € [0,1] with M = a/(a — v)['(a) = 1/2T'(7/2). Then

£5/2 947/2 45/2
)= 5072y T TR S W)

_ 1/3 10 L2 5 o
Ft,0,M) = (e(t)) " + [31‘(7/2) (2 - 7t)t5/2 M 7F(7/2)]

(rala ) ()

with f(¢,0, M) £ 0, for all ¢ € [0,1].
Besides, for A € (0,1), z,y € (—o0,4+0), z € [0, e*], we have

= Mt°/% = h(t),

*

-1 -1 e(t) e
fE, e +A=Dz, A\ y+ (A7 = 1)z) = { - A+ (A=1)z2) —|—e(t)]

*

e (=30

' Keét) " 1) ATy + (7 = 1)2) +elt) + e*] -

—-1/3

1)+ (=02 4 A0 +)

e (-3 ]

e* A *

(e(t) + 1>y F (1= N <ee(t) + 1)2 FA(e(t) + e*)} o
|
)

T+ (1 _ i) ee(f)e* . e(;)]l/s

+ [(eef + 1)y (1 )\)(ee(i) + 1) e* + Ae(t) + e*)] _1/3}
|
f

?x + e(t)> v + <(eét) + 1)y +e(t) + e*) _1/3]
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for t € [0,1], where ¢(\) = A}/3 > . Hence all the conditions of Theorem 4.1

are

satisfied. An application of Theorem 4.1 implies that the problem (4.4)

has a unique solution u* in P} .. Taking any initial value zg,y0 € P, and

constructing the sequences:

X

Y

W(t) = /0 G(t, $) (5, n1(5), yn_s(s)) ds

1 /1 2
e = AL =1,2,...
T(7/2) (2 T A

W(t) = / G(t, )1 (5, yn1(5), n1(5)) ds

1 1 2
(=2 2y =1,2,...
r(7/2)<2 70 TS

we have x,,y, — u* as n — oo, where

[1]

2]

3]

[4]

[5]

[6]

[7]

(8]
[9]

(10]

t5/2(1 _ 8)2 _ (t _ 8)5/2

<s<t<1
I'(7/2) ’ -t =
G(t,S) - t5/2 1 )2
g, 0<t<s<l1
I(7/2)
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