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TWO HOMOCLINIC ORBITS
FOR SOME SECOND-ORDER HAMILTONIAN SYSTEMS

PaTricio CERDA — Luiz F.O. FARIA
EDUARD ToON — PEDRO UBILLA

ABSTRACT. This paper is concerned with the existence of homoclinic orbits
for a class of second order Hamiltonian systems considering a non-periodic
potential and a weaker Ambrosetti-Rabinowitz condition. By considering
an auxiliary problem, we show the existence of two different approximative
sequences of periodic solutions, the first one of mountain pass type and the
second one of local minima. We obtain two different homoclinic orbits by
passing to the limit in such sequences. As a relevant application, we obtain
another homoclinic solution for the Hamiltonian system studied in [5].

1. Introduction

The complex dynamical behavior of Hamiltonian systems has attracted math-
ematicians and physicists ever since Newton wrote the differential equations de-
scribing planetary motions and derived Kepler’s ellipses as solutions.

It is well known that the existence of homoclinic solutions for Hamiltonian
systems and their importance in the study of the behavior of dynamical systems
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have been recognized by Poincaré [7]. In addition, homoclinic solutions may give
the horseshoe chaos (see, for instance, [9] and the references therein).

A lot of attention has been devoted in the past twenty five years to finding
the existence and multiplicity of homoclinic solutions of Hamiltonian systems.
We would like to cite [3], [5], [6], [8], [1], [10] and the references therein.

In 1990, Rabinowitz [8] obtained the existence of one homoclinic orbit of the
nonautonomous Hamiltonian system

i+ Hy(t,u) =0,
where the potential H is given by
1
H(t,u) = —i(L(t)u7 u) + M(t, u),

where L is a continuous T-periodic matrix valued function such that L(t) is
positive definite and symmetric for all ¢ € [0,T], and M satisfies:

(H) M,(t,u) = o(|u|), as [u| — 0 uniformly with respect to t,

(AR) there is a constant p > 2 such that, for every ¢t € R and u € R™ \ {0},

0 < pM(t,u) < (u, My(t, u)).

Rabinowitz obtained the existence of one homoclinic orbit, where the main
key is to construct a sequence of periodic auxiliary systems to approximate the
Hamiltonian system, by applying the Mountain Pass Theorem to obtain periodic
solutions. Therefore, the homoclinic solution is obtained as the limit of those
periodic solutions.

In 2005, Izydorek and Janczewska [5] considered the system studied by Ra-
binowitz in [8], perturbing it with a bounded time dependent force f(t), i.e.

i+ Hy(t,u) = f(t)

where f: R — R" is a continuous bounded function such that its norm in L2
space is small enough (can be considered f = 0). Using the same ideas of [§],
with the additional complication that f is not periodic, the authors prove the
existence of a homoclinic orbit for the perturbed problem.

Our study is motivated in part by the work of Izydorek and Janczewska [5].
First we observed that by using their hypotheses, we were able to obtain a second
homoclinic orbit by minimization techniques. This motivated us to determine the
class of non-periodic potentials for which it is possible to obtain two nontrivial
homoclinic orbits. More precisely, in this paper we concentrate on the existence
of two nontrivial homoclinic orbits for a class of second order systems of the
form:

(P) i+ Vi (t,u) = 0,

where t € R, u € R", and the function V: R x R™ — R satisfies:
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Hy) V(t,u) = —K(t,u) + W(t,u) where K, W: R x R* — R are Cl-maps

(Hy) V(# u) (t,u) + W(t, u) ; DS,
W (t,0) =0 and K(¢,0) =0 for all t € R.

(Hz) There exists a constant b; > 0 such that for all (t,u) € R x R™,

bilul? < K(t,u) and |K,(t,u)| < 2b1|ul.

(Hs) For all (t,u) € R x R", K(t,u) < (u, K,(t,u)).

(Hy) Given M > 0, there is a Cjy > 0 such that |[W,(¢,u)| < Cjs for all t € R
and for all |u| < M.

(Hs) There exist constants 0 < ¢ < 1, 1 < r < 2/(1 —q), u1,71,¢0 > 0,
a continuous function b € L™(R), bounded and not identically null, and
a non-decreasing continuous function F: R — [0,4+00), F(|u]) = o(|ul),
as |u| — 0, such that

[Wu(t,u)| < F(Jul) + Ab(t)|u|?, for all |u| < wuy and for all ¢ € R,

and Acg|u|Tt < W (t, u), for all |u| < u; and for all |t| < 71, where A > 0
is a real parameter.

(AR); There exist constants p > 2, ug > 0 and 79 > 0, such that W(t,u) > 0
for all |t| < 79 and for all |u| > up; and

(W (t,u),u) — pW(t,u) >0, for all |u| > ug and for all ¢t € R,
and there exists a function g € L*(R), such that
(W (t,u),u) — pW(t,u) > g(t), for all |u| < up and for all t € R.

The contribution of this paper is to obtain two homoclinic orbits for a more
general class of nonlinearities considering a weaker Ambrosetti-Rabinowitz con-
dition (AR);.

REMARK 1.1. In our equation we can consider a function
W(t,u) = a(t)G(u) + F(t,u)

where G satisfies (AR) and the bounded non-null function a > 0 verifying
{t € R; a(t) = 0} > 0. Notice that the functions a and F' might not to be
periodic. We can also consider

W(t,u) = M(t,u) + F(t,u),
where M as in [5] and

F(t,u) = lu@)|*(f (), ut)),

where f € L"(R,R") is bounded and not identically null, whose the particular
case (¢ = 0) was studied in [5]. In such a case, as observed by Izydorek and
Janczewska, u(t) = 0 is a solution of (P) only if f(¢) = 0. For more details and
more examples, see Section 6.
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To the best of our knowledge, the hypotheses considered in the present paper
are not found in previous literature. In this sense, we understand that this paper
contributes to the study of this class of problems both in the results and the
hypothesis. The lack of periodicity on the potential V resulted on technical
issues that we were able to solve.

Here and subsequently, we consider (-, -) and | - | the standard inner product
and norm on R™, respectively. By a nontrivial homoclinic solution (to 0) of (P),
we consider a orbit which connects the same equilibria 0. More precisely, we
mean u: R — R™ satisfying:

(i) u e C*R",R);
(ii) w # 0, which solves (P);
(iii) u(t) =0, u(t) = 0, as t — +oo.

We state that our main result concerning (P) is the following:

THEOREM 1.2. Assuming conditions (Hy)—(H4) and (AR);, there exists A>0
such that if (Hs) holds for all A € (0,A), then problem (P) possesses at least two
nontrivial homoclinic orbits.

REMARK 1.3. Notice that one can consider (Xf{)l instead of hypothesis (AR),
considered above, where (AR); is given by: there exist constants pu > 2, ug > 0
and a,b € R, such that W(t,u) > 0 for all ¢ € [a,b] and for all |u| > ug; and

(W (t,u),u) — pW(t,u) >0, for all |u| > up and for all ¢ € R,
and there exists a function g € L'(R), such that
Wy (t,u),u) — pW(t,u) > g(t), for all |u|] < ug and for all ¢ € R.

In the proof of Theorem 1.2, the first homoclinic orbit is obtained as a limit
of a certain sequence of functions and using the Mountain Pass Theorem. It
is important to note that, under these hypotheses, u = (0,...,0) € R™ can be
a trivial solution of the system (P), which means that we can not directly use
calculations of [5] to obtain the first homoclinic orbits. The second homoclinic
orbits is obtained as a limit of a certain sequence of functions and by minimiza-

tion methods into a small ball.

REMARK 1.4. According to Remark 1.1, Theorem 1.2 establishes another
homoclinic orbit for the problem treated in [5].

The paper is organized as follows. In Section 2, we gather the most relevant
notations and known results we will use. In Section 3, we prove the existence
of 2kT-periodic solutions of an auxiliary system by using the Mountain Pass
Theorem. In Section 4, we obtain the existence of 2kT-periodic solutions of
an auxiliary system through local minimization. In Section 5, we prove the
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Theorem 1.2. These are the main results of this work. Finally, in Section 6, we
show some applications of our results.

2. Preliminary results

For each k € N| let Fy := W;,;T(]R, R™) the Hilbert space of 2kT-periodic
functions on R with values in R™ under the product and norm are given, respec-
tively, by

(u,v) g, = /_kTK@(t)a@(t» +{u®), o), ulls, = ()

REMARK 2.1. Notice that by (H;) and (Hz), and using the Mean Value
Theorem, we have

bilu|®> < K(t,u) < 2by|u* for all (t,u) € R x R™.

By Remark 2.1, there exist by, by such that
kT
@) Bl < [ [P + 2K o)) d < Bl

REMARK 2.2. By hypothesis (Hz), we have (K, (t,u),u) < 2K (t,u).
Let L35 (R,R™) denote the space of 2kT-periodic essentially bounded (mea-
surable) functions from R into R™ equipped with the norm
[ullLge,,. = esssup{|u(t)| : t € [-kT, KT}
We set || - [|oo := || - || Lo (r), Where
llull oo (r) = esssup{|u(t)] : t € R}.

Let L5, (R, R™), 6 > 1, denote the Lebesgue space of 2kT-periodic (measur-
able) functions from R into R™ equipped with the norm
6

kT . 1/
follzg,, = ([t ar) "

REMARK 2.3. If u: R — R", then u € Ej if and only if u is an absolutely
continuous function, u(—kT) = w(kT) and @ € L?([—kT, kT],R™).

REMARK 2.4. Notice that ¢(n) = W(¢t,nu) is a continuous function on the
closed interval [0, 1], and differentiable on the open interval (0, 1), then by mean
value theorem there exists £ € (0,1) such that W (¢,u) = (W, (¢, &u), u), and so
by hypotheses (H;) and (Hs), we have that:

(2.2) W (t,u)] < G(|u]) + Xb(t)[u|?™h,  if |u| < wu; and for al t € R,
where G(Ju|) = F(Ju|)|ul.

The following result is a direct consequence of the estimations made by Ra-
binowitz in [8].
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PROPOSITION 2.5. There is a positive constant C (independent of k € N)
such that for each k € N and u € Ey, the following inequality holds:

(2.3) lullzg, < Cllullg,

2kT —
The following lemma will be essential to our purposes. For a proof of the

result, see [5, Fact 2.8].

LEMMA 2.6. Let u: R — R™ be a continuous mapping such that u €
L% (R,R™). For everyt € R, the following inequality holds

t+1/2 1/2
ol < VE( [ (R 4P ds)
t—1/2
Now, consider the following sequence of Hamiltonian systems:
(Pr) i + Vi (t,u) =0,

where, for each k € N, VF: R"*! — R™ and V*: R"*! — R are, respectively,
2kT-periodic extensions of the restriction of V,,(¢,u) and V (¢,u) to the interval
[—kT, kT) in the variable t.

DEFINITION 2.7. By a non-trivial periodic solution of (Pg), we consider
up: R — R™ satisfying:

(a) ug € CH([—KT, kT),R™) N C?((—kT, kT),R");

(b) i+ VF(t,u) =0, for all t € (—kT,kT);

(¢) up(—kT) — up(kT) = @p(—kT) — 4 (kKT) = 0.

Let I, »: Ej, — R be the associated functional defined by

kT
(2.4) I A (u) = /kT B|u(t)|2 — VRt u(t))| dt.
Then, Iy » € C1(Ey,R) and it is easy to verify that
) kT
(2.5) T a(u)o = /_kT [(a(t), o(t)) — (Vi (t,u(t)), o(t))] dt.

The following lemma characterizes the functions that belong to the space Ej,
using its Fourier series (see [4]).

LEMMA 2.8. Ifu € L3, (R,R™) and

> mnt . mnt
u(t) =co+ Z [cn cos (kT) -+ b, sin (kTﬂ

n=1

is its associated Fourier series, then u € Ey. if and only if

an(|cn|2 + b, [?) < o0.

n=1
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The following result will be essential to our purposes. It says that if a function
u belongs to the space Ej is a critical point of the functional (2.4), then w is
a solution of (Py).

LEMMA 2.9. If u € Ej, is such that I} \(u) = 0, then u is a solution of (Py,).

PROOF. We assume u € Ej, is a critical point of Iy y, then by (2.5) we have

kT kT
(2.6) / ahdt — / Vo(t,u(t)h(t)dt =0, for all h € Ej.
—kT —kT

Let us suppose that the Fourier series of u is given by

> mnt mnt
u(t) =co + Z [cn cos () + by, sin ()] ,
— kT kT

and that the series of V,,(¢,u(t)) is given by

=N s i\ 5 . (7 nt
Va(t,u(t)) = ¢ + ; [cn cos (kT> + b, sin (kTﬂ )

Applying (2.6) with h equal to the basic functions cos(mnt/kT), sin(mnt/kT)
and 1, we obtain

2 2
~ ™ ~ ™ -
b, = (kT) bn, Cn= (k:T) ¢, and ¢y =0.

By Lemma 2.8, we have @ € Ej and, hence, u € C*([—kT,kT],R") and i €
L%, +(R,R"). Then, integrating by parts in (2.6) we obtain

kT
/ (i + Vi (t,u))h(t) dt = 0, for all h € E,
—kT

from where we conclude
i+ Vo (t,u) =0 for all t € (—kT,kT).
Notice that the second term in the left side is continuous so that
u € C*((—kT,kT),R™). O
The next lemma is concerned with an important property of the function

W (t,u). We borrow some ideas from [5], [8], however, we consider hypothesis
(AR); instead of the classical (AR).

LEMMA 2.10. Suppose that (AR), is satisfied. Then, there exists a; > 0 such
that for all |t| < 10 and for all |u| > ug

(2.7) W(t,u) > ay|ult.
PROOF. By using (AR);, notice that for every |u| > wug and [t| < 79 the

function 9 : (0, |u|/up] — R, given by v (r) = W (t, 7 lu)r#, is non-increasing.
Therefore, we can chose a; > 0 verifying (2.7) by the continuity of W. (]
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The following lemma provides the energy of a solution obtained by the Moun-
tain Pass Theorem (see Section 3).

LEMMA 2.11. Assume (H;), (Hz), (Hs) and let v € (0,1). There exists
A >0, such that for each X € (0,A), one can find explicitly oy > 0 such that

I;w\(u) >y,
for allu € x(A") ={u € Ey : ||Ju||lg, = A7}

PROOF. Let ¢ > 0, by (Hs) there exists A > 0 sufficiently small, such that if
u € x(A7) then F(Ju|) < |u|. By (Hy), (Hz) and (Hs), we have

- LN
Iea(u) 2 5 llulls, — [WE(t,u)| dt
—kT

by

kT kT
> Plult, - [ Guohdr-x [ bl e
2 T —kT

by
> (3 - ) lulls, ~xaalul
where ¢; > 0. Since |u||g, = A7,
Ty (u) > (3’21 - c) APV — e @D

Notice that v € (0,1) implies 2y < v(q¢ + 1) + 1. Therefore, if ¢ > 0 such that
b1 /2 — ¢ > 0, we have
b
(21 a C) AP — e N =y >,

for A € (0,A), where A is small enough. Hence, we obtain
Iia(u) >y, for all [jul| g, = X7

and the result is proved. O

3. Mountain Pass solution

In this section, we are concerned with obtaining 2kT-periodic solutions of
the system (P} ), for each k& € N. More precisely, we have the following theorem.

THEOREM 3.1. Assume that conditions (Hy)—(H3z) and (AR); are satisfied.
For every k € N, there exists A > 0 such that for each A € (0,A) system
(Py) possesses a non-trivial 2kT-periodic solution, denoted by uyj, such that
Ik)\(ul,k) > 0.

We obtain a critical point of I y by the use of a standard version of the
Mountain Pass Theorem (see [2]). In addition, we notice that such result provides
a minimax characterization for the critical value. For this reason, we state this
theorem.
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THEOREM 3.2 (see [2]). Let X be a real Banach space and I: X — R be
a C'-smooth functional. If I satisfies the following conditions:

(a) 1(0) =0,

(b) every sequence {u;}jen in X such that {I(u;)}jen is bounded in R and
I'(uj) = 0 in X*, as j — 400, contains a convergent subsequence (the
Palais—Smale condition),

(c) there exists constants §, o> 0 such that I|pp,0) > a,

(d) there exists e € X \ Bs(0) such that I(e) <0,

where Bs(0) is an open ball in X of radius § centered at 0, then I possesses a
critical value ¢ > a given by

= inf I
¢= Inf max (9(s)),

where I' = {g € C([0,1], X) : g(0) =0, g(1) =e}.

PrROOF OF THEOREM 3.1. From now on, we assume 0 < A < 1. Clearly
I »(0) = 0. We show that Ij , satisfies the Palais-Smale condition. Sup-
pose that {u;};en in Ej is a sequence such that {I; x(u;)} en is bounded and

I z(uj) = 0 as j — +oo. Then, there exists a constant Cy > 0 such that, for
every j € N,

(3.1) (e ()] < Cry |15 2 (ug)]
We first prove that {u;};en is bounded. Notice that

g < Ck.

1 _ /1 1
I V= =T (u)uy > by = — = ) |lul|?
k() P k,A(uJ)uJ = 1<2 M)quk

+1/kT [(WEEui (), u;(t)) — pWF(t,u;(t))] dt
i) u \by Uj ) Uj H » Uj

By (AR); we have
kT
/ LWy 0), s (00— Wt ()] dt > 4,

where A is a constant that does not depend on j. Thus

1 1
(32) (5~ 1 )l < Cullgls, + D

where Dy, is a constant. Since p > 2, there exists a constant ék > 0 that does
not depend on A, such that

(3.3) il g < Cr,

which shows that {u; },;en is bounded in Ej. Going if necessary to a subsequence,
we can assume that there exists u € EFj, such that u; — u as j — 400 in Fj,
which implies v; — u uniformly on [—kT, kT.
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On the other hand, note that
[T () (uj — )| < gjluj —ull g,

and £; — 0 when j — 4o00. By the continuity of V,,, it is easy to verify that

/kT (Vi (8, (1)), u; () = u(t)) dt — 0.

—kT
Therefore,
kT
m= [ il - i) de o
—kT
Thus,
kT
(w5~ e, =y + | {00500 = u(t) 0.

Consequently, ||uj|| g, — ||u| g,, and then, u; — u in Ej.

Notice that the condition (c) of Theorem 3.2 follows from Lemma 2.11, where
d = A7 is obtained in such lemma.

It remains to show tha,t for every k& € N, there exists wi € Ej such that
lwgllg, > 6 and Iy z(wr) < 0. Let wy € Ej such that |wi(t)] > wp for all
[t] < 70/2 and wy(t) =0 for all 7o < || < T

We have that, for every ¢ > 1, the following inequality holds by (Hs) and (2.7)

1 T
(3.4) Baun) = 5 [ [Can () - 2Vt Cun ()] de
-7
J
§ %leﬂiﬂl — C“Engug —+ B

Since 2 < u, let ¢ > 1, such that I; x(Gwi) < 0. Take 6 = A7 and f =
max {(1, (2}, where (o € R\ {0} is such that ||(ow1]|g, > 0. Define

Cwi(t) if [t < T,

(3.5) Wi(t) =
0 if T < |t| < kT,

for k > 0. Then @k S Ek, ||'[Ek||Ek = HZ’leEl > § and Ik,)\(@k) = Il,)\(gwl) < 0.
Hence, by Theorem 3.2, Ij;, » possesses a critical value ¢, > « given by

3.6 — inf I
(3.6) ek = nf max ka(9(s)),

where Ty, = {g € C([0,1], Ex) : g(0) = 0, ¢g(1) = wg}. Therefore, for every
k € N, there is uy ; € Ej such that
Ipa(ure) = ek, I'pa(ury) =0.

The function wu; j is the desired classical 2kT-periodic solution of (Py). Since
¢k > 0, up  is a non-trivial solution. O
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4. Minimization solution

In this section, we are concerned with obtaining, for each k£ € N, a second
2kT-periodic solutions ug j of system (P) through local minimization.

THEOREM 4.1. Assume that hypothesis (Hy), (Hz), and (Hy) holds, then
for every k € N the system (Py) possesses a nontrivial 2kT -periodic solution,
denoted by ug.y, such that Iy x(usz,) < 0.

PRroOF. Firstly, we will show that there exists wy € Fj such that
(4.1) Iy (€wr) < —n <0, forall € € (0,&).

Let w; € E; not identically null, such that |wq(¢)] < w; for all |t| < 71 and
wy(t) =0 for all i < |t| < T. Since k € N, define

wi(t) if |t < T,

wi(t) = _
0 it T < |t| < KkT.

Let & € (0,1) be such that & ||w1]|p, < A7. By (2.1) and (Hs), for all £ € (0,&;)
we have

T1

(4.2) T (wi(t)) < Ecllwr ||, — A§q+100/ i (£)|7+ dt.

—T1

Since g + 1 < 2, there exists & > 0 small enough such that
T1

—n = Ec|wi||E, — /\gqﬂco/ lwy (£)|7 dt < 0.

—71

Thus, taking £, = min{&, &2}, (4.1) follows.

Now, consider the closed ball B, = {u € E} : ||u|]|g, < A7}. By Lemma 2.11,
Iy a(u) > ay for all u € {u € Ey : |ul|lg, = A\'}. It follows from (4.1) that
the minimum of the (weakly lower semicontinuous) functional I x on Bj, is
achieved in the corresponding open ball and, thus, yields a non-trivial solution
U2k of (Pk), with

(4.3) Iia(ugr) <—n <0 and |ugxl < A7 0

5. Proof of main results

In this section, we prove Theorem 1.2. Before proceeding to the proof, we

need a technical lemma.

LEMMA 5.1. Let u be a solution of Problem (Py) for each k € N. If
||uk||L;>€T < My, where M is a constant independent of k, and assume (Hy),
(Hz) and (Hy) holds, then there exists ug € C*(R,R™) and a subsequence {u; ;};
of {ur }r, converging to ug in C2_(R,R™). Moreover, if ||u| g, < M, where M

is a constant independent of k, then ug is a solution of (P) and

uo(t) =0 and do(t) -0 ast— too.
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PROOF. Let j € N then there exist k; € N such that [—j,j] C (—kT,kT)
for all k& > k;. For each k > k;, since uy is a solution of (Pj), we have that
uy, € C%([—4,4],R™) and

(5.1) g + Vu(t,ug) =0, tel—3,7]
Then, by (Hy), (Hz2) and (Hy), we have

Jiag, (£)] < [Vau(#, un)| < M,
and it follows that
(5.2) likllLg < Mz for all k > kj,

where M3 is a constant independent of j.

Since ug,ur € Ey are absolutely continuous functions for each k € N (see
Remark 2.3), by the Mean Value Theorem, for each £ € N and ¢ € R, there
exists 7, € [t — 1,¢] such that

() = /tt i (s) ds = wg(t) — un(t — 1),

-1

Consequently,

(1) = \/ i () ds + iy (7)

which means that for each k > k;,

< 2Mi + M3 =: M>,

(5.3) ||Uk||ng < Ms.

One can easily see that uj and 1, verify the Lipschitz condition for each k > k;,
with constants independent of j € N. In other words,

|uk(t)—uk(t0)| S Mglt—t0| and |’l'1,k(t)—1lk(t())| S M3|t—t0| for all k& Z k’j.

It follows from the Arzela-Ascoli Theorem that there exists a subsequence {u;  }
of {uy}x converging to u;o in C([—j, j], R™).
By equation (5.1), it follows that ii;; — w uniformly in [—7, j| and, then,

w(t) + Vu(ta uj,O) = 07 te [—]7]]

Since the function i, ; is continuous on [—j, j] for each k > k;, from [5, Fact 2.7],
it follows that i j is a derivative of u;  in [—j, j]. Since i, — w and @; , — ;0
uniformly, it follows that {u; }, converge to u; ¢ in the topology C*([—j,j],R™).
In particular, we get ujo € C%([—j,j],R™).

By a diagonal argument, there exists a subsequence {u; ;}; of {u;x}r con-
verging to ug in C2_(R,R™), where ug(t) = ]lglgo uj0(t). Moreover, note that we

have actually proved that {uy}, . converges to ug in the topology of CE (R,R™).
In particular, we get ug € C*(R,R™).
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It remains to show that ug(t) — 0 and 4g(t) — 0 as t — £oo. Let us prove
the first assertion. Notice that

+o00 T
/ (a0 (®)2 + [uo(®)2) dt = Tim [ (Jio(®)[? + uo(t)[2) dt

oo i——4o00 —iT
iT
= lim lim (|uk(t)|2 + |uk(t)|2) dt.

t—+00 k—+oo J_,p

For each ¢ € N, there exists k; € Igl, such that, for every k > k;,

iT
| i@+ ®P) dt <, < M.
—1

Since the constant M; is independent of k, if we take ¢ — +o0, it follows that

400
[l + Juo(o)P) de < 012

—0o0

and then

/ummZme%ﬁam

as r — +00. By Lemma 2.6, we know that

t+1/2 1/2
(5.4) MMSV%Z WWW+wmma)

—1/2

and it follows that
(5.5) uop(t) =0 ast— foo.

Let us prove the second assertion, i.e. ig(t) — 0 whenever ¢ — too. By (5.4),

we have

t+1/2
(5.6) maw2s2(l (Wdﬂﬁ+Mdm%dQ

~1/2
t+1/2 t+1/2

sz(/ (mawﬁ+wam%ﬁ)+2/ o (8) dt.
t—1/2 t—1/2

Since ug is a solution of (P), it follows that

t4+1/2 t+1/2

/ |iio (t)|? dt :/ Vi (t, ug)? dt.
t—1/2 t—1/2
By (H1), (Hz) and (5.5), it follows that
t4+1/2
/ lilg(t)|2dt — 0 ast — +oo.
t—1/2

By (5.6), we obtain () — 0 as t — £o00, and we have the desired result. O
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Proor or THEOREM 1.2. For each k € R, let uy := uy x, where u; ;, is the
solution obtained in Theorem 3.1. For every k € N, let g: [0,1] — Ej be the
curve given by gi(s) = swy where Wy, is determined by (3.5). Then g € T'y, and
I 2 (gi(s)) = [1,A(g1(s)) for all k € N and s € [0, 1]. Therefore, by (3.6),

(57) Ck S max ILA(gl(s)) = Mo,

s€[0,1]

where M is independent of k € N. Notice that

1
Mo > Iy a(u1 ) — L I];7A(U1,k)ul,k

/11 ,
> b (2 - ﬂ) v,k %,

1 kT
+ 7/ (W (t, ur g, (2), ur e (t)) — pW (t,ur (t))] dt

nJ—kT
_ /1 1 ,
> b (2 - M) u,kllE, + A,

then there exists a constant Cy > 0 that does not depend on A and k, such that
(5.8) lu1klle, < Co.

By Lemma 5.1, there exists a subsequence of {ux} which we still will denote
by {ur}, and u;: R — R™ such that u, — uy in C2_(R,RY), where u; is
a homoclinic solution of (P).

Let us prove that u; # 0. Firstly, we prove that there exists a constant o > 0,
independent of k, such that |uy| g, > o for all k € N. Suppose that, on the
contrary, there exists a subsequence of {uy} which we still will denote by {u},
such that |Juk||g, — 0, as k — oo. From Lemma 2.11, we have Iy »(ux) > ay >0
for all k € N. Thus, for k large enough by Proposition 2.5, (2.2), (H;), (Hz) and
(Hs), we obtain

0< ay < Ik,,\(uk)

kT

3 b2||uk||j2gk +/ F(|lug(t)])|ux(t)] dt + /\/ |b(t)][ug (t)]9T dt
—kT —kT

IA

1. kT kT
plelulp+ [ @R [ bl d
—kT —kT

IN

IN

2kT

1 KT
(50 + 1 )bl + Mk, [ Ol == e,

for r > 0 in hypothesis (H;). By the Hoder inequality, we get

1- _
0<an< (2b2+1)|uk||%k+x|ukzm IO, 270 oo (O[5,
2T 2kT

2T
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By Proposition 2.5 and taking ¢ = ¢ — 1 4+ 2/r, we obtain

1
LT‘(R)HukHE .

1-
0<ay< (2 by + 1) Huk||?gk + Al|D]

Thus, there exists o > 0 such that |ug||g, > o for all k € N.

Now, we will verify that there exists ¢ > 0 such that |lu|rg, > c. Assume

by contradiction that |lug|lrg, — 0 as k — oo. Since I} ,(ug)ur = 0, (2.1)

2T
and (2.5), we have

kT
(5.9) / (W (b, (1)), i (£))] dit

—kT

N /—kT [<uk(t)’uk(t>> + <Ku(t,uk(t)),uk(t)>] dt > min{1, b1}HukH?§k

By hypothesis (Hs), for any ¢ > 0, there exist ko > 0 such that F(|ug|) < §|ug|
for all k > kg. Then we have

kT kT

(5.10) / WLt (0),wa0) dt < / Wt ) (0]
kT

< [ PlaODlun®]+ Alulz;

2kT

kT
/ () g ()| 71 it
—kT

+1-
< Olfurll, dt + Mlukl|gss  10] ey llurll gy

By (5.9) and (5.10), we obtain

1— .
Ollurllg, +ACollurlgg, [lurlB' " = min{l, b1} |uyZ, -

Then, we have
(min{1,b,} — 8ot —ate
C

where we take 6 > 0, such that min{1,b;} — § > 0, and it is a contradiction.
Thus, there exists ¢ > 0 such that [lugl|rg, > c for all K € N and A € (0,7),
where c is independent of k. By the periodicity of uy, its maximum is achieved
in [T, T]. This shows that u; # 0.

Now, let uy := ug , where ug j, is the solution obtained in Theorem 4.1, for
each k € R. By (4.3), we know that |lug||g, < A7. By Lemma 5.1, there exists
a subsequence of {uy} which we still will denote by {uy}, and ug: R — R™ such

Nl > -0,

that up — ug in C2_(R,RY), where uz is a homoclinic solution of (P).
Let us prove that us # 0. As above, suppose that there exists a subsequence
of {uy} which we still will denote by {u}, such that ||ug||g, — 0, as k — oo.
By (4.3), there exists 7 > 0, independent of k, such that I x(ug) < —n < 0.
Therefore, by (2.1), we have
by

kT
Doy~ [ Wit de < -
—kT
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Notice that, by (Hs),

kT
- / W) e > e, = Al ol 5

where ¢y is a positive constant. Hence,

by 1
(2 - 1) ekl = MOl lunl g, < =

Thus, we arrive at

by
(% 1), — ettty +n <0,

where ¢ > 0 is a constant that do not depend on k. Using the same arguments
as above, we conclude that uy #Z 0.

By Lemma 5.1 we notice that uj(+oo) = 41(+£o0) = 0 and ug(£oo) =
li2(£00) = 0, which is the desired result. O

6. Applications and concluding remarks

In this section we provide examples of where we may apply our main result,
which is Theorem 1.2.

EXAMPLE 6.1. Suppose that W (t,u) = W(t,u) + A(f(t),u), where |f| €
L"(R) and W satisfies the classical (AR) condition, then W is superquadratic,
i.e., there exists constants a; > 0 and ay > 0, such that

(6.1) W(t,u) > ar|ul* if |u] > 1,
(6.2) W(t,u) < aglul* if Ju| <1,

see [5, Fact 2.1]. Then, as a relevant application, we have that, assuming the
hypotheses of the result proved in the paper of Izydorek and Janczewska, i.e.
assuming the conditions (H;)—(Hy) of [5], and (AR) are satisfied, by using similar
ideas to those in Theorem 1.2, is possible to prove that there exists A > 0 such
that for each A € (0, A), problem (P) possesses at least two nontrivial homoclinic
orbits. In other words, we have established another homoclinic orbit for the
problem studied in [5], which correspond to the case ¢ = 0.

ExXAMPLE 6.2. Consider the hamiltonian system
i — Koy (t,u) + a(t,u)[uP~ u 4+ Ab(t)|u|? u = 0,

(6:3) u(£00) = u(£o00) = 0,

where p > 1, a: R x R” — R is a C'-map and bounded function. In addition,

suppose that A(t,s) < a(t,s)s for all |s| > so where, A(t,s) = [; a(t,7)dr,
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the function K verifies conditions (H;)—(H3) and on the function f is such that
|f| € L"(R). Then, since

A(t, [ulP*t)
p+1
verifies the hypotheses (Hy), (Hs) and (AR); with ¢ = p + 1, we may apply

Jufe*t

W(t> U) = m’

Ab(t)

Theorem 1.2 to obtain two nontrivial homoclinic orbits. Note that if the func-
tion a changes sign the classical Ambrosetti-Rabinowitz condition (AR) does
not satisfy.

EXAMPLE 6.3. Consider W (t,u) = a(t)G(|u|) + Ab(t)|u|?*!, where a, b are
continuous functions verifying a € L' (R)NL>®(R) and b € L"(R)NL! (R)NL>(R),
where G € C(0, +00) verifies:

g+l for 0 < s<1/4,
G(s)={log(1+s) forl/2<s<3/4,
sPtl for 1 < s,

with p > 1. In addition, suppose that the function a is nonnegative and there
exist «, 8 > 0, such that b(t) > dp > 0 in («, 8). One can easily verify that W
satisfies hypothesis (Hy)—(Hs) and (AR); but it does not verify the classical (AR).
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