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ABSTRACT. In this paper, we study the following strongly coupled quasi-
linear elliptic system:

—Apu+ Aa(@)ulP2u = ——Jul*"2ulv|?, xRN,
a+f

—Apv + Ab(x)|v|P~20 = L\u\a\v|572v, x € RV,
a+ B

u,v € DLP(RV),

where N > 3, A > 0 is a parameter, p < a + 8 < p* := Np/(N —p).
Under some suitable conditions which are given in section 1, we use varia-
tional methods to obtain both the existence and multiplicity of solutions for
the system on an appropriated space when the parameter A is sufficiently
large. Moreover, we study the asymptotic behavior of these solutions when
A — 0.
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154 B. GHERAIBIA

1. Introduction and main results

In this paper, we study the existence, multiplicity and asymptotic behavior
of solutions for the strongly coupled quasilinear elliptic system

—Apu+ (@) |ulP~2u = ——|u|*2ulv]®, x e RV,

a+p

(1) Ao+ Ab(@)eP 20 = ——fulplf P, 2 e RN,

g
a+pj
u,v € DVP(RV),
where N > 3,A > 0 is a parameter, p < a+ 8 < p* := pN/(N —p). The

assumptions we imposed on a(x) and b(z) are as follows:
(Hy) a,b € CO(RY,[0,00)), 8, := int a~1(0) and © := int b~1(0) have smooth
boundaries, Q, := a~1(0),Q;, := b~1(0) and Q, N Qy is a nonempty set;
(Hz) there exists My > 0 such that the set F := {z € RV : a(x)b(z) < My}
has finite Lebesgue measure.

Since we do not assume any positive lower bounds for the potentials a and b,
we can not expect to find solutions for (1.1) in the Sobolev space W1P(RYN).
However, the strong coupling of the system and the assumption (Hy) suggest
that we can use variational methods to investigate (1.1) by considering the cor-
responding functional defined in a proper product space. Noting that the sets
Q. and €2, may be unbounded, 2, N {2, is a nonempty set is very crucial for our
results.

As we will see later, that the main results in this paper show that the quasi-
linear elliptic system

@

—A —
Pu Oé+5

|°"2u|v|ﬁ, T € Qyq,

|u

(1.2) —Apy = |u|*|v|# 2w, x €y,

a+p
ue WyP(Qa), veWyP(Q),

may be seen as a limit problem for (1.1) when A — oo goes to infinity. We
would like to emphasize that although 2, and 2, may be distinct open sets,
(1.3) is variational. Moreover, (Hz) implies that Q, and €, have finite Lebesgue
measure. Therefore, we have the Sobolev compact imbedding

WhP(Q,) x WHP(Qp) < L™ (Q) x L™(Q), p—1<11,79 < p".
We say that the following system
—Au = Fy(z,u,v), x€Q,

(1.3) —Av = Fy(z,u,v), x €,
u=v=0, x € 01,
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where Q € RY is a bounded domain, is a gradient system if F: Q x Rx R = R
is C! class. The theory of gradient systems is sort of similar to that of scalar
equations

—Au= f(z,u) in Q.

The system (1.3) is variational and its solutions correspond to the critical points
of the following energy functional

(1.4) bu0) =5 [ 1Vl + 5 [ Vol = [ P,
2 Jo 2 Jo Q

for all (u,v) € HE(Q) x HL(Q).
In [2], Alves, de Morais Filho and Souto studied the existence and non-

existence of solutions for

2
—Au = au+ by + —— lu|*2ulv]|?, €,
a+p
(1.5) —Av=bu+cv+ lu|*[v]P~2v, z€Q,
a+p
u=v=0, x € 09,

depending on the parameters a,b,c € R, a,8 > 1. They proved that when
a+ f =2% (1.5) had nontrivial solution. Moreover they proved

Q\ B/t N —al(a+h)
so=(() () )

where
/ (|Vul]® + |Vo|?) dz
_ Q
Se(8) = u,velrI;E(Q) 2/(a+pB)’
([ 1uiep ac)
Q
and
/ |Vu|?dx
S = inf & -
we (@) .\
( |u|? dx)
Q
This result combined effectively —Au = u? ~! for z € RV with
2
Ay =2 lul*"2ulv]?, =€ RN,
a+f
(1.6) 25
—Av = . B|u|°“|v|5’2 v, z€RVN,

where a+ 5 = 2*. Guo and Liu in [21] proved the uniqueness of positive solutions
for (1.6).
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In [22], Han studied the existence of solutions for the system

2
“Au= -2 lu|*2ulv|® + I, x€Q,
a+p
(1.7) A 26 a|qy|B—2
—Av = u|%lv v+ pv, €,
=l ol 2o+
u=uv=0, x € 09,

on a non-contractible domain. He pointed out that when A, u were sufficiently
small, (1.7) had at least one solution.
Let be a bounded domain in RY with N > 3 satisfying

(i) Bio(0)\ B,(0) C 2,

(if) By(0) £ 2,
and p is sufficiently small. In [24], He and Yang investigated the existence of
positive solutions for the following system of elliptic equations

“Au=-L lulP~2ulv]?, z € Q,
+4q
(1.8) —Ap=_1 lulPlv]1™%v, € Q,
pP+q
u=v=0, x € 0,
as well as
p _
—Au = ——ulP2u|? +ef(x), x€,
L juufofo + <
(1.9) —Av =L juplp)v + ¢
- g(l’), S Qa
pP+q

u=v=0, x € 01,

where p > 1, ¢ > 1 satisfying p+¢q = 2%, 2* denotes the critical Sobolev exponent.
f,g € CHQ), f #£0, g # 0. In [23], Han proved that when ¢ > 0 was small
enough, (1.9) had two solutions.

When p = 2 in (1.1), we observe that there exists an extensive bibliography
in the study of elliptic systems on bounded domains (see [12], [13], [15], [16],
[25], [27], [31] and references therein). In the case of gradient systems in the
whole RY | in [11] Costa proved the existence of a nonzero solution for

—Au+ a(z)u = F,(x,u,v), xRN,
—Av +b(z)v = Fy(z,u,v), x€RY,

under the coercivity of the potentials a(z) and b(z), and a nonquadratic con-
dition on the nonlinearity. A related result for noncoercive potentials is proved
in [17] (see also [29] for the superlinear case). We should also mention [4], [28]
where some existence results of positive solutions for weakly coupled system are
established. We would like to emphasize that, instead of the aforementioned
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works, the coupling in our system (1.1) when p = 2 allows us to consider po-
tentials which are not bounded from below by positive constants. We may have
one of the potentials going to zero as |x| — oo provided the other one goes to
infinity at an appropriated rate.
The theory of gradient systems has also been considered in the framework
p-Lapacians
Apu = div(|VulP~?Vu), p> 1.

For quasilinear elliptic systems, L. Baccardo and D.G. de Figueiredo in [9] studied
the following system

—Apu = Fy(z,u,v), =€,
—Ay = Fy(z,u,v), =€,

where p and ¢ are real numbers larger than 1,  is some bounded domain in RY,
u and v are real-valued functions defined in 2 and belonging to appropriate
spaces of functions and F' (sometimes referred as a potential) is a real-valued
differentiable function with domain € x R x R. They obtained nontrivial solu-
tions in W, *(€) x Wy'?(€2) under the coercivity of F' and some other technical
conditions.

When p = 2, for the scalar case, in [6]-[8] it is considered the potential
ex(x) = Ae(x) + 1 with ¢ being such that the set {x € RV : ¢(z) < My} has finite
Lebesgue measure, for some My > 0. In [8], Bartsch and Wang considered the
Lusternik—Schnirelmann category of some set related with the limit problem.

Recently in [19], Furtado, Silva and Xavier studied the existence and multi-
plicity of solutions for the system when the parameter A is sufficiently large,

—Au+ da(x)u = P lulP~2ulv]?, € RN,
p+q

(1.10) —Av+ Ab(z)v = —L—julP|p|t20, xRV,
p+q

u,v € DV2(RN),

where N > 3, A > 0 is a parameter, 2 < p+ ¢ < 2* := 2N /(N —2). a(r) and
b(x) satisfy (H;) and (Hy). They also studied the asymptotic behavior of these
solutions when A — oco. In this paper, we are mainly motivated by [19]. We want
to extend the results of (1.10) to (1.1).

In order to state our main results later, we introduce the spaces:

X, = {u € D'P(RY) /RN a(x)|ul? dz < oo}

and

Xp = {u € D'"P(RV): /]R b(x)|ul? dr < oo}.

N
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For any given A > 0, we consider the Banach space X := X, x X} endowed with
the norm

|(w, v)||} = /RN (|Vu|p + |Vl + Aa(z)|ul? + )\b(x)|v|p) dz.

Observe that || - [|o is the usual norm of the space D'P(RY) x DVP(RYN).
The corresponding energy functional I : X — R for (1.1) is given by

1
al, .18
u|*|” dx, (u,v) € X.

By (H;) and (Hs), the functional I is well defined and of class C*.
Our main results are as follows:

1
L v) =2 I, )I1X —

THEOREM 1.1. Let (H;)—(Hz) hold. Then there exists A > 0 such that, for all
A > A, the system (1.1) possesses a positive ground state solution zy. Moreover,
if (An) C R is such that A, — 00 and (zy,) s a sequence of positive ground state
solutions of (1.1) with X\ = X\, then (zx,) converges in DVP(RY) x DLP(RY)
along a subsequence to a positive ground state solution of (1.3).

A solution z = (u,v) of (1.1) is called a ground state solution if it a solu-
tion with the least energy of the functional I. Applying the symmetry of our
problem, we obtain multiple solutions for large values of .

THEOREM 1.2. Let (Hy)—(Hsg) hold. Then, for any given m € N, there exists
A > 0 such that, for each A > A,,, the system (1.1) possesses at least m pairs
of nonzero solutions.

Furthermore, we obtain the following concentration result.

THEOREM 1.3. Let (A\,) C R be such that A\, — 0o and (zy,) be a sequence
of solutions of (1.1) with A\ = X\, such that lirginf I, (2r,) < co. Then (zy,)

converges in DVP(RN) x DYP(RY) along a subsequence to a solution of (1.3).

The results presented in this article are motivated by that obtained in [19].
Theorems 1.1 to 1.3 extend the results in [19]. To the best knowledge of us,
the results we obtain are new. However, in order to obtain our results, we
have to overcome some difficulties. Firstly, since p-Laplacian is quasilinear, we
have to use some different techniques to prove that the sequence of solutions
of (1.1) converges in DV?(RY) x DVP(RY) along a subsequence to a solution
of (1.3). Lemma 3.1 is very crucial in the whole proof. Secondly, preliminaries
in Section 2 are very technical which are more complicated than [19]. We apply
the symmetry of the nonlinearity to obtain the existence of multiple solutions
as in [19]. We would like to point out that the coupling in our systems (1.3)
allows us to consider potentials which are not bounded from below by positive
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constants. We may have one of the potentials going to zero as |z| — co provided
the other one goes to infinity at an appropriated rate.

Before ending this section, we give some notations. Bpg denotes the open
ball in RY of radius R and center at the origin. For any given set K, we set
K¢ := RN\ K and we use |K| for the Lebesgue of K whenever this set is
measurable. C§°(K) denotes the set of all functions u: K — R of class C* with
compact support contained in the open set K C RN, If u € L¥(K), s > 1, we
set uy := max{u,0},u_ := max{—u,0} and write ||ul|zs(x) for L®-norm of w.
We write [, u instead of [, udz. We also omit the set K whenever K = RY.
Finally, we use the symbols ¢;(i € N),C' and C to represent positive constants.
Uy, — u in X denotes that u, converges strongly to v in X and u,, — w in X
denotes that wu,, converges weakly to v in X.

The paper is organized as follows. In Section 2 we give some preliminary
results which will be useful in our paper. We also study the behavior of the
Palais—Smale sequences when A goes to infinity. In Section 3 we prove Theo-
rem 1.1. We give the proofs of Theorem 1.2 and 1.3 in Section 4.

2. Some preliminaries
In this section we give some preliminaries for the proof of Theorem 1.1.

LEMMA 2.1. For any given measurable set K C RN there exists a constant
C > 0 such that

. v
e < o5 (f ) o ) €
K K

where r = p*/(p* — (a+ B) +p) > 1 and t € (0,1) satisfies r = p*t/p+ (1 —t)
andy = (1—1)/r.

PROOF. Since r = p*/(p* — (o + ) + p), we have
—p/2 -p/2 1
apR BopR 1y
p p r
By Hoélder inequality and the imbedding D*?(RY) < LP" (RY), we have

(2.1) / o = / |2 P2 P/
K K

N\ (e=p/2)/p” N\ (B=p/2)/p" 1/r
< (1) ([ ([ o)
K K K

1/r
scl||<u,v>||3+ﬁ‘p( / |uv|rp/2) .

Noting that 1 < r < p*/p, there exists t € (0, 1) such that

*

p
r="—t+(1-1t).
’ (1—1)
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By Holder inequality and the imbedding D*?(RY) < LP" (R") again, we have

(2.2) /|uv|”’/2:/ luv|P" /2 |up|A=OP/2
K K

|
t 1—t
< ( [t /2) ( / |uv|P/2>
K K
p* p* t 1—¢t
S (/ |’LL +|’U ) (/ |UUp/2)
K 2 K
. 1—t
s@n(u,v)ngt( / |uvp/2) .
K

Combining (2.1) and (2.2), we can complete the proof of the lemma. O

LEMMA 2.2. There exists a constant C' > 0 such that
/|u|0‘|v\5 < 5||(u7v)||?+*8 for all (u,v) € X.
PRrROOF. It follows from Lemma 2.1 that
N L e G IO R

We recall that the set F' given in (Hs) has finite measure and a(z)b(z) > My
in F¢. By Holder’s inequality, we have

(2.4) /\uv|p/2:/ |uv|p/2+/ lu|P/?
F FC
N\ p/2p" N\ p/2p" X
<( L) (L) e
F F

b al) ulP’2/b(x) |v|P/?
e [ Va@hp i

< Cyll(u, ) 5 + \/;7( /. a(x)|u|p)”2( [ b(x)vl,,)w

< Call(u, v)If-

By (2.3) and (2.4), we have
/ Jul*[o]® < Cl(u, o) [[§ 7 (Co (0 2) O

< CH(U,U)||?+ﬂ7p+p(p*t/p+(17t))/r — C”( a+f

uvv)Hl ’

where we have used that r = p*t/p+ (1 — t). O

Since we are interested in positive solutions of (1.1), we will work with a func-
tional slightly different from that defined in the introduction. Precisely, we con-
sider ®: X — R defined by

Ba(u0) = 2w 0)f — g [ @) ) (wo) € X.
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It follows from Lemma 2.2 that ®) is well defined. Further, applying Lemma 2.2
and (Hy), we can verify that ®, € C'(X,R) for any A > 0.

Let E be a Banach space and I € C'(E,R). First we recall that (z,) C E
is a Palais—Smale sequence at level ¢ ((PS). sequence for short) if I(z,) — ¢
and I'(z,) — 0. I satisfies (PS). if any (PS). sequence possesses a convergent
subsequence.

LEMMA 2.3. Let A > 1 and (z,) C X be a (PS). sequence for ®,.
(a) (zn) is bounded in X;

() i =l = i [ (-t
im_[|zp[y = lim U ) vn =c ;
poa+p

(c) if ¢ £ 0, then ¢ > 9 > 0 for some 7o independent of .

PROOF. Since (z,) C X is a (PS). sequence for @, we have

25 (5= a5 InlE = ) — g PG = e oDl

as n — oo and hence (a) holds.
Meanwhile, as n — oo, we get

1 1 1
(5= oo lnlll = 0a(e) = 5 B = -4 oDl
1 1 1
=®)(2,) — 5@3(%)% = (p — 04"‘5) /(un)'j_(vn)i,

which implies that (b) holds.
By Lemma 2.2, for any A > 1 we have

a ~ « 1
)\ (2)z = [I2]5 — /(u+) (v4)? > 2[5 = Cll=l3*7 > ];||Z||§7

where 2]y < ((p = 1)/ (pC))" 777 = ¥,
Suppose that ¢ < 6(1/p —1/(a+ 5)). By (b), there exists ng € N such that
znllx < /8 for any n > ng. Therefore,

Lzl < @4 (z)zn < o(W)zalln a5 .m0

and we infer that z, — 0 in X. Hence ®5(z,) — 0 = ¢ it follows that (c) holds
for 4o =: 6(1/p —1/(a + f)). =

LEMMA 2.4. Given € > 0 and Cy > 0, there exist A = A(e,Cp) > 0 and
R. = R(e, Cy) such that if ((un,vy)) C X is a (PS).-sequence for @ with ¢ < Cy
and \ > A, then

n—oo

limsup/ (un)i(vn)ﬁ <e.
B¢
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PRrROOF. Observing that || - |lo < || - ||, by Lemma 2.1 and Lemma 2.3 (a) we
have

i
eo [ (un>i<vn>igc( / |unvn|p/2), for any B> 0.
B¢ B¢

R
Then by Yong and Hélder’s inequalities, the imbedding DV?(RN) «— LP"(RN)
and Lemma 2.3 (a), we get

1
en [ el <5 [ (e )
BENF BSNF

1
< SIBROFPN (Jlunll7,e + [enlly,-) < CIBE O FPY.

On the other hand, since ((u,,v,)) is bounded and a(x)b(x) > My in B N FC,
we have

1
(2.8) / (P2 < AG(@) [t [P/ N [0 P2
BENFC AVMo Jpgnke

1
< p p
< SN /B L TS CIRE

It follows from (2.6)—(2.8) that

N
(2.9) / [unvn|[P/? < C’<C’|BI%v N F|p/N + C> .
BY

< ¢
X

A

Since F' has finite Lebesgue measure, we have that |Bg N F’ — 0 as R — oo.
Hence for R and X sufficiently large, the right-hand of (2.8) is small. O

LEMMA 2.5. There exist 0,p > 0 and zg € X, all of them independent of A
such that

(2) ®x(2) > 6 for |12l = p.
(b) ®x(20) < 1 (0) =0 and ||20] > p-

PRrOOF. It follows from Lemma 2.2 that

1 1 1 1
@z:fzpfi/u )P > 2|28 oth > g,
A(2) p””)\ ot B (uy)®(vg)” = ””A H|| 5

whenever ||z = p:= ((« +ﬂ)/(2pC))1/ (at+h—p)

However, if ¢ € C5°(Qq N Q) \ {0} we have a(x)p = b(x)p = 0 on RV,
Therefore,
to+8
tlim D (t(p, ) = hm ( /\ ((p+)a+ﬂ) = —00
bade el

uniformly on A. It is sufficient to set zg := to(cp,cp) with to > 0 sufficiently
large. O
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REMARK 2.6. Let zg be given by Lemma 2.5. For each A > 0, we may define
the mountain pass level of @ as

e := Inf, max 3(v(1)),

where I' := {vy € C([0,1], X), v(0) = 0, ¥(1) = z0}. For future reference we
observe that

(2.10) 0 <6 <cy <& := max Py(tzg).
tel0,1]

3. Least energy solutions
In this section, we mainly want to prove Theorem 1.1.

LEMMA 3.1. If {z,} = {(un,vn)} is a (PS). sequence of I, then {Vuy,} and
{Vu,} has subsequences which converge to {Vu} and {Vv} respectively almost
everywhere for some (u,v) € X in RV,

PROOF. Assume that {z,} = {(un,vn)} C X is a (PS). sequence of I,.
Then

(3.1) In(zn) — ¢ and (I\(2y),2n) — 0.

Since {z,} is bounded in X, there exists a z = (u,v) € X such that

(3.2) (Un,vn) — (u,v) in X,

(3.3) (tn,vn) = (u,v) a.e. in RY,

(3.4) (Un,vn) — (u,v) strong in L (RYN) x LI (RN), r € [p,p*).

For each R > 0, fix  be a C* function satisfying n = 1 in Bg(0) and n =0 in
RN\ Byr(0). By (3.1) and (3.2), we get (I} (zn) — I5(2),m(2n — 2)) — 0, i.e.

(3.5) o(1) = (I3 (zn) — I5(2),n(2zn — 2))
_ { / IVt P2Vt (V1 — ) + 0V (1, — )
* / ‘vvn|p_2v”n(vn(vn =) +nV(v, —v))

+ [ alalunl? e, = )+ X(@) o0 P00 0~ )

«@ _
— [l e, = e

- 2 oo, - 0}

_ { / VP2V (Vi(up — 1) + 1V (un — )

+ / VP2V oV, — v) + 1V (v, — v))
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+ / (Aa(@)|uP~?un(u, — u) + Ab(z) |[v]P~2on (v, — v))

«

a—2 B
u un(u, — u)lv
Oé-l-ﬁ/‘ | n( )|l

=0 [l (e, -0}

By (3.3), the boundedness of {z,} and Holder’s inequality, we can prove

(3.6)  lim [ a(@)n(funlP~*un — Jul""?u) (un — )

= lim b(x)n(|vn|p*2vn - |v|p*2v)(vn —v) =0,
n— oo

n—oo

(3.7) lim /|Vun\p72VunV77(un —u) = ILm /|an|p72VUnV77(vn —v)=0

and

(3.8)  lim /|Vu|p_2VuV77(un —u) = lim /\Vv|p_2VvVn(vn —v)=0.

n—oo n—oQ

By (3.2), we have

(39)  lim /77|Vu|p_2VuV(un —u) = lim /77|Vv|p_2VvV(vn —v) =0.

By (3.3), (3.4) and Lebesgue Theorem, we have

(3.10) nlgngo/n|un|“72un(un —u)|vn|? = nan;o/n\un|a\vn|ﬁ72v,L(vn —v)=0

and

(3.11) lim /n\u|o‘_2u(un —u)|v|? = lim /n|u|a\v\5_2v(vn —v) =0.
n—oo n—oo

Hence, from (3.5) to (3.10), we get

(3.12) li_>m /UUVunV’—QVun(Vun = Vu) + [V, [P*Vu, (Vuv, — V)] = 0.

It follows from (3.9) and (3.12) that

nll)rr;o n[(Vun [P~*Vu, — [VulP~*Vu)(Vu, — Vu)
+ (VP 2V, — |Vu[P~2V0)(Vy, — Vv)] = 0.
By Lemma 2.2 in [1], we have
(" — [yP?y, 2 —y) > |z —yl’, forp>2, z,y eRY,

Hence, we have

lim [ n(|Vu, — Vul’ + [Vv, — Vu|[?) = 0.

n—o0
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Therefore, we get
lim (IVuyn — VulP + |Vo, — Vo|?) =0,
i.e.
Vu, - Vu in LP(Bgr(0)) and Vu, — Vu in LP(Bg(0)).
Hence up to subsequences, there exists a (u,v) € X such that
(Vtin, Vo) — (Vu, Vv)  ae. in RY. O

We are now in position to prove Theorem 1.1.

PrOOF OF THEOREM 1.1. Let € > 0 to be chosen later, Cy. = & given
in (2.10) and consider Lambda,., R. provided in Lemma 2.4. By Remark 2.6, for
any fixed A > A., there exists a sequence (z,) C X such that

Dy\(z,) > cx>6 and P\(z,) — 0.

It follows from Lemma 2.3 (a) that (z,) is bounded. Then, up to a subsequence,
we have that z, — z) := (uy,v)) weakly in X.
We shall prove that ®(z)) = 0. Let ¢ € C§°(RY) and denote by K be the
support of ¢. By the compact embedding D'?(RY) — Lﬁ‘)tﬁ_l(RN), we have
(U, vn) = (ur,vy) in LoMA7(K) x LoPP~Y(K),
(3.13) (Un,vn) = (ux,v)) a.e. in K,
tn|, [vn] < hi(x) € LAMP~HK) ae. in K.
Therefore, almost everywhere in K,

(3.14) ()5 ()T 0] < fun|* M onl?|g] < BT @] € LN (K).

By (3.14) and the Lebesgue Dominated Convergence Theorem, we have

(315)  lim [ () (0a) 10 = /(m)i‘l(w)‘iaﬁ, for all ¢ € C5°(RY).
Similarly, we get

(3.16)  lim (un)i(vn)i_lw:/(uA)i(v,\)i_lzﬂ, for all ¥ € C2°(RY).

n—roo

(RN) x L?

IOC(RN ), it follows from

On one hand, as (up,v,) is bounded in L
a result due to Brezis and Lieb (see [10]),

(3.17) )\/a(m)|un|p_2ung0 — )\/a(x)|u)\|p_2u>\g0, for p € Cg°(RY),

(3.18) A / b(@) o]~ 2ont> — A / b(@)|oa [P 2uath,  for € CEO(RN).
Similar to the proof of Lemma 3.1, we can prove

Vu, = Vuy in LP(suppy) and Vo, — Vo, in LP(supp ).
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Therefore, we have

(3.19) /|Vun\P—2vunw —>/|Vu>\|p_2Vu)\V<p for ¢ € C5°(RY),

(3.20) /|wn|p—2vunvw —>/|Vm|p—2vmw} for ¢ € Cg°(RY).
As a result, for each (p,1) € C(RN) x C§°(RY), there holds

0= lim I{(z)(0. ) = (22) (0. 0).

Therefore zy is a critical point of ®y.
Suppose that zy = 0. Since uy,, v, — 0 in L?(Bp_), we may use Lemma 2.1
the boundedness of z, in X and Young’s inequality, to get

(3.21) [, wsont < o[ RE<|un||vn|>’5)7

vy
(322 <o [ P tiar) o
R,

€

as n — oo. It follows from Lemma 2.3 (b) and Lemma 2.4 that, for A > A,

cA(l— : )_an (un)$ (vn)]

p o+ 5 n—o00
- lim (/BR ()2 ()" +/1ng (un)i(vn)i) <e.

If we choose € > 0 sufficiently small, then we conclude that c¢) = 0, contradicting
¢x > 0. This shows that z) Z 0.
By Fatou’s Lemma, we get

or= tim (o) = G ) = tin (5= ) )’
> (; - aiﬁ) [ )7 = 1) > e

which implies that I)(z)) = cx. Hence, z) is a ground state solution.

Since I (22)((un)—s (v2) ) = [[((un)—, (v3) )|} = 0, we have that vy > 0
in RY. Furthermore, by the Vasquez Maximum Principle (see [34]) for the p-
Laplacian equation in each equation of (1.1) we conclude that uy, vy > 0 in RY.
This proves the first part of Theorem 1.1.

Now we consider the concentration behavior of the solutions. Suppose that
(An) C R is such that A\, — oo and let z), = (ux,,vx,) be the associated
solution of (1.1) with A = A, such that I, (z),) = c,. In what follows, we
write only z,,u, and v, to denote zy,,u, and vy, , respectively.

By (2.10), we have

1 1
(3.29 (3= 5 Il = Bl =, < 6o
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Thus, up to a subsequence, we have that z, — z = (@, ) weakly in DVP(RY) x
DYP(RY) and z,(z) — Z(x) almost everywhere in RY. Given ¢ € C§°(Qy),
recalling that a = 0 in Q, and using (¢, 0) as a test function, we get

(3.24) /|Vun\p_2 Vu,Vo = OZL‘MB /(un)i_l(vn)i%

Since ¢ has compact support, we may take the limit in (3.24) and argue as in
the proof (3.15) to get

(3.25)

Va2 Va Ve =
Qa U a+p Ja,ua,

Similarly, for all » € C§° (), we have

@3 (@), forall p € CF(Q).

(3.26) / VTP 2 Vo Vi = B @)% @) .
Q,UQ, a+ B Ja,ue,
We claim that @ = 0 in Q. In order to see this, we take j € N, denote
1
Cj:= {x € B;(0), a(z) > j}

and, by (3.24),
ped Py,
0< lun|” < ~— Ana(z)|upl? < —llzally, — 0,
Cy An C; An "
as n — oo. Noting that C; is bounded and u,, — % in L} (RY), we conclude
that [, [u[’ dz =0 for all j € N. Thus % = 0 almost everywhere in Q' = |J Cj.
J j=1

Recalling that Q, has smooth boundary, we infer that w € WO1 P(Q,). Similarly,

v € Wol’p(Qb). Thus @, T is a solution of the limiting problem (1.3).
In order to check that Z # 0, we define

m = zlél{/ J(2),

where J: Wy (Q,) x Wy (%) — R is given by
Tuwyi= [ (Va9 - s [ )
P Ja,u0, a+ 0 Ja,ue,

and A is the Nahari manifold of J, namely
N = {(u,v) € Wy P(Qq) x W5 () ¢ (u,v) # (0,0),J' (u, v)(u,0) = 0}.

Since WP () x W P() can be viewed as a subspace of X, we have that
cx < m, for all \. On the other hand,

+o

(327) m>cy, =1y, (2n) — %I’Aﬂ(zn)zn = (]1) - j_ 5) /(un)i(vn) :
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Taking n — oo, applying Fatou’s lemma and J'(u,7) = 0 we obtain

(328) m> lim (1— L )/(un)i(vn)ﬁ

n—oo \ p C¥+5
1 1 ar B 1

Hence J(u,v) = m and therefore Z # 0 is a ground state solution of (1.3). By
(3.26) and (3.27) we obtain ||(w_,7_)||o = 0. Thus, @,7 > 0 and a Harnack-type
inequality given by Serrin (Theorem 5 in [30]) together with (3.26) and (3.27)
implies that @ > 0 in Q, and 7 > 0 in €.

In order to complete the proof, by Lemma 3.1 and Brezis—Lieb lemma, the
fact that z, is a solution of (1.1) with A = X, (3.28) and (@,v) € N, we get

2w — 21
=/ (|V(un —)|P + |V(v, —0)P + Apa(@)|un — P + Apb(2)|v, — E|p)
_ / (Vunl? + [Voul? + Ana(@)unl? + Aub(a)|vnl?)
- [ (e + 9) + ot
= [ @)~ [ (9P + 7o) + o)
= [@3@2 — [ (7aP +190) +o1) = of0),

as n — oc. Since || - |lo < || - ||, it follows that z, — Z in DVP(RN) x DLP(RN).
This finishes the proof of Theorem 1.1. U

4. Multiplicity of bound state solutions

In this section, we mainly prove Theorems 1.2 and 1.3. Since we are not
concerned the sign of solutions, we redefine the functional Iy given by

1 1
Do) = ol - g [Tl (o) e x

As in Section 2, the functional is of class C'! and its critical points are the weak
solutions of (1.1). For future reference, first we give the following inequalities:

@y [l el el

Br

(1—t)/r
a— - 2— *
< Cllullg ) 101 e gy 1 (22 9)ll ™" ”’“( /B i wp/?)
R
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and

@2 [ leol’ < Clle.w)BS 0 PP
R

for any R > 0 and (u,v), (p,9) € X. Here r > 1,t € (0,1) and v > 0 are given
by Lemma 2.1. In fact, we have

,/ ] o5 oy
B¢

3 (a—1)/p"
s(/ mp) (/ v
B¢ B¢

R R

1/6
S e O B
R

51 < (2—p)/p"+t/r , (1—t)/r
<l gy 915 g ([ towl ) ([ tovr)
R R

(2—p)/(2p")+t/(2r)
<llg g Vol ([ 1)
R

2\ (2=p)/(@2p7)+t/(2r) , (1—t)/r
-(/ ww) (/ ww”)
Bg Bg

(1-t)/r
2— T
<Clllg gy 1 gy I I ([ lowp2)

where

N B/ N
p) (/ ww)
BC

R

*

p

_ P _(2-p Pt _p(l—1)
Cpr—(a+B-2) 91_( 2 +2 >9’ b2 = 2r 0.

Meanwhile, we get

L\ P/ (2p7) L\ P/(2p7) 1—p/p*
Lo ([ ) ([ we) g
BS BENF BENF

+ 57 Lo VAR

<Cll(¢,w)|I5| BG n F[”'N

In order to obtain multiple critical points for I we shall use the following
version of the Symmetric Mountain Pass Theorem [5] (see also [32, Theorem 2.1]).
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PROPOSITION 4.1. Let E be a real Banach space and W C E be a finite
dimensional subspace. Suppose that I € C1(E,R) is an even functional satisfying
I1(0) =0 and

(a) there exists a constant p > 0 such that I|sp,(0) > 0;

(b) there exists M > 0 such that sup I(z) < M.
zeW

If I satisfies (PS). for any 0 < ¢ < M, then I possesses at least dimW pairs of
nontrivial critical points.

Now we give a similar Brezis-Lieb type lemma (see [10]).

LEMMA 4.2. Let ((un,vy)) C X be such that (un,v,) = (u,v) weakly in X.

Then
i a B _ _yle _olB) = a8
Jim [ (ol = fun = af*lon — 01%) = [ Jullol”.
PRrROOF. By (4.1) and (4.2), we can finish the proof by the same argument

of Lemma 4.2 in [19]. Here we omit its proof.

LEMMA 4.3. Let z, = ((un,vy)) C X be a (PS). sequence for Ix. Then, up
to a subsequence, z, — z := (u,v) weakly in X, where z is a critical point of I.
Furthermore, z, := zp, — z is a (PS)y sequence for Iy, with ¢ = ¢ — I\(2).

PROOF. Since z, is bounded in X, up to a subsequence, z, — z := (u,v)
weakly in X. Arguing as in the proof of Theorem 1.1 we can show that I} (z) = 0.
By Lemma 3.1, Brezis—Lieb Lemma and Lemma 4.2, we have

I(zn — 2)

:/ (IV(un — WP + V(v — )P + Aa(@)|un, — ul’ 4+ Xb(z)|v, — v[P)

1
- / |t — u|®|v, —v|?
a+p

1
— P p P P\ _ a B
/(Ivunl + [Voul? + Aa(@) [un P + Ab()[vn|?) (Hﬁ/lun\ |vn|

= [ (9 + 190l + Aa@ul? + 300 lo) + 5 [ Tallol® + o)

=I\(zn) — In(2) + 0(1) = ¢ — I\(2) + o(1),

as n — oQ.
It remains to show that I} (z, —2) — 0. First, for any given (¢,7) € X such
that ||(¢, )|l < 1, we have

Iy(zn = 2)(0,)

— B d) - B@w) - = [ e = Lo

+ / (19 (ttn — )2 (un — 1) — [Vatn [P~V + [VulP V) Vo
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+ / (IV (v — v)|P 2V (v, — v) — [V, [P2 Vo, + [Vo|P~2Vo) Vi
+ )\/a(x)(|un —ulP 2 (uy — u) — |un|P 2, + \u|p_2u)cp

- )\/b(x)(lvn — 0[P (0, — v) = [on ]P0, + \v|p_2v)z/}7

where
fu(2) = |un — u|a_2(un —u)|vn — U|ﬂ - |un|a_2un|vn|ﬂ + |u|a—2u‘v|6’
gn () = |un — u|*v, — U|B72(’Un —v) — |un|a|vn‘572vn + |u|a|v|ﬂizv~

By Lemma 3.1 and Lemma 3.2 in [1], we can check that

(p—1)/p
</vanwwsznm|v%w2v%lwvmp2vw”@1)

= 0n(1)7

(p—1)/p
(/ IV (0 — 0)[P~2V (v, — v) — |V, [PV, + |W|P—2wyp/<p‘”>

= o,(1),
/ )12t — )P (1 — 10) — ot P2 + [P ~2u]P P70 = 0, (1),
JH@ 10 = P20 = 0) = oo+ o207 = o, 1),

Therefore, we get

I\(zn = 2) (0, %) = I\ (2n) (0, ) — I (2) (0, ))

_aiﬁ/fnw—%/gnwmnu).

Since I} (z,) — 0 and I} (z) = 0, it is sufficient to show that
(4.3) lim sup /|fn||<p| =0= lim sup /|gn||1p|
O o] x, <1 0 | x, <1

where we are denoting

lell, = /(\WI” +Aa(@)lel), Yl = /(\WJI” +Ab(@)[9[").

Since we can prove that (4.3) is true by the same argument of (4.12) in Lemma 4.3
in [19], we omit the detailed proof. O

The following result is a local compactness property for the functional I.

LEMMA 4.4. For any given Cy there exists A = Ao, B, Co) > 0 such that Iy
satisfies (PS). for any ¢ < Co and A > A.
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PROOF. Let 7g be given by Lemma 2.3 (c) and fix € > 0 such that

<%<1_ 1 >1
p\p a+p

Fixing Cy > 0, let A; and R. be given by Lemma 2.4. We will prove that
the this lemma holds for A := A.. Let (z,) = ((un,vn)) C X be a (PS).
sequence for I, with ¢ < Cy and A > A. By Lemma 4.3, we may suppose that

(Up,vp) — 2z := (u,v) weakly in X and 2, := (u,, —u, v, —v) is a (PS) sequence
for Iy, with ¢/ = ¢ — I\(z). We claim that ¢/ = 0. If this is true, it follows from
Lemma 2.3 (b) that

—1
~ 1 2
lim ||z} = c'( — ) =0,
n— oo P a+p
that is z,, — z in X.
Suppose, by contradiction, that ¢’ # 0. Lemma 2.3 (c¢) implies that ¢/ >~ > 0.

Since Uy, Up, — 0 in LP(Bg,), we may use Lemma 2.3 (b), Lemma 2.4, the same
calculation of (3.21) and the choice of € > 0 to get

1 1\ ! 1 1\ ! o
Yo < — ) < C'< — ) = lim /|un|a|vn|5
p a+f p a+f n—o0
< lim (/ \ﬂn|‘“\’ﬁn|ﬁ+/ Iﬂnlalﬂnﬁ)
n—o0 Br BC

Lg Re

-1
§s§%<1— ! ) :
p\p a+p

which contradicts vy > 0. O

Now we are in ready to prove Theorems 1.2 and 1.3.

PROOF OF THEOREM 1.2. Take a bounded open smooth set Q C Q, N Q.
Given m € N we set H := span{(¢1,¢1),...,(dm, dm)}, where ¢; is an eigen-
function corresponding to the i-th eigenvalue of (—A,, W, ?(Q)) (see [27]). For

each i = 1,...,m, we have that
2P tot+h
; b)) = T P _ JatB ) —
tliglol)\(t(¢u¢z)) th_gl@( ) /|v¢z‘ a+ﬂ/|¢z‘ ) o,

uniformly on A. Since dim(H) < oo , we obtain M,, > 0 independent of A > 0,
such that

sup Ix(z) < My,.
z€H

Meanwhile, as in the proof of Lemma 2.5, we may obtain p > 0, independent of
A > 0, such that

In(z) >0 for any ||z|lx = p-
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By Lemma 4.4 there exists A,, > 0 such that I satisfies (PS). for any ¢ < M,,
and A > A,,. Therefore, for any fixed A > A,, we may apply Theorem 1.1 to get
m pairs of nontrivial solutions. O

ProoF oF THEOREM 1.3. Noting that

1 1 1
S 208 =10 (za) — ——= 1 (2 )z, =1 (20)),
(p a+ﬂ)|| A, = D (20,) o L)z, = I, (2a,)

since liminf Iy (zy,) < oo we may assume, up to a subsequence, that (zy,) is
n— oo

bounded. Thus, up to a subsequence, we have that
2\, — Z:= (w,7) weakly in D"?(RY) x DYP(RY),

(4.4) (tn,vn) — (@, T) strongly in L2 (RN) x LQC(RN),
(Un,’l)n) — (ﬂ, 5) a.e. in RN.

Given € > 0 we can argue as in the proof of Lemma 2.4 to conclude that, for
some R > 0 large, there holds

limsup/ |t |*|vn|? < e.
n—o0 J(Br(0)¢

By taking R larger if necessary, we may suppose that

/ u*Jol? < .
(Br(0))¢

Meanwhile, (4.4) and the Lebesgue Dominated Convergence Theorem imply that

/ im0 — / ful® o]
(Br(0))“ (Br(0))“

as n — o0o. Noting that

[l = )| < [ el
(Br(0))°

L ] [ Gttt ~ o)
(Br(0))c BRr(0)

which implies that

lim sup ‘ / (|un|a|yn‘5 _ |u|av|5)‘ <2

n—oo

i [ funf*fenl? = [ falfol”
n— oo

Hence, we can argue as in the end of the proof of Theorem 1.1 to conclude that

and therefore

< |lza, — Z|[», — 0 as n — oo. Therefore, 2\, — Z strongly in
DLP(RY) x DMP(RY) and the theorem is proved. O

2, = Zllo <
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