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BLOW-UP SOLUTIONS
FOR A p-LAPLACIAN ELLIPTIC EQUATION
OF LOGISTIC TYPE WITH SINGULAR NONLINEARITY
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ABSTRACT. In this paper, we deal with existence, uniqueness and exact
rate of boundary behavior of blow-up solutions is for a class of logistic
type quasilinear problems in a smooth bounded domain involving the p-
Laplacian operator, where the nonlinearity can have a singular behavior.
In the proof of the existence of solution, we have used the sub and super
solution method in conjunction with variational techniques and comparison
principles. Related to the rate on boundary and uniqueness, we combine
comparison principle with our result of existence of solution.

1. Introduction

In this paper, we consider existence, uniqueness and exact rate of bound-
ary behavior of blow-up (large or explosive) solutions for the following class of

quasilinear problem of logistic type
—Apu = da(2)g(u) — bw) f(u) n O
(P)x u>0 in ©,
U = 400 on 01},
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where Q € RY is a bounded domain with smooth boundary, A > 0 is a real pa-
rameter, A, stands for the p-Laplacian operator given by A,u=div(|Vu[P~2Vu),
1 <p< 400, a,b: Q — R are appropriate functions with b = 0, a can change
the signal and f: [0,400) — [0,+00), g: (0,+00) — [0,400) are continuous
functions satisfying some technical conditions, which will be stated later on. We
point out that the case A = 0 is well known and our principal interest lies in the
case when g is singular at 0, i.e. g(s) — 400 as s — 07.

We say that a function v € C’llo’g(Q), for some v € (0,1), is a solution of
problem (P),, if

u(z) — +oo  as d(z) := dist(z,9Q) — 0

/ |VuP~2VuVy = / [Aa(z)g(u) — b(x) f(u)]p, for all p € CF°(Q),
Q Q

where d(x) stands for the distance of a point € £ to IQ.

We have no intention to be too exhaustive in doing an overview of the context
of our work, but since this class of problems seems to be very wide we present
a number of works that motivated this paper even knowing that there are many
important papers out of our list. We begin with the work of Delgado, Lopez-
Goémez and Sudrez [2] from 2002 that showed existence of blow-up solution for
the problem

—Au = Mut/™ — b(x)uP/™  in Q,

u>0 in Q,

U = +00 on 09,
where A € R,1 < m < p and b(z) > 0. Motivated by that paper, in 2004, the
same authors studied in [3] the following problem

—Au = a(z)u? —b(z)f(u) in Q,
u>0 in €,
u = 400 on 0,
where 0 < ¢ < 1, a € L®(Q), 0 < b € C*(Q) for some p € (0,1) and f satisfies

some technical conditions, such as, f is an increasing continuous and verifies the
Keller-Osserman condition (with p = 2 see [11] and [17]), that is

(KO) /Oo F(t)™Y?dt < 0o where F(t / f(r

1
In 2006, the same class of problem was considered by Du [5], with ¢ = 1 and
f(u) = wP. In 2009, Feng in [7] showed that the problem

—Au = Ag(u) — b(z)f(u) in Q,

u>0 in €,

U = 400 on 0,
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admits a unique solution for A € R, 0 < b € C*(Q) for some u € (0,1) and f,g
being increasing continuous functions satisfying additional conditions.

As an exception to the previous works, in 2010, Wei in [20] studied the
problem (P), with negative exponents, more precisely, the singular problem

—Au=a(z)u=™ = b(z)uP in Q,
u>0 in €,
U = +00 on 0f,

where p > 1,m > 0 and a,b € C*(Q2) for some p € (0,1) with b being a positive
function.

Related to quasilinear problems, in 2012, Wei and Wang [21] worked with
the following quasilinear boundary problem

—Apu = a(z)u™ —b(z)u? in €,
u >0 in Q,
u = +00 on 0f,

where 0 <m <p—1<gq,a € L*°(Q) and b being a non-negative function.
One year later, in [1], Chen and Wang improved the results found in [21],
because they showed that the problem

Ay = a(@)g(u) - b(@) f(u) in €,
U = 400 on 012,

has a solution, by supposing that a € L>(), b € C*(Q) for some 0 < u < 1,
b(x) > 0, g is a nondecreasing and nonnegative continuous function with g(0) = 0
and f € C! is an increasing function with f(0) = 0 and f(s) > 0 for s > 0.
Moreover, f(s) grows more slowly than s? with ¢ > p—1 and ¢(s) does not grow
faster than sP~! at infinity.

Concerning the boundary behavior, in 2006, Ouyang and Xie [18] established
a blow-up rate of the large positive solutions of the problem

—Au = Au—b(||]x — x0||)u? in B,
u = +00 on 0B,

where B = Bpg(7o) stands for the ball centered at zo € RY with radius R,
b: [0, R] — (0,00) is a continuous function, ¢ > 1 and A € R. Under additional
conditions on b, they obtained a rate of boundary behavior accurate of the unique
solution for the above problem.
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In 2009, Feng [7] obtained the exact asymptotic behavior and uniqueness of
solution for the problem

—Au = Ag(u) — b(x) f(u) in Q,
u = 400 on 02,

where @ C RY is a smooth bounded domain, A € R, 0 < b € CH(Q) for
some 1 € (0,1), b = 0 on 9N and there exists an increasing positive function
h € CY(0,80) for some & > 0 verifying

. b(z) ) 1 " B
e i > g ([ ) =9

s [ 0] -0

Related to f and g, it was assumed that 0 < f,g € C([0,+c0)), f(0) = 0,

[ >0, f/(0) =0, f(s)/s, s > 0 increasing, f is RV, with ¢ > 1; g increasing

with liI(IJl+ g'(s) >0, g(s)/s, s > 0 in non-increasing and g belongs to RV, with
S5—r

and

0 < ¢ < 1. In that paper, an arbitrary function h: [s,,00) — (0,00), for some
509 > 0, belongs to class RV, for some ¢ € R, if

lim h(ts)/h(s) =t? forallt>0.

500
Still in 2009, Melidn [8] established an exact boundary behavior and uniqueness
for the problem

Apu = b(z)u? in Q,

u = 400 on 09,
where Q ¢ RY is a smooth bounded domain, ¢ > p — 1 > 0 with b satisfying

lim d(z)"@b(x) = Q(zo) for zo € IQ,

Tr—xo

for some v € C*(Q) with 0 < p < 1, y(z) < 0 and Q(z) > 0 for all x € .
In 2012, Li, Pang and Wang [13] also showed the boundary behavior and
uniqueness for the problem

—Apu = a(x)u™ —b(z)f(u) inQ,
u = +00 on 0,

where 2 C RY is a smooth bounded domain, 0 < m < p—1,0 < a € L>(Q),
f € CY(]0,00)) N RV,, for some ¢ > p—1, with f(0) =0 and f(s) > 0 for s > 0,
f(s)/sP7L, s > 0 increasing, b € C*(Q) for some 0 < p < 1 with b > 0, b(x) Z 0
inQ, Q= {z e Q| bx) =0} CQisanon-empty and connected set with
C?-boundary and some additional conditions on b.
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In the same year, Chen and Wang [1] proved the boundary behavior and
uniqueness of solution for the problem

—Apu = a(z)g(u) — b(x)f(u) inQ,
U = 400 on 012,

where Q C RY is a smooth bounded domain with N >2,p > 1,0 < a € L>®(Q),
g € C([0,00)) N RV, for some ¢ < p — 1 with g being nondecreasing, g(s)/s?~*,
s > 0 nonincreasing function satisfying ¢(0) = 0, f is such that f(0) = 0,
f(s) > 0 for s > 0 and f(s)/sP~!, s > 0 increasing, 0 < b € C*(Q) for some
0 < p <1 with b0 in  and more hypotheses on b, f and g.

Still in 2012, Xie and Zhao [19] established the uniqueness and the blow-up
rate of the large positive solution of the quasilinear elliptic problem

—Apu = AP~ —b(||z — z0])) f(v) in B,
u = +00o on 0B,

where N > 2, 2 < p < oo, A > 0 is a parameter and the weight function
b: [0,R] — (0,00) is a continuous function satisfying additional assumptions.
Moreover, f is a locally Lipschitz continuous function with f(s)/sP~! increasing
for s € (0,400) and f(s) ~ s? for large s > 0 with ¢ > p — 1.

Motivated principally by the above papers and their results, we will study
existence and uniqueness of blow-up solution and the exact boundary behavior
rate. To do that, we denote by

ag := essinf a, bo := essinf b
Q Q

and assume that f satisfies (KO) and the conditions:
L nf{f() /Pt > s}
(fo) 0 < lim inf F(s)/s7—1 < o0,

(f) () lim ;(fz <oo ifag >0,
S—

(i) lim L (s) _

s=too 5P~ 1B |oo

if ag < 0.

REMARK 1.1. It follows from (KO) that

) f(s
(f2) lim Sp(_z = 400
holds.

Associated with g: (0,400) — (0, +00), we assume that

(@) ()0 < tim 2

Our first result is the following.
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THEOREM 1.2. Assume a,b € L>®(Q2) with by > 0. If f satisfies (KO), (fo),
(f1) and (go), then there exist A\ € (0,+00] and a real number o, > 0 such
that the problem (P)x has a solution w = uy > o, for each 0 < A < A, given.
Moreover, A, = +00, if ag > 0.

Related to condition (fp), it is important to observe that:

o if f(s)/sP~1, s > 50 is nondecreasing, for some s, > 0, then the limit at
(fo) is equal to 1,
o if
ft) = U<f)1tp:: for0 <t <1,
tPte fort > 1,
where o > 0 is a continuous function satisfying o(1) = e~! and }g% o(t) =
0, then the limit at (fp) is null and f does not satisfy (KO). This example
shows the necessity of hypothesis (fy),
To state our second result, we need of more specifically assumptions on f
and g, namely:

t

(fl)/0<t_1§$1 %zfoo<+oof0rsomeq>p—1,
t

(go)’0§t11+m ?zgm<+ooforsomem§p—l,
—+o0 ™M

and concerning to the potentials a and b, we will suppose that they are continuous
and satisfy
(a) there exist Q € C(Q) and a v € CH(Q), for some 0 < p < 1, such that
lim d(z)"®@b(x) = Q(x¢), for each zy € IN
T—rT0o

with Q(z) > 0, z € 9Q and ~y(z) < 0 for all x € Uy, for some ¢ > 0,
(b) there exists R € C(Q) with R(z) > 0 on Us, for some § > 0, such that

1Lm d(z)"®a(x) = R(xg) for each zy € 9,
x o

where n(z) = (p =1 —m)(p—7(z))/(¢ —p+1) +pfor z € Qand Us :=
{r e Q]d(x) < d}.

Related to above notations, we have the following result.

THEOREM 1.3. Assume (f1)" and (go)’. Suppose that a,b € L{<.(Q) with
a > 0 almost everywhere in Us, (a) and (b) hold true for some 6 > 0. If
u € CY(Q) is a positive solution of (P)x, then
lim d(z)*®u(z) = A(zo) for each xo € HQ,

T—T0
where a(x) = (p —v(x)) /(g —p+ 1), x € Q and A(xy) is the unique positive real

number satisfying

fooQ(20) AT (20) — (p — Da(0)?~ (1 + a0)) AP~ H(20) — Agoo R(z0) = 0.
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Moreover, if ag,bg > 0, f(t)/tP~1 is nondecreasing and g(t)/t*~! is nonincreas-
ing fort € (0,400), then the problem (P), has at most one solution.

Related to assumption (go)’, we would like to detach that if ¢ is (p — 1)-
sublinear at infinity, that is, if goo = 0 with m = p — 1, then the behavior of the
solution is unaffected by g.

To highlight our last result, we state the corollary below, whose boundary
behavior’s proof follows from Theorem 1.3 by taking R(x) = y(x) = 0 for z € Q
at hypotheses (a) and (b).

COROLLARY 1.4. Assume a € L>®(Q) and b € C(Q) with ag > 0 and by > 0.
If —co <m < p—1<gq, then the quasilinear problem

—Apu = da(x)u™ — b(x)u!  in Q,
u >0 n Q,
U = 400 on 082,

has a unique solution u = uy € C1(Q) for each X > 0 satisfying

)

—1\ —1/(g—p+1)
lim d(x)p/(q—pﬂ)u(gc) _ b(xo)—u(q_p“) (p—1)(qg+ 1)p?
o (g—p+1)p

for each xy € O0.

We would like point out that the main contributions of our results for this
class of problem are the following:

About Theorem 1.2. Our result extends the principal result found in [20]
to the context of the p-Laplacian operator. Here, we do not use the same ap-
proach explored [20], for example the degree theory, because in our context, it is
not clear that some estimates used in [20] also hold for p-Laplacian operator. In
our approach, one of the delicate points is to obtain a sub solution for a problem
with boundary datum finite. Another point is to control by above a sequence of
solutions of some problems with boundary datum finite. Even in the context of
p-Laplacian operator, our result improves and complements the previous results
principally because it does not requires that the term g be non-decreasing and
any kind of monotonicity under f. In fact, we just assume local behaviors at
zero and infinity of terms f and g permitting even singularity of g at zero.

About Theorem 1.3. This result improves some previous results for the
context of singular logistic equation by assuming less hypotheses under the terms.
In particular, it extends the principal result in [8]. This generalization is not
straightforward. One point of much sensitive is the absence of comparison prin-
ciple appropriate for this class of problems. Another one is related to structure
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of our logistic equation that does not permit us to use Poincaré-Bendixon’s The-
orem, as made in [8], to prove that the problem (4.1) has unique and explicit
solution. This fact is essential in the proof of Theorem 2.2.

We now briefly outline the organization of the contents of this paper. In Sec-
tion 2, by using a sub- and super-solution method in conjunction with variational
method, we prove the existence of solution for two auxiliary blow-up problems.
Section 3 is devoted to prove the existence of blow-up solution for (P)y, while in
Sections 4 and 5, we study the rate boundary of the solutions.

2. Auxiliary problem

In this section, we are interested in the existence of solution for the following
quasilinear problem

—Ayu = Aa(@)gu) —b(a)f(u) n Q,
(P)r u>0 in ,
u=1L on 0f),

where L > 1 is an appropriate real number. Associated with above problem, we
have the following result.

PROPOSITION 2.1. Assume a,b € L>®(Q) with by > 0. If (f1), (f2) and (go)
hold, then there exist A« € (0,400] and o, > 0, which does not depend on L > 0,
such that (P)r, has a solution u = uy ;, € C1(Q) for each 0 < X < A and L > Ly
given, for some Lo > 0, satisfying o, < u(x) < L for all z € Q. Moreover,
ur, <wur, if Lo < L1 < Ly and A, = +00 if ag > 0.

The proof of this proposition is based on the next two lemmas.

LEMMA 2.2. Assume a,b € L>®(Q) with by > 0. If (f1) and (go) hold, then
there exist A\, € (0,400], Ly > 0 and a o, > 0, which does not depend on
L > 0, such that (P)L has a sub solution u = uy ; € C*(Q) for each L > Ly
and X € (0,\,) given. Moreover, o, < u(x) < L for all x € Q, and \. = +oo if
ag > 0.

PROOF. In the sequel, we will divide our proof into two cases.
Case 1. ag > 0. From continuity of f and (f1), the function

f(s) =s""'sup { I () t < s} + P for s € (0,+00),

tp_l ) —
is continuous and verifies

f(s)

(i) el > 0, is increasing,

(ii) f(s) = f(s), s >0,
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ﬁmsgﬁﬁf3<m,
(iv) lim /() = +o0.

s—+oo Sp_l

Now, by using [4, Theorem 1.1], we know that the problem

—Apv = =[blloc f(v) in L
O0<v<l1 in Q,
v=1 ondf),
has a solution u € C1(€Q). Since (iii) above holds, we are able to apply the strong
maximum principle of Vazquez to conclude that u is positive in Q. Besides this,
u < 1in Q follows from the standard comparison principle. So, u satisfies
—Apu < da(z)g(u) —b(z)f(u) in Q,
u>vy >0 in ﬁ,
u<L on 0},
for all L > 1 and X > 0 given (that is, A, = 00), where v; = mingu > 0.

Case 2. ag < 0. By the continuity of g and (gp), the function

~ _ t
G(s) = s? 1sup{z)(_)1, t>s}+1, 5> 0,

is continuous and verifies

6 22,
(if) g(s) > g(s), s >0,
s)

@0t P = e

. o g(s)
(1V) sl}I—Poo sp—1

s > 0, is decreasing,

< 00.

Next, we denote by w € C**(Q) the unique positive solution of the problem
Apu=uP™! in Q,
(P3) O<u<l in Q,
u=1 on 0f.

The existence of the above function can be found in [4].

Defining wg = minw > 0 and
Q

_ (Mwe)P ' [ F(M) o
MM%‘WMW)P M@M%Jf M >0,
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it follows from the properties of fthat
lim @(M)=—oco, lim o(M)>0 and ¢(M)>0, forsome M >0,
M—ro00 M—0
where the last one is a consequence of (f1) (ii). Thereby, there is My > 0 such

that p(Mpy) = sup{p(M) | M > 0}. In the sequel, we denote by A, the real
number given by

_sup{p(M) [ M >0} p(My)

Ay i= > 0.
ag ag
Thus, for A € (0, \,),
F(My) g(Mowo)
1 —|b]|so > (=Aag) —-—-—>.
Plloe gt 2 2 ity

Now, once f(s)/sP~! is increasing and g(s)/sP~! is decreasing in the interval
(0, +00), we obtain

fMow() - 9(Mow(z))
@)t = ) Gy

Taking u = Myw > Mywg := 2 > 0, the last inequality gives

1—11blloo for all x € Q.

—Ap(u) < Aagg(w) — [|bllo f(w) < Aa(x)g(w) — b(z)f(u) in €,
U 2> Y2 in Q
u <L on 00,

for all L > My. Hence, choosing 0, = min{~vy1,v2} > 0 and Ly = max{1, My},
we get the desired result. O

For the super solution, our result is the following lemmaa.

LEMMA 2.3. Assume a,b € L>®(Q) with by > 0. If (f1), (f2) and (go) hold,
then w(x) := L in Q is a super solution of Problem (P), satisfying u < u for
each L > Lg given, where Lo > 1 was given in Lemma 2.2.

PrROOF. Let A € (0, A,), where A, > 0 was given in Lemma 2.1. By (f) and
(go) (ii), we can choose 0 < ¢3 < ¢4 and t» > 1 positive constants verifying

ft) > cat?™t and  g(t) < estP™! forall t € (to, +00)
and Acsllalloo — bocsy < 0. Defining w = L, with L > max{Lg, to}, we derive
—A,7 =0 > (Ma|loocs — boca) LP~ > N|a|lsog(@) — bof(@) in €.

Consequently, w € C1(Q2) and it satisfies

— Ay > da(@)g(@) — b f@) 9,
in Q,

u on 01,
for all L > max{Lg,too}- O

u

(ALY,
TS
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PROOF OF PROPOSITION 2.1 (a sketch). We just outline some lines of the
proof, because it follows by applying well known arguments. First, as a conse-
quence of Lemmas 2.1 and 2.2, we have that the functionsv = u—L < 0and7v =0
are sub and super solutions of the problem

—Apv = Aa(z)g(v + L) —b(z)f(v+ L) inQ,

P
(P1) v=10 on 0f),

respectively, for each L > Ly and 0 < A < A, given.
Hereafter, we will consider the function h:  x R — R given by

Aa(z)g(v+ L) = b(x) f(u+ L) if t < w(z),
h(z,t) = ¢ Aa(z)g(t + L) —b(z)f(t+ L) ifv(z) <t
Aa(z)g(+ L) —b(z)f(v+ L) ift>0,

and the problem

—Apv = h(z,v) in Q,

P
(P2) v=>0 on 0f).

Our goal is proving that problem (P2) has a VVO1 P(Q)-solution vy satisfying
(2.1) v(z) <wvp(z) <0 ae. inQ,

because it is enough to conclude that v in a W, *(€2)-solution for (P;). To do
this, we define the energy functional associated with the above problem by

I(v):%/Q|Vv|p—/QH(x,v)7 v e WyP(Q),

where H(x,t) = fot h(z,T) dr, and note that it is standard to show that I belongs
to CH(W,P(Q),R), I is weak s.c.i and bounded from below in W, (). Then,
there is vg € Wy (Q) such that I(vg) = min{I(v) | v € WyP(Q)}, that is,
I'(vg) = 0. So, vy is a weak solution of (P2) and by elliptic regularity theory vy €
C*(Q). Moreover, the monotonicity of the —A,, yields (2.1) occurs. Therefore,
the function u = uy,, = vg + L is a solution of (P); with

0<o0,<u(x) <u(z)<u(xr)=L a.e. infd.

Now, if Ly < L1 < Lo, we can repeat the above arguments by using u = up,
and @ = Lo as sub and super solution of problem (P)r, respectively, where up,
is the solution of the problem (P)r,. So, we complete the proof. O
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3. Proof of the Theorem 1.2

In this section, we will finish the proof Theorem 1.2. To do that, we will
need of two auxiliary results. The first result is due to Matero [15].

LEMMA 3.1. Assume that Q2 is a smooth bounded domain in RN and a func-
tion h: (0,00) — (0,00) is continuous, increasing and satisfies (KO). Then, the
quasilinear problem

Apu = h(u) inQ,
U = 400 on 052,

admits a positive solution u € C*(Q).

The second one is a comparison principle appropriate as well for blow-up
solutions and includes singular nonlinearities and unbounded potentials o and 3,
which is essential in our approach and its proof follows by exploiting arguments
as those found in [14]. The following lemma complements some results in [13]
and [6] by considering a more general hypothesis under h, and complements the
comparision principle of [16] because we do not request us € L>(2).

LEMMA 3.2 (Comparison Principle). Suppose that Q is a bounded domain
in RN and that o, 3: Q — [0,00) are nonnegative continuous functions. Let
uy, ug € CH(Q) be positive functions verifying

—Apur > a(z)h(ur) — B(x)k(ur) in Q,
—Apuz < a(@)h(uz) — B(z)k(uz) in Q,
—oo < limsup (ug —uy) <0,

d(x)—0

in the sense of distributions, where h,k: [0,00) — [0,00) are continuous func-
tions satisfying h(t), k(t) > 0 fort > 0. If

/ h(uz)uz dr < oo or 0 <liminfu(z) < oo,
0<uz(z)<1 d(z)—0

and either

(a) h(s)/sP~1 is decreasing, k(s)/sP~' is non-decreasing and o € L°(£2)

with a £ 0, or
(b) h(s)/sP~! is non-increasing and k(s)/sP~" is increasing and 3 € L°°()
with %0

holds true, for all s € (igf{ul,ug},sup{ul,m}), then uy > us in €.
Q
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Proor. It follows from the hypotheses about u;, that
(3.1) — /Q [[Vua|P "> Vus Vs — [Vuy P72V, Vi |
> /Qa(l‘)[h(ul)% — h(uz)@2] + Qﬂ(x)[k’(w)% — k(u1)ea],
for all 0 < 1,2 € C§° (). Now, by considering the set

QEZ{JTEQ

ug(x) + g > uq () +5},

it follows from the hypothesis about the behaviors of u; on the boundary of €,
that Q. C Q for each € > 0 given. Then, by density, we can consider the functions
v1,v9 € WoP(Q) given by

[(uz +/2)P — (uy +€)P]"
(up + )Pt

[(uz +2/2)P — (u1 +&)"]*
(ug +e/2)P~1 ’

1= and Vg =

with € > 0, as test functions in (3.1). Since
ug +¢/2\" us +¢/2 p-l
Vo, =—|1 - ———) |V e Vug,
vl { + )( uy +¢€ ) wEp up +¢€ 2
and
ur +¢ \? up+e \7! )
Vvg = |1 -1 ——— Vus —p| ———= \% Q
2 { +(p )(u2+€/2> ] Uz p<u2+€/2> up in Qe g,

we obtain that

(3.2) I :=|Vug [P~ 2Vuy Vg — |Vuy [P~2Vuy Vo

+ [1+(p— 1)<W)p}|vu1|17}

Uy + €

-1
Uy + € P 9
—p| —— Vus|P7*Vu V
p<u2+s/2) \ u2| Ui Vug

2\
p<u2+€/) \Vu1|p*2Vu1VuQ
Uy + €

in Q.. Now, setting w; = u1 + ¢, wy = ug +¢/2, V4 := Vin(wy) = (Vuy)/w
and Vs := Vin(wsz) = (Vug)/ws in Q, it follows from (3.2), that
(3-3) I ={ws|Val? + (p = Dy [Va|” + wi[VA[” + (p = w5V [P}
— pwf [VaPT2ViVa — pwi|Vi[P2 V1 Ve
=wy(|[Val? — Vi[P — p[Vi[P~2Va (V2 — V1))
+wl([Vi]P = [VaP = p[Va|P~2Va(V1 — V).



760 C.0O. ALves — C.A. SANTOS — J. ZHOU

Then, from (3.3) and [14, Lemma 4.2],
Vo —Wif?
(IVa| + [Wa])*=7
Vi — Vaf?
(IVal + [Va[)>—»"

|Vl _V2|2 p

D _
wy + ¢(p) Vil + [Va|)2-? w1

I>c(p)

= c(p)(wf + wy)

if 1 <p<2and

p|V2_V1‘p p|Vl_V2|p_
R L e w7

if p > 2, where ¢(p) is a real positive constant depending on just p, that is, by

(wy +w3)[Vi = Vaf?,

gathering these above informations, we obtain

Vi — Va|pt2=P)"

(3.4) I> C(p)(wf + wg) (Vi|+ |V2|)(2—p)+

for all p > 1,

for some C(p) positive.
Now, (3.4) combined with (3.1) gives

Vi — Volpt@-»)"
35) C P4 ub)]
(3.5) (p)/gfwl+w2)<|v1|+|v2|><2w

+ [ oo [0 2] g - u)

< /Q B() [k(;“f - Alee) } (w§ —w?) <0,

where we used the hypothesis under k(s), to obtain

k(u)) — k(uz) _ k(ug2) [szl Uzz)l} :
3.6 — < - <0 in Q..
( ) wpfl wpfl — ugfl wffl ’11}12)71 - €

Now, we should consider two cases. If fu2( h(ug)us < oo, let us split 2. in

z)<1
Di(e) =Qe N{us <1} and Da(e) = Q. N {ug > 1},

that is, Q. = D1(g) U Da(¢). First, note that

p—1 p—1

(3.7) a(x) {Zul) - Z)(UQ)] (wh — wl) > —2pa(z)h(uz)us in Di(e).

About Dy(e), let us show that there exists a Ky > 0, independent of € > 0,
such that

~

h(u h(u .
(pjl) (pfl Z 7K1 mn DQ(E).
w w

(3.8)

In fact, if the last inequality does not occur, there would be €, € (0,1] and
Tn € Q. verifying
h(ui(zn)) — h(uz(zn))
p—1 ol -
( (zn)

—o00, when n — oo,

w Tp) W
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that is, we would have that the limit h(ug(z,,))/wh ™! (,) — +oo, which leads to

h(us(@n)) _ hluz(zn)) wh " (xa)
wh () wh () ub T (z)

— +00,

implying that ug(x,) — 0, but this is a contradiction by definition of Ds(e).
Next, we must prove that there is M > 0, which does not depend on ¢ € (0, 1),
such that

(3.9) 0 <wh(z) —wi(z) <M forall z € Q. and for all € € (0, 1).

Indeed, arguing by contradiction, we assume that there are €, € (0,1] and
Zpn € €, , such that

M, = (ue(xn) + €1 /2)P — (ur(zn) + €n)? — +o00.

The above limit gives ug(z,) — 400, and thus, d(z,) = d(z,, 0Q) — 0. Rewrit-
ing M,, as

En

2ua ()

vo= (14 )p[z@(wn)p — (zn)?)

| m) - () e

and using the inequality u;(x,) < us(z,) in Q. , together with lim sup (ug —u1)

z—0Q
< 0, we are led to limsup M,, < 0, which is a contradiction again.
n— oo
By (3.8) and (3.9), have
h h
(3.10) a(x){ ) _ (:21)] (W — w?) > —a(x)K1 M in Ds(e).
w wh

Now, assume 0 < ldl(m) ing up(z) < 00. So, it follows from this assumption and
z)—

definition of 2. that there exists K5 > 0, which does not depend on £ > 0, such
that

h(u1)  h(usg)

(311) > —KQ in QO7

1 - =
w? wh

where Qg = |J Q.. So, it follows from (3.9) and (3.11), that
e>0

p—1 p—1

(3.12) a(z) [Z(”l) - Zf“z)} (wh —w?) > —a(z)KaM  in Q.

holds true.
To finish the proof, first assume that (a) holds true. It follows from (3.7)
and either (3.10) or (3.12), that we are able to use the Fatou’s Lemma at (3.5),



762 C.0O. ALves — C.A. SANTOS — J. ZHOU

to obtain
Vinu, — Vlnug\p*‘(z_p)+
o< p L
= (p) [20 [ul +u2] (|V1nu1| + ‘VIHUQD(2_p)+
h(u h(u
+ [ ato)| M) - 2w -t <o,
Qo Uy Ug

where we used (3.6) and the hypothesis k(s) /sP~! being non-decreasing in (0,+00)
to infer the last inequality. So,

Vinu; —Vinuy =0 and a(z) =0 in Q,

that is, ug = cuy in Qo for some ¢ > 1, because uz(z) > uy(x) for z € Q. Since
alz) =01in Qp and a # 0 in Q, we obtain that Q¢ C Q. Since u; = cuy and
u1 = ug on on 082y, we must have ¢ = 1. This is a contradiction.

Finally, assuming (b) and applying the Fatou’s Lemma in (3.5), we are led
to inequality

Vinu, — Vlan|p“‘(2_p)Jr
0 < C p p |
< C) /Qo(ul +u3) (|VInuy| + |V Inug|)@-p7*

k‘(UQ) k‘(ul)

+ [ a2 - Ed | ug -y <0,
Q0 U uy

which permits us to apply the same arguments as done in (a) to finish the proof

of Lemma 3.2. O

PROOF OF THEOREM 1.2 (completed). First of all, we consider the following
auxiliary blow-up problem

~

Ay = Aalloe(w) — boflu) in Q
(Ps) u>0 in Q,
u = 400 on 02,

where g was fixed in the proof of Lemma 2.2 and fis given by

(s) = sp_linf{f(t) t> s} for s > 0.

=)

=1’

Combining the continuity of f with (f;), (go) and (KO), we derive that f is
continuous and satisfies:

f(s)

(iv) , § > 0 is nondecreasing,
sp—1

~

(v) fls) < f(s), s >0,
()

-1

i) lim
(V ) s—0t+ sP

:O’
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o (s)
(VH) sl}I—Poo sp—1

=)

= 00.
Next, we fix the function h: (0,4+00) — R by

h(t) = bof(t) — Alalloodi(®) = b0 L9 — Ao 2V

tP— tp—1|°

Using the properties on fand g, we see that

h(tg) <0 for some to >0, lim h(t) = +oo.

t——+oo
Moreover, h is increasing in (¢1, +00), where ¢; > 0 is the unique number verify-
ing h(t1) = 0, or equivalently,

~

b f(t1)

(0] tlp_l

= Allall

g(t1)
Pt

Considering h(t) = h(t + t1) for t € (0,+0c), we have that h is a continuous,
positive and increasing function verifying (KO). In fact, h satisfies the hypothesis
(KO), because

~

t g t
im M:—I—OO and lim M: ,
s—+o0 (s 4 t1)P~1L s—+o0 (s 4 t1)P~1L
that is, there exists a s9 > 0 such that
g(s+t1) b fls+t)

for all .
(s+t1)P~ 1 2X[lalls (s + t1)P~1 or all s > s¢

Consequently,

fi(t);:/o E(s)dSZ/OSOE(s)dH/ BoF (s +t1) — Allallcg(s + t1)] ds

> /t(s 4P [bo (f(s”l) _ Aa||oo§(s+tl)} ds

S0 s+ tl)p71 (S + tl)pil
t D t
_1bo f(s+t) bo/ ~
> P12 L7 g =2 t1)d
/So(s—k P S Gt ® =2 . f(s+t1)ds,

for all ¢ > sg. Thus,
+oo

_ 9\ /P ptoo t+tr —1/p
H(t)y " Yrdt < [ — / / f(r)dr dt
S0 bO S0 so+t1
9\ /P ptoo t R -1/p
< <> / (/ f(r) dT) dt < +o0.
bO S0 so+t1

Here, we have used (fy) and the fact that T verifies (KO). Therefore, by Lem-
ma 3.1, the blow-up problem

Apu = h(u) inQ,
u = 400 on 0N
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admits a solution ¢ € C1(Q). Thus, w = £ +¢; is a solution of (Pg).

In the sequel, we fix an unbounded sequence (L,) C (0,+o00) satistying
L, < Ly foralln € Nwith L; = Lg+1, where Ly was given in Proposition 2.1.
So, it follows from Proposition 2.1 that there exists a sequence (uy,)nen C CH(Q)

satisfying
—Apuy, = Aa(z)g(un) — b(x) f(u,) in Q,
Up 2> Up—1 = Y0 in Q,
Up = Ly, on 0f).
Consequently,

—Apun < Maflocg(un) — bof(un) in €,
—Ayw = Alall§w) — bof(w) i,
limsup (u, —w) = —oo.
d(z,00)—0
Then, by Lemma 3.2, v < u1 <ug < ... <ty StUpyr <o < w.
Now, by using standard arguments, we are able to show that there exists
au € C'(Q) such that u, — w in CL_(Q) and u is a solution of (P),. This

completes the proof of Theorem 1.2. O

4. Proof of the Theorem 1.3

The proof of Theorem 1.3 is a consequence of the three technical lemmas
below. The proof of the first and last ones were inpired in ideas found in [8] for
a particular case of (P)y, more specifically, for A = 0 and f(u) = u?, u > 0 with
q>p—1

The first of them establishes the behavior of the solution near of the bound-
ary. More exactly, the results that we will use have the following statement:

LEMMA 4.1. Assume a,b € L (Q) and that (a), (b), (f1) and (go)" hold.

loc
If u € CY() is a solution of (P),, then there exist positive constants c1, ca, 6,
such that
c1d(z) ™ < u(z) < cpd(w) @),z € U,

(p—~(x))/(g—p+1) for all x € Us and Us was defined in hy-

where a(x)
pothesis (b).

The second one proves an exact rate boundary behavior for an one-dimen-
sional problem.

LEMMA 4.2. Let —co<m <p—-1<q,7v<0,andn=[p—1—m)(p—")]/
(g—p+1)+p > p be a real numbers. If Q,R > 0 are real constants and
u € C(0,+00) is a solution of problem

—(Ju'[P72) = Rx="u™ — Qz~Yu? in (0, 0),
z—0

(1) u>0 in (0,00), u(z) — oo,



BLOW-UP SOLUTIONS FOR A p-LAPLACIAN ELLIPTIC SINGULAR EQUATION 765

then u(z) = Ax=% for x > 0, where a« = (p—7)/(q—p+1) and A > 0 is the
unique solution of

(4.2) QAT™ — P Y1+ a)(p—1)AP"™ 1 —R=0.

Finally, the last lemma studies the behavior of the solution for a class of
problem in the half space D = {z € RN, x; > 0}.

LEMMA 4.3. Let —co<m <p—1<gq,v<0, and n > p be a real numbers
as above. If Q,R > 0 are real constants and u € CY(D) is a solution of the
problem

—Apu = Rz "u™ — Qz{ "u? in D,
(4.3) u>0 in D
U = 400 on 0D,

then u(x) = Ax7® for © € D, where o and A were obtained in Lemma 4.2.

PRrROOF OF THEOREM 1.3 (conclusion). Next, we will divide our proof in two
parts. The first one is related to behavior of the solution near of the boundary,
while the second one is associated with the uniqueness.

Part 1. Behavior near to boundary. Consider xg € 9. We can assume that
xo = 0 and v(zg) = —ey, where v(z() stands for the exterior normal derivative
at xo and e; is the first vector of canonical basis of RY. Take x,, C € such
that =, — g = 0 and denote by &, = z, — t,e1, where ¢, > 0 is such that
& € 0. Now, fixing z, = &, — t,v(§,), we have that d(z,) = t,, where
dp :=d(z,) = nf{]z, — &| | £ € 00} = |z, — &, |, for n € N.

Now, fixing o, = a(z,) and

vn(y) = dpru(n +dny), yeQ={ye RN7 &n +dny € Ush,
where Uy is a neighbourhood of 92 given in Lemma 4.1, it follows that
‘an@)‘p_gvvn(y) = dglan-’_l)(p_l) IVu(&, + dny)|p_2Vu(fn + dny),

for € Q,. By change variable z = £, 4+ d,y, we have that y € £, if and only if
z € Us, and so,

/S 90 )PV ) V() dy

:dgn@*l)ﬂ’*N/ |Vu(z)|p2Vu(z)V¢<Z ; 5") dz
Us

n

=@z 000 [ pag(u) - e a6 255 ) a
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=d, N / A (€, + duy)dTom g(u(n + dny))
Us

B+ ddfe s+ )] o 27 )

that is
(4.4) /Q Von ()P Vou () V() dy
— 4N / [AQIGR) =16 +00y) gn(6n+au)
Us

~al&n + dny)dy" " g(u(€n + dny))
— d) )=t dny) g1 (Entdny)

W+ ) S0l + d)]o( S5 ) a:

- /Q [)\dz(zn)fn(fwrdny)dz(Enerny)a(gn + dny)d?“"g(U(én + dny))

_ d'Y(Zn )—Y(Entdny) d"/(&n +dny)

b(En + dny)di f(u(En + dny))]d(y) dy],

for each ¢ € C§°(Qy,). Since Q, — D := {y € RN, y; > 0} when n — +oo,
it follows that there exists an ng € N such that K CC Q,, and &, + dp,y € Us
for all y € K and n > nyg, for each compact set K CC D given. Thus, from the
regularity of distance function, see for instance [9, Lemma 14.16],

(4.5) = =

- <Vd(0)7y> = <el7y> =Y,

uniformly in y € K, for some ¢, between &, + d,,y and &,.
Thereby, the hypothesis (b) combined with the above convergences gives

(4.6) A& a(, +dyy)

d(Zn) 77(5n+d7Ly)
B (d(fn + dnw)

for y € K. With the same type of arguments, by combining (a) with the con-
vergence at (4.5), we see that, for y € K,

(& + dny)"E TV (e, + doy) =y " R(0),

(4.7) &I, + day)

d(Z ) ’Y(En"!‘dny) 7(5 » y) ’Y(O)
D (e + dy) " EF D 1 d ) = O 0(0).
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To complete our analysis of the convergence, we note that applying Lem-
ma 4.1, we get

Un(y) < cad®md(&p + dpy) ~Entdny)

d a(ﬁn-i-dny)
=cy n dan_a(€n+dny)
d(§n + dny) " ’

for y € K, and

Un(y) > C1dg"d(§n + dny)—a(£n+dny)

d a(§n+dny)
=C (n ) dgn*a(&ﬁ”dny)’
d(én + dny)

for y € K. Furthermore, from (b), we have

| Indo» &t )| = | (a(z,) — (n + dny)) Ind, | < 2d|Ind,| — 0
uniformly in y € K, for some ¢ > 0, implying that
(4.8) don—aEntdny) 1 yniformly in y € K.

Gathering (4.5), (4.8), the regularity of the distance function with the fact that

(vp,) is uniformly bounded on compacts set in D, we derive that there is a func-

tion v such that v,(y) — v(y) and c1y; *° < v(y) < cay; 0, for each y € D.

After that, by (go)’, we get

(4.9) dpmg(u(én + dny)) = dy'*u™ (§n + dpy)u™ " (§n + dny)g(u(én + dny))
=o' (" (& + dny)g(u(En + dny)) = goov(y)™,

for y € D, and by (f1)’, for y € D,

(4‘10) dgzanf(u(gn + dny)) = d%a”uq(gn + dny)u_q(gn + dny)f(u(fn + dny))
= v (Y)u" (& + dny) f(u(én + dny)) = foov(y)?.

Finally, as 1,7 € C*(Q) for some 0 < u < 1, the same arguments used in the
proof of (4.8) can be used to deduce that

A1) =n(Entdny) - gr(zn)=v(Eatdny) 1 with n — +oo, for each y € D.

Now, given ¢ € C§°(D) and recalling that €2, — D, we have supp ¢ C Q,
for n large enough. Thereby, passing the limits in (4.4), and using (4.6), (4.7),
(4.9) and (4.10), we conclude that v, — v in CL (D) and v is a solution of the
problem

—Apu = )\gOOR(O)yl_"(O)um — fOOQ(O)yl_’Y(O)uq in D,
clyl_a(o) <u< ngl—a(o) in D,
U = +00 on OD.
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Hence, fixing Q@ = fQ(0), R = AgooR(0) and a = «(0), it follows from
Lemma 4.3, that
vy) = Ay, ", yeD,
where A = A(0) > 0 is the unique solution of
foQ(0)AT™™ — (p — 1)a(0)P~ (1 + a(0)) AP~ — Agoo R(0) = 0.
Now, by taking y = e; and using the definition of v,,, we obtain that
(4.11) lim dYru(z,) = A.

n—-+oo

To complete our proof, let us note that
(412) d;andg(zn)a d;a(mn)d(xn)a(mn) — 1

hold true by following the same arguments like those used to prove (4.8), because
a € CH(Q) for some 0 < p < 1, and d(z,,)/d, — 1, is true as well, by repeating
the same ideas used to prove (4.5). Therefore, from (4.11) and (4.12)
1 a(xn) — 3 —Qn 0‘(3771) _O‘(xn) (1(3‘:”) Qi —
nglfwd(xn) ey ngrfw [d, “rda )] [d, d(xy,) | [demu(zn,)] = A.
Part 2. Uniqueness. Let u,v be two solutions of (Py). By the above infor-
mation,
lim u(@)
T—To U(x)
that is, by combining this limit with the compactness of 0f2, there exists a § > 0
such that

=1 for each zg € 01,

(4.13) (1—-e)w(z) <ulz) < (l+e)v(x), xe€Us.

for each € > 0 given.

Besides this, using that f(¢)/tP~! is nondecreasing and g¢(t)/t?~! is nonin-
creasing in the interval (0, +00), we deduce that (1 — 2¢)v and (1 + 2¢)v are sub
and super solutions of the problem

~Ayw = Aa(e)g(w) - ba)f(w) in U,

(4.14)
w=1u on OU?,

where U°® := {z € Q, d(x) > 6}. Since u is a solution of (4.14) as well, the
lim sup [u—(142¢)v] = —ev(xg) < 0, and the limsup [(1—2¢)v—u] = —ev(xg) <0
fS::;ch xo € OU?, it follows from Lemma 3.23,0%0

(1 —2e)v(z) <u(x) < (14 2e)w(x), xe€U°.
Now, combining the last inequality with (4.13), we are led to

(1—=2e)v(x) <wu(z) < (1+4+2)v(x), =€l

So, taking € — 0, we obtain u = v in . O
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5. Proofs of lemmas

PrOOF OF LEMMA 4.1. For each x € Us, where § > 0 is given by hypotheses
(a) and (b), define the function

v(y) = ve(y) = d(@)*Du(z + d(x)y), y € Bis2(0).

As u € C1(Q) is a solution of (P),, the change of variable z = x + d(z)y leads to

/ VoV oV(y) dy
By,2(0)

= d()*@@E-1)+p-N w2 P2Vl z L P z

(z) / Ll 9o (5= )

= d(z)*®)P=1)+p—N a(z)g(u(z)) — b(2) f(u(z Lz—a: z
) [, el = e e gy e =) =

for each ¢ € C§°(B1/2(0)).
Now, gathering the compactness of 99, (1) and (go)’, we derive that

(5.1) / |Vol|P2VuVe(y) dy
B12(0)

< d(z)y N / d(x)*@ @D+ [\ (z + d(x)y) Dau™ (z + d(z)y)
Ba(a)/2()
- bfo + da) Do + o) (i - ) )
— d(z)N / [ADsa(x + d(x)y)d()> @@=+ d(z)-ma@) ym(y)
B(ay/2(x)
— Djb(z + d(:v)y)d(x)“”(P_1)+pd(x)_qa(x)vq(y)]<p(d(lx)(2—33)) dz
= d(x)™™ / [\Daa(z + d(z)y)d(z) @™ (y)
By(z)/2(x)

1
- Dibte + dlaate) )] g5 - ) d
for all p € C§°(B1,2(0)) with ¢ > 0 and for all z € Us, where § > 0 is such that
g(u(x)) < Dou(x)™ and f(u(z)) > Dju(x)? for all z € Uy,

for some real constants Dy, D] > 0. Here, we have used that u(z) — oo as
d(z) — 0. Moreover, the inequality

d(z)/2 < d(z+d(z)y) <3d(z)/2, forall xze Us
together with (a) and (b) gives
b(z + d(z)y) > 5d(x + d(x)y)—v(w-i-d(w)y) > Cd(x)—v(awd(ﬂﬂ)y)’
(

d 2
a(w + d(w)y) < Dd( + d(w)y) "D < D) =@,
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for z € Uy, for suitable 6 > 0 and some positive constants C~', 5, C and D.
Therefore,

ADza(z + d(z)y)d(z)" " o™ (y) — Dib(x + d(z)y)d(z)" v (y)
< /\D3d(x)77(x)*77(x+d(z)y)Um(y) _ l)ld(x)ﬂy(ac)7'y(ac+d(z)y)Uq(y)7

for x € Us, y € By/2(0) and Dy, D3 > 0.
Now, substituting this inequality in (5.1) and returning to the variable y
in By /2(0), we obtain

/ VuP2 VoV (y) dy
By2(0)

< / [)\D3d(33)’7(’”)_’7(’”+d(3‘)y)vm(y)—Dld(a:)’Y(’”)_"Y(“d(")y)vq(y)] cp(y) dy,
B12(0)

that is,

B 3D; . . D
[ wrvewemars [ W) - Do) e a
B1/2(0) B1/2(0)

for z € Uy, for some suitable § > 0, because
d(ff)n(w)fn(ﬁd(ﬂc}y), d(x)v(w)ﬂ(ﬂd(z)y) —1 asd(z)—0.

On the other hand, from Theorem 1.2, there exists U € C(Bj2(0)) satisfying

D: D
—AU =\ 373 um— 71 U? in By 5(0),
U>0 inB 2(0),
U = +00 on 831/2(0)

Then, by Lemma 3.2, v(y) < U(y) in By /2(0), that is

d(z)*@u(z + d(z)y) < U(y) forallye B1/2(0) and x € Us,
showing that
(5.2) u(z) < U0)d(z)~*®)  for z € Us.

Now, let us prove the other inequality. Denote by T € 02 the point that
carries out the distance of « on 99, and fix z, = T+ d(x)v(T), where v(T) is the
exterior unity normal vector to the 92 at Z. Since 0f) is smooth, we have that
2y € Q¢ for x € Us )y for some § > 0. This way, we can define

w(y) = d(@)* Pu(z, + d(@)y),  yE€Qu={y € A|z+d)y e Us},
where A = {y e RN | 1 < |y| < 3}.

From the hypotheses (a) we can fix 6 > 0 small enough such that
(5.3) b(ze + d(z)y) < Crd(zy + d(x)y) ™ G=Fd@w)

(5.4) 1/2 < d(z)"@) (e td@)y) d(z) 1@ Etd@)y) < 39,
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for all € Us/, and some C; > 0. In the sequel, by using (f1)" and the fact that
u(x) = oo as |z| — oo, we can also fix Cy > 0 verifying
(5.5) flu(z)) < Cou(z)? for all @ € Us)s.

Thus, given ¢ € C5°(Q) with ¢ > 0, (5.3) together with (5.5) and the positivity
of a on Uy yield
(5.6) / |Vw|P2VwVe dy

Qo

=d(z) DD / Vu(z + d(2)y)[P~*Vu(z, + d(x)y) Ve dy

>

> - C1Cod ()@ =7 E4d@)9) a0 (1) dy.
QJ)

From (5.4) and (5.6),
5.7 Vw|P~2VwV dy > — Caw? d
(5.7) /Q| | oly) dy > /Q s (y)(y) dy

for z € Us /2 and some C3 > 0.
On the other hand, set Z € C*(1,3) denotes the positive solution of

x

—(rN=YZ'|P22") = —C3rVN 129 in (1,3),
Z>0 in (1,3),
Z()=K, Z(3)=0,
then Z(y) = 2(\y|) € C1(A) is a radially-symmetric solution of the problem
A Z = —C524 in A,
(5.8) Z>0 in (1,3),
Z()=K, Z(3)=0.

Since @, C A, it follows that Z(y) < w(y), y € dQs. So, the inequality (5.7)
combined with (5.8) and Lemma 3.2 give

d(:v)o‘(x)u(zm +d(z)y) =w(y) > Z(y) in Q,, forall x € Us s,
that is, taking y = —2v(Z) and remembering that z = z, — 2d(x)v(T), we obtain
(5.9) u(z) > Z(—2v(7))d(x) @ = Z(2)d(z) @), z € Us)s.

Now, the lemma follows gathering (5.2) and (5.9) by considering the smallest
6 > 0 that we have considered in this proof. O

The proof of Lemma 4.2 is based upon ideas found in [10]. Here, we are able
to prove that the solutions of the problem (4.1) are of the form wu(z) = Axz~¢,
with A verifying (4.2), by using a result of [10] instead of the Poincaré-Bendixon’s
Theorem as used in [8].
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Given positive numbers Ty, Ty and h, we let X := {w € CY([T1,T3]) | w > h}
and the continuous function H: [T}, T3] — R defined by

H(s) :=sN1 H(wé/”)/’p_Q(w;/p)’wél’p)/p
()" () e T = w2) ()
for wy, wy € X given. In [10], it was proved the following result

LEMMA 5.1. Assume that wi,ws € X, then

U |:(TN1‘(w;/P)/|P2(w§/P)’)’
)/p

HW) - HS) < [ e
) P )

wgp—l)/p

for allU, S such that Ty < S < U < T, hold.

(wy — wa) dr

PROOF OF LEMMA 4.2. It is easy to check that ug(z) := Az~, z > 0 is
a solution of (4.1), where A > 0 is the unique solution of (4.2). In the sequel,
we will show that ug is a maximal solution for (4.1). To see why, our first step
is showing that if u € C1(0, 00) is a solution of (4.1), then

(5.10) u(z) <cx™®, forall x>0,

for some positive constant c. Fixed x > 0, define v(y) = v,(y) = z%u(x + zy)
for |y| < 1/2, and note that v satisfies
—(W'P720) = R(1 +y) "™ = Q(L+y) 7o if |y < 1/2,
(5.11) v>0 if ly| <1/2,
v(1/2) = 2*u(3x/2) and v(—1/2) = z%u(x/2).
On the other hand, it follows from Theorem 1.2 that there exists U in
C1(—1/2,1/2) satisfying
—([U'P=2U") = R(1 +y)7"U™ = Q(L +y) U7, if [ly] < 1/2,
(5.12) U>0 if |y| <1/2,
U(1/2) =U(-1/2) = +oc.
By combining (5.11) with (5.12) and Lemma 3.2, we deduce that v(y) < U(y)
for |y] < 1/2, and a consequence of this, by taking y = 0, we obtain that
u(z) <U0)x~ for x > 0 (¢ =U(0) > 0), proving (5.10).
After the previous study, we are able to prove that

(5.13) u(x) <wg(z) for all x > 0.

To this end, we assume that there exists 79 > 0 such that u < (;, does not
hold in (79,00), where ( (z) := ug(x — 7) for & > 7 for each 7 > 0 given.
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Thereby, there exist tg € [19,00) and sg € [tg,00] such that u(tg) = (ry(to),
u(s0) = Cry (S0), if so < 0o and u(x) > (7 (x) in (o, So)-
A straightforward computation gives that (,, satisfies

(5.14) —(I¢, (@)P72¢, (2))" > Ra™"¢l — Qo ¢4, in (to, s0).

Putting N = 1, wi/p = wu and w%/p = ( into Lemma 5.1, (5.14) together with
the fact that w is a solution of (4.1) yields

82 qu_ p72C7/_ ’ o 1P2
H(Sg) _H(Sl) < / |:(| O|P—1 0) - (‘ prfl ) :|(U’p_ ‘Ipio)d.’l’,‘
S1 TO
2 TQx~7¢2 — Rx™"¢" Quud — Rx~"u™
S/ |: Op_l - — uP—1 :|(up fg)dx
S1 7o

70

S2
= / [Qz—V(ggo—p-i-l _ uq—p-i-l) 4 Rx_”(um_pﬂ _ m—p-l-l)} (up _ ‘1;0) dz <0,

S1

for all tg < s1 < s9 < s, where

(5.15) H(x) = [I¢7, P72, ¢ 7 = o/ P 2u/u P (uP () — ¢&, (2)),

To
for © € (to,s0). The above inequality implies that H is decreasing in (to, So)-
Thus, if sp < 400, then H(tg) = H(sg) = 0, that is impossible. If so = +o0,
then zEIJIrlooH(x) = Hy € [—00,0), because H(tp) = 0 and H is decreasing.
Moreover, by combining the definition of (,, and (5.10), we obtain

i |6 P T (@) = Lim (P — ¢ (2) =0,

Then, by (5.15) and H € [—00,0),

lim |/ |P 20w () = 400,
r—+o0

showing that v’ > 0 for x large enough, which is impossible, because u > 0 in

Tr—00

[0,00) and u(x) —— 0. Hence,

u(z) < (- (z) forall x € (1,400), for all 7> 0,
implying that

u(z) < limo ¢ (x) =wup(x) forall z € (0, +00),

T—
showing (5.13), and thus, ug is a maximal solution for (4.1).
To complete the proof of Lemma 4.2, we will show that ug is also a minimal

solution for (4.1). In the sequel, we define & (x) = ugp(z + €) in (0, +o00) for

each ¢ > 0 and we use a similar argument to conclude that for each € > 0 the
inequality below holds

u(z) > &(x) for all z € (0,+00).
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The above estimate leads us to
u(z) > lin%) &(x) = up(z) for all z € (0,400),
E—r

from where it follows that ug is a minimal solution. Once ug is at the same time
a maximal and minimal solution, we can conclude that u(z) = Az~¢, for x > 0
is the unique solution of (4.1), finishing the proof of the lemma. O

PROOF OF LEMMA 4.3. In this proof, our first step is to show that ug(z) =

«

ug(x1, ..., Tn) = Ax]* is a solution of (4.3), where A > 0 is the unique solution

of (4.2). Below, we prove that (4.3) admits a minimal and a maximal solutions
depending on just x7. In fact, we will begin showing the existence of the maximal
solution, which we will be denoted by %max-
To do this, let { Dy} be a sequence of smooth bounded domains Dy, CC Dj41
(oo}

such that D = |J Dy. Related to {Dy}, we consider the problem
k=1

—Apu = Rz "u™ — Quy "u? in Dy,
(5.16) w>0 in Dy,
U = 400 on 0Dy.

By Theorem 1.2, there exists a solution u € C'(Dy,) of (5.16) satisfying
uo(z) < upt1(x) < up(x), € Dy,

because we are able to apply Lemma 3.2. Thus, there is w € C'(D) such that
ur, — w in CL (D), w is a solution of (4.3) and w(z) > ug(z) for all z € D.

loc

Let v € C1(D) be another solution of (4.3). By Lemma 3.2, v < uy in Dy,
for all k. Then, v < w in D, showing that w is a maximal solution for (4.3). In
the sequel, we denote by uyax the function w and set

W(x) = Umax (21,2’ +1), for z; >0 and 2/ € RV 71,

for each t € RNV~ given. Since, w is a solution of (4.3) as well, it follows that
W < Umaez 0 D, or equivalently,

Umaz (T1, 2" 4+ 1) < Upae(T1,2") for each 1 > 0 and ¢,2/ € RN ~1.
Once t € RV~ is arbitrary, the above inequality implies that
umax(xhx/) = umax(xlvy/) for all xlay/ € RN?I;

showing that um,ax depends just on x;. Thereby, umax is a solution of problem
(4.1), and by Lemma 4.2,

Umax (Z1, ..., %n) = Az] %, x1 >0and (zg,...,2,) € RNL.
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To finish the proof, our next step is showing the existence of a minimal
solution for (4.3), denoted by n, which will also depend on just ;. To do
this, setting D) = Bax(0) N D, we have that

Dj C D}y, Br(0)n0D C 0D}, and D= || Dj.
k=1

From now on, for each k € N, we fix ¢, € C°°(Dy,) satisfying 0 < ¢, < 1—-1/(2k)
on ODj, ¢ = 1 —1/(2k) on D N Bg(0), ¢ = 0 in 9D}, \ (Ba2x(0) N D),
0<yy < 1—1(2k> on GDO(B%(O)\Ek(O)) and Y41 > Yg on 8D§CH8D;€+108D

By a result found in [8], there exists a unique solution w; ,, € C'(D},) of the

problem
—Apu=—Qz;"u? in D},
u>0 in D,
u = niy on 9Dy,

and wy, ,, is increasing with k and n. That is, u, ,, is a sub solution of the problem

—Apu = Rz "w™ — Quy "u? in Dy,
(5.17) u>0 in Dy,

U= uy, on 0Dy,

where D} = Byy,(0) N {z € D, z1 > r} C Dj, for each r € (0, (A4/n)"/®).

Since ug is a super solution of (5.17) with w, , < ug on dDy, it follows
from Lemma 3.2 that w,, < uo in Dj. So, by a result in [12], there exists
avp,, € C'(Dy) solution of the problem (5.17) satisfying u;, , < v, <woin Df.
Then, after a diagonal process, there is vy, € Cl(D;) such that vy, — vk, in
C’l(Diﬁc) as r — 0. Moreover, u; ,, < vk, < ug in D}, and vy, is a solution of
the problem

—Apu = Rz "u™ — Qz; "u? in D,
u>0 in Dy,

/
u = nyy on 0D

Applying the Lemma 3.2, we deduce that vy, ,, satisfies vy, < Vgy1,p, and vy, <
(D) with u,, < v, < wug in D,

. / . . 1
ug in Dy. Thus, vg, — v, and vy, — u, in Cj,

where v,, satisfies

—Apu = Rz "w™ — Qzy "u? in D,
u>0 in D,

U=n on 0D,
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and u,, € CL (D) satisfies

—Apu=—-Qz; "u! in D,
u >0 in D,

u=n on 0D.

That is, after a diagonal process, we have v, — v := upin in ClL (D). Besides

this, following the arguments concerning to uyax, we show that uyi, is a minimal
solution for (4.3), which depends on just 1. So, Uiy is a solution of problem
(4.1) and from Lemma 4.2, we have that

Umin (T1, ..., 2n) = Az7Y, 1 >0and (z2,...,2,) € RN-L,

with A > 0 being the unique solution of (4.2). Hence, given a u € C'*(D) solution
of (4.3), we must to have

u(r1, ..., xn) = Az, 1 >0and (z2,...,2,) € RN-L O
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