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POSITIVE GROUND STATES
FOR A SUBCRITICAL AND CRITICAL COUPLED SYSTEM
INVOLVING KIRCHHOFF-SCHRODINGER EQUATIONS

JosE CARLOS DE ALBUQUERQUE — JOAO MARCOS DO O
GIOVANY M. FIGUEIREDO

ABSTRACT. In this paper we prove the existence of positive ground
state solution for a class of linearly coupled systems involving Kirchhoff-
Schrodinger equations. We study the subcritical and critical case. Our ap-
proach is variational and based on minimization technique over the Nehari
manifold. We also obtain a nonexistence result using a Pohozaev identity
type.

1. Introduction

In this article we study the following class of nonlocal linearly coupled systems

(ar + o (Jull ) (~Au + Vi (2)u) = pluP~2u+ A(z)v for = € R,

(Sw)
(ag + 6’(Hv||2E2))(—AU + Vo(z)v) = [v|972v + A(2)u for x € R3,

where aj,a2 > 0, o, € C?(R;,R;) and for each i = 1,2 we consider the
following weighted Sobolev space

E; = {weHl(R3) : Vi(m)w2dx<oo},

R3

2010 Mathematics Subject Classification. Primary: 35J50; Secondary: 35B33, 35Q55.
Key words and phrases. Nonlinear Kirchhoff-Schrédinger equations; coupled systems; lack

of compactness; ground states.
Research supported in part by INCTmat/MCT /Brazil, CNPq and CAPES/Brazil.

291



292 J.C. DE ALBUQUERQUE — J.M. DO O — G.M. FIGUEIREDO

endowed with the norm
fulls, = [ 1Vl de+ [ Viwyu?
R3 R3

Moreover, we assume that the coupling term A\(x) is related with the potentials
by |A(x)| < §v/V1(z)Va(z), for some suitable § > 0. Our main contribution here
is to prove the existence of positive ground states for the subcritical case, that
is, when 4 < p < ¢ < 2" = 6 and for the critical case when 4 < p < ¢ = 6. In the
critical case, the existence of ground states will be related with the parameter
w1 introduced in the first equation. In fact, we obtain the existence result when
u > 0 is large enough. For the critical case when p = ¢ = 6, we make use of
the Pohozaev identity type to prove that system (S,) does not admit positive
solution.

In order to motivate our results we begin by giving a brief survey on Kirch-
hoff problems. First, we mention that system (S,) is called nonlocal due the
dependence of the norms || - ||z, and || - ||g,. This type of equations take care of
the behavior of the solution in the whole space, which implies that the equations
in (S,) are no longer a pointwise identity. We point out that nonlocal problems
have been applied in many different contexts, for instance, biological systems,
where can be used to describe the growth and movement of a particular species.
Moreover, we cite also conservation laws, applications on population density, etc.
The Kirchhoff-Schrédinger equations introduced in system (S,) are also moti-
vated by some physical models. The first study in this direction was proposed
by Kirchhoff [9] in the study of the following hyperbolic equation

2
dm)au:O.

0x?

Ju
or

8%u p, E [F
— +
h 2L ),

(1.1) Pﬁ

Equation (1.1) is a generalization of the classical d’Alembert’s wave equation,
by considering the vibrations of the strings.

When A = 0, the uncoupled Kirchhoff-Schrédinger equation from system (S,,)
is related with the following stationary type equation

utt—M< Vuzda:>Au:f(m,u), in Q x (0,7),
Q

(12) u=0 on 0f) x (O,T),
u(z,0) = ug(x) in Q,
ue(x,0) = uq(z) in €,

where Q C R¥ is a bounded domain. In 1878, J.L. Lions [12] introduced a func-
tional analysis approach to study problem (1.2). Motivated by the physical
interest and impulsed by [12], Kirchhoff problems has been extensively studied
by many authors in the last years. Concerning the scalar case related with (1.2),



GROUND STATES FOR A COUPLED SYSTEM OF KIRCHHOFF-SCHRODINGER EQUATIONS 293

there are several works with respect to the following Kirchhoff-Schrédinger equa-
tion

—<a+b/ Vqux>Au: fz,u) in 9,
Q
u=20 on 02,

(1.3)

where a,b > 0 and © C R? is a smooth bounded domain. For existence and
multiplicity of solutions for related problems to (1.3), we refer the readers to [1],
[3], [6], [15] and references therein.

Here we are concerned to study the existence of ground states for a class of
nonlocal linearly coupled systems defined in the whole space R3. We are moti-
vated by recent works which obtain existence of solutions for nonlocal systems
by using a variational approach. In this direction, D. Lii and J. Xiao [7] studied
the following class of coupled systems involving Kirchhoff equations

2c0
oa+f

2p
a+p

|*2ulv]?, =z €RS,

|u

- (a + b/ |Vul? dx) Au+ AV (z)u =
R3

— (a +bo [ |V da:) Av + AW (z)v = lu|*v]?~2v, € R3,
R3

u(z) =0, wv(x)—=0, as|z|— oo,

where «, § > 2 satisfying o + f < 2* = 6. The authors obtained existence and
multiplicity of solutions when the parameter A > 0 is large. For more related
results to coupled Kirchhoff-type systems, we refer the readers to [8], [14].

Motivated by the above discussion, our purpose is to study the class of cou-
pled systems (S,,), by considering a more general class of Kirchhoff-Schrédinger
equations. The class of systems (S,) imposes several difficulties. The first one
is that the nonlocal terms here are introduced by functions a, 3 € C?*(R,,R,)
which generalize the standard Kirchhoff-Schrédinger equations (see Remark 1.4).
Moreover, we deal with the “lack of compactness” due the fact that the prob-
lem is defined in the whole space R3. Another obstacle is the fact that sys-
tem (S,) involves strongly coupled Kirchhoff-Schrédinger equations because the
linear terms in the right hand side. The work is divided into three parts: The
first one comnsists to study system (S,) in the subcritical case, that is, when
4 < p<q< 2 =6. By using a minimization method over the Nehari manifold
we obtain the existence of at least one positive ground state solution for sys-
tem (S,), for any parameter ;o > 0. After that, we study the critical case, when
4 < p < q=06. In this case, we use the parameter p > 0 to control the range of
the ground state energy level associated to system (S,). Finally, we make use of
a Pohozaev identity type to conclude that system (S,) does not admit positive
solution when p = ¢ = 6.
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1.1. Assumptions and main results. In order to establish a variational
approach to study system (S,), we introduce some suitable assumptions on the
Kirchhoff functions and on the potentials. Throughout the paper, we assume
that a;,a2 > 0 and o, 8 € C?(Ry,R,). In addition, we suppose that « and 3
satisfy the following assumptions:

(M;) o/(s) and f'(t) are increasing on s,t > 0.
! !/

(Ms) s+ o(s) and t — 6t(t)
s

(M3) o'(s) < bys, f'(t) < bat and

are non-increasing on s,t > 0.

%o/(s)s + %B’(t)t < afs)+ B(t) <d(s)s+ B (t)t, forall s,t > 0.

(My) &”(s)s < a'(s) and B”(t)t < B'(t), for all s,t > 0.
Due the presence of the potentials V; and V5, we have introduced above suitable
spaces F; and FE5. For each i = 1,2, we assume the following hypotheses:

(V1) Vi, A € C(R3,R) are Z3-periodic.

(V2) Vi(x) >0 for all z € R® and

inf { |Vu\2dx+/ Vi(x)uzd:c:/ u2dml} > 0.

u€E; R3 R3 R3
(V3) |A(@)] < 64/Vi(x)Va(z), for some § € (0,min{ay, as}), for all x € R3.
(V%) Assumption (V3) holds and A(z) > 0, for all x € R3.

In view of [13, Lemma 2.1], E; is a Hilbert space continuously embedded into
L"(R3) for r € [2,6] and i = 1,2. We set the product space E = E; x E. We
have that E is a Hilbert space when endowed with the inner product

(u,0), (2, 0)) 5 = /R (VuVa + Vi(@)uz + VoV + Va(a)ow) dr,

to which corresponds the induced norm

1w, o)l = ((u,0), (w,0))E = [lullf, + 0],
Associated to system (S,) we have the energy functional I € C'(E,R) defined
by
1
I(u,v) = 5 (allulls, + azllvlz,) + 5 (@(lulz,) + 8(101E,))

" 1
9 Jully — . o]l — /}R3 Az)uv dx.

By standard arguments it can be checked that critical points of I correspond to

DN | =

weak solutions of (S,) and conversely. We say that a weak solution (ug,vo) € E
for system (S,,) is a ground state solution (or least energy solution) if I(ug,vo) <
I(u,v) for any other weak solution (u,v) € E\ {(0,0)}. We say that (ug,vo)
is nonnegative (nonpositive) if ug,vo > 0 (ug,vo < 0) and positive (negative) if
ug,v9 > 0 (ug,vg < 0), respectively.
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Now we are able to state our main results.

THEOREM 1.1. Assume that (My)—(My) and (V1)—(Vs) hold. If 4 < p <
g < 6, then there exists a nonnegative ground state solution for system (S,), for
all p> 0. If (V%) holds, then the ground state is positive.

THEOREM 1.2. Assume that (M;)-(My) and (V1)—(V3) hold. If 4 < p <
q = 6, then there exists po > 0 such that system (S,) possesses a nonnegative
ground state solution (ug,vo) € E, for all p > po. If (V%) holds, then the ground
state is positive.

THEOREM 1.3. Let p = q = 6. In addition, for i = 1,2, we consider the
following assumptions:
(Vi) V; € CHR3) and 0 < (VVi(z),z) < CV;(z), for all z € R3.
(Vs) A€ CLR?), (VA(z),x)| < C|A(z)| and (VA(z),z) <0, for all z € R3.

Then, system (S,) has no positive classical solution for all p > 0.

REMARK 1.4. A typical example of function verifying assumptions (Mj)—

(My) is given by
2 2

t
a(s) =b % and B(t) = by 5
where b1, b > 0. This is the example which was considered in [9] for the scalar
case. More generally, the functions

()—bl——i—ZaZs” and S(t —bg——i—th%

with a;,b; > 0 and ~; € (0, 1) for alli € {1,...,k} verify hypotheses (M;)—(My).
Another example is given by

a(s):/o In(1+7r)dr and ﬁ(t):/o In(1+r)dr.

In the present work we introduce a class of Kirchhoff-Schrodinger coupled sys-
tems by considering different types of functions o and .

1.2. Notation. Let us introduce the following notation:

o C, C~', C1, Cy, ... denote positive constants (possibly different).

e 0,(1) denotes a sequence which converges to 0 as n — oo.

e The norm in LP(R?) and L*°(R?), will be denoted respectively by || - ||,
and || - o

e The norm in LP(R?) x LP(R?) is given by [|(u,v)|l, = (|lul/% + ||v\|§)1/p.

o We write [u instead of [, udx.

e We denote by S the sharp constant of the embedding D2(R3) — L%(R3)

(1.4) S</|u|6>1/3 < /|Vu|2,
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where D'2(R?) := {u € L5(R®) : |[Vu| € L*(R®)}.

1.3. Outline. In the forthcoming section we introduce the Nehari manifold
associated to system (S,). In Section 3 we study the existence of ground states
for system (S,) in the subcritical case. Section 4 is devoted to the critical case.
In Section 5 we make use of a Pohozaev identity type to prove the nonexistence
result.

2. The Nehari manifold

The main goal of the paper is to prove the existence of ground state solutions.
For this purpose, we use a minimization technique over the Nehari manifold. In
order to obtain some properties for the Nehari manifold, we have the following
technical lemma:

LeMMA 2.1. If (V3) holds, then we have
(2.1) arlullg, + az]lvlE, — 2/)\(30)1“1 > (min{ay, az} = 8)|/(u, v) |-

ProoOF. Note that

2V/Vi(@)Va(@)lullo] < Vi(z)u® + Va(w)o.
Thus, using (V3) we can deduce that
—2/)\(x)uv > —5/(V1(x)u2 + Va(z)v?) > —6]|(u, ) ||,

which easily implies (2.1). O

The Nehari manifold associated to System (S,,) is given by

N ={(u,v) € E\ {(0,0)} : I'(u,v)(u,v) = 0}.
Notice that, if (u,v) € N, then
(2:2) allul3, + azllolly, + o (lals,) lull3, + 8 (Io%,) loll3,
= slully + ol + 2 [ Mz we

LEMMA 2.2. Suppose that (Va), (Vs), (M3) and (My) hold. Then, there
exists a > 0 such that

(2.3) |(u,v)||g > o, for all (u,v) € N.

Moreover, N is a C'-manifold.



GROUND STATES FOR A COUPLED SYSTEM OF KIRCHHOFF-SCHRODINGER EQUATIONS 297

PRrROOF. If (u,v) € NV, then using Lemma 2.1, (2.2) and Sobolev embedding
we deduce that

(min{ay, az} = 0)||(u, v)|[% < asllull, + azllvlE, - Q/A(m)uv
< pllully + lloll§ < C (1w v)IE + [, v)IE)-

Hence, we have that

min{ay,as} — § 9 9
0< ————— <)l + )z,

c <
which implies (2.3). In order to prove that A is a C'-manifold, we define the
Cl-functional J: E\ {(0,0)} — R given by J(u,v) = I'(u,v)(u,v). Notice that
N = J710) and
7,0 () =2(a1|u||%1 +aalolfy, -2 [ A(x)uv)
+ 20" (Jullf, ) lull, + 20" (IlullF, ) lul%,

+28" ([0l %) oI, + 28" (IleliE, ) vl s, — wplluly — qllvllf,

which together with assumption (My) implies that

7w o)u,0) <2(arlul, + aalol, -2 [ M) uo)
+4a ([[ull,)llull, + 48" ([0 E) 10, — mpllul} - qllv]:
Since (u,v) € N, we can conclude that
J'(u,v)(u, v) < ~2(minfa, az} — 8) [ (u, v) |5 + p(4 = p)|ull} + (4 = @)llv]| <0,

where we have used Lemma 2.1 and the fact that 4 < p < q. Therefore, 0 is
a regular value of J and N is a C''-manifold. O

REMARK 2.3. If (ug,v9) € N is a critical point of the constrained functional
I|pr, then I'(ug,v9) = 0. In fact, notice that I'(ug,vg) = nJ'(ug,vg), where
n € R is the corresponding Lagrange multiplier. By taking the scalar product
with (ug, vo) we conclude that n = 0.

LEMMA 2.4. Assume (V3), (V3), (Ms) and (M3) hold. Then, for any (u,v) €
E N\ {(0,0)} there exists a unique ty > 0, depending only on (u,v), such that

(tou,tov) €N and I(tou,tov) = I{lfg([(tu,tv).
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PrOOF. Let (u,v) € E\{(0,0)} be fixed and consider the fiber map g: [0, c0)
— R defined by g(t) = I(tu,tv). Notice that (I'(tu,tv)(tu,tv)) = tg’(t). There-
fore, tq is a positive critical point of g if and only if (tou, tov) € A. Note that
2

t
o) =5 (anlul, +anlplly, 2 [ M) wo)

1 ) ) oo
+ 5 (altulz,) + B(IlE,)) - n [[ullf — 7 [ollg-

By using Lemma 2.1 and Sobolev embeddings, we have that
2

) t tP e
9(t) = (min{a1, a5} = 8) 7 [|(w, 0)|[5 = Cups > 1w, ) — C2 7 [I(w, v)lI; >0,
provided ¢ > 0 is sufficiently small. On the other hand, by using (M3) we deduce

that
2

t
ot0) < 5 (arllll, + aallolly, -2 [ Ay wo)

tho, th s ot
015 e, +b2 5 ol = norluly = - lvllg:

Since 4 < p < g we conclude that g(t) < 0 for ¢ > 0 sufficiently large. Thus g has
maximum points in (0, 00). It remains to prove that the critical point is unique.
In fact, notice that if ¢’(¢¥) = 0 then

1

g(auun?gl +aslolt, —2 [ 2@ u)

t

o (a3, Bl
Tl [l

It follows from (M) that the left-hand side is decreasing on ¢ > 0. Since the
right-hand side is increasing on ¢ > 0, the maximum point of ¢ is unique. U

—p—4 —g—4
+ lull, + [ollE, = p ully + 77 Jo]2.

REMARK 2.5. Let us define the following energy levels associated to sys-
tem (S,):

ey = inf I(u,v), "= inf max I (tu,tv), c¢= inf max I(vy(t)),
N (u,v)EN ( ) (u,v)€E\{(0,0)} tZS( ( ) ’YEFtE[O,}i] (’Y( ))

where I' = {y € C([0,1], E) : v(0) = (0,0), I(v(1)) < 0}. By a similar argument
used in [16, Theorem 4.2] we can deduce that 0 < ¢y = ¢* = ¢.

3. The subcritical case

In this section we are concerned to prove existence of ground states for the
subcritical System (S,,). For this purpose, we follow some ideas from [2, Theo-
rem 2.5]. Let (uyn,v,) C A be a minimizing sequence for ¢y, that is

(3.1) I(un,vn) = cn and  I'(up,v,) — 0.
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ProproSITION 3.1. If (Va), (V3) and (M3) hold, then the minimizing se-
quence (U, vy,) is bounded in E.

PROOF. In fact, recalling that we are assuming 4 < p < ¢, it follows from
(2.2) that

1 1
un,0,) 2 (5 = 5 ) (anlul, + aalll, - 2 [ Aoy wo)

1 1 1
# (5= 2 lonlly + lalunlis) + 500 12,)
P q 2
1
+ 1(@’(HunH%l)llunll2El + 8 (ol ) l0allE,)
which together with assumption (M3) and Lemma 2.1 implies that

Fun, o) 2 (5 = 3 ) infar, ) = 8 sl

Since I(uy,vy) is bounded, we conclude that (uy,,v,) is bounded in E. O

By the preceding proposition we may assume that, up to a subsequence, we

have
(Unsvn) = (uo, vo) weakly in F,
||un||E1 — 0o and ||Un||E2 — 01 strongly in R,
(3.2) Up, Up) — (Ug, Vo strongly in Lt (R3) x Lt (R3
loc loc

for all ¢t € (2,6),

(un (), v (2)) = (uo(w),vo(z)) almost everywhere in R3.

Without loss of generality, we can assume that (ug,vg) # (0,0). In fact, by using
a standard argument we can use the result due to Lions [16, Lemma 1.21] (see
also [11]) to prove that there exist n > 0 and (y,,) C R? such that
(3.3) lim inf (uZ +v2) >n>0.
"7 JBRr(yn)

A direct computation shows that we can assume (y,) C Z3. Let us define the
shift sequence

(Un (), 0n(x)) = (Un (@ + Yn), vn(z + yn))-
In view of assumption (V7) one can see that (t,, v,,) is a Palais-Smale sequence
of T at level cpr, that is, also satisfies (3.1). Moreover, we have that (,,v,) is
also bounded in F and its weak limit denoted by (%o, ?g) is nontrivial, because
(3.3) and the local convergence imply that

[ @+@za>o
BRr(0)

Therefore, we can assume (ug, vg) # (0,0).
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PROPOSITION 3.2. Suppose that (Va), (V3), (M1)-(My) hold. Then, the weak
limit (ug,vo) is a critical point of I.

PROOF. By using (3.2) and the fact that o’ and 8’ are continuous, we have
the convergences

o (llunllz,) = o' (g5) and  B'(|lvall,) — B'(e?)-

Since I’ (un, vn) = 0, (1), we conclude that (ug,vo) is a nontrivial solution of the
following system

(a1 + o/ (6d)) (—Aug + Vi(x)uo) = plugP2up + A(x)vg  for = € R?,

3.4
34) (a2 + B'(01)) (—Avg + Va(2)vo) = |v0|7 209 + A(z)ug,  for x € R3.

We claim that o/ (|Juol|%,) = o/(0§) and B'(||lvellE,) = B'(ef). In fact, by the
lower semicontinuity of the norm we have
lim inf [Jun[| g, > [Juol| &, -
n—o0
Consequently, given € > 0, there exists ng € N such that
lunllz, = lluollg, —e, for all n > ng.
Arguing by the same argument we get
lonllE, = llvolle, —e, for all n > ny.
Thus, for n > nyg, it follows from (M;) that
o (|lunllE,) > o (luoll, —¢) and B (lvallE,) > 8'(Ilvollz, —€)-
Letting n — oo, and after ¢ — 0, we obtain
o' (03) = o (luoll,) and  B'(0F) = B’ (lvollE,)-

Let us suppose by contradiction that at least one of the preceding estimates is
strictly. Without loss of generality, let us assume that o/(0§) > o' (|luol|%, ). Let
H: (0,+00) — R be defined by

H(t) = 5 [a(lltuollE, ) + B(I[tvoll%, )]

1
= 7 [ (ol ) tuoll s, + B'(ItvollE, ) #vol ..

DO =

By using (My) one can see that #H(¢) is increasing on ¢ > 0. Since (ug,vp) is
a weak solution for the problem (3.4) we can deduce that I’ (ug, vo)(ug, vo) <O.
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Moreover, we have that I’ (toug, tovo) (touo, tovg) > 0 for some t € (0,1). There-
fore, there exists £ € (0,1) such that #(ug,vg) € N. Thus, it follows that

- 1 - -
en < I(tug, tvg) — 1 I’ (tug, tvo) (fug, tvg)

-2

t
=7 (ol + asloliy, =2 [ Awyuoeo)

(1 1 (1 1 _
(3= 2 Yol +7 (5 - 7)ol + 10

Since the right-hand side is strictly increasing on ¢ > 0 one has
1 2 2 2) A
en < 7| arlluollz, + azljvoll, ()uovo

1 1 1 1
# (33 ol + (5 = 7 ool + 240

By using Fatou’s Lemma we conclude that

1
¢y < liminf {I<umvn) - Z I/(unvvn)(umvn)} = CN,

n— o0

which is not possible. Therefore, I'(ug, vg) = 0. O

PrROOF OF THEOREM 1.1. In the preceding proposition we have obtained a
nontrivial weak solution (ug,vg) € E for system (S,). Thus, (ug,v9) € N and
consequently car < I(ug,vp). On the other hand, by using (M3), Lemma 2.1, the
semicontinuity of norm and Fatou’s Lemma, we can deduce that

1
cN + On(l) = I(Umvn) 1 I/(Umvn)(umvn)

1
> I(ug,v9) — 1 I’ (ug, vo) (ug, v9) + 0 (1) = I(ug,vo) + 0, (1),

which implies that cyr > I(ug,vo). Therefore, I(ug,vg) = car. In order to get
a nonnegative ground state solution, in view of Lemma 2.4, there exists ty > 0
such that (to|uol, tolvo]) € N. Thus, we can deduce that

I(to|uol, tolvo|) < I(touo, tove) < I(uo,v0) = car,

which implies that (¢g|ugl,to|vo|) is also a minimizer of I on N. Therefore,
(to|uol, tolvol) is a nonnegative ground state solution for system (S,). Now, let
us suppose that (V%) holds and let us denote (ug,To) = (to|uol, to|vol). Since
(o, To) # (0,0) we may assume without loss of generality that uy # 0. We claim
that 7y # 0. In fact, arguing by contradiction we suppose that Ty = 0. Thus,
since (4o, Tp) is a critical point of I, we deduce that

0 = (I'(Tiy, To), (0, 6)) = —/)\(:c) Tod, for all ¢ € C2°(RY),
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Since A(z) is positive, we have that Tp = 0 which is a contradiction. Therefore,
To # 0. By using strong maximum principle (see [5]) in each equation of (S,,),
we conclude that (ug,Tg) is positive, which finishes the proof of Theorem 1.1.0

4. The critical case

In the preceding section we have obtained a positive ground state solution
to the subcritical system (S,), for any parameter p > 0. In this section, we are
concerned with the critical case, that is, when 2 < p < ¢ = 6. Analogously to the
subcritical case, we have a minimizing sequence (u,,v,) C N satisfying (3.1).
Moreover, the sequence is bounded and (uy, v,) — (ug,v9) weakly in E.

We may assume that, up to a subsequence, |[v,[|§ — A, € [0,400). If
A, =0, then the proof follows by the same arguments from the subcritical case,
using [16, Lemma 1.21] to obtain (3.3) and a nontrivial critical point for the
energy functional I. Let us assume A, > 0. In this case, we do not obtain
(3.3) directly, since ¢ = 2* and we are not able to use strong convergence in the
argument. In order to overcome this difficulty, we choose p > 0 large enough such
that the level cyr be in the suitable range where we can recover the compactness.

PROPOSITION 4.1. Suppose that (Vz2), (Vs), (Ma) and (Ms) hold. There
exists o > 0 such that

(4.1) ey < (le - ;) [(min{ay,as} — 6)S1¥2,  for all 1> po.

PROOF. Let (u,v) € E be nonnegative and u, v # 0. We define u,, = pu and
v, = pv. It follows from Lemma 2.4 that for any u > 0, there exists a unique
t, > 0 such that (¢,u,,t,v,) € N. Hence, we have

(42 (n? (arlul, + eallol, — 2 [ Moo )
+ (tum)®a (ltpul)lullE, + )8 (1ol v ]1E,
= u(tup)?lull} + (turs)°0lls,
which together with (Mjz) implies that
ar|lullf, + azllvl|%, — 2/>\(£IJ)W + (ture)? (bul|ulls, +ballvlls,) > () lvllG-

Therefore, (t,4), is a real bounded family. Hence, up to a subsequence, t,p —
to >0, as p — 4+o00. We claim that tg = 0. Indeed, let us suppose by contradic-
tion that ¢g > 0. Thus, it follows from (4.2) that

ar|ull, +azllv]| G, —2 / M yuv + (tup)? (b llull, +b2llvll,) = pltum)? =2 ullp,

which is not possible since the right-hand side goes to infinity as p — 4o0.
Therefore, ¢, — 0 as p — +o0.
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By using (Ms) and the fact that (¢,u,,t,v,) € N, we have

v < <tuu>2(a1|u||%l +asloll, —2 [ A(x)uv) () Gl + ballolls,)-
Therefore, there exists g > 0 such that (4.1) holds, for all u > pg. O

COROLLARY 4.2. Assume that (Va), (V3), (M2) and (M3) hold. Let (tn,vy)
be the minimizing sequence satisfying (3.1). If u > po, then there exists (y,) C
R? and constants R,n > 0 such that

n—oo

(4.3) lim inf/ (up + ) >n>0.
BR(yn)

PROOF. Arguing by contradiction, we suppose that (4.3) does not hold.
Hence, for any R > 0 we have

lim sup / (ui + 0,21) =0.
Br(y)

n—oo yeRg
In light of [16, Lemma 1.21] (see also [11]) we have that u, — 0 and v, — 0
strongly in LP(R3), for 2 < p < 2*. Thus, it follows from (2.2) that
(44)  aillunllF, + azllvnll, — Q/A(fv)unvn + o (lunlf ) lual,
+ /Bl(HUHHQEg)”Un”QEQ = Au + 0n(1).
By using (1.4), Lemma 2.1 and (4.4) we deduce that
(min{ay,az} — 8)SAY® + 0, (1)

— (min{ar, az} — 8)S]on < (minfar, az} — 8)|(un, w13

<arlun s, + allonlly, 2 [ Ae)unva < A, + on(D),
which implies that
(4.5) A, > [(min{ay,a} — 6)S]%/2.
By using (Ms), (3.1), (4.4) and (4.5) we can deduce that

1
en + on(1) = I(uy,v,) — 1 I (i, ) (U, Uy

1 1 1 1 .
> (4 - p)A“ +o,(1) > <4 - p) [(min{ay,as} — 6)S]*/2,
which contradicts Proposition 4.1. O

PROOF OF THEOREM 1.2. Since (4.3) holds, we can introduce the shift
sequence (Un(x), 0, (x)) = (un(z + yn),vn(z + yn)) and we are able to repeat
the same arguments used in the proof of Theorem 1.1 to finish the proof of
Theorem 1.2. (]
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5. The nonexistence result

In this section we are concerned to prove that does not exist positive classical
solution for System (S,) when p = ¢ = 6. Let us denote

f(@,u,v) = — (a1 + o (JJul|E,) ) Vi (2)u + plul*u + A(z)v,
g(@,u,0) = —(az + B’ ([vllE,)) Va(@)o + [v]*o + Az)u.
Thus, we write system (S,) in the following form

—(a1 + o' ([Jull,))Au = f(z,u,v) for z € R?,

(5.1)
—(az + B'(|vll3,))Av = g(z,u,v) for x € R®.

In order to obtain a nonexistence result we introduce the following Pohozaev
type identity:

LEMMA 5.1. If (u,v) € E is a classical solution of system (5.1), then satisfies
the following Pohozaev identity

(a1 +a’(HUII%1))/(|Vu|2+3vl(x)u2)
(o8 () [ (908 + 32 (002)
=~ [ (o2 o/ (ull ) ) (FVi (o). 210 + (a2 + B (o)) (TVal) )

+2 /(V)\(x), T)yuv + / (pu® +v° + 6A(z) uv).

PRrROOF. The proof is quite similar to [4], [16], [10] but for the sake of con-
venience we give a sketch here. Let (u,v) € E be a classical solution of sys-
tem (5.1). We introduce the cut-off function ¢ € C§°(R) given by ¥(t) = 1 if
[t| <1, () =0if [¢| > 2 and |[¢'(¢)] < C, for some C > 0. Moreover, we define
Yn(x) = ¥(|z|?/n?) and we note that Vb, (x) = 2¢'(|x]?/n?)x/n?. Multiplying
the first equation in (5.1) by the factor (Vu, )1, the second equation by the
factor (Vv, z)1),, summing and integrating we get

(5.2) - / [(a1 + 0/(||u||2E1))Au(Vu,x> + (az + ﬁ’(||v||%2))Av<Vv,x>]wn

- / (@1, 0) (Ve 2) + g1, 0) (V0,2

The idea is to take the limit as n — 400 in (5.2). Similarly to [4], [16], we
deduce that

. 1
o+ (Jull) Jim [ Au(Vua) = (o + o' (Jul) 5 [ 190

—(az+ B (IIv]1%,)) nILrEO/Au<Vv,x> = —(as +5/(||v||?52))% / [Vol?.
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In order to study the limit in the right-hand side of (5.2), we note that
div(¢n F(x,u,v)x) = Y (VF (2, u,v), z) + F(z,u,v){Vih,, ) + 39, F(z, u,v),
where F(z,u,v) = —(a1+o/ (||lull%,)) Vi(@)u?/2+ (1/6)u’ + A(z)uv. Notice that

(VE(r,0,0).2) = — (a1 + o/ (ul ) 2 (VVa(z). 2)u?
+ f(z,u,v){(Vu,x) + (VA(z), z)uv + M) (uVv, x).

Thus, we have that
/f(agu,v)(Vu,xMJn = /(div(zpnF(x, u,v)x) — F(z,u,v){Vip,, z))
+f [<a1 £ (full3,) 3 (VVi (@), wyu® — 3F(,u,v)

/[(V)\( ), )yuv + A(x){(uVv, )] 1y,.

Analogously, denoting

G, ) = —(az + 5 (Jol13,)) 5 Vale)? + ¢ 0P + M) wo

we deduce
/g(x,u,v)(Vv,x>wn = /(div(wnG(Lu,v)x) — G(z,u, v)(Vn, z)ty,)
+ [ (a8 ) 5(FValo). 000 ~ 3600, 0)] 0,
— /[(V)\(x),m>uv + Ax)(vVu, z)]i,.

By using integration by parts we conclude that

— lim [ Az)(uVv+oVu, ), = /(V/\ Yuv + 3//\

n—oo

Therefore, using integration by parts and Lebesgue dominated convergence the-
orem we obtain

n— oo

lim [ (f(z,u,v)(Vu,x)+g(z, u,v){Vv,z))), = —3/(F(x,u,v)+G(x,u,v))

+5 [ e+ o (llE)(VVala)o)u + (a2 + 8 (Io],)) (TVala),a)e?)

/(V)\ uv+3/)\

Replacing F'(z,u,v) and G(x,u,v) in the equation above, we get the right-hand
side of (5.2) which finishes the proof. O

Now, we are able to prove that system (5.1) does not admit positive classical
solution.
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PrROOF OF THEOREM 1.3. Let (u,v) € E be a positive classical solution of
system (5.1). By the definition of weak solution we have

(53) (a1 +o () lullZ, + (a2 + 8’ (IlolE,)) lvlE,

:u/u6+/v6+2/)\(1‘)uv.

Combining Lemma 5.1 and (5.3) we deduce that

[ e+ () Vi) + (a2 + 8 (Jolf,) Vao)e® — 200 o]

=5 [ T+ () (Vo) )i + (aa + 8 (Jol,)) (TVala) 2)e?]

+ /(VA(x),x)uv,

which together with assumptions (V) and (Vs) implies that
(5.4) / [(a1 + o' (Jlull%))Va(@)u? + (az + B/ (|[0]%,)) Va(2)v? — 2A(z) uv] < 0.

On the other hand, by using assumption (V3) and (5.4) we have
0< C’/ (a1Vi(z)u? + axVa(z)v? — 2min{as, as }/Vi (z) Va(z) uv)

< C/ (alVl(x)u2 + asVa(z)v® — 2 % () uv)

< [ Lo + o/ (Julf) V@) + (aa + 8 (ol Vala)o? — 2A(z) o] <0,
which is a contradiction and finishes the proof. U
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