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PARABOLIC EQUATIONS
WITH LOCALIZED LARGE DIFFUSION:
RATE OF CONVERGENCE OF ATTRACTORS

ALEXANDRE N. CARVALHO — LEONARDO PIRES

ABSTRACT. In this paper we study the asymptotic nonlinear dynamics
of scalar semilinear parabolic problems of reaction-diffusion type when the
diffusion coefficient becomes large in a subregion in the interior to the do-
main. We obtain, under suitable assumptions, that the family of attractors
behaves continuously and we exhibit the rate of convergence. An accurate
description of the localized large diffusion is necessary.

1. Introduction

Local spatial homogenization is a feature that appears in several physical
phenomenona. It is often present in heat conduction in materials for which the
heat may diffuse much more faster in some regions than in others (composite
materials).

Reaction-diffusion models for which the diffusivity varies considerably from
one region to another have solutions that tend to become spatially homogeneous
in the regions where the diffusivity is large. There has been many studies of
mathematical models for which this property was exploited (see, for example,
[2], [7] and [16]).
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Also, in [10] the authors considered a scalar parabolic problem where the
diffusivity is large except in a neighbourhood of a finite number of points where it
becomes small (see also, [13]). There it was shown that the asymptotic behavior
is described by a system of linearly coupled ordinary differential equations. The
analysis in [10] requires a detailed description of the transition between large
and small diffusion.

Inspired by these works, we formulate a prototype problem of the localized
large diffusion in order to understand its effects on the continuity of global at-
tractors. Specifying the details on how the diffusivity becomes large or converge
we obtain, not only continuity of attractor but also the rate of their convergence.
Our formulation refines the results on continuity of attractors (without rate) ob-
tained in [7] where the diffusivity becomes large in a subregion which is interior
to the domain. We will need to make an accurate description of the localized
large diffusion as in [10] to be able to establish the rate of convergence.

To present better the main ideas while avoiding excessive notation, we con-
sider the one dimensional scalar case for which the diffusion is large only in a part
of the domain, leaving the case where the diffusion is large in a finite number of
parts of the domain as implicit.

Fi1cURE 1. Diffusion

Consider the scalar parabolic problem

uf — (pe(z)us)y + Muf = f(u®) if0<z<1, t>0,
(1.1) us(0) = us(1) =0 if t >0,

x

ua(o) = ug,

where € € (0,g0] is a parameter (0 < g9 < 1), f € C?*(R) and A > 0. To
describe the coefficients p., let 0 = zg < 21 < 22 < x3 = 1 be a partition of the
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interval = (0,1). We assume the diffusion is very large in the open interval
Qo = (21, 72) and converges uniformly to py € C?(;) in the Q; = [0, 21]U[x2, 1]
as € approaches to zero. More precisely, for mg > 0 and ¢ € (0, e}, p € C?([0,1])
satisfies the following conditions (see Figure 1).

De 20, Do uniformly in €y,
1
(1.2) pe(x) > = in [z1 +&,22 — €],
€

mo < p. in  and, consequently, mg < pg in €.

Due to the large diffusivity it is natural to expect that solutions u® of the
(1.1) become approximately spatially constant on Qg as t becomes large. Assume
that solutions u® (¢, ) exist and converge (in some sense), as € — 0, to a function
u®(t, ) which is spatially constant on (z1,72) and denote its value in €y by
ugy, (t). With this, the limiting problem of (1.1) as ¢ — 0 should be given by

ud — (po(2)ud)y + M’ = f(u) ifz € Q, t >0,
u2(0) =ul(1) =0 ift >0,
(13) Wy = i,
i, + Mgy, = f(ufy,),
u®(0) = ug,

where u8 = lim,_,o ug is constant on Q.

In fact, the problems (1.1) and (1.3) are particular cases of those in [16]
where it was proved that solutions of the elliptic operator in (1.3) approximate
those of the elliptic operator in (1.1) (resolvent convergence). As a consequence
of that the authors in [16] proved also the convergence of the spectrum of the
associated elliptic operators. Nonetheless, nothing is said in [16] about the rate
of convergence of resolvents or of the spectrum.

To better describe the results we write (1.1) and (1.3) abstractly in a natural
energy space. To do that we introduce some more terminology. We start defining
the operator A.: D(A.) C L*(0,1) — L%*(0,1) by

D(A.) = {u € H*(0,1) : uz(0) = uy(1) =0} and A.u= —(petiz)s + \u.
Next, we define the spaces of functions which are constant in €y by

L3,(0,1) = {u € L*(0,1) : u is constant a.e. in €},
H4 (0,1) ={ue H'(0,1); up =0 in Qo}.
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Using this terminology, we define the operator Ag: D(Ap) C L%O (0,1)— L%U (0,1)
by

D(Ag) = {u S Héo (0,1) : —(potz)z € L*(1), u(0) = uy(1) = 0},
Aou = [ (pots )z + Aulxe, + [Augy]xao,

where ugq, is the constant value of w in Q.

Hence, A, is a positive self-adjoint operator with compact resolvent for each
e € [0,¢e0], its first eigenvalue is A and we can define, in the usual way (see [14]),
the fractional power space X2/% = H(0,1), € € (0,g0], and Xé/Z = H{, (0,1)
with the respective scalar products

1 1
<”’U>X§/2 :/ Pelly Vg dm—i—/ Auvdx, u,v € Xsl/z7 e € (0,e0],
0 0

0

1
<u,v>X1/2:/ pouxvxdx—l—/ Auv dz, u,veXé/2.
Q1 0

The space Xé/z is a closed subspace of X2 ce (0,e0] and x2?c HY0,1)
with embedding constant independent of €. However, a delicate issue here is
that, the embedding H'(0,1) C X% is not independent of ¢, in fact

lullzr < Cllull g1z < Mellullg,  we HY,

where M. — oo as € — 0. Actually, it can be proved that it is not possible to
choose M, independent of ¢ (see [11]), therefore estimates in H' norm do not
. . . . 12
provide (uniform in ¢) estimates in Xz~ norm.
We will consider X2/ as the phase space for the problems (1.1) and (1.3) that
is, if we also denote by f the Nemytskii operator associated to the function f,
then (1.1) and (1.3) can be written in the following coupled form

(1.4) uj + Au = f(u®),
' u(0) = us € X% for e € [0, eq).

Since X% c C ([0,1]), we do not require any growth condition for f and we
only assume that it satisfies the dissipativeness condition

f(x)

limsup —= < .
|z] =00 L
It follows from [3], [4] and [2] that (1.4), for each € € [0,&¢], is globally well
posed and its solutions are classical and continuously differentiable with respect
to the initial data. Also, we may assume, without loss of generality, that f is
globally bounded with globally bounded derivatives up to second order. Thus we
are able to consider in X2 /2 the family of nonlinear semigroups {T:(-)}-c[0,c]
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defined by T.(t) = u®(t,uf), t > 0, where u® (¢, u) is the solution of (1.4) through
c 1/2
ug € X¢'” and

t
(1.5) T.(t)u§ = e~ Aetug —I—/ e A=) f(T.(s))ds, t>0,
0

has a global attractor A., for each € € [0,g¢0] such that |J .A. is compact
€€[0,e0]
in H1(0,1).
We recall that the family {Ac}.cp,,) of global attractors is continuous at
e=0if

dy(Ae, Ao) = distg (Ae, Ag) + distg(Ag, Ae) - 0 ase — 0,

where

. _ . . 1/2
dist (A, B) ilelgblél}fBHa b||X51/2, A,BC X, /'".

We also recall that the equilibria solutions of (1.4) are those which are in-
dependent of time, that is, for € € [0,¢¢], they are the solutions of the elliptic
problem A.u® — f(u®) = 0. We denote by &, the set of the equilibria solutions
of A. and we say that uS € & is a hyperbolic if

o(Ae = f'(u?)) N {p € C: Re(p) = 0} = 0.

Since hyperbolicity of equilibria is a quite common property for reaction dif-
fusion equations (see [9], for example), we assume & is composed of hyperbolic
equilibria only, therefore & is finite and the family {&.}.cjo,) is continuous
at ¢ = 0 (see [7]); in fact, for ¢ sufficiently small, £ is composed of a finite
number of hyperbolic solutions and the semigroups in (1.5) are gradient. More-
over, in [8] the authors proved that the semigroup Tp(-) is Morse-Smale from
which it follows the stability of its phase diagram under suitable perturbations
(see [6]). In [8] the authors also proved the gap condition for eigenvalues of the
operators A., € € [0,&¢], and then the existence of exponential attracting finite
dimensional inertial manifolds M. (of dimension independent of €) containing
A, is ensured. Thus we can restrict the semigroups 7; to these inertial manifolds
in order to obtain a finite dimensional problem. The robustness these smooth
inertial manifolds under regular perturbations is used to ensure the the phase
diagram commutativity between attractors.

Under these assumptions, the authors in [2] and [7] proved the continuity
of attractors (as sets) for a problem similar to (1.4) in the phase space x 2
however rate of convergence of attractors was not considered. The aim of this
paper is to consider the rate of convergence of attractors as € tends to zero.

Some results about rate of convergence of attractors for Morse—Smale prob-
lems are founded in [5], where the authors have obtained an almost optimal rate
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of convergence of attractors involving the compact convergence of the resolvent

operators || A7t — Ag?| 1/2) for a specific thin domain problems.

c(rz ,x

Inspired by the work£ (iléscribed above, we exhibit a rate of convergence of
the attractor of (1.4), in the phase space X51/27 to the attractor of (1.3), in the
pase space Xé/ 2, in terms of the ¢ dependence of the diffusion coefficients p..
All asymptotic objects in our prototype problem (equilibria, unstable manifolds,
invariant manifolds and attractors) converge at this rate which is the rate of
convergence of resolvent operators.

Therefore our main contribution in this paper is to establish the rate of con-
vergence of resolvents operators, eigenvalues and equilibria for the problem (1.4)
to be able to apply the results of [5] to the continuity of attractors. In addition,
for the particular model considered, our work improves the works [1], [7] and [8]
(in what concerns the continuity of attractors), where continuity of attractors
was proved without any rate. The current paper is the first to consider the rate
of convergence of attractors for parabolic problems with localized large diffusion.

This paper is organized as follows. In the Section 2 we make the study of the
elliptic problem in order to find a rate of attraction for the resolvent operators. In
the Section 3 we exhibit a rate of attraction for the eigenvalues and equilibrium
points. In Section 4 we obtain the rate of convergence of invariant manifolds and
in the Section 5 we reduce the system to finite dimensions and we finally obtain
a rate of convergence of attractors.

2. Elliptic problem

In this section we analyze the solvability of the elliptic problem associated
to (1.4) in order to obtain the rate of convergence of the resolvent operators. As
a consequence we will estimate the convergence of T.(1); that is, the solution
operator associated to (1.5) at time one. Later we will transfer such estimate to
the convergence of T.(1) restricted to finite dimensional invariant manifold.

Next we prove the convergence of the resolvent operator AZ to Ay !

1
s,
establishing that the rate of this convergence of resolvent operators is

(lpe = pollze=(0y) + e)l/2.

LEMMA 2.1. Forg € L, with ||gllL> <1 ande € [0,&0], let u® be the solution
of elliptic problem

Auf =g for x € (0,1),
“(0) = u(1) = 0.

u

Then there is a constant C' > 0 independent of € such that

lu =l 2r2 < Clllp = pollie (e + )2
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PRrROOF. First note that the weak solution u® satisfies
1 1 1
2.1 DU g dx + Mufpdr = gpdx, forall ¢ € X2 e € (0,e0),
z¥ ) . e
0

1 1
(2.2) / PouU s dm—i—/ Ml dx :/ gpdx, forall p € Xé/2.
Q 0 0

If we take = u® as a test function we get uniform bound for weak solution
uf in the spaces H' and X2/? for ¢ € [0,20]. Also the embedding H! C L*
gives us an uniform bound for u° in the space L>°. For estimate u: note that

—(peul), = g — Auc integrating from 0 to z, we obtain
peluzl < llgllze + Allu®[[L2,  for z € [0,1]

and, using (1.2), we have mg|u| < 14\, z € [0,1], Thus ||ug || < mg (14 N).
In what follows C denotes a positive constant independent of e (it may vary
from one place no another).
We define the linear operator E': Xgl/2 — Xé/Q by

U in ng:[o,a?l—&}U[l‘g—i-E,l],
Fu — { linear in Q. =[z1 —¢e,21]U[x2, 22 + ¢,
1 2
U= / udr in o,
T2 — T1 1

for all w € X2/%. If we let u — u® as a test function in (2.1) and if we let

E(u® — u%) as a test function in (2.2), we have

1 1
/ pe(us —ul)? dx + )\/ (uf —u®)? dx
0 0

xo+e
= — / (pe — po)ul(u —ul) dx —|—/ g(I — E)(uf —u°) dx
Ql xr1—¢€
xo+te
— / poul (I — E)(u® — u®), do — )\/ u’(I — E)(u® —u) da.
QE xr1—E€

Since p. converges uniformly to pg in 1, we have p. is uniformly bounded in ;.
Thus, by Hoder inequality, (1.2) and the uniform bound for weak solutions u®
and u, first term in the right hand side of the above expression can be estimated
by Clju® — UOHX;/2(Hp5 — poll L= () +€'/?). For terms that involve the operator

F we have used

€

Ewf —u®),|dx < Cl|uf — u® 1/281/2,
X

€

IE(u® = u®)|[pe(an) < Cllus = /e



8 A.N. CARVALHO — L. PIRES

We will prove the first of these inequalities. Denote v® = u® — u? and assume
that x € [x1 — €,21]. In this case we have

B(0F),| = V& —v¢(z1 — ¢€) vE —ve(x1 +€) v¥(zy +e) —vi(z1 —€) .
£ € 5
Consequently,
_ 1 r2
|7 — v (21 4+ €)| < / [v® — v (x1 + )| dx
T2 —T1 Jyy

1 x1+€ To—E To
_ [/ +/ +/ vfuf(x1+s)|dz]
T2 —T1 T, T+ To—e

r1te T2
/ +/ |v® — v® (1 —|—5)|dx§C||UEHLoo€§C||v€||X1/251/2.
Ty Tro—E€ N

and we have that

Now, for x € [z1 + &, 22 — €],

Tro—E€ Tro—E& 1/2
o) - vwral s [ slaos ([T k)

T1+€ 1+e
but
1 Tro—E€ Xro—E
S mPars [ ppiP e < Ry
€ Jai+e xz1+e c
and then
Tro—E€
/ [v¥(x) — v (21 +€)| dx < C||UEHX1/2€1/2.
x1+€ €
We also have

T1+e€

o +e) v -al< [ ilde

xr1—E€

z1te 1/2
< (/ |v;2d:v> (26)1/2 < C’||v5||X1/251/2.

1—¢
All other estimates are similar and the proof is complete. O
As a consequence of the previous lemma, we have the following result.
COROLLARY 2.2. There is a positive constant C independent of € such that
1A = 40 o 1, ey < Clllpe = pollis ) +2)%

Furthermore, there is ¢ € (w/2,m) such that for all p € £y, = {p € C:
larg(p + A)| < @} \{p e C: |u+ A <r}, for small v > 0,

e+ 47" = G A0) |z 2y < Olllpe = polli=any )7
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PROOF. The first part is an immediate consequence of Lemma 2.1. Let p(A,)
be the resolvent set of the operator A., € € [0,e¢]. If pn € p(—Az) N p(—Ay), we
choose ¢ € (7m/2,m) suitable in order to get the sectorial estimates

M, M,
Iul” Tul”
Therefore, ||As(u+Ae) g2y < 14+M, for e € (0,£0] and ||A0(M+A0)_1||£(L%O)
<1+ M,. But, if g € Lg, , we can write

AV (AT = (p+Ag) g = Ac(u+A) TTAVP (AT — Agh) Ao(p+ Ao) g

and thus

}|(H+Ae)71||c(L2) < e € (0,e0], and ||(H+AO)71HL(L%0) <

[+ A) ™ = (et A) | 2z a2y

2
0
<[|Ac(u + As)*1||£(L?20)||A;/2(Ag1 - Ao_l)HL(ngO) [ Ao+ AO)il”ﬁ(L%Q)
<[|Ac(p + Asrng(L?)HA;/Q (A7t - A Hﬁ(Lgo)HAO(” + AO)il”L(LgO)

< C(llpe = pollze=(0y) +e)'/2,

for some constant C' = C(p) > 0 independent of p and e. O

Next we obtain the rate of convergence of nonlinear semigroups. We will
follow [5] that improves (for the Morse-Smale case) the results presented by [1].
For our purposes we just need to consider the time ¢ = 1. In fact, for each ¢, the

time one map T.(1) generates a discrete semigroup {7.(1)" : n € N} with the
same attractor A, of T.(t).

THEOREM 2.3. For each wy € Ay, there is a positive constant C' independent
of € such that

|1 7= (1)wo = To(Dwol| 12 < C(llpe = poll = ey +2)**|log(|lpe = poll L= () +2)1-
PROOF. For each ¢ € [0, g¢] the operator A, generates an analytic semigroup

{e=A<t . t > 0} which is given by

1
—A.t — wt A —1 d
¢ 2mi /1“ et A dp,

where I' is the boundary of
Yre={neC:larg(u+ )| <} \{peC:lp+A <7}

for some small r and ¢ € (7/2,7), oriented towards the increasing imaginary
part. It is clear that

He—AEt

c(z2,x1?) < M2, >0, e € (0,0),

HG_AOtHL(L2 X1/2) é Mt_1/2e_/\t’ t> 07

Qqore
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where M is a positive constant independent of €. Thus, for ¢ > 0,

He—AEt

- e_AOtHL(L? x1/7) S He_AEt

—A
By X2 c(rz, . x?) +le Ot”z:(L?,D,Xé/Z)

< Mt~ V2e= M M 2e A < opE 1 2e A,

Moreover, using the Corollary 2.2, we can prove that

le=4<t — e_Aot||£(L?207X;/2)

1 _ _
= %A [+ 4™ = Gt A0) M g, v Ll

< C([lpe *pOHLoo(Ql) + 5)1/2t7167)\t.

Note that the terms ¢~'/2 and ¢! in the the estimates above originates a sin-
gularity in the variation of constants formula. This is the main difficulty in esti-
mating the nonlinear semigroups. In [1] the authors performed an interpolation
of these terms together with the rate of convergence of resolvent operators which
resulted in the considerable loss in the rate of convergence of attractors. In the
situation where the limiting problems is Morse-Smale, the authors in [5] had the
same problem, however they used the following estimate (placed in our context).
If we denote 7(g) = ([lp: — pollL~(a.) + 5)1/2 and [-(t) = min {¢t~ /2, 7(e)t71},
then

(2:3) /T (1 —r)e X7 dr < O7(e)|log(7 ().

— 00

Since the nonlinear semigroup is given by (1.5), then for 0 < ¢ < 1, we have
172 (Eywo = To(t)woll /2 < [[(e7<" = ™4 )wo | y1r2
t
b [ e T ) - e f(Tas o)y
0

but
t
/ He—AE(t—s)f(TE(S)wO) _ e‘AO(t_s)f(To(S)wo)HXal/z ds
0
S/O H(B*Ae(tfs) [f(T-(s)wp) — f(TO(S)WO)]HX;“ ds
t
# [ et o) i) o s
0
gc/ (t — ) Y2 Tu(s)wo — To(s)wi] | g1/2 ds
0

t
+c/ L(t — 8)e 7| £(Ty(s)wo)|| 12 ds.
0 €
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By etimate (2.3) and Gronwall’s inequality (see [9] and [14] for singular Gronwall
Lemma) we have

ITe()wo — To(t)wol 12 < C7(e)| log(7(e))| + C7(e)| log(7(e)[e",

where K = CT(1/2)'/2. Now the result follows taking ¢ = 1.

3. Rate of convergence of eigenvalues and equilibria

In this section we will obtain the rate of convergence of eigenvalues, spectral
projection and equilibrium points.

The convergence of eigenvalues and eigenfunctions of the linear operators was
proved in [16] and the properties about the compact convergence of the spectral
projections was studied in details in several works (see, for example, [7], [12]
and [16]). In the next result we will follow [1], where it was considered rate of
convergence for the eigenvalues and spectral projections. We also state the gap
condition proved in [8].

e—0

LEMMA 3.1. If ) € 0(A.), € € [0,&0], and \* ——= \°, then

1/2
IXE = 20 < C(IIpe — pollz=(an) +2)>.

Moreover, if we denote o(Ac) = {A5}5°, (ordered and counting multiplicity), we
have the following gap condition

1—00
AR

Ais1
PROOF. Let A\’ € 0(4p) be an isolated eigenvalue. We consider an appro-
priated closed curve I' in p(—Ag) around A\° and define the spectral projection
1 _
ngr (n+Ac) Ydu, ce [0, €0].
™ Jr
It follows from Corollary 2.2 that

1/2
HQE_QOHC(L?ZO,X;/Q) SC(Hpa_I)OHLw(Ql)‘FE) .

If we have A° € o(A.) such that A\® <20 X\ then for ¢ sufficiently small there
is u® € Ker(\g — Ag) with Hu0HX1/2 = 1 such that Q.u° is eigenfunction of A,
associated with A¢, thus

32 = 30 < [ = X0 = [ Qua = X0
but

A" Qou® = X0u0| 12 < [[3°Qou’ = A°Quu® + A°Qu® — X0 1o

1 1
< AN U Qou’ — e Q-u’

+ [ A%(Q< — Qo)u’|| 4172
x1/? N

< A4 Qou — A7 Qe oo + X2 — Qo)1
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and

|45 Qou® — 471 Qe[ e
= HAngOuO — AZTQou’ + AZTQou® — AZTQu| /e
<[1(45" = A7) Qou’l|ara + [[AH(Qo = Qo) -

Hence the estimate for |A\° — \°| follows.
In [8] it was proved that the eigenvalues of —A. has a gap condition by
characterizing these eigenvalues, that is, if o(—A.;) = {u5}32, then

1 1
pfz—ﬁz 7?4 o(i) asi— oo, Wherelz/ pe(s)"Y? ds.
0

Consequently A\§ — Af, 2% 0. O

Recall that &£ denotes the set of the equilibria solutions of the A, and we as-
sume that & is composed of hyperbolic equilibria, thus for ¢ sufficiently small &,
is composed of a finite number of hyperbolic equilibria. The rate of convergence
of equilibrium points can be obtained as follows.

THEOREM 3.2. Let ul € &. Then for ¢ sufficiently small (we still denote
e € (0,e9]), there is 6 > 0 such that the equation Acu— f(u) = 0 has only solution
u; € {u € Xgl/2 : Hu — u2||X1/z < (5}. Moreover,

(3.1) V12,

ul =l g2 < Clpe = pollie(@n) +¢

PROOF. The proof is the same as given in [7]. Here we just need to prove
the estimates (3.1). We have uS and u? given by

= (Ao + Vo) ' [f(ud) + Voul] and g = (Ao + Vo) f(uf) + Vous),

where Vy = f( ) Thus

s =il 2re

<|(Ae + Vo) M [F(ul) + Vous] — (Ao + Vo) " [£ (u?) + Voul] || /2
< (Ae + Vo) [f(ug) = f (wd) + Vo (us = ul)]| 5102
+[|[(Ae + Vo)™ = (Ao + Vo) T [f (ud) + Voull|| 2.
We can prove that
(Ac4+Vo) ' = (Ao+ Vo)™t = [T = (Ac+ Vo) Vo (AT = AgH [T Vo(Ao+ Vo) 1],

which implies

1[(A + Vo)™ = (Ao + Vo) '] [f (uf) + Voul] || ar2 < Cllpe = poll L=y +)"/>.
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Now we denote 2° = f(us) — f(u?) + Vo(us — u?). Since f is continuously

*

differentiable, for all 6 > 0, there is ¢ sufficiently small such that [2°]| 12 <

5||ui —u2|

Xsl/z, thus
e+ 7)™ s < Bl 10 oyl = w8l
01 €

We choose § sufficiently small such that §||(A: + Vo) ~* ||L( <1/2, thus

1/2
L, .x! )

O

us — uy

COROLLARY 3.3. The family {E:}.c(0,,) @5 continuous at € = 0. Moreover,
if & = {udt, ..., ug’k} then for € sufficiently small, £, = {ui’l, . ,ui’k} and

1
x1/2 = C(|lpe — poll L=y + e)/? 4+ iﬂui —ul X2

[ust = w|[ a2 < Clllpe = poll=(a) +)/% i=1,.. k.

REMARK 3.4. The rate of convergence of eigenvalues, eigenfunctions and
equilibrium points is better than rate of convergence of the nonlinear semigroup.
This fact is related to the estimates that we obtained for the linear semigroup
in the fractional power space and, we will see that the rate of convergence of
attractors of problems (1.4) has a loss with respect to the rate of resolvent
operators. A class of problems where the rate of convergence of the resolvent
operators is the same rate of convergence of the attractors is presented in [11].

4. Rate of convergence of invariant manifolds

In this section we characterize the invariant manifolds M. locally as a graph
of a Lipschitz function, and we guarantee that M. approaches to the invariant
manifold My when the parameter ¢ goes to zero. This result will be fundamental
to reduce the study of the asymptotic dynamics of the problem (1.4) to a finite
dimension.

The spectrum of —A., ¢ € [0,&9], ordered and counting multiplicity is
given by ... — X5, < =A%, < ... < =A§ < 0 with {¢5}52, the eigenfunc-
tions related. We consider the spectral projection onto the space generated by
the first m eigenvalues, that is, if I is an appropriated closed curve in p(—Ap)
around {—AJ,..., =A% |}, then

1

Qs = 5 (,Uz + Ae)il d,u, € € [0,60].
271 T

We observe that Q). is a projection of finite rank and then there is an isomorphism

from Q.X2/% = span[pd, ..., 95 ;] onto R™. Thus we can decompose X2 =

Y. ® Z., where Y, = Q5X§/2 and Z. = (I — QE)X;/2 and we define AT = A.|y.
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and A = A.|z. for € € [0, ¢p]. The following estimates are valid (see [11]).
||€7AE+tZHX1/2 §M65t||z||X1/z, t<0, z€Y,,

He‘AgtzHX;/z < Me |zl y12, 20, 2 € Z,

He—A;rt - e_ASrtug(L’é X1/2) < MeﬂtIE(_t)v t <0,
D) £

||e_A;t - e_A‘;tHL(L?2 x177) < Me (1), t>0.
0

where

lc(t) = min {t71/27 (llpe = pollLe= (0, + 5)1/27571}7
v=A, a2 =B =2 e\, )

m

for @ > 0 small and M independent of € and m.

As a consequence of Lemma 3.1, for suitably chosen «, the sum of « and (3,
as a function of m, can be made as large as we wish. The choice of m will be
used as a parameter in the proof of existence of the invariant manifold.

THEOREM 4.1. For sufficiently large m and € small, there is an invariant
manifold M. for (1.4) given by

M. = {u € X2 = Quuf + s2(Qeu’)}, e €0,0),
where s5: Y, — Z. is a Lipschitz continuous map satisfying

s2(v) = 52(v)|| 172 < C7(e)|log(7(e))],

(4.1) lls5 = s3ll = sup |
veY)H

where 7(g) = (||p: —poll L= (a,) +€)/? and C is a constant independent of e. The
mvariant manifold M is exponentially attracting and the global attractor A. of
the problem (1.4) lies in M.. The flow on A. is given by

us(t) = v°(t) + s3(v°(1), tER,
where v (t) satisfies

vF A+ A0 = Q- f(v° + 5L (v° (1))

PRrROOF. The proof is well known in the theory of invariant manifolds (see [9,
Chapter 8]). Here we just need to prove the estimate (4.1).
For given D > 0 and 0 < A we consider the set

Y. = {35 Y. = Zo o ||s°]| £ D and ||s*(v) — ss(ﬂ)HX;/z < Aljv — 5||X51/2}.

It is not difficult to see that (X, || - ||) is a complete metric space with the uniform
convergence topology. We write the solution u® of (1.4) as u® = v® 4 2%, with
v® €Y, and 2° € Z. and since ). and I — (). commute with A., we can write

vf + A0 = Qo f (v° + 2°) := H.(v7, 2),

(4.2)
25+ AZ25 = (I — Qc) f(v° + 2°) := G (v, 2°).
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By assumption there is a certain p > 0 such that
IH0F ) < po G008, 2) 0o < .
VH (0%, 2°) = He (5, 5) e < pllo® = Bl s + 125 = Zell ar2),
1GL(F, ) = Gl 2| gus2 < p(IvF =Tl gore + 127 = Zellus2),

for all v®,0¢ € Y, and 2%,2° € Z.. Also, choosing m suitably large and then ¢
small, we have that

pMy~' <D, 0<~y+B-pM(1+A4),
pM2(1+ A) <A P> M*(1+ A)B~1
Y+B—pMI1+A) = Y+ B = pM(1+A)
p*M?(1+ A)(1+ M)

Y+B—pM(I1+A4A) |
We will divide the proof in three parts.

Part 1. (Existence) Let s° € ¥ and v*(t) = v*(¢, 7,1, s°) be the solution of

pM~y~" +

1
<77
-2

L= |pM+ v—L>0.

v + Afv® = H (ve,s°(v%)) fort <,
vi(7) = 1.
We define ®.: ¥, — 3. by

B.(s7) () = / A7 NG (05 (), 57 (0F (1)) dir-

Then -
() vz < pM [ = piy < D
—o0

For s°, st € X, n,77 € Yo, ve(t) = ve(t, 7,7, s°) and T°(t) = 0°(t, 7,77, 5°) we have
o () = () = e (g~ 7)
+ [ e I (), 0 0)) - B 0, @ )
Thus '
I (8) = 58 s < MePE 1y = 7l
o [ TP H (02 (1), 57 (05 (1)) — Ho(5 (1), 355 () e
<MePt=)|p — Ml 172
ot | TP [ (r) = T (1)l g/ + (0 (1) — T (1))l /0]
<MeP|In — Ml 172

+ PM/tTeﬁ(t—r) (1 + A5 (r) — 65(r)||X51/2+ ||S€(5€(T))_?(F(T))HX;/Z] dr
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<MeP | =7 a2

L pM(1+A) / B o (1) — ()| as2 dr + pM s — T / A=) dy
: t

t
<M =7 a2

M1+ 8) [ PN ) =T |y pME 7~ S,
t

By Gronwall’s inequality,
[0 () = ()| 12 < [Mlln =7l /2 + pMBTH|s* — 5[ el MUI+H=AIT=0),
Thus
[@(s7)(m) — ©=(5%) ()| 2/
< / e A O G (1), 5 (05 (1)) — Ge@ (1), B @ ()]s

p2M2(1 +A)6_1
Y+ B8—pM(1+A)

pM?2(1 + A)
Ty +B8—-pM(1+A)

1 =7l 272 + lls* =1

-~ 1 15 SE
< Alln =allyirz + 5 lls* =57k

Therefore, making s° = s° we have that ®. takes Y. into itself and, making
n = 7 and taking the suppremum in 7 we have that ®. is a contraction on >,
hence there is a unique s € ¥, which is a fixed point of ®..

Now, let (7°,Z°) € M., Z° = s5(7°) and let v _(t) be the solution of

vf + Ao = H (v5,s5(v°)) fort <,
ve(0) = v°.
Thus, {(v5, (t),s5(v, (t)}ier defines a curve on M.. But the only solution of
equation
2+ A2 = Ge(vg, (1), s5(vg, (1))
which stays bounded when ¢t — —o0 is given by

= [ OG0 (0,505 (0) dr = sE(05, (1)

—0o0
Therefore (v (t),s5(vs, (t)) is a solution of (4.2) through (7°,Z°) and thus M.
is a invariant manifold for (1.4).
Part 2. (Estimate) Now we will prove the estimate (4.1). For n € Y, we

have
[s2(m) — s2(n)|| 22

< / e TG (v%, 55 (v°)) — e TG (00, $2(0°)) || 172 dr

— 00
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S/ |’67A;(77T)GE(UE, sE(v°)) — e A TG (1Y, 82(1}0))||X1/2 dr

—|—/ He*A;(T*T)Gg(UO, s2(v0)) — e~ A TG (10 50w ||X1/2 dr
+ / He_A;(T_T)GO(vO, s0(10)) — e~ TGy (00, s2(v HX1/2 dr.

If we denote the last three integrals for I;, I5 and I35 respectively, we have

D<M [ eI A Oy 4 = S0 dr
— 0o

T

SpM(1+A)/

— 00

)
o = o yredr o pMYsE = [
— 00

T

— pMAyYsE — 80+ pM(1+ A) / eI o — 0] 12 dr.

— 00

For I we have
Ge (0%, 52(0°)) = Go(v°, s2(v%)) = (Q= — Qo) f (v° + s2(v?)),
and if we denote 7(¢) = (||p: — pol|r=(q,) + €)'/?, then I, < C7(e). And for I,

we have

I3 < / ’ (T —7)e 7T dr < C7(e)|log(r(e))],

— 00

where we have used the Lemma 3.10 in [5]. Thus

Is2(m) = s2(m)l| 172 < C7(e)[log((e))] + pMy 155 — 52|

+pM(1+A)/ e o — 00 /e dr

— 00

But

Hva( HX1/2 < H —A*(t Ty _ —Aj(t—r))nH
/ He =M H_(v°, s (v ))—e*AJ(t*T)HE(UO,SE(UO))HX;/z dr
+ / He_AE (t_r)Hg(vO, s2(0%) — e_A:r(t_T)Ho(vo, 82(1}0))”}(1/2 dr
t 1=

1/2 dr.

+/ He—Aj(t—r)HO(UO’Sg(,UO)) . e—Ag(t—r)HO(,UO’SO Hx
t

With the same argument used earlier, we have
[|lv°(t) — vo(t)HX1/2 < C’/ lo(r — )Pt dr
€ t

+ pM||ss — s2|| / A dr 4+ pM (1 4 A)/ e m0f — 0| 172 dr.
t t N
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By Gronwall’s inequality,
[v°(8) = 0°@)]| 272 < [Cr(e)[Tog(r ()] + pMB~" |55 — s2fJeleM A=A =0,
thus
Is5(m) = sl 172 < C7(e)|log(r(e))] + pMy~ IsE — sUll

+pM(1+A4) / eV (T M+ 8)=B)(r=1) .

—00
-[C7 () log(r(e))| + pMB™H 52 — 1]

PPME(1+ A)5!
T+B—pM(1+A4)
which implies [|s5 — s%|| < C7(g)|log(7(e))].

Part 3. (Exponential attraction) It remains to show that M. is exponentially
attracting and A. C M. Let (v°,2°) € Y. ® Z. be the solution of (4.2) and
define €°(t) = 2° — sS(v°(t)) and consider y°(r,t),r < t, ¢ > 0, the solution
through r of

< Or(e) log(r(e))] + [val n Iss — 52l

Y+ ATyF = Ho(yF, 55(y7) forr <4,
ye(t,t) = vo(t).
Thus,

ly= (r, 1) vE(r)||X1/2

H/ = [H(y*(0,1), 55 (y°(0,1))) — Ho(v°(0), 2°(0))] d(;H

xlz
<pM / PO [(1 4 A)yF(0,8) = v*(O) | sz + [€5(6) | 2] d.

By Gronwall’s inequality

¢
(4.3) ly=(r, t) — v (r)| 5172 < pM/ e_(ﬁ_pM(HA))(G_T)||§6(9)||X1/2 do,
for r < t. Now we take tg € [r,t] and then

ly* () = 5= (s to)ll /2 = [le™ < =1 [y(to, ) = ¥ (t0)] | 12

H/ SO THL((0,0), 526 (0,1))
— He (5 (6, t0). s2(4° (0, to)))]d&H

x21/?

t
SpMQSﬁ(rfto)/ ef(ﬁpr(uA))(@fto)”gE( )

to

| 172 d6

to
ol [ SO D) 0.0) — 47 (6.10)] .
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By Gronwall’s inequality
t
(@) ) =5 ()l < pM? [ CmPMAEIO e 0)
0
In what follows we estimate £°(¢). Since
t
25(t) = e A (110225 (1) + / e~ A TG (v (r), 25 (r)) dr,
to

we have
() — e A UmmIes (1) = 2°(t) — s5(v°(1) — e U710 [2%(tg) — 55 (0" (to))]

- / e AT NG (0 (r), 2 (1)) dr — s5(0° (1) + e~ 710 (o (1)

to

:/ e A NG (05(r), 25(r) dr

to

[ G ), s )

— 00

to B
4 AT (t0) / e~ AT O G (4 (1 o), 55 (5° (1, t0))) dr

— 0o

- / =AU [G (0" (1), 25(r) — Ge(yF (1, 1), 55 (yF (1, )))] dr

to
to
*/ e A UG (y" (r, ), 52(y7 (1,1))) — Gely (r,t0), 5% (47 (1, 10)) )] dr.
Thus, using (4.3) and (4.4),
€5 () = e T (1) || e

t
<pM [ eI 0) D)l e + 15 0) = S () ] dr
to € €

to

M1+ 8) [ eIy ) - o)y

— 00

t
<pM [ eI )y dr
to €

t
+p2M2(1+A)e—7t/ e—(ﬂ—pM(1+A))9”55(9)”)(1/2

to

9
. / (Y +B=pMIA+2))T 10 10

t
+ 2 M3 (1 + A)e—vt/ e BmPMUFANO|E(9)]| 1/

to

t
./O O HB=pPMA+2)T g g9,
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and then

”58(1;) — e AL (t—to)é‘s(to)”X;/2
2 2 t
p"M(1+A4) } / —y(t—0)
< |pM — v (0 172 df
= |P ’Y+ﬁ*pM(1+A) toe ||§ ( )HXE/

o (f— t
P2 M3(1 + A)e7(t—to) / e~ (B=pMA+ANO—t0)||£2(9)]|| . 1/» d6.
,y_i_ﬁ—pM(l-‘rA) to XE

Hence
)| €2 (1)]| /2

2 2 t
< M||€5(¢t 12 + |pM + yAr—to)|| g8 12 d
< Mg (to)ll 2/ {p y+B-pM1+A)| ), € 156N gz dr

PMA(1+ A t o ] )
+ 5 _pﬁ — p(M(l —:A) [ e (v+B—pM(1+A))(6 to)eﬁ(e to) ||£€(0)”X;/2 do
0

2 2 t
pM(l—l—A)(l-i—M)}/ B
< MJes(t 12 M v(r=to) || ¢e 12 dr.
- “O)”XE/JF{'O s M) | ), €= ()l a2 dr

By Gronwall’s inequality
1€5(1)][ 22 < M€ (to) | 2 s2e~ O 7PN Et0),
and then
1258 — 52 Dl ore = €50 e < ME(t0) | gasae O E—)

Now, if u® := T (t)uf = v°(t) + 2°(¢), t € R, denotes the solution through at
ug = vg + 2§ € Ag, then

125(8) = s5 (W (D) 5172 < M|z — 85 (05)l| 226~ 7P 00,
Since {T:(t)uf : t € R} C A, is bounded, letting ty — —oo we obtain
T:(t)ug = v°(t) + s5(v°(t)) € M..

That is A. C M.. Moreover, if B, C X% is a bounded set and ug = vg + 25 €
B., we conclude that T.(t)u§ = v°(t) + 2°(t) satisfies

sup inf ([ T2(t)ug — w1 < sup [[(1) — s30T (1)) ore

u§EB, WEMe us€B.
< Mem(mRE0) sup |25 — 55 (v5) /24
u§ € Be
which implies dist g (T (t)Be, M) < C(Bg)e*(’Y*L)(t*to)_ 0

REMARK 4.2. The C°, C! and C*? convergence of invariant manifolds (see
[8] and [5]) is well known in the theory of invariant manifolds. That is

e—0

< 0 —0.

HS*—S* € 0

Sx = Sk

5 0
CO(Yp)? 1 (vo)y 1%+ — S*HCL"(YO)
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5. Rate of convergence of attractors

In this section we will estimate the continuity of attractors of (1.4) in the
Hausdorff metric by the rate of convergence of resolvent operators obtained in
the Section 3.

The operator A, ¢ € [0,ep], has compact resolvent and according to [§],
Ag is Sturm—Liouville type, which implies transversality of stable and unstable
manifolds of the equilibrium points. Since we assume hyperbolicity, the limit-
ing problem (1.3) generates a Morse-Smale semigroup in Xol/ ? and hence the
perturbed problem (1.1) generates a Morse-Smale semigroup in X! 2,

We saw in the last section how the gap condition implies the existence of the
finite dimensional invariant manifold M, for (1.4). The invariant manifold con-
tains the attractor A, and the flow is given by an ordinary differential equation.
That is

u®(t) = v°(t) + s5(v°(1)), teR,
where v () satisfies

(5.1) 0F + AlvT = Qo f(v° + 53 (v° (1)),

and we can consider v € R™ and H.(v®) = Q. f(v® + s5(v°(t))) a continuously
differentiable map in R™. For each £ € [0,e0], we denote T. = T.(1), where
T.(-) is the semigroup generated by solution v¢(-) of (5.1) in R™. We have the

following convergences

~ 0
(5.2) HTE _TOHCI(Rm,Rm) — 0,
1T = ol o g gomy < C7(E) o (7)),

where 7() = (||[pe — pol| L= (0,) + €)*/? and the last estimate is proved as Theo-
rem 2.3.

Since we have a Morse-Smale semigroup in R™, by using techniques of shad-
owing in [15], we have the following result that was proved in [5].

THEOREM 5.1 ([5]). Let T: R™ — R™ be a discrete Morse—Smale semigroup

with a global attractor A. Then there are a positive constant L, a neighbourhood
N(A) of A and a neighbourhood N'(T) of T in the C*(N(A),R™) topology such
that, for any T1, Ty € N(T) with attractors Ay, Az, respectively, we have

distg (A1, As) < L||Th — T2||LOO(N(A),R1IL).
Now we are ready to prove the main result of this paper.

THEOREM 5.2. Let A, € € [0,e¢], be the attractor for (1.4). Then there is
a positive constant C independent of € such that

di (Az, Ag) < C(|Ip- — pollLe=(0.) + )| 10g(|Ipe — pollL=(a1) +€)]-
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Proor. We will follow [5]. For each ¢ € [0,¢0] we denote T, = T.(1). Given
u® € A., by invariance there is w® € A, such that u® = T.w® so we can write
w® = Q.w® + s5(Q.w®), where Q.w® € A. with A. = Q.A. the projected
attractor in R™. Thus

[uf = || gare = || Tew® = Tow?|[ 12
S HTEUJE — TngHX1/2 + HTEUJO — TowOHX1/2
< C(llpe = pollLes(y) Jr*3)1/2| log({|ps — pollLoe(0y) +€)| + CHU’E - WOH-

But

[wf = w?} = [|Qew® = Qo[ + [[s2(Qew) = 53(Qow”) || a2
<||Qew* — QO“’OHRM
+ [[52(Qew) = s3(Qow) || xarz + |55 (Qow’) — 2(Qow?)| /2
< Cf|Qew” — Qou’|g.
+ C(llps — pollLoe(en) +2)

/2| log(||p- —pollze=(0.) +€)l,

which implies
dp(As, Ag) < di (A:, Ag) +C([lpe —poll L= (0, +e)'/?| log(|pe —pollLe () +€)l-
The result follows by (5.2) and Theorem 5.1. O
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