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GLOBAL EXISTENCE FOR REACTION-DIFFUSION SYSTEMS

MODELING IONS ELECTRO-MIGRATION

THROUGH BIOLOGICAL MEMBRANES

WITH MASS CONTROL

AND CRITICAL GROWTH

WITH RESPECT TO THE GRADIENT

Bassam Al-Hamzah — Naji Yebari

Abstract. This paper studies the existence of global weak solutions for
reaction-diffusion systems depending on two main assumptions: the non-

negative of solutions and the total mass of components are preserved with

time, the non-linearities have critical growth with respect to the gradient.
This work is a generalization of the work developed by Alaa and Lefraich [2]

without the presence of the gradient in the kinetic reaction terms.

1. Introduction

Some classes of models of ions migration through biological membranes are

studied by Alaa and Lefraich [2]. Such migrations take place for most living

cells and biochemical processes. As the motion of ions is due to diffusion and

the electrical field, and they undergo reactions, the ions concentrations satisfy

the Nernst–Planck equations, including kinetic reaction terms in the general form

and the potential is given by Poisson equation. The equations of that model can
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be written as follows:

(1.1)



∂Ci
∂t
− di∆Ci −midiv(Ci∇φ) = fi(t, x, C,∇C) in QT ,

−ε∆φ =

Ns∑
i=1

ziCi

/(
1 + ε

Ns∑
i=1

Ci

)
− g in QT ,

for i = 1, . . . , Ns,

di
∂Ci
∂ν

+miCi
∂φ

∂ν
= 0 in ΣT ,

φ(t, x) = 0 in ΣT ,

Ci(0, x) = Ci,0(x) on Ω,

φ(0, x) = φ0(x) on Ω,

where Ω is an open bounded subset of RN , (N = 2 or 3), with smooth boundary

∂Ω, QT = ]0, T [× Ω and ΣT = ]0, T [× ∂Ω, where (T > 0), for each i, Ci is the

concentration of the Ai species which has diffusion coefficient di,mobilitymi, and

valency zi. φ is the electrical potential, g is the fixed charges concentration, and

fi are the reaction terms. Given a normed vector space X and its continuous

dual X ′, σ(X,X ′) is called the weak topology on X and σ(X ′, X) the weak*

topology on X ′, in this paper, X = L1(QT ) and X ′ = L∞(QT ).

In this study, we suppose the following assumptions:

(Hf )1 The non-negative solution is preserved with time, which is ensured by

fi(Ĉi) ≥ 0, where Ĉi = (t, x, C1, . . . , Ci−1, 0, Ci+1, . . . , CNs , p1, . . . , pi−1,

0, pi+1, . . . , pNs), for all 1 ≤ i ≤ Ns, (C, p) ∈ (R+)Ns × RNNs and, for

almost every (t, x) ∈ QT , Ci,0 ≥ 0, for all 1 ≤ i ≤ Ns.
(Hf )2 The total mass of the components C1, . . . , CNs

is controlled with time,

which for all (C, p) ∈ (R+)Ns × RNNs and almost every (t, x) ∈ QT , is

ensured by∑
1≤i≤r

fi(t, x, C, p) ≤ 0, for all 1 ≤ r ≤ Ns.

(Hf )3 fi : QT × RNs × RNsN → R are measurable, for all 1 ≤ i ≤ Ns.
(Hf )4 fi : RNs × RNsN → R are locally Lipschitz continuous. Namely

∑
1≤i≤Ns

∣∣fi(t, x, C, p)− fi(t, x, Ĉ, p̂)∣∣
≤ K(r)

[ ∑
1≤i≤Ns

∣∣Ci − Ĉi∣∣+
∑

1≤i≤Ns

∥∥pi − p̂i∥∥]

for all 0 ≤ |Ci|, |Ĉi|, ‖pi‖, ‖p̂i‖ ≤ r.
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(Hf )5 |f1(t, x, C,∇C)| ≤ h1(|C1|)
[
F1(t, x) + ‖∇C1‖2 +

∑
2≤j≤Ns

‖∇Cj‖αj

]
where h1 : [0,+∞[ → [0,+∞[ is non-decreasing F1 ∈ L1(QT ) and 1 ≤
αj < 2.

(Hf )6 |fi(t, x, C,∇C)| ≤ hi
( i∑
j=1

|Cj |
)[
Fi(t, x) +

∑
1≤j≤Ns

‖∇Cj‖2
]

where hi : [0,+∞[ → [0,+∞[ is non-decreasing, Fi ∈ L1(QT ) and 2 ≤
i < Ns.

(HC)7 For all i = 1, . . . , Ns, Ci,0 ∈ L2(Ω) and satisfy Ci,0 ≥ 0.

The present paper proves the existence of solutions for the reaction-diffusion

systems of the type (1.1). This is done in three steps: the first step is to truncate

the equation. It shows that the problem obtained has a solution. In the second

step, appropriate estimates are established on the approximate solutions. Finally,

the convergence of the approximate system has been shown. Recently, the new

technique was used in this study, in fact, our approach for f = fi(t, x, C,∇C) is

a generalization of the work f = fi(C) presented by Alaa and Lefraich [2].

2. Statement of the result

Definition 2.1. The pair (C, φ) = (C1, , . . . , CNs
, φ) is a weak solution of

(1.1) if and only if, for every 1 ≤ i ≤ Ns,

(2.1)



C ∈ C([0, T ], (L2(Ω))Ns) ∩ L2(0, T, (H1(Ω))Ns),

φ ∈ L∞(0, T,H1
0 (Ω)), fi(t, x, C,∇C) ∈ L1(QT )

for all v ∈ C1(QT ) such that v(T, · ) = 0,∫
QT

[
− Ci

∂v

∂t
+ di∇Ci∇v +miCi∇φ∇v

]
dt dx

−
∫

Ω

Ci,0(x) v(0, x) =

∫
QT

fi(t, x, C,∇C) v for all Ψ ∈ H1
0 (Ω),

ε

∫
Ω

∇φ∇Ψ =

∫
Ω

( Ns∑
i=1

ziCi

/(
1 + ε

Ns∑
i=1

Ci

)
− g
)

Ψ for a.e. t > 0,

φ(0, x) = φ0(x) on Ω.

Our main result in this paper is the following existence theorem.

Theorem 2.2. Assume that conditions (Hf )1–(Hf )6 and (HC)7 are satisfied.

Then there exists a global weak solution (C, φ) of system (1.1) such that

C ≥ 0 in QT and φ ∈ L∞(0, T ;W 1,∞(Ω)).

The proof of Theorem 2.2 is divided into three steps.
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2.1. Approximating scheme. To every function fi we associate the func-

tion f̂i, such that f̂i(t, x, C,∇C) = fi(t, x, C
+,∇C), where C+ = max(C, 0), and

we consider the truncation ηn ∈ C∞0 (RNs), that satisfies the following conditions
0 ≤ ηn ≤ 1,

ηn(r) = 1 if |r| ≤ n,
ηn = 0 if |r| ≥ n+ 1.

For every C = (C1, . . . , CNs) ∈ RNs , let

(2.2) fi,n(t, x, C,∇C) = ηn

[ ∑
1≤j≤Ns

(|Cj |+ ‖∇Cj‖)f̂i(t, x, C,∇C)

]
.

Note in passing that fi,n, as defined, is globally Lipschitz. Indeed, fi,n is locally

Lipschitz from (Hf )4 and, as it is bounded by definition, then fi,n is globally

Lipschitz.

Furthermore, for every ψ ∈ C
(
[0, T ];H1(Ω)

)
and t ∈ [0, T ], let us consider

the bilinear form aiψ(t, · , · ) defined on H1(Ω)×H1(Ω) by

aiψ(t, u, v) =

∫
Ω

(di∇u∇v +miu∇ψ∇v + λuv),

where λ is a strictly constant the value of which will be established later. Finally,

for v ∈ L2(QT ) we introduce its time regularization

v(n)(t, x) =

∫
Ω

nv(s, x) exp(n(s− t)) ds.

In view of Boccarde, Murat [14], we deduce that

(2.3)


v(n) ∈ C([0, T ];L2(Ω)),

v(n) → v in L2(QT ),

sup
0<t<T

‖v(n)(t, · )‖L1(Ω) ≤ sup
0<t<T

‖v(t, · )‖L1(Ω).

Now, let us consider the following truncated system

(2.4)



Cn ∈W (0, T ), φn ∈ L∞(0, T,H1
0 (Ω)),∫

Ω

∂Ci,n
∂t

v + aiφn
(t, Ci,n, v)

=

∫
Ω

fi,n(t, x, Cn,∇Cn)v + λ

∫
Ω

Ci,nv for all v ∈ H1(Ω),

ε

∫
Ω

∇φn∇ψ =

∫
Ω

( Ns∑
i=1

ziC
(n)
i,n

/(
1 + ε

Ns∑
i=1

C
(n)
i,n

)
− g
)
ψ

for a.e. t > 0, for all ψ ∈ H1
0 (Ω),

φn(0, x) = φ0(x), Ci,n(0, x) = Ci,0(x),
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where W (0, T ) is the Hilbert space defined by

W (0, T ) =

{
u ∈ L2(0, T, (H1(Ω))Ns) :

∂u

∂t
∈ L2(0, T, (H−1(Ω))Ns)

}
.

Let us note that every v ∈ W (0, T ) is almost everywhere equal to a continuous

function from [0, T ] in (L2(Ω))Ns . Furthermore,

W (0, T ) ⊂ C([0, T ]; (L2(Ω))Ns)

and the embedding is continuous (see for more details Dautray and Lions [18]).

So for Cn ∈ W (0, T ), the expression Ci,n take for t = 0 the value Ci,0 which

make sense, with an application Cn ∈W (0, T ) 7→ Cn(0) ∈ (L2(Ω))Ns continuous.

Concerning our problem (2.4), we have the following result.

Theorem 2.3. Under the hypothesis (Hf )1–(Hf )6 and (HC)7, the problem

(2.4) admits a weak solution (Cn, φn) ∈W (0, T )×L∞(0, T ;W 1,∞(Ω)) such that

Cn ≥ 0 in QT .

Proof. Considering Cn = Cne
−λt, then Cn satisfies

(2.5)



∫
Ω

∂Ci,n
∂t

ϕ+ aiφn
(t, Ci,n, ϕ) =

∫
Ω

Si,n(t, Cn,∇Cn)ϕ

for all ϕ ∈ H1(Ω),

with Si,n(t, Cn,∇Cn) = fi,n(t, x, Cne
λt,∇Cneλt).e−λt,

ε

∫
Ω

∇φn∇ψ =

∫
Ω

( Ns∑
i=1

ziC
(n)

i,n e
λt

/(
1 + ε

Ns∑
i=1

C
(n)

i,n e
λt

)
− g
)
ψ

for a.e. t > 0, for all ψ ∈ H1
0 (Ω),

φn(0, x) = φ0(x), Ci,n(0, x) = Ci,0(x).

To prove the existence of a solution of (2.4), it suffices to prove the existence

of a solution for the problem (2.5). We get this result by using Schauder fixed

point theorem. Let

W0(0, T ) =
{
v ∈W (0, T ) : C0 = v(0)

and sup
0<t<T

‖v(t)‖(L2(Ω))Ns + ‖v‖L2(0,T,(H1(Ω))Ns ) ≤ C
}
.

We construct the following mapping:

£n : W0(0, T )→W0(0, T ), v 7→ £n(v) = Cn

where, for all t ∈ ]0, T [, φn is the unique solution of the elliptic problem

(2.6)


−ε∆φn =

Ns∑
i=1

ziv
(n)
i eλt

/(
1 + ε

Ns∑
i=1

v
(n)
i eλt

)
− g on QT = ]0, T [× Ω,

φn(t, x) = 0 in ]0, T [× ∂Ω,
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and Cn = £n(v) satisfies the following parabolic system

(2.7)


∫

Ω

∂Ci,n
∂t

ϕ+ aiφn
(t, Ci,n, ϕ) =

∫
Ω

Si,n(t, v,∇v)ϕ for all ϕ ∈ H1(Ω),

Ci,n(0, x) = Ci,0(x).

In order to prove that this setting is correct, we use the Lax-Milgram theorem

in order to prove that (2.7) has a unique solution (which actually shows that £n

is a well-defined map). Then by the use of the Schauder fixed point theorem, we

prove that £n has a fixed point which is the solution of (2.5). This concludes

the proof. �

Concerning the solution of the problem (2.6), we make the following remark.

Remark 2.4. The solution of (2.6) satisfy

φn(t, x) =

∫
Ω

H(x, s) θnε (t, s) ds

where

θnε (t, s) =

Ns∑
i=1

ziv
(n)
i (t, s)eλt

/(
1 + ε

Ns∑
i=1

v
(n)
i (t, s)eλt

)
− g(s), for s ∈ Ω,

and H is the Green function. We have v(n) ∈ C([0, T ];L2(Ω)), φn(t, · ) ∈ H2(Ω)

for every t ∈ ]0, T [ and φn ∈ L∞(0, T ;W 1,∞(Ω)).

Now, let us make some assumptions on the bilinear form aiφn
. We have the

following result.

Lemma 2.5. aiφn
is a continuous and coercive bilinear form on H1(Ω) ×

H1(Ω), i.e. for every t ∈ [0, T ]:

(a) there exists a positive constant C, which depends only on di, mi, λ and

‖∇φn‖L∞ , such that∣∣aiφn
(t, u, û)

∣∣ ≤ C‖u‖H1(Ω)

∥∥û∥∥
H1(Ω)

;

(b) there exist constants α0 and λ∗ strictly positive such that

aiφn
(t, u, u) ≥ α0‖u‖2H1(Ω) for every λ ≥ λ∗.

Proof. (a) It is obvious that aiφn
is a bilinear form on H1(Ω)×H1(Ω). By

using the Hölder inequality and the fact that φn ∈ L∞(0, T ;W 1,∞(Ω)), we can

prove that aiφn
is continuous on H1(Ω)×H1(Ω).

(b) Let us put d0 = min
1≤i≤Ns

(di). Then

aiφn
(t, u, u) ≥ d0‖∇u‖2L2(Ω) +mi

∫
Ω

u∇φn∇u+ λ‖u‖2L2(Ω).
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On the other hand, by the use of the Hölder and Young inequalities, we can show

that

aiφn
(t, u, u) ≥

(
d0 −

α

2

)
‖∇u‖2L2(Ω) +

(
λ− 1

2α
(M‖∇φn‖L∞)2

)
‖u‖2L2(Ω).

Then, by choosing α = d0 and λ ≥ λ∗ = 2α(M‖∇φn‖L∞)2/2 we deduce that

aiφn
(t, u, u) ≥ α0‖u‖2H1(Ω) with α0 = min

(
d0

2
, λ− λ∗

)
.

This implies that the bilinear form aiφn
is coercive on H1(Ω)×H1(Ω). �

The second member Si,n(t, v,∇v) is fixed in L2(QT ), allowing to apply the

Lax–Milgram theorem (see Dautray and Lions [18]), and then to conclude that

for every v ∈W0(0, T ), the problem (2.7) admits a unique solution Cn. Now, it

is time to prove that £n admits a fixed point. To this end, we prove through

the following lemma, that the hypothesis for the Schauder fixed point theorem

are satisfied. Thus, we have

Lemma 2.6. £n is a continuous and compact operator on W0(0, T ).

Proof. Let (vm)m≥0 a sequence in W0(0, T ) such that

vm → v in W0(0, T ) when m→∞.

Let us show that £n(vm) → £n(v) in W0(0, T ) when m → ∞. Let C
m

n =(
C
m

i,n

)
1≤i≤Ns

= £n(vm) the solution of

C
m

i,n ∈ C([0, T ], L2(Ω)) ∩ L2(0, T,H1(Ω)),

∂C
m

i,n

∂t
− di∆C

m

i,n −midiv
(
C
m

i,n∇φmn
)

= Smi (t, vm,∇vm),

di
∂C

m

i,n

∂ν
+miC

m

i,n

∂φmn
∂ν

= 0,

C
m

i,n(0, x) = Ci,0(x).

As φmn is uniformly bounded in L∞(0, T,W 1,∞(Ω)), we conclude the existence

of φn ∈ L∞(0, T,W 1,∞(Ω)) such that:

∇φmn → ∇φn for the topology σ
(
L∞(QT ), L1(QT )

)
.

According to the classical results on compactness, from the sequence
(
C
m

i,n

)
m

we

can extract a subsequence (still denoted
(
C
m

i,n

)
m

) such that

C
m

i,n ⇀ Ci,n weakly in L2
(
0, T,H1(Ω))

which gives the following two convergences:

C
m

i,n → Ci,n strongly in L2
(
0, T, L2(Ω)

)
and almost everywhere in (QT ),

∇Cm

i,n ⇀ ∇Ci,n weakly in L2
(
0, T, L2(Ω)

)
.
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Next we deduce that

C
m

i,n → Ci,n in L1(QT ), and D′(QT ),[∣∣∣∣ ∫
QT

(
C
m

i,n − Ci,n
)
ϕ

∣∣∣∣ ≤ ∥∥Cm

i,n − Ci,n
∥∥
L2(0,T,L2(Ω))

‖ϕ‖L2

]
.

Now let us prove that

C
m

i,n∇φmn → Ci,n∇φn in D′(QT ).

To this end we need to prove that

C
m

i,n∇φmn → Ci,n∇φn in the topology σ
(
L1(QT ), L∞(QT )

)
.

Let Ψ ∈ L∞(QT ). We have∫ T

0

∫
Ω

Ψ
(
C
m

i,n∇φmn − Ci,n∇φn
)
dx dt

=

∫ T

0

∫
Ω

Ψ∇φmn
(
C
m

i,n − Ci,n
)
dx dt+

∫ T

0

∫
Ω

ΨCi,n
(
∇φmn −∇φn

)
dx dt.

Concerning the first term of the last equality, we have∣∣∣∣ ∫ T

0

∫
Ω

Ψ∇φmn
(
C
m

i,n − Ci,n
)
dx dt

∣∣∣∣ ≤ ‖Ψ‖L∞‖∇φmn ‖L∞∥∥Cm

i,n − Ci,n
∥∥
L1(QT )

as
∥∥Cm

i,n − Ci,n
∥∥
L1(QT )

→ 0 when m→∞. We deduce that∫ T

0

∫
Ω

Ψ∇φmn
(
C
m

i,n − Ci,n
)
dx dt→ 0 when m→∞.

The second term tends to zero also since ΨCi,n ∈ L1(QT ) and ∇φmn converge to

∇φn for the topology σ
(
L∞(QT ), L1(QT )

)
. Using∥∥Sni (t, vm,∇vm)− Sni (t, v,∇v)

∥∥
L2(QT )

≤ ‖vm − v‖L2(QT ) + ‖∇vm −∇v‖L2(QT ),

we conclude that

∂C
m

i,n

∂t
− di∆C

m

i,n −midiv
(
C
m

i,n∇φmn
)

= Sni (t, vm,∇vm)

converge in D′(QT ) to

∂Ci,n
∂t

− di∆Ci,n −midiv
(
Ci,n∇φn

)
= Sni (t, v,∇v).

Consequently, Ci,n = £n(v) then lim
m→∞

(vm) = Ci,n = £n(v).

It remains to prove that
(
Ci,n

)
∈W0(0, T ). We have

(2.8)


∫

Ω

∂Ci,n
∂t

ϕ+ aiφn

(
t, Ci,n, ϕ

)
=

∫
Ω

Sni (t, v,∇v)ϕ for all ϕ ∈ H1(Ω),

Ci,n(0, x) = Ci,0(x).
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As Si,n(t, v,∇v) ∈ L∞(QT ), it implies that the first term of (2.8) have meaning.

We take ϕ = Ci,n and show that

∥∥Ci,n(t)
∥∥2

L2(Ω)
+ α0

∫ t

0

∥∥Ci,n(s)
∥∥2

H1(Ω)
ds ≤ Cn,T

α0
+ ‖Ci,0‖2L2(Ω),

sup
0<t<T

∥∥Cn(t)
∥∥

(L2(Ω))Ns
+
∥∥C∥∥

L2(0,T,(H1(Ω))Ns )
≤ C,

where

C = T

(
Cn,T
α0

+ ‖C0‖(L2(Ω))Ns

)
.

Furthermore ∫
Ω

∂C
m

i,n

∂t
ϕ+ aiφn

(
t, C

m

i,n, ϕ
)

=

∫
Ω

Sni (t, vm,∇vm)ϕ,∣∣∣∣ ∫
Ω

∂C
m

i,n

∂t
ϕ

∣∣∣∣ ≤ C∥∥Cm

i,n

∥∥
H1(Ω)

‖ϕ‖H1(Ω) + ‖Sni (t, vm,∇vm)‖L2(Ω)‖ϕ‖L2(Ω),

Sni (t, v,∇v) = e−λtfi,n
(
veλt,∇veλt

)
,

fi,n(u, p) = ψn

( ∑
1≤j≤Ns

|uj |+ ‖pj‖
)
fi(u, p),∥∥Sni (t, v,∇v)

∥∥
L2(QT )

≤ Cn,T , for 0 < t < T.

Hence ∣∣∣∣ ∫
Ω

∂C
m

i,n

∂t
ϕ

∣∣∣∣ ≤ (C∥∥Cm

i,n

∥∥
H1(Ω)

‖+ Cn,T
)
‖ϕ‖H1(Ω),∥∥∥∥∂Cm

i,n

∂t

∥∥∥∥
H−1(Ω)

= sup
ϕ∈H1(Ω);ϕ6=0

1

‖ϕ‖H1(Ω)

∫
Ω

∂C
m

i,n

∂t
ϕ

≤ C
∥∥Cm

i,n

∥∥
H1(Ω)

+ Cn,T ,∫ T

0

∥∥∥∥∂Cm

i,n

∂t

∥∥∥∥2

H−1(Ω)

≤ 2

∫ T

0

(
C
∥∥Cm

i,n

∥∥2

H1(Ω)
+ Cn,T

)
≤ C.

Then ∫ T

0

∥∥∥∥∂Cm

i,n

∂t

∥∥∥∥
L2(0,T ;H−1(Ω)Ns )

≤ C.

This allows us to deduce
∥∥∂Cm

i,n/∂t
∥∥
H−1(Ω)

is bounded in L2
(
0, T ;H−1(Ω)Ns

)
.

We know that we have the injections, L2
(
0, T ;H1(Ω)Ns

)
⊂ L2(QT )Ns and

L2
(
0, T ;H−1(Ω)Ns

)
⊂ L2(QT )Ns are compact, consequently we conclude that

£n is a compact operator. �

Finally, the operator £n admits a fixed point Cn such that (Cn, φn) is the

solution we are seeking. Now, we have to prove the positivity of Cn. To this aim
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we introduce a mapping Zn = (Zi,n)1≤i≤Ns
defined by

Zi,n = Ci,n exp

(
mi

di
(φn)

)
for i = 1, . . . , Ns.

Moreover, we consider

pi,n = exp

(
mi

di
(φn)

)
and qi,n =

1

pi,n
.

For every v ∈ C1(QT ), Zi,n satisfies

(2.9)



∫ T

0

∫
Ω

∂(qi,nZi,n)

∂t
v + di

∫ T

0

∫
Ω

qi,n∇Zi,n∇v

=

∫ T

0

∫
Ω

fni (t, x, qnZn,∇qnZn)v,

Zi,n(0, x) = Zi,0(x)pi,n(0, x) for all x ∈ Ω.

Let us introduce the function sign− defined on R by

sign−r =

−1 if r < 0,

0 if r ≥ 0.

As sign− is an increasing function, letting ε > 0 we may consider a convex

function ε(s) ∈ C2(R) such that ′ε(r)→ sign−(r) when ε→ 0 (1).

Let us take ′ε(Zi,n) as a test function in (2.9). We then have∫ t

0

∫
Ω

∂(qi,nZi,n)

∂t
′ε(Zi,n) = − di

∫ t

0

∫
Ω

qi,n∇Zi,n∇(′ε(Zi,n))(2.10)

+

∫ t

0

∫
Ω

fni (t, x, qnZn,∇qnZn)′ε(Zi,n).

Let us note by I1 and I2, respectively, the two terms in the right side of equality

(2.10). Using the convexity of ε, we deduce that the first integral

I1 = −di
∫ t

0

∫
Ω

qi,n|∇Zi,n|2′′ε (Zi,n) ≤ 0.

(1) A typical example of ε(s) can be given by

ε(s) =

−
1

ε
+

1

ε
exp

(
− ε

∫ s

0

t

t− ε
dt

)
if s < 0,

0 if s ≥ 0.
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Concerning the second integral I2, we have

lim
ε→0

I2 = lim
ε→0

∫ t

0

∫
Ω

fni (t, x, qnZn,∇qnZn)′ε(Zi,n)

= lim
ε→0

∫
(0,t)×[Zi,n>0]

fni (t, x, qnZn,∇qnZn)′ε(Zi,n)

+ lim
ε→0

∫
(0,t)×[Zi,n<0]

fni (t, x, qnZn,∇qnZn)′ε(Zi,n)

= lim
ε→0

∫
(0,t)×[Zi,n<0]

fni (t, x, qnZn,∇qnZn)′ε(Zi,n).

By (2.2) we have

lim
ε→0

I2 = −
∫

(0,t)×[Zi,n<0]

fni (t, x, qnZn,∇qnZn)

= −
∫

(0,t)×[Zi,n<0]

ηn(qnZn)f̂i(t, x, qnZn,∇qnZn)

= −
∫

(0,t)×[Zi,n<0]

ηn(qnZn)fi
(
t, x, (qnZn)+,∇(qnZn)+

)
.

By (Hf )2, lim
ε→0

I2 ≤ 0. Then

lim
ε→0

∫ t

0

∫
Ω

∂(qi,nZi,n)

∂t
′ε(Zi,n) ≤ 0.

We have qi,n ≥ 0 and

Λ =

∫ t

0

∫
Ω

∂(qi,nZi,n)

∂t
sign−(Zi,n) ≤ 0,

Λ =

∫ t

0

∫
Ω

(
∂[(qi,nZi,n)+]

∂t
− ∂[(qi,nZi,n)−]

∂t

)
sign−(Zi,n) ≤ 0,

Λ = −
∫ t

0

∫
Ω

∂[(qi,nZi,n)−]

∂t
sign−(Zi,n) ≤ 0,

Λ =

∫ t

0

∫
Ω

∂[(qi,nZi,n)−]

∂t
sign−(Zi,n) ≤ 0,

which implies ∫
Ω

(qi,n, Zi,n)−(t, x) ≤
∫

Ω

(qi,n, Zi,n)−(0, x).

As (qi,n, Zi,n)(0, x) ≥ 0 for almost every x ∈ Ω, we deduce that∫
Ω

(qi,n, Zi,n)−(t, x) ≤ 0.

Finally, (qi,n, Zi,n)− = 0 and then Zi,n ≥ 0 which allows us to conclude that

Ci,n ≥ 0 for every i = 1, . . . , Ns.
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2.2. A priori estimates.

Lemma 2.7. There exists a constant C depending only on ‖C0‖(L2(Ω))Ns such

that:

(a) sup
0<t<T

∫
Ω

Ns∑
i=1

|Ci,n(t, x)| ≤ C,

(b) ‖φn‖L∞(0,T,W 1,∞(Ω)) ≤ C.

Proof. (a) Let us remember that (Cn, φn) is a solution of the approximate

problem that satisfies:

(2.11)

∫
Ω

∂Ci,n
∂t

ϕ+ di

∫
Ω

∇Ci,n∇ϕ+

∫
Ω

miCi,n∇φn∇ϕ

=

∫
Ω

fi,n(t, x, Cn,∇Cn)ϕ.

Taking ϕ = 1 we obtain

Ns∑
i=1

∫
Ω

∂

∂t
Ci,n =

∫
Ω

Ns∑
i=1

fi,n(t, x, Cn,∇Cn).

Hypothesis (Hf )2 implies

Ns∑
i=1

∫ t

0

d

dt

[ ∫
Ω

Ci,n

]
≤ 0,

Ns∑
i=1

∫
Ω

Ci,n(t, x) dx−
Ns∑
i=1

∫
Ω

Ci,n(0, x) dx ≤ 0.

We have
Ns∑
i=1

∫
Ω

|Ci,n(t, x)| dx ≤ C
( Ns∑
i=1

‖Ci,0‖L2(Ω)

)
.

Consequently,

sup
0<t<T

∫
Ω

Ns∑
i=1

|Ci,n(t, x)| dx ≤ C.

(b) Let us remember that φn satisfy:
−ε∆φn(t, x) =

Ns∑
i=1

zi C
(n)
i,n (t, x) eλt

1 + ε

Ns∑
i=1

C
(n)
i,n (t, x)eλt

− g(x) in QT ,

φn(t, x) = 0 in ]0, T [× ∂Ω.
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Then

φn(t, x) =

∫
Ω

H(x, s)


Ns∑
i=1

zi C
(n)
i,n (t, s) eλt

1 + ε

Ns∑
i=1

C
(n)
i,n (t, s) eλt

− g(s)

 ds.

We have ∥∥∥∥ Ns∑
i=1

zi C
(n)
i,n e

λt

/(
1 + ε

Ns∑
i=1

C
(n)
i,n e

λt

)
− g

∥∥∥∥
L∞(QT )

≤ C

and ‖φn‖L∞(0,T,W 1,∞(Ω)) ≤ C.

Considering the equations satisfied by Ci,n, 1 ≤ i ≤ Ns, we can write

−fi,n = −∂Ci,n
∂t

+ di∆Ci,n +mi div(Ci,n∇φ).

Integrating on QT , the positivity of the solutions yield, by putting ϕ = 1

in (2.11), that for all 1 ≤ i ≤ Ns,

−
∫
QT

fi,n = −
∫
QT

∂Ci,n
∂t

= −
∫ T

0

d

dt

∫
Ω

Ci,n

= −
∫

Ω

Ci,n(T, x) dx+

∫
Ω

Ci,n(0, x) dx ≤
∫

Ω

Ci,n(0, x) dx,

because Ci,n(T, x) ≥ 0. Hence, by hypothesis (Hf )2,∫
QT

|f1,n(t, x, Cn,∇Cn)| ≤ ‖C1,0‖L1(Ω).

Similarly, we get by hypothesis (Hf )2, that for all 2 ≤ j ≤ Ns,∫
QT

∣∣∣∣ ∑
1≤i≤j

fi,n(t, x, Cn,∇Cn)

∣∣∣∣ =

∫
QT

(
−
∑

1≤i≤j

fi,n

)
≤
∑

1≤i≤j

∫
Ω

Ci,0(x) =
∑

1≤i≤j

‖Ci,0‖L1(Ω).

Then ∫
QT

|fj,n(t, x, Cn,∇Cn)| ≤ R1 =
∑

1≤i≤j

(j − i+ 1)‖Ci,0‖L1(Ω). �

Given a real positive number k, we set Tk(s) = max{−k,min(k, s)} and

Gk(s) = s− Tk(s) and observe that for 0 ≤ s ≤ k, Tk(s) = s and Tk(s) = k for

s > k.
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Lemma 2.8.

(a) There exists a constant R2 depending on k and
∑

1≤i≤Ns

‖Ci,0‖L1(Ω) such

that, for all 1 ≤ j ≤ Ns,∫
QT

|∇Tk(Cj,n)|2 ≤ R2.

(b) There exists a constant R3, depending on
∑

1≤j≤r
‖Cj,0‖L2(Ω), such that,

for all 2 ≤ r ≤ Ns,∫
QT

∣∣∣∣∇Tk( ∑
1≤j≤r

Cj,n

)∣∣∣∣2 ≤ R3.

Proof. (a) We take ϕ = Tk(Ci,n) in (2.11), so∫
Ω

∂Ci,n
∂t

Tk(Ci,n) + di

∫
Ω

∇Ci,n∇Tk(Ci,n)

+

∫
Ω

miTk(Ci,n)∇φn∇Tk(Ci,n) =

∫
Ω

fi,n(t, x, Cn,∇Cn)Tk(Ci,n).

We set

Sk(r) =

∫ r

0

Tk(s) ds,

since Sk(Cj,n(T )) ≥ 0 and, for all r ≥ 0, |Sk(r)| ≤ k2/2 + k(r − k)+. We have∫
Ω

∫ t

0

∂Ci,n
∂t

Tk(Ci,n) + di

∫
Qt

|∇Tk(Ci,n)|2

≤ −mi

∫
Qt

Tk(Ci,n)∇φn∇Tk(Ci,n) + k

∫
Qt

|fi,n|,

∫
Ω

Sk(Ci,n(t)) + di

∫
Qt

|∇Tk(Ci,n)|2

≤ k
∫
Qt

|fi,n|+
∫

Ω

Sk(Ci,n(0)) +mi

∣∣∣∣ ∫
Qt

Tk(Ci,n)∇φn∇Tk(Ci,n)

∣∣∣∣,
where

mi

∣∣∣∣ ∫
Qt

Tk(Ci,n)∇φn∇Tk(Ci,n)

∣∣∣∣ ≤ mi

∫
Qt

Tk(Ci,n)‖∇φn‖‖∇Tk(Ci,n)‖

≤ ε
∫
Qt

|∇Tk(Ci,n)|2 +
Cm2

i

4ε

∫
Qt

|Tk(Ci,n)|2,

as ‖∇φn‖L∞(QT ) ≤ C. Then

(di − ε)
∫
Qt

|∇Tk(Ci,n)|2 ≤ kR1 +
Cm2

i

4ε
k2|Qt|+

∫
Ω

(
k2

2
+ k(Ci,n(0)− k)+

)
,
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if 0 < ε < min
1≤i≤Ns

di, implies∫
Qt

|∇Tk(Ci,n)|2 ≤ C(k, ‖Ci,n(0)‖L1(Ω)) = R2.

(b) We denote Cr,n =
r∑
j=1

cj,n, 2 ≤ r ≤ Ns,

∂cj,n
∂t
− dj∆cj,n −mj div(cj,n∇φn) = fj,n for 1 ≤ j ≤ Ns,

∂

∂t

r∑
j=1

cj,n −
r∑
j=1

dj∆cj,n −
r∑
j=1

mjdiv(cj,n∇φn) =

r∑
j=1

fj,n for 1 ≤ j ≤ Ns,

∂

∂t

r∑
j=1

cj,n − dr∆
r∑
j=1

cj,n + dr

r∑
j=1

∆cj,n

−mrdiv

(( r∑
j=1

cj,n

)
∇φn

)
+mr

r∑
j=1

div(cj,n∇φn) =

r∑
j=1

fj,n,

∂

∂t

r∑
j=1

cj,n − dr∆
r∑
j=1

cj,n +

r−1∑
j=1

(dr − dj)∆cj,n

−mr div

(( r∑
j=1

cj,n

)
∇φn

)
+

r−1∑
j=1

(mr −mj) div(cj,n∇φn) =

r∑
j=1

fj,n.

We obtain

∂Cr,n
∂t

− dr∆Cr,n −mr div(Cr,n∇φn) +

r−1∑
j=1

(dr − dj)∆cj,n

+

r−1∑
j=1

(mr −mj) div(cj,n∇φn) =

r∑
j=1

fj,n ≤ 0.

Now, we multiply by Tk(Cr,n) and integrate on QT , we obtain∫
QT

Tk(Cr,n)
∂Cr,n
∂t

+ dr

∫
QT

|∇Tk(Cr,n)|2

+

r−1∑
j=1

(dj − dr)
∫
QT

∇Tk(Cr,n)∇Tk(cj,n) +

r∑
j=1

mj

∫
QT

cj,n∇φn∇Tk(Cr,n) ≤ 0,

∫
Ω

Sk(Cr,n(T, x))dx−
∫

Ω

Sk(Cr,n(0, x)) dx+ dr

∫
QT

|∇Tk(Cr,n)|2

+

r−1∑
j=1

(dj − dr)
∫
QT

∇Tk(Cr,n)∇Tk(cj,n) +

r∑
j=1

mj

∫
QT

cj,n∇φn∇Tk(Cr,n) ≤ 0,
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where

Sk(r) =

∫ r

0

Tk(s) ds,
d

dt
Sk(Cr,n) = Tk(Cr,n)

∂Cr,n
∂t

,

then

dr

∫
QT

|∇Tk(Cr,n)|2 ≤
r−1∑
j=1

|dj − dr|
(
|∇Tk(Cr,n)|2

)1/2(|∇Tk(cj,n)|2
)1/2

+ ‖∇φn‖L∞
(∫

QT

( r∑
j=1

mjcj,n

)2)1/2(
|∇Tk(Cr,n)|2

)1/2
+

∫
Ω

Sk(Cr,n(0)),

for all ε1 > 0 and for all ε2 > 0, using the Young inequality, we have

dr

∫
QT

|∇Tk(Cr,n)|2 ≤ ε1

∫
QT

|∇Tk(Cr,n)|2 +Cε1

r−1∑
j=1

|dj −dr|
∫
QT

|∇Tk(cj,n)|2

+ ε2

∫
QT

|∇Tk(Cr,n)|2 + Cε2‖∇φn‖L∞
∫
QT

( r∑
j=1

mjcj,n

)2

+

∫
Ω

Sk(Cr,n(0)).

Using the fact that ‖∇φn‖L∞(QT ) ≤ C, we have∫
QT

|∇Tk(cj,n)|2 ≤ R2 and

∫
QT

(

r∑
j=1

mjcj,n)2 ≤ C.

Because ‖cj,n‖L2(0,T ;H1(Ω)) ≤ C and, if ε1 + ε2 = dr/2, which implies

dr
2

∫
QT

|∇Tk(Cr,n)|2 ≤ R2Cε1

r−1∑
j=1

|dj − dr|+ C +

∫
Ω

Sk(Cr,n(0))

and ∫
QT

∣∣∣∣∇Tk( ∑
1≤j≤r

Cj,n

)∣∣∣∣2 ≤ R3, R3 = R3

( r∑
j=1

‖Cj,0‖L2(Ω))

)
,

for 2 ≤ r ≤ Ns. �

Lemma 2.9. There exists a constant R4 depending on
∑

1≤j≤Ns

‖cj,0‖L2(Ω),

such that∫
QT

|fi,n(t, x, Cn,∇Cn)|
( ∑

1≤r≤Ns

(Ns − r + 1)Cr,n

)
≤ R4 for all 1 ≤ j ≤ Ns.

Proof. We have

(2.12)
∂

∂t
cj,n − dj∆cj,n −mjdiv(cj,n∇φn) = fj,n for 1 ≤ j ≤ Ns.
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Set, for all 2 ≤ r ≤ Ns,

θn =

Ns∑
r=1

(Ns − r + 1)Cr,n, Zn =

Ns∑
r=1

(Ns − r + 1)drCr,n,

ξn =

Ns∑
r=1

(Ns − r + 1)mrCr,n, Rr,n = −
Ns∑
r=1

fj,n.

By hypothesis (Hf )2 we have

Rr,n = −
Ns∑
r=1

fj,n ≥ 0 for all 2 ≤ r ≤ Ns.

Combining equations (2.12), we have

∂

∂t
θn −∆Zn − div(ξn∇φn) + |f1,n|+

Ns∑
r=2

Rr,n = 0.

Multiplying by θn and integrating on QT yield

1

2

∫
Ω

θ2
n(T ) +

∫
QT

∇Zn∇θn +

∫
QT

θn|f1,n|+
Ns∑
r=2

∫
QT

θn

∣∣∣∣ r∑
j=1

fj,n

∣∣∣∣
≤ 1

2

∫
Ω

θ2
n(0) +

∣∣∣∣ ∫
QT

ξn∇φn∇θn
∣∣∣∣.

Then∫
QT

θn|f1,n|+
Ns∑
r=2

∫
QT

θn

∣∣∣∣ r∑
j=1

fj,n

∣∣∣∣ ≤ 1

2

∫
Ω

θ2
n(0)

+

∫
QT

|∇Zn||∇θn|+ ‖∇φn‖L∞(QT )

(∫
QT

ξ2
n

)1/2(∫
QT

(∇θn)2

)1/2

.

Using the Young inequality, we conclude that∫
QT

θn|f1,n|+
Ns∑
r=2

∫
QT

θn

∣∣∣∣ r∑
j=1

fj,n

∣∣∣∣ ≤ 1

2

∫
Ω

θ2
n(0)

+
1

2

∫
QT

[
|∇Zn|2 + |∇θn|2

]
+

1

2
‖∇φn‖L∞(QT )

[ ∫
QT

|ξn|2 +

∫
QT

|∇θn|2
]
,

∫
QT

θn|f1,n|+
Ns∑
r=2

∫
QT

θn

∣∣∣∣ r∑
j=1

fj,n

∣∣∣∣ ≤ C.
Then∫

QT

θn|f1,n| ≤ C and

Ns∑
r=2

∫
QT

θn

∣∣∣∣ r∑
j=1

fj,n

∣∣∣∣ ≤ C for all 2 ≤ r ≤ Ns.
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We have ∫
QT

θn|f2,n| ≤
∫
QT

θn|f1,n + f2,n|+
∫
QT

θn|f1,n| ≤ Ĉ

and, for all 2 ≤ k ≤ Ns, we have∫
QT

θn|fk,n| ≤
∫
QT

θn

∣∣∣∣ ∑
1≤j≤k

fj,n

∣∣∣∣+

∫
QT

θn

∣∣∣∣ ∑
1≤j≤k−1

fj,n

∣∣∣∣ ≤ Ĉ,
which gives us the result∫

QT

|fi,n(t, x, Cn,∇Cn)|
( ∑

1≤r≤Ns

(Ns − r + 1)Cr,n

)
≤ R4

for all 1 ≤ j ≤ Ns. �

2.3. Convergence. The point is to show that the solutions (Cn, φn) of the

problem (2.4) converge to a solution (C, φ) to (1.1). By Lemmas 2.7 and 2.8 and

according to a result of Barras, Hassan and Veron [10], the applications:

(Cni,0, fi,n)→ Ci,n, for 1 ≤ i ≤ Ns

are compact from L1(Ω)×L1(QT ) into L1(0, T ;W 1,1
0 ). Therefore, we can deduce

the existence of a subsequence denoted (Cn, φn), such that, for all i = 1, . . . , Ns,

Ci,n → Ci strongly in L1(QT ),(2.13)

Ci,n → Ci almost everywhere in QT ,(2.14)

as φn is uniformly bounded in L∞(0, T,W 1,∞(Ω)). We conclude the existence

of φ ∈ L∞(0, T,W 1,∞(Ω)) such that:

∇φn → ∇φ for the topology σ(L∞(QT ), L1(QT )).

Let us prove now that Ci,n∇φn → Ci∇φ in D′(QT ). To this end we need to

prove that

Ci,n∇φn → Ci∇φ for the topology σ(L1(QT ), L∞(QT )).

Let Ψ ∈ L∞(QT ), we have∫ T

0

∫
Ω

Ψ(Ci,n∇φn − Ci∇φ) dx dt

=

∫ T

0

∫
Ω

Ψ∇φn(Ci,n − Ci) dx dt+

∫ T

0

∫
Ω

ΨCi(∇φn −∇φ) dx dt.

Concerning the first term of the last equality, we have∣∣∣∣ ∫ T

0

∫
Ω

Ψ∇φn(Ci,n − Ci) dx dt
∣∣∣∣ ≤ ‖Ψ‖L∞‖∇φn‖L∞‖Ci,n − Ci‖L1(QT ),

as ‖Ci,n − Ci‖L1(QT ) → 0. We deduce that∫ T

0

∫
Ω

Ψ∇φn(Ci,n − Ci) dx dt→ 0.
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The second term tends to zero, too, because ΨCi ∈ L1(QT ) and ∇φn converge

to ∇φ in the topology σ(L∞(QT ), L1(QT )). Consequently,

∂Ci,n
∂t
− di∆Ci,n −mi div(Ci,n∇φn)

converge in D′(QT ) to

∂Ci
∂t
− di∆Ci −mi div(Ci∇φ), φn(t, x) =

∫
Ω

H(x, s)θnε (t, s),

where

θnε (t, x) =

( Ns∑
i=1

ziC
(n)
i,n (t, x)

/(
1 + ε

Ns∑
i=1

C
(n)
i,n (t, x)

)
− g(x)

)
.

By (2.12)–(2.14) and (2.3) we have

−ε∆φn(t, · )→ −ε∆φ =

Ns∑
i=1

ziCi

/(
1 + ε

Ns∑
i=1

Ci

)
− g strongly in L1(Ω).

Since f1,n, . . . , fNs,n is continuous, we have

fi,n(t, x, Cn,∇Cn)→ fi(t, x, C,∇C) almost everywhere in QT , 1 ≤ i ≤ Ns.

This is not sufficient to ensure that (C, φ) is a solution of (1.1). In fact, we have

to prove that the previous convergence takes place in L1(QT ). In view of the

Vitali theorem, in order to show that

fi,n(t, x, Cn,∇Cn)→ fi(t, x, C,∇C), for 1 ≤ i ≤ m in L1(QT )

one needs to prove that fi,n(t, x, Cn,∇Cn) is equi-integrable in L1(QT ). We have

the following lemma.

Lemma 2.10. For every i = 1, . . . , Ns, fi,n(t, x, Cn,∇Cn) are equi-integrable

in L1(QT ).

The proof of this lemma requires the following result based on some prop-

erties of two time-regularization denoted by Cγ and Cσ (γ, σ > 0), where C ∈
L2(0, T,H1

0 (Ω))is such that C(0) = C0 ∈ L2(Ω). Let γ > 0. We define

Cγ(t) = exp(−γt)Cγ0 + γ

∫ t

0

C(s)eγ(s−t) ds

where Cγ0 is the solution of the elliptic problemC
γ
0 −

1

γ
∆Cγ0 = C0,

Cγ0 ∈ H1
0 (Ω) ∩H2(Ω).

We can see that (Cγ)t = γ(C − Cγ) and Cγ0 → C0 in L2(Ω), and we have the

following lemma.
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Lemma 2.11. Let C ∈ L2(0, T ;H1
0 (Ω)) ∩ C([0, T ], L2(Ω)) such that C(0) =

C0 ∈ L2(Ω).Then

(a) Cγ → C strongly in L2(0, T,H1
0 (Ω)).

(b) |Tk(C)γ(t)| ≤ k.

Proof. (a) This immediately follows from the result of Boccardo, Murat

and Puel [14, Lemma 2.2, p. 377].

(b) By definition of regularization in time of Tk(C), we have

Tk(Cγ)(t) = exp(−γt)Tk(C0)γ + γ

∫ t

0

(TkC)(s)eγ(s−t) ds

but we know that |Tk(C)| ≤ k, so it comes

|Tk(Cγ)(t)| = ke(−γt) + γ

∫ t

0

keγ(s−t) ds

≤ ke−γt + kγe−γt
[
eγs

γ

]T
0

= ke−γt + k(1− e−γt) = k.

Hence the result. �

By w(ε) we denote a quantity such that w(ε) → 0 as ε → 0 and wσ(ε) a

quantity such that wσ(ε)→ 0 for every fixed σ > 0 as ε→ 0.

Lemma 2.12. Let (Cn)n be a sequence in L2(0, T ;H1
0 (Ω)) ∩ C([0, T ]) such

that Cn(0) = Cn0 ∈ L2(Ω) and (Cn)t = ρ1,n + ρ2,n with ρ1,n ∈ L2(0, T ;H−1(Ω))

and ρ2,n ∈ L1(QT ). Moreover, assume that Cn converges to C in L2(QT ) and

Cn0 converges to C(0) in L2(Ω). Let ψ be a function in C1([0, T ]) such that

ψ ≥ 0, ψ′ ≤ 0, ψ(T ) = 0 (2). Let ϕ be a Lipschitz increasing function in C0(R)

such that ϕ(0) = 0 (3). Then, for all k, γ > 0,

〈ρ1,n, ψϕ(Tk(Cn)− Tk(Cm)γ)〉+

∫
QT

ρ2,nψϕ(Tk(Cn)− Tk(Cm)γ)

≥ wγ,n
(

1

m

)
+ wγ

(
1

n

)
+

∫
Ω

ψ(0)φ(Tk(C)− Tk(C)γ)(0) dx

−
∫

Ω

(C)(0)ψ(0)ϕ(Tk(C)− Tk(C)γ)(0),

where φ(t) =
∫ t

0
ϕ(s)ds and Gk(s) = s− Tk(s).

For the proof see [3, Lemma 7, p. 544].

Lemma 2.13. Suppose that Cj,n, Cj , 1 ≤ j ≤ Ns are as above.

(2) For example ψ(t) = e(T−t) − 1 if 0 ≤ t ≤ T .

(3) For example ϕ(s) = s/(1 + |s|) answer the question 1 ≥ ϕ′(s) = 1/(1 + |s|)2 > 0.
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(a) If

|f1,n| ≤ h1(|C1,n|)
[
F1(t, x) + ‖∇C1,n‖2 +

∑
2≤j≤Ns

‖∇Cj‖αj

]
,

where h1 : [0,+∞[ → [0,+∞[ is non-decreasing, F1 ∈ L1(QT ) and 1 ≤
αj < 2. Then, for each fixed k,

lim
n→∞

∫
QT

|∇Tk(C1,n)−∇Tk(C1)|2χ[
En=

∑
1≤j≤Ns

cj,n≤k
] = 0.

(b) If

|fi,n(t, x, C,∇C)| ≤ hi
( i∑
j=1

|Cj |
)[
Fi(t, x) +

∑
1≤j≤Ns

‖∇Cj‖2
]
,

where hi : [0,+∞[ → [0,+∞[ is non-decreasing, Fi ∈ L1(QT ) and 2 ≤
i < Ns. Then, for each fixed k and for all 2 ≤ i ≤ Ns,

lim
n→∞

∫
QT

∣∣∣∣∇Tk( ∑
1≤j≤i

Cj,n

)
−∇Tk

( ∑
1≤j≤i

Cj

)∣∣∣∣2χ[
En=

∑
1≤j≤Ns

cj,n≤k
] = 0.

Proof. (a) This is a direct consequence of the resulting output established

in proof of Lemma 6 in [3, p. 548].

(b) Let k and γ > 0, let ` ∈ N, and choose Ψ as in previous. Let ϕ(s) = seµs
2

,

with µ to be fixed later. Consider the following equation satisfied by C1,n+C2,n.

∂

∂t
[C1,n + C2,n]− d1∆C1,n − d2∆C2,n

−m1div(C1,n∇φn)−m2div(C2,n∇φn) = f1,n + f2,n,

∂

∂t
[C1,n + C2,n] = d2∆(C1,n + C2,n)− (d2 − d1)∆C1,n

+m2div((C1,n + C2,n)∇φn)− (m2 −m1)div(C1,n∇φn) + f1,n + f2,n.

Then use Ψϕ(Tk(C1,n + C2,n)− TK(C1,n + C2,n)γ) again as a test function and

integrate onQT . Finally, we will use Lemma 2.12 to get the result. For simplicity,

we denote

Cr,n =
∑

1≤j≤r

cj,n, Cr =
∑

1≤j≤r

cj , for all 2 ≤ r ≤ Ns.

Take r = 2; since

∂

∂t
C2,n = ρ

(2)
1,n + ρ

(2)
2,n,
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where

ρ
(2)
1,n = d2∆C2,n − (d2 − d1)∆c1,n +m2div(C2,n∇φn)

− (m2 −m1)div(c1,n∇φn) ∈ L2(0, T,H−1(Ω)),

ρ
(2)
2,n = f1,n + f2,n ∈ L1(QT ),

we have, by (2.7),∫
QT

∂

∂t
(C2,n)Ψϕ(Tk(C2,n)− Tk(C2,`)γ)

≥ wγ,n
(

1

`

)
+ wγ

(
1

n

)
+

∫
Ω

ψ(0)φ(Tk(C2)− Tk(C2)γ)(0) dx

−
∫

Ω

(C2)(0)ψ(0)ϕ(Tk(C2)− Tk(C2)γ)(0),

where

φ(t) =

∫ t

0

ϕ(s) ds and Gk(s) = s− Tk(s).

We have∫
QT

∂

∂t
(C2,n)Ψϕ(Tk(C2,n)− Tk(C2,`)γ) =

∫
QT

ρ
(2)
1,nΨϕ(Tk(C2,n)− Tk(C2,`)γ)

−
∫
QT

ρ
(2)
2,nΨϕ(Tk(C2,n)− Tk(C2,`)γ)− ρ(2)

1,n

= − [d2∆C2,n − (d2 − d1)∆c1,n +m2div(C2,n∇φn)

− (m2 −m1)div(c1,n∇φn)]− ρ(2)
2,n = −(f1,n + f2,n),

−
∫
QT

ρ
(2)
1,nΨϕ(Tk(C2,n)− Tk(C2,`)γ)

= d2

∫
QT

∇C2,nΨϕ′(Tk(C2,n)− Tk(C2,`)γ)∇(Tk(C2,n)− Tk(C2,`)γ)

−
∫
QT

(f1,n + f2,n)Ψϕ(Tk(C2,n)− Tk(C2,`)γ)

− (d2 − d1)

·
∫
QT

(∇c1,n −∇c1)Ψϕ′(Tk(C2,n)− Tk(C2,`)γ)∇(Tk(C2,n)− Tk(C2,`)γ)

− (d2 − d1)

·
∫
QT

∇c1)Ψϕ′(Tk(C2,n)− Tk(C2,`)γ)∇(Tk(C2,n)− Tk(C2,`)γ)

+m2

∫
QT

C2,n∇φnΨϕ′(Tk(C2,n)− Tk(C2,`)γ)∇(Tk(C2,n)− Tk(C2,`)γ)
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+ (m2 −m1)

·
∫
QT

(c1,n − c1)∇φnΨϕ′(Tk(C2,n)− Tk(C2,`)γ)∇(Tk(C2,n)− Tk(C2,`)γ)

+ (m2 −m1)

·
∫
QT

c1∇φnΨϕ′(Tk(C2,n)− Tk(C2,`)γ)∇(Tk(C2,n)− Tk(C2,`)γ).

We denote

Er,n =
∑

1≤j≤r

cj,n, Er =
∑

1≤j≤r

cj , for all 2 ≤ r ≤ Ns, E2 = c1 +c2 = C2,

I = d2

∫
QT

∇C2,nΨϕ′(Tk(C2,n)− Tk(C2,`)γ)∇(Tk(C2,n)− Tk(C2,`)γ),

I = d2

∫
QT

∇Tk(C2,n)Ψϕ′(Tk(C2,n)− Tk(C2,`)γ)∇(Tk(C2,n)− Tk(C2,`)γ)

+ d2

∫
[En≥n]

∇(C2,n)Ψϕ′(Tk(C2,n)− Tk(C2,`)γ)∇(Tk(C2,n)− Tk(C2,`)γ)

= I1 + I2.

For I2, we have

I2 = − d2

∫
[En≥n]

∇(C2,n)Ψϕ′(Tk(C2,n)− Tk(C2,`)γ)∇Tk(C2,`)γχ[En≥k],

I2 =wγ,n
(

1

n

)
− d2

∫
QT

∇(C2,n)Ψϕ′(Tk(C2,n)− Tk(C2)γ)∇Tk(C2)γχ[En≥k]

=wγ,n
(

1

n

)
− d2

∫
QT

∇(C2,n)Ψϕ′(Tk(C2,n)− Tk(C2)γ)∇Tk(C2)γχ[En≥k]χ[E≥k]

− d2

∫
QT

∇(C2,n)Ψϕ′(Tk(C2,n)− Tk(C2)γ)∇Tk(C2)γχ[En≥k]χ[E<k],

I2 =wγ,n
(

1

n

)
+ I2,1 + I2,2.

For I2,1, we have by Cauchy–Schwartz inequality

|I2,1| ≤ d2‖∇C2,nϕ
′(Tk(C2,n)− Tk(C2)γ)‖L2(QT )‖∇Tk(C2)γχ[En≥k]‖L2(QT ).

ϕ′(s) = ϕ′(|s|) and |Tk(C2,n)− Tk(C2)γ | ≤ 2k implies

ϕ′(Tk(C2,n)− Tk(C2)γ) ≤ ϕ′(2k).

We obtain

|I2,1| ≤ d2C‖∇Tk(C2)γχ[En=C2≥k]‖L2(QT ) = w

(
1

γ

)
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since

Tk(C2)γ → Tk(C2) in L2(0, T ;H1
0 (Ω)),

∇Tk(C2)γχ[En=C2≥k] = 0 almost everywhere in QT .

Now, we study the term I2,2:

I2,2 = − d2

∫
QT

∇C2,nΨϕ′(Tk(C2,n)− Tk(C2)γ)∇(Tk(C2)γ)χ[En≥k]χ[En=C2≤k],

I2,2 =wγ
(

1

n

)
,

since χ[En≥k]χ[En=C2≤k] → 0 almost everywhere in QT . Thus

I2 ≥ wγ,n
(

1

`

)
+ wγ

(
1

n

)
+ w

(
1

γ

)
.

We investigate

I1 = d2

∫
QT

∇Tk(C2,n)Ψϕ′(Tk(C2,n)− Tk(C2,`)γ)∇(Tk(C2,n)− Tk(C2,`)γ),

I1 =wγ,n
(

1

`

)
+ d2

∫
QT

∇Tk(C2,n)Ψϕ′(Tk(C2,n)− Tk(C2)γ)∇(Tk(C2,n)− Tk(C2)γ),

I1 =wγ,n
(

1

`

)
+ wγ

(
1

n

)
+ d2

∫
QT

∇Tk(C2)Ψϕ′(Tk(C2,n)− Tk(C2)γ)∇(Tk(C2,n)− Tk(C2)γ)

+ d2

∫
QT

∇(Tk(C2,n)− Tk(C2))

·Ψϕ′(Tk(C2,n)− Tk(C2)γ)∇(Tk(C2,n)− Tk(C2)γ)

=wγ,n
(

1

`

)
+ wγ

(
1

n

)
+ w

(
1

γ

)
+ d2

∫
QT

∇(Tk(C2,n)− Tk(C2))

·Ψϕ′(Tk(C2,n)− Tk(C2)γ)∇(Tk(C2,n)− Tk(C2)γ),

I1 =wγ,n
(

1

`

)
+ wγ

(
1

n

)
+ w

(
1

γ

)
+ d2

∫
QT

|∇Tk(C2,n)−∇Tk(C2)|2Ψϕ′(Tk(C2,n)− Tk(C2)γ)

+ d2

∫
QT

∇(Tk(C2,n)− Tk(C2))

·Ψϕ′(Tk(C2,n)− Tk(C2)γ)∇(Tk(C2,n)− Tk(C2)γ
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=wγ,n
(

1

`

)
+ wγ

(
1

n

)
+ w

(
1

γ

)
+ d2

∫
QT

|∇Tk(C2,n)−∇Tk(C2)|2Ψϕ′(Tk(C2,n)− Tk(C2)γ),

then

I ≥wγ,n
(

1

`

)
+ wγ

(
1

n

)
+ w

(
1

γ

)
+ d2

∫
QT

|∇Tk(C2,n)−∇Tk(C2)|2Ψϕ′(Tk(C2,n)− Tk(C2)γ),

II =m2

∫
QT

C2,n∇φnΨϕ′(Tk(C2,n)− Tk(C2,`)γ)∇(Tk(C2,n)− Tk(C2,`)γ)

=wγ,n
(

1

`

)
+m2

∫
QT

C2,n∇φnΨϕ′(Tk(C2,n)− Tk(C2)γ)∇(Tk(C2,n)− Tk(C2)γ)

=wγ,n
(

1

`

)
+m2

∫
QT

(C2,n − C2)∇φnΨϕ′(Tk(C2,n)− Tk(C2)γ)∇(Tk(C2,n)− Tk(C2)γ)

+m2

∫
QT

C2∇φnΨϕ′(Tk(C2,n)− Tk(C2)γ)∇(Tk(C2,n)− Tk(C2)γ).

II =wγ,n
(

1

`

)
+ wγ

(
1

n

)
+m2

∫
QT

C2∇φnΨϕ′(Tk(C2)− Tk(C2)γ)∇(Tk(C2)− Tk(C2)γ)

+m2

∫
QT

(C2,n − C2)∇φnΨϕ′(Tk(C2,n)− Tk(C2)γ)∇(Tk(C2,n)− Tk(C2)γ),

II =wγ,n
(

1

`

)
+ wγ

(
1

n

)
+ w

(
1

γ

)
+m2

∫
QT

(C2,n − C2)∇φnΨϕ′(Tk(C2,n)− Tk(C2)γ)∇(Tk(C2,n)− Tk(C2)γ)

+m2

∫
QT

(C2,n − C2)∇φnΨϕ′(Tk(C2,n)− Tk(C2)γ)∇(Tk(C2)− Tk(C2)γ),

II =wγ,n
(

1

`

)
+ wγ

(
1

n

)
+ w

(
1

γ

)
+ (1) + (2)

or

C2,n → C2 in L2(QT ) and

∫
QT

|∇Tk(C2,n)|2 ≤ R2,
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and ‖∇φn‖L∞ is bounded then (1) + (2) = wγ(1/n). So

II = wγ,n
(

1

`

)
+ wγ

(
1

n

)
+ w

(
1

γ

)
.

For J , we have

J = −
∫
QT

(f1,n + f2,n)Ψϕ(Tk(C2,n)− Tk(C2,`)γ),

J =wγ,n
(

1

`

)
−
∫
QT

(f1,n + f2,n)Ψϕ(Tk(C2,n)− Tk(C2)γ)

=wγ,n
(

1

`

)
−
∫
E2,n≥k

(f1,n + f2,n)Ψϕ(Tk(C2,n)− Tk(C2)γ)

−
∫
E2,n≤k

(f1,n + f2,n)Ψϕ(Tk(C2,n)− Tk(C2)γ).

Then

J ≥ wγ,n
(

1

`

)
−
∫
E2,n≤k

(f1,n + f2,n)Ψϕ(Tk(C2,n)− Tk(C2)γ)

since ϕ(Tk(C2,n)− Tk(C2)γ) ≥ 0 on [E2 ≥ k] and −(f1,n + f2,n) ≥ 0 by hypoth-

esis (Hf )2.

On the other hand∣∣∣∣ ∫
E2,n≤k

(f1,n + f2,n)Ψϕ(Tk(C2,n)− Tk(C2)γ)

∣∣∣∣
≤h1(k)

∫
E2,n≤k

F1(t, x)Ψ|ϕ(Tk(C2,n)− Tk(C2)γ)|

+ h1(k)

∫
E2,n≤k

|∇c2|α2Ψ|ϕ(Tk(C2,n)− Tk(C2)γ)|

+ h1(k)

∫
E2,n≤k

|∇Tk(c1,n)|2Ψ|ϕ(Tk(C2,n)− Tk(C2)γ)|

+ h2(k)

∫
E2,n≤k

F2(t, x)Ψ|ϕ(Tk(C2,n)− Tk(C2)γ)|

+ h2(k)

∫
E2,n≤k

|∇Tk(c2,n)|2Ψ|ϕ(Tk(C2,n)− Tk(C2)γ)|

= J1 + J2 + J3 + J4 + J5.

We set

J1 = h1(k)

∫
E2,n≤k

F1(t, x)Ψ|ϕ(Tk(C2,n)− Tk(C2)γ)| = wγ
(

1

n

)
+ w

(
1

γ

)
.

Similarly, for J4,

J4 =h2(k)

∫
E2,n≤k

F2(t, x)Ψ|ϕ(Tk(C2,n)− Tk(C2)γ)| = wγ
(

1

n

)
+ w

(
1

γ

)
,
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J2 =h1(k)

∫
E2,n≤k

|∇c2|α2Ψ|ϕ(Tk(C2,n)− Tk(C2)γ)| = wγ
(

1

n

)
+ w

(
1

γ

)
,

J3 =h1(k)

∫
E2,n≤k

|∇Tk(c1,n)|2Ψ|ϕ(Tk(C2,n)− Tk(C2)γ)|

=h1(k)

∫
E2,n≤k

|∇Tk(c1,n)−∇Tk(c1)|2Ψ|ϕ(Tk(C2,n)− Tk(C2)γ)|

+ 2h1(k)

∫
E2,n≤k

∇Tk(c1,n)∇Tk(c1)Ψ|ϕ(Tk(C2,n)− Tk(C2)γ)|

− h1(k)

∫
E2,n≤k

|∇Tk(c1)|2Ψ|ϕ(Tk(C2,n)− Tk(C2)γ)|,

J3 =wγ
(

1

n

)
+ w

(
1

γ

)
+ h1(k)

∫
E2,n≤k

|∇Tk(c1,n)−∇Tk(c1)|2Ψ|ϕ(Tk(C2,n)− Tk(C2)γ)|

and

J5 = h2(k)

∫
E2,n≤k

|∇Tk(c2,n)|2Ψ|ϕ(Tk(C2,n)− Tk(C2)γ)| = wγ
(

1

n

)
+ w

(
1

γ

)
since ∫

E2,n≤k
|∇Tk(c2,n)|2 ≤ lim inf

n→+∞

(∫
E2,n≤k

|∇Tk(c2,n)|2
)
≤ R2.

Thus

−
∫
E2,n≤k

(f1,n + f2,n)Ψϕ(Tk(C2,n)− Tk(C2)γ) ≥ wγ
(

1

n

)
+ w

(
1

γ

)
− h1(k)

∫
E2,n≤k

|∇Tk(c1,n)−∇Tk(c1)|2Ψ|ϕ(Tk(C2,n)− Tk(C2)γ)|.

For λ and λλ, we have

λ = − (d2 − d1)

·
∫
QT

(∇c1,n −∇c1)Ψϕ′(Tk(C2,n)− Tk(C2,`)γ)∇(Tk(C2,n)− Tk(C2,`)γ),

λ =wγ,n
(

1

`

)
+ wγ

(
1

n

)
+ w

(
1

γ

)
,

λλ = − (m2 −m1)

·
∫
QT

(c1,n − c1)∇φnΨϕ′(Tk(C2,n)− Tk(C2,`)γ)∇(Tk(C2,n)− Tk(C2,`)γ),

λλ =wγ,n
(

1

`

)
+ wγ

(
1

n

)
+ w

(
1

γ

)
.
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We have β and ββ

β = − (d2 − d1)

∫
QT

∇c1Ψϕ′(Tk(C2,n)− Tk(C2,`)γ)∇(Tk(C2,n)− Tk(C2,`)γ),

β =wγ,n
(

1

`

)
+ wγ

(
1

n

)
+ w

(
1

γ

)
,

ββ = − (m2 −m1)

·
∫
QT

c1∇φnΨϕ′(Tk(C2,n)− Tk(C2,`)γ)∇(Tk(C2,n)− Tk(C2,`)γ),

ββ =wγ,n
(

1

`

)
+ wγ

(
1

n

)
+ w

(
1

γ

)
.

Then

I + II + J + JJ + λ+ λλ+ β + ββ ≥ wγ,n
(

1

`

)
+ wγ

(
1

n

)
+ w

(
1

γ

)
+ d2

∫
QT

|∇(Tk(C2,n)− Tk(C2))|2Ψϕ′(Tk(C2,n)− Tk(C2)γ)

− h1(k)

∫
E2,n≤k

|∇(Tk(C1,n)− Tk(C1))|2Ψ|ϕ(Tk(C2,n)− Tk(C2)γ)|.

We choose µ ≥ (h1(k)/(2d2))2. Then we have d2ϕ
′(s)− h1(k)|ϕ(s)| > d2/2 and

we conclude that∫
QT

|∇(Tk(C2,n)− Tk(C2))|2

·Ψ[ϕ′(Tk(C2,n)− Tk(C2)γ)− h1(k)|ϕ(Tk(C2,n)− Tk(C2)γ)|]

≤ wγ,n
(

1

`

)
+ wγ

(
1

n

)
+ w

(
1

γ

)
.

Then we have

lim
n→+∞

∫
QT

|∇(Tk(C2,n)− Tk(C2))|2χ[E2,n≤k] = 0.

We get step by step by considering the equation satisfied by Cr,n =
r∑
j=1

cj,n.

Arguing in the same way as before, choosing µ≥max{(h1(k)/(2dj))
2 : 1≤j≤r},

we obtain∫
QT

|∇(Tk(Cr,n)− Tk(Cr))|2

·Ψ[ϕ′(Tk(Cr,n)− Tk(Cr)γ)− h1(k)|ϕ(Tk(Cr,n)− Tk(Cr)γ)|]

≤ wγ,n
(

1

`

)
+ wγ

(
1

n

)
+ w

(
1

γ

)
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which shows the desired result (b)

lim
n→+∞

∫
QT

|∇(Tk(Cr,n)−∇Tk(Cr))|2χ[
Er,n=

r∑
j=1

cj,n≤k
] = 0. �

Proof of Lemma 2.10. Let A be a measurable subset QT . For all k ≥ 0,

we have∫
A

|f1,n(t, x, Cn,∇Cn)| dx

=

∫
A∩[ENs,n≤k]

|f1,n(t, x, Cn,∇Cn)| dx+

∫
A∩[ENs,n>k]

|f1,n(t, x, Cn,∇Cn)| dx

≤
∫
A∩[En≤k]

|f1,n(t, x, Cn,∇Cn)| dx+

∫
A∩[θn>k]

|fn(t, x, Cn,∇Cn)| dx

with

ENs,n
=

∑
1≤j≤Ns

Cj,n and θn =
∑

1≤k≤Ns

(Ns − k + 1)Ck,n.

We obtain, for all ε > 0, there exists k0 such that, if k ≥ k0, then for all n

1

k

∫
A∩[ENs,n>k]

k|f1,n| dx ≤
1

k

∫
QT

ENs,n
|f1,n| dx ≤

1

k

∫
QT

θn|f1,n| dx.

We have ∫
A∩[ENs,n>k]

|f1,n(t, x, Cn,∇Cn)| dx ≤ ε

Ns + 2
,

∫
A

|f1,n(t, x, Cn,∇Cn)| dx

≤ ε

Ns + 2
+ h1(k)

[ ∫
A

F1(t, x) +

∫
A∩[ENs,n≤k]

|∇C1,n|2
]

+ h1(k)
∑

2≤j≤Ns

(∫
A∩[ENs,n≤k]

|∇Cj,n|αj

)

≤ ε

2
+ h1(k)

[ ∫
A

F1(t, x) +

∫
A∩[ENs,n≤k]

|∇Tk(C1,n)|2
]

+ h1(k)
∑

2≤j≤Ns

(∫
A∩[ENs,n≤k]

|∇Tk(Cj,n)|αj

)
.

Using Hölder’s inequality, for 1 ≤ αj < 2, we obtain

h1(k)

∫
A∩[ENs,n≤k]

|∇Tk(Cj,n)|αj ≤ h1(k)

(∫
A

|∇Tk(Cj,n)|2
)αj/2

|A|(2−αj)/2

≤ h1(k)R
αj/2
2 |A|(2−αj)/2 ≤ ε

Ns + 2
.
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Whenever |A| ≤ ρj with

ρj =

(
ε

Ns + 2
h−1

1 (k)R
−αj/2
2

)2/(2−αj)

, 2 ≤ j ≤ Ns

and∫
A∩[En≤k]

|∇Tk(Cn)|2 =

∫
A∩[En≤k]

|[∇Tk(Cn)−∇Tk(C)] +∇Tk(C)|2,∫
A∩[En≤k]

|∇Tk(Cn)|2 ≤ 2

∫
A∩[En≤k]

|∇Tk(Cn)−∇Tk(C)|2 + 2

∫
A

|∇Tk(C)|2,

we have ∫
QT

|∇Tk(Cn)|2 ≤ C(k, ‖C0‖L1(Ω)),

so

|∇Tk(Cn)−∇Tk(C)|2χ[Cn≤k] → 0 in L1(Ω) strongly

and |∇Tk(Cn)−∇Tk(C)|2χ[Cn≤k] is equi-integrable in L1(Ω). Then there exists

ρNs+1 > 0 such that, if |A| ≤ ρNs+1, then

2h1(k)

∫
A∩[ENs,n≤k]

|∇Tk(Cn)−∇Tk(C)|2 < ε

Ns + 2
.

On the other hand, F1, |∇Tk(C1)|2 ∈ L1(Ω), therefore there exists ρNs+2 such

that if |A| ≤ ρNs+2 we have

C1

(
2

∫
A

|∇Tk(C1)|2 +

∫
A

F1(t, x)

)
<

ε

Ns + 2
.

Choose ρ0 = inf{ρj , 2 ≤ j ≤ Ns + 2}, |A| ≤ ρ0, we obtain∫
A

|f1,n(t, x, Cn,∇Cn)| dx ≤ ε.

Similarly, we get for 2 ≤ i ≤ Ns∫
A

|fi,n| ≤
ε

Ns + 2
+ hi(k)

(∫
A

Fi(t, x)

+

∫
A∩[ENs,n≤k]

(6|∇C1|2 + 6|∇Tk(C1,n)−∇Tk(C1)|2)

)

+ 8hi(k)
∑

2≤r≤Ns

(∫
A∩[ENs,n≤k]

∣∣∣∣∇Tk( ∑
1≤j≤r

Cj

)∣∣∣∣2)

+ 8hi(k)
∑

2≤r≤Ns

(∫
A∩[ENs,n≤k]

∣∣∣∣∇Tk( ∑
1≤j≤r

Cj,n

)
−∇Tk

( ∑
1≤j≤r

Cj

)∣∣∣∣2).
Arguing in the same way as before, we obtain the required result. �
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