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OPTIMAL RETRACTION PROBLEM
FOR PROPER k-BALL-CONTRACTIVE MAPPINGS
IN C™[0,1]

DiANA CAPONETTI — ALESSANDRO TROMBETTA — GIULIO TROMBETTA

ABSTRACT. In this paper for any € > 0 we construct a new proper k-ball-
contractive retraction of the closed unit ball of the Banach space C™[0, 1]
onto its boundary with k < 1+¢, so that the Wosko constant W, (C™|0, 1])
is equal to 1.

1. Introduction and preliminaries

Let X be an infinite-dimensional Banach space with the closed unit ball B(X)
and the unit sphere S(X). After two works by Klee [22] and [23] it is known
that there exists a retraction R: B(X) — S(X), i.e. R is a continuous mapping
such that Rz = z, for all z € S(X). As concerns the metric properties of such
retractions Benyamini and Sternfeld ([5]), following Nowak ([24]), have obtained
the remarkable result that for every Banach space X there exists a retraction of
B(X) onto S(X) satisfying, for some constant L, the L-Lipschitz condition

|Rz — Ry|| < Lljz —y| for all z,y € B(X).

Clearly the same is not true for spaces of finite dimension due to the Brouwer’s
Non Retraction Theorem. The optimal retraction problem, considered for the
first time in [17], consists in the evaluation of the constant

ko(X) = inf{L : there is a L-Lipschitz retraction R: B(X) — S(X)}.

2010 Mathematics Subject Classification. Primary: 47H09; Secondary: 46B20, 54C14.
Key words and phrases. Retraction; measure of noncompactness; proper mapping.

111



112 D. CAPONETTI — A. TROMBETTA — G. TROMBETTA

There is no space X for which the exact value of ko(X) is known, for a survey
on the subject we refer to [13], [18], [19] and bibliography therein. The uni-
versal known bound from below is ko(X) > 3; for some spaces there are better
estimates, for example, ko(H) > 4.58 for Hilbert space H (see [14]), ko(I') > 4
(see [6]). From the above it is known that the supremum is finite and an at-
tempt to give an estimate ends with ko(X) < 256 - 10°, for any Banach space
X (see [1]). Moreover we recall ko(L1[0,1]) < 8 (see [20]), ko(I*) < 8 (see [2]),
ko(1%°) < 12 4 2v/30 = 22.95... (see [14]) and ko(X) < 4(2 +V/3) = 14.92...
where X is one of the space: BC(R), C[0,1], ¢o, ¢ (see [26]). At present the
estimate ko(C[0,1]) < 2(2 +v/2) = 6.828... is the minimum of upper bounds
over all Banach spaces for which the upper bound is known (see [25]).

Consideration of another metric property, namely the measures of noncom-
pactness of above retractions leads to some more results useful in applications
as, for instance, applications to theorems of the Birkhoff-Kellog type (see [8], [9],
[11], [16], [21]). Let us recall that the Hausdorff measure of noncompactness y(A)
of a bounded subset A of X is the infimum of all € > 0 such that A has a finite
e-net in X. A mapping T: dom(7T) C X — X is said to be k-ball-contractive
with constant & > 0 if it is continuous and verifies, for each bounded subset A
of dom(T),

V(T A) < ky(A).

In [28] Wosko has proved that in the space X = C[0, 1] of all real valued continu-
ous functions defined on [0, 1] endowed with the maximum norm it is possible to
construct for every € > 0 a k-ball-contractive retraction of B(X) onto S(X) such
that £ < 1+ e. The optimal retraction problem for k-ball-contractive mappings
will now concern the evaluation of the so-called Wosko constant (see [4])

W,(X) = inf{k > 1 : there is a k-ball-contractive retraction R: B(X)—S(X)}.

Obviously, the same problem can be posed by replacing v with an equivalent
measure of noncompactness, for instance the Kuratowski or the lattice measure
of noncompactness. Observe that the situation differs from the Lipschitz case.
On one hand there are good estimates for W, (X) in many Banach spaces X,
which are useful for applications. Concerning general results in the setting of
Banach spaces, in [27] it was proved that W, (X) < 6 for any Banach space X,
reaching the value 4 or 3 depending on the geometry of the space. Moreover,
it has been proved that W,(X) = 1 in some spaces of continuous functions
([7], [15]), in some classical Banach spaces of measurable functions ([12]) and
in Banach spaces whose norm is monotone with respect to some basis ([3]).
In [10] the problem of evaluating the Wosko constant has been considered in the
setting of F-normed spaces. We recall that the problem whether there is some
Banach space X in which a 1-ball-contractive retraction exists has been solved
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positively in [12], where it is shown that it is so in Orlicz and Lorentz spaces.
We observe that there is not a unified method to evaluate W, (X), most of the
evaluations have required individual constructions in each space X. On the other
hand we point out that in opposite to the limitation ko(X) > 3 in any Banach
space X, there is no Banach space X for which it has been proved W, (X) > 1.

For a continuous mapping T': dom(7") C X — X we also consider the follow-
ing quantitative characteristic (see, for example, [3], [11], [16]):

w(T) =sup{k > 0:~(TA) > kvy(A) for every bounded A C dom(T)},

called the lower Hausdorff measure of noncompactness of T. We observe that
this characteristic is related to properness of the mapping, since from w(T") > 0
it follows that T is a proper mapping, i.e. T-'K is compact for each compact
subset K of X. Let C™[0,1] be the Banach space of all real valued m-times
continuously differentiable functions defined on [0, 1] with the norm

1£llm = max{| f®] : s =0,....m},

where f(®) = f and || - || denotes the maximum norm. The aim of this paper is
to prove that W, (C™[0,1]) = 1. To this end we construct a 1-ball-contractive
mapping @, from the closed unit ball B(C™]0, 1]) into itself such that Q. f = f
for all f € S(C™[0,1]). Then for each w > 0 we consider a compact perturbation
Qm + Py m of the mapping @,,, by normalizing such mapping we obtain a retrac-
tion Ry m. The retractions R, ,, we construct satisfy w(Ry m,) > 0. Moreover
given € > 0 arbitrarily fixed we can find w > 0 such that the retraction R, ,,
is k-ball-contractive with k£ < 1 + ¢, so that W, (C™[0,1]) = 1. For m = 0, we
recover the result W, (C[0,1]) = 1 of Wosko ([28]).

2. The mapping @Q,,

Let C™ = C™]0,1]. We start by defining a mapping Q,, from B(C™) into
C™ by setting, for each f € B(C™),

L+ Il \™ (2 | L4 (£l
( 2 )f(LWHmQ ﬂte%’ 2 ]’

(Quf)(t) = il('”wmyc+yhynwm>

Z'
1 m
ifte (—’_gfal}

=0
In this section we prove that the mapping @,, maps B(C™) into itself and that

it is a 1-ball-contractive mapping, moreover we obtain w(Q,,) > 1/(2™(m + 1)).
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For our convenience, given f € C™ and a € [1, 2], we introduce the function
fa: [0,1] = R defined by

L e it e [o, 1],
a™ a
at = m 1
fa(®) 1 1 1 (i) . 1
il a) a a
We observe that, for f € C™, we have f, € C™ and, for s =0,...,m,
—— 1) (at) if t € [0, 1],
()() o ¢
S)(t) = .
“ N 1\"° 1
—(t-= Ay ifte(=,1].
;(z—s)'< a) amlf (1) i E(a’}

Using the above notation, for f € B(C™), we may write Qumf = fa/ (14| f[lm)-
We begin with the following result.

LEMMA 2.1. Let f € C™, then for any a € [1,2] we have

1
ol fll < W fallm < 1l

ProoF. Let f € C™. Since the result is obvious when a = 1, we assume
a € (1,2]. To obtain the right inequality we prove ||f,§s)H < ||fllm for each

s €{0,...,m}. Indeed, we have
m 1 i—s
()] — (S @1
17871 = ma { s e, |5 (1) Gt O]

1 IR
< — (1--= @
<o { WO o (1-) )

m 1 1 1—S8 1 ‘ m 1 1—8 1
RSV B <SS (12 |
gj(i_s)!( ) i< Z( ) .

=5

1 «— 1
<[+ (1-1) 3 ] = 1l

1=s+1

On the other hand, we obtain the left inequality by observing that
1 Fallm = mas { | fall, [|£EO(]s - | £}
ol

1 1
> max {am|f||7 am—1 H

1 1
2 s max {IAIL SO 1 = 2 1 n

We note that by the definition of @,, we have Q,,f = f for all f € S(C™),
and by Lemma 2.1 we have indeed that Q,, maps B(C™) into itself.
In the sequel we will require the following lemma.
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LEMMA 2.2. Let f € C™ and {a,} a sequence in [1,2] such that a, — a.
Then || fa, — fallm — 0.

PRrROOF. Observe that for f = 0 the assertion is immediate. For f # 0 we
prove that ||f(§i) —f | = 0 for any s € {0,...,m}, and this will give the thesis.

Let € > 0 be given. Since f(*), for any s € {0,...,m}, is uniformly continuous
on [0,1], we find § > 0 such that

€
(2.1) 1) = [P (1) < 5

for t1,to € [0,1] and |t; — 2| < §. Moreover, if s € {0,...,m — 1}, we choose i
such that for all n > 7 we have |a,, —a| < ¢ and

1 1
(2.2) — c , for i=s,...,m—1.
a; am=t [ 7 3(m = 8)[|fllm

Now, for any fixed s € {0,...,m}, we prove |féi)(t) — fés) (t)| < g, for every
n > 7 and for all ¢ € [0,1]. To this end, suppose first ¢ € [0,1/a] N [0,1/a,].
Then we have

() = 12 (0)] =

—ms [ (ant) —

; <at>]

’fl

1
< 17O (ont)| s = | + s | £ (ant) — £ a)
1 1
<O = s | + 179 ant) - 7at)]
1 ! (s) (s)
< Sl | = S_am—s | f (ant) — ) (at)|
c 4 f<e

< -

~3(m—s) 3~
Assume now a < a,, and t € [1/ay,1/a]. Then, since |1 — at| < |a, —a| < 6, by
(2.1) we get

(2.3) |£¢)(at) — fO(1)] <

Using (2.2) and (2.3) we obtain

10 =100 = | =P - Y (t‘ 1) )

1=s an
1 S S K3 B
< | fat) - s SO ‘ > s
1=s+1
1
< | £at) = i 1)
a Qn
1 1 m 1 1 i—s
+ (s) t) — ——— (s) 1)+ m P
s FOat) = s PO D |2 o

1=s+1
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1 1 . . 11
<l s = | 1) = SO+ i = 9] - =
n
< & Lt Lf
“3m-s) 3 3

If a, <aandt € [l/a,1/ay], the assertion follows as in the previous case.
Finally, considering the case t € [max{1/a,1/a,}, 1], we have

> <z'(i)<sl>)! Kt - 1)1 - (t - 1)7” ’

i=s

m i—S i—S
1 1 1 1 1
< 'f”mzu—s)!’(t‘an) e (t‘a) i

i=s

[f () = £ ()] =

where, for i € {s,...,m},

1 1\ 1 NN 1
= \'" @) i \lTa) e

1 1 i—5 1 1 i—s 1
< = t— — N ‘
(Z - 5)' (279} CL;LTL_Z a a;Ln_l
1 1 i—5 1 1 i—s 1
- t— = —(t-= ‘
(i —s)! a an " a am=—1t
< 1 t 1 e " 1 s I 1 1 1
~ (i—9)! an a (i—s)|gm—F  am—
1 1 1 1 i—s—1 i—s—1 1 1
< — ==t +.o.+t== + - .
(Z - 5)' (227 a Qp, m—i am—i
i1—s |1 1 1 1
< - - - A ] .
“(=s)a, a am~t  gmi
Consequently, using (2.2), we obtain
m 1 1 m—1 1 1
1260 - 100 <1ln| 3 |2 -2+ 3 | - ]
. n a . n a
i=s+1 i=s
1 1 1 1 e c
< 1l | (m = )] — =~ - __—_||<Z+Z<eD
< I/ [<m N =3+ m=9)| == amz}_3+3<e

PROPOSITION 2.3. The mapping @, is 1-ball-contractive.

PROOF. Let {f,} be a sequence in B(C™) and f a function in B(C™) such
that ||fn — fllm — 0. Set a, = 2/(1 + ||fnllm) and @ = 2/(1 + || f]|m), then
an € [1,2] for each n € N, a € [1,2] and a,, — a. Moreover,

1@ fn = Quafllm = | (Fn) 2/t pulto) = F2r@st o e = |(Fn)an = fall,.-
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Since, by the hypothesis and Lemma 2.2, we have

1(fn)an = fallm < [1(fn)a, = faullm + [1fa,, = fallm
= 1(fn = Danllm + 1far, = fallm < W fn = fllm + [ fa, = fallm =0,

we conclude that the mapping @, is continuous.
Now, to complete the proof, we show that for M C B(C™) we have

Y(QmM) < ~(M).

First we observe that for f € C™ the set Ay = {f, : a € [1,2]} is compact.
Indeed, if { f,, } is a sequence of elements in Ay and {a,, } a subsequence of {a,, }
which is convergent, say to a, then by Lemma 2.2 we have ||fank — fallm — 0.
Now, let a > v(M). Let {¢1,...,¢1} an a-net for M in C™. Then the set
1

A= |J Ay, is compact. Hence given § > 0 we can choose a §-net {¢1,...,9,}
i=1

for A in C™.

For g € Q,, M arbitrarily fixed, let f € M such that @Q,,f = ¢. Then choose
i€ {1,---,1} such that ||f — ¢;||m < aand j € {1,---,p} such that

1(@i)2/@tiifllm) = Yillm < 0.

Then we obtain

lg = Villm = 1Qmf = ®illm = || Forasisim — ¢ill,,

< | forasisim = @d2sarisi |l + 1@d2asisim — ¢l
<N f = @illm +6 < a+d.

We have proved v(Q,,M) < a+ 4, by the arbitrariness of § we have the desired
result v(Q, M) < v(M). O

Now, for f € C™ and a € [1,2], we set

(7)) =amf(it>, if ¢e0,1].

We need the following two lemmas. The proof of the first one is similar to the
first case we have just considered in Lemma 2.2; hence it is omitted.

LEMMA 2.4. Let f € C™ and {a,} a sequence in [1,2] such that a, — a.
Then Hfl/“" - fl/“Hm — 0.

LEMMA 2.5. Let f € B(C™), g € C™ and a € [1,2]. Then
1fa = (6" Ly < (0 1)1 fa = llm-

PROOF. Let f € B(C™), g € C™ and a € [1,2]. To prove the claim we will
show that, for s =0,..., m, we have

1797 = ((6"),) ]| = m+ Dl fa = gl
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Clearly g'/® € C™, where for each s = 0, ..., m we have
; 1
(g/) ) (t) = am—2g® (t) for t € [0, 1].
a

Hence we can consider (gl/ a)a7 and then we have

g(t) ift e [0, }
(gl/a)a(t)— m i
Zl'(t1> g<z>(1) ifte(,l}
z:OZ a
Thus
() _ ((g'/e (S)H: () (4) — o)
[ = Ga),) | = max{ s [7870) - 40,
G | NN~ 1,
_Z (%)
teI[rll%{.,l] ;(zs)‘<t a) amﬂ-f (1)
m 1 1 i—s , 1
_ _ = (i) =
§<i—s>!(t ROl
< max{”flgs) _Q(S)Hv
“ 1 N1 . /1
_Z (%) RS CON Bt
t;a?;fu;(is)!(f ) e=rew - (3)))
1L, £ (1
< max {17 9.3 | =0 -0 (G
— max ||f(8), (S)H i f(i) Y @l
a g 7-7 a a g a
m . .
< max{”flgs) SO - 9“’”}
i=s
= || =g+ [ = g™
S(m_3+1)“fa_g”mS(m+1)“fa_g”ma
which completes the proof. O

PROPOSITION 2.6. For the mapping Q., the following estimate of its lower
Hausdorff measure of noncompactness holds:

1
AQm) 2 St v )

PRrROOF. It is enough to show that for M C B(C™) we have

L (M) < A(QuM).

(24) om(m +1) |
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If f € C™, using Lemma 2.4, it follows that the set A/ = {fl/“ ta € [1,2]} is
compact. Now let n > v(Q,,M). Fix an n-net {\1,..., A} for @, M in C™.
q
Then the set K = |J A% is also compact in C™.

i=1

Let § > 0 be given, and choose a d-net {&1,...,&.} for K in C™. Let f € M.
Fix i € {1,...,q} such that |Qmf — \i||m < 7. Since (\;)FIF1m)/2 ¢ K we can
choose j € {1,...,r} such that H(/\i)(1+”f“m)/2 - fme < 4. Then

If = &llm < Hf — () AF I Im) /2y H()\i)(lﬂlfl\m)/? — glem
m 1 m)/2
< 2™ fosa sty = ()20 | + 6
Now, by Lemma 2.5, we have

| Farasiifo — ()2 il < (M4 D F2saspm) = Al

hence we obtain

1 = &llm < 2 (m + )| foya iy — Nill,,, +0
=2"(m+1)|Qmf — Xillm +6 < 2™ (m + 1)n + 0.

Therefore
L )<+
omm+1) =TT amim 1)
By the arbitrariness of 6 we obtain (2.4), and the proof is completed. O

3. The mapping P, .,
For w > 0, we define P, ,,,: B(C™) — C™ by setting

1 m
: roe o, Lt1n),

_ m ; IL£ |
(m+1)!<t 5 ) fte<+2 ,1].

We observe that if f and g € B(C™) and || f|lm = ||g|lm we have Py f = Pumg,
in particular P, ,,f coincides with the null function if || f],, = 1.
Clearly P, f € C™, and for s =0,...,m we have

0 ifte {07

1+ Ifllm] ’
(Pum ) () = (

2

1 . m—+1—s 1 .
- L) itee (2 )

u
(m+1-s9)!

In particular, we have (Py . f)™ = P,of.

LEMMA 3.1. Let w > 0. Let {fn} be a sequence in B(C™) and f € B(C™)
such that || follm = | fllm, then || Pumfa — P fllm — 0.
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Proor. We will show, that for each s =0,...,m we have

(3.1) |(Pun ) = (Pun )] = 0.

To this end, fix s € {0,...,m} and € > 0. Find % such that for all n > 7 we
have ||| fullm = || fllm| < €/u. We will prove that, for every n > 7,

(3.2) [P fr) ) (#) = (Pum /)P (t)| < e, forall te0,1].
If¢ €0, (L+[fllm)/21 N[0, (1 + || fullm)/2], then
| (Pan ) (1) = (P ) ()] = 0.
Assume now || f|[m < [|fnllm and ¢ € [(1+ [|f[lm)/2, (1 + ([ fnllm)/2], then

) ) B U _ L+ || fllm m+1l—s
‘(Pu,mfn) (t) (Pu’mf) (t)‘ - (m +1— 3)! (t 2
1 Mo 1 m m+1—s
< (m+1i—s)! +||2f b +ng <l fallm = I fllm| < e

1£ we assume || fullm < [l and ¢ € (L4 | fallm)/2, (L4 | £llm)/2]; then simi-
larly to the previous case we have

u

’ S| — L [ fulln ™
[(Pam )0 = (Pun )0 = o= (t _ 2)

Finally we assume t € [max{(1+ || fnllm)/2, (1 + || f|lm)/2},1]. Then
| (P ) (8) = (Pun ) (8)]

<e

u L [ fll \ ™ L 1l ™
S Fy g <t_2> _<t_2>
U | fnllm — f”mH(t_ 1+||fnm>m_s
“(m+1-s)! 2 2
+...+(t1+!f”m> _}
< (m+1:’:_s)' ”anm; Hf”m (m+1_8) SU an”m_ ”flm' Sg- ]

PROPOSITION 3.2. Let u > 0. The mapping Py m is compact.
PROOF. Let {f,} be a sequence in B(C™) and f € B(C™) such that
[fn = fllm — 0.

Then || fnllm = || f]lm, and Lemma 3.1 implies that P, ,, is continuous.

Now we prove that the mapping P, », is sequentially compact. To this end let
{gn} be a sequence in P, ,,,(B(C™)). For each n € N fix h,, € B(C™) such that
gn = Py mh,. Passing, if necessary, to a subsequence, we may assume without
loss of generality that ||hy|m — ¢ € [0,1]. Now we choose h € B(C™) such
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that ||kl = c so that ||hy||m — ||h|lm. Set g = Py mh. Since ||gn — gllm =
| Py mhin, — Pumhl|m, Lemma 3.1 implies || g, — g||m — 0, as desired. O

4. The retraction R, ,

Let u > 0 be arbitrarily fixed. We define T, ,,,: B(C™) — C™, by setting

Tu,m = Qm + Pu,m~

Clearly Ty, is a 1-ball-contractive mapping. Our first step is that of proving
that inf || Ty mfllm > 0. It will require the following lemma.
fres(cm)

LEMMA 4.1. Let u > 0 and f € B(C™). If O < || fllm < u/(u+4), then we
have

max m) _emiy o Yq u
ax (A -+ = 1)} 2

PROOF. For every ¢ € [0, 1], we define the auxiliary function ¢.: [0,¢] = R
by setting

velz) = —x + g(l —c¢), forazel0,c,
and we denote by ¢ the function ¢(x) = x for « € [0,1]. Then we set
¢y, = max{c:c € [0,1] and ¢.(z) > p(z) for z € [0, c|}.
A straightforward calculation shows that ¢, = u/(u +4). Then, for every ¢ €

[0, ¢y], the function v.: [0,1] — R defined by

) = max{p (o), pe(o)) = max {, o+ 51~ o)}

satisfies

u
4.1 i > .
(4.1) Join ve(z) 2 oy

Now, if f € B(C™) and 0 < |[|f||;m < u/(u+4), the result follows by (4.1)
considering ¢ = || f||,n and letting = = ||f("™)]| . O

PROPOSITION 4.2. Let w > 0 and f € B(C™). Then

1 U ™oy
Tum mzi ]- .
ITom 2m< +u—|—4) u—+4
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PrOOF. Fixu > 0and f € B(C™). Assume first that 0 < || f||;m < u/(u + 4).
We have

HTumem > |( umf)(m)” = Inax ‘ umf)(m (t )‘

te(0,1]
2
()|
L+ [ fllm

o)

= {7110 + 51~ 1)}

— Imax

{ max
te[0,(1+([ fllm) /2]

max
te[(A+(fllm)/2,1]

v

mac{ £, 1)+ 50 1)}

v

e L7 =17+ 50 1)

In view of Lemma 4.1 we obtain ||Ty.m f|lm > w/(u +4).

Now assume u/(u+4) < || f]|m < 1. We have

1 m 1 m m—1
Tl 2 s { (500 T, ()0}
L+ If e ™ .
> () L))

L+ [ fllm \™ 1 u \"
=|—F > — — )
( 2 1 /llm 2 2m 1+u+4 u+4

The proof is completed. i

We recall the following properties of the measure v, which tacitly will be
used in the proof of our main result: for bounded sets A, B C X

1. v(A) = 0 if and only if A is precompact,

2. v(A) <4(B) for A C B,

3. (o A) = y(A) where ¢6 A denotes the closed convex hull of A,
4. 7(AU B) = max{y(4),7(B)},

5. v(A+ B) <~(A) +~(B),

6. Y(AA) = |A\|y(A) for all A € R,

7. ([0, 1)4) = 1(4).

THEOREM 4.3. For any € > 0 there exists a proper k-ball-contractive re-
traction of the closed unit ball B(C™) onto S(C™) with k < 1+ ¢, so that
w,(C™[0,1]) = 1.
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PRrOOF. Given u > 0, in view of Proposition 4.2, we can define a retraction
Ry m: B(C™) = S(C™) by setting
1
[T, f [l
Let now M C B(C™). Since P, , is a compact mapping, from Propositions 2.3
and 2.6 it follows that

Ru,mf = Tu,mf~

1
2m(m + 1)
Moreover, by the definition of R, ,,, and by Proposition 4.2, we get

m —1
1 U U
RymMC |0, — (1 To.mM.
’ [ <2m< +u+4> U+4) } ’

Therefore, using the properties of v, from (4.2) it follows

1 u m u —1
My< (—(1+ —) —— M
(B >_(2m( +u+4) u+4) 2(M),

this means that the retraction R, ., is k,-ball-contractive with

1 w \" u 7!
ky=(—1+— | — .
<2m< i u+4) u+4>
On the other hand, an easy calculation shows that

u
Tl < Qoo+ 1 Pa fl < 14
for all f € B(C™), and so we have

(4.2) (M) < A(Tu M) < A(M).

TymM C {0, 1+ ;‘} RymM.
Therefore we get
U
’Y(Tme) S <1 + 2>7(Ru,mM)a

and from (4.2)

1 w\
(1 T3) 00 S ()

The latter inequality implies

ot g (1 5)

consequently w(R, ,) > 0 for every u > 0, so that R, ., is a proper retraction.
Now given € > 0, since

we can find @ > 0 such that ky < 1+e. Then letting k = kg we have that Ry,
is the desired proper k-ball-contractive retraction. O
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