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UNIFORM STABILITY
FOR FRACTIONAL CAUCHY PROBLEMS
AND APPLICATIONS

LuciaNO ABADIAS — EDGARDO ALVAREZ

ABSTRACT. In this paper we give uniform stable spatial bounds for the re-
solvent operator families of the abstract fractional Cauchy problem on R .
Such bounds allow to prove existence and uniqueness of p-pseudo almost
automorphic e-mild regular solutions to the nonlinear fractional Cauchy
problem in the whole real line. Finally, we apply our main results to the
fractional heat equation with critical nonlinearities.

1. Introduction

In recent years, the study of fractional partial differential equations has grown
considerably because these equations provide a useful framework to deal with
real-world problems in several disciplines as biology, chemistry, economy, en-
gineering, medicine and physics. For example, fractional models describe the
motion of a viscous fluid between moving surfaces ([27]), as well as the diffusion
phenomena in the special types of porous medium ([39]).
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Let A be a linear closed operator with dense domain defined on a Banach
space X and let 0 < o < 1. We consider the nonlinear fractional Cauchy problem

cDYu(t) = Au(t) + f(t,u(t)), t>0,

(1) u(0) = ug € X,

where f: Ry x X — X is a continuous function and «Dj* denotes the fractional
Caputo derivative. Under suitable conditions on the operator A (sectoriality),
it generates two operator families, {S(¢)}1>0 and {R(¢)}+>0, called the resolvent
and the integral resolvent. The existence and uniqueness of mild solutions of the
problem (1.1) depend on these operator families, see [7], [15], [22] and references
therein. These types of operator families are framed into the theory of solutions
of abstract Volterra integral equations studied in the book of J. Priiss [43]. Also
algebraic, extension and subordination properties of them have been studied in
[21, (3], [6], [7], [13], [28]-[31], [35].

Historically, the importance of the asymptotic behaviour of the resolvent
operator families is shown in many works in the literature. For the first order
case, the uniform stability of a Cp-semigroup (e');>o generated by A is defined
by the exponentially decay

et < Me~te, t>0,

where M, a are positive constants. This theory has been deeply developed in
a large series of monographs, see [4], [17], [44] among others. Also many authors
have used the uniform stability of semigroups for specific problems. For exam-
ple, Katznelson—Tzafriri type theorems for Cy-semigroups appear in the book of
J. Van Neerven [44]. In [38], the stability of two-coupled systems of PDE’s is
shown. Recently, in order to deal with the third order Moore-Gibson-Thompson
equation, the authors study such equation as a first order system whose asso-
ciated operator matrix generates a exponentially stable semigroup on a Hilbert
space, see [26].

In the book [40, Chapter 2, Section 6], A. Pazy shows uniform stable bounds
for Cp-semigroups in the spaces constructed via the fractional powers of the
generators. Particularly, when the spectrum of the operator A satisfies that

(1.2) o(—A) c{A e C|RX>a} witha >0,

then [|(—A)Petdz| < Mt=Pe |z, for t >0, >0, v € X.

It seems natural to ask about the uniform stability of the resolvent operator
families for the fractional problems. In a general context, C. Lizama and V. Ver-
gara give sufficient conditions to state exponential stability of resolvent families
for the abstract Volterra integral equation, see [32]. Also for the fractional case,
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it is known that the resolvent and the integral resolvent satisfy
IS@) < MEaa(~at®),  [|R@®)| < Mt*™ Eqo(—at®), t>0,

when condition (1.2) holds for the spectrum of the generator, where E, g denotes
the Mittag—Leffler functions. However, to the best of our knowledge, it seems
that the study the uniform stability of the resolvent operator families for the
fractional Cauchy problem on the powers spaces is novel.

Assuming conditions of sectoriality for an operator —A such that 0 € p(A)
(resolvent set), we get that uniform stability for the resolvent families is given by
the Prabhakar functions El 8 which constitute a generalization of the Mittag—
Leffler functions. In fact, we obtain that for all x € X

[S@)llxs < Mt PEL o (—at®)2])

IR@zlxs < MDD (Cat®)fal

where t > 0. These functions were introduced by T.R. Prabhakar in 1971,
see [41]. Nowadays, they are relevant in the study of fractional relaxation and
diffusion phenomena, see [18], [24].

As an application, the spatial stability allows us to study the existence and
uniqueness of mild solutions to the fractional problem in the whole real line

(1.3) Dfu(t) = Au(t) + f(t,u(t)), teR,

where f: R x X — X is a continuous function with critical nonlinearities. More
precisely, we will show that equation (1.3) has a unique p-pseudo almost auto-
morphic e-mild regular solution.

The space of pu-pseudo almost automorphic functions was introduced by Blot
et al. in [10]. In that paper the authors gave a result on existence and uniqueness
of mild solutions for the first order problem. On the other hand, De Andrade
et al. [16] proved the existence and uniqueness of pseudo almost periodic e-mild
regular solutions to the first order problem in the real line. We point out that
the space of p-pseudo almost automorphic functions contains the space of pseudo
almost periodic functions.

The paper is organized as follows. In Section 2, we present the Prabhakar
functions and its relation with the Wright functions (Proposition 2.1). Also we
prove that, for some specific parameters, the Prabhakar functions are integrable
on Ry (Proposition 2.3). In Section 3, we recall the notion of the operator
families associated to the fractional Cauchy problem on Ry, some properties,
and the subordination generation formulas via Cy-semigroups. Mainly, we state
the uniform stability for these operators families on the fractional power spaces
defined by the generator when it has sectorial properties (Theorem 3.6). In
Section 4, we prove existence and uniqueness of p-pseudo almost automorphic
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e-mild regular solutions to the fractional problem (1.3) in the real line. We illus-
trate it with an example. Finally, we include basic results about p-pseudo almost
automorphic functions in Appendix, in order to get a self-contained paper.

2. Mittag—Leffler, Prabhakar and scaled Wright functions

In this section we present some connections between the Prabhakar and
Wright functions which will be useful on the spatial bounds obtained in the
next section.

Let v > 0, in the following we write g, (t) := t7~1/I'(y) for ¢t > 0.

The Riemann—Liouville fractional derivative of order 0 < a < 1 of a function
u defined on Ry := [0, 00) is given by

d d [*
rDfu(t) = —(g1—a xu)(t) = —/ J1—a(t —s)u(s)ds, t>0,
dt dt J,

and the Caputo fractional derivative of order 0 < o < 1 is defined by

cDYu(t) = <gla * iu) (t) = /Ot gi—alt —s)u/(s)ds, t>0.

It is well known that ¢ Dfu(t) = rDu(t) — t~*u(0)/T(1 — ) for 0 < a < 1.
Let «, 8 > 0. The Mittag—Leffler functions are given by

st k
z
Eap(2) = kzzom’ 2et

We write E,(z) := Eq1(2). They are the solutions of the classical fractional
differential problems
c DY Eq(wt®) = wEq (wt®),
rD} (to‘flEa,a(wto‘)) = wtaflEa,a(wto‘),

for 0 < a < 1, under certain initial conditions. Fore more details see [7], [33], [36].
An extension of the Mittag—LefHler functions are the Prabhakar functions

Yy _ - (’y)k: k
Eaﬂ(z) = kzzoik!F(ak 7 ¢, zeC, v>0,

where (7)r =v(y+1)...(y+k—1) =T(k+v)/T(v) denotes de Pochhammer
symbol. They are entire functions. Note that for v = 1 we recover the classical

Mittag—Leffler functions. The Laplace transform of the above functions is
oo 2er=8
— Xty B—1 1y o _ 1/«
(2.1) /O NI (t) dt = o e > [ e,
For convenience, we denote

en 5lt,w) == tﬁflE;B(—wta), weC.
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It is a direct consequence by use of the Laplace transform that

(g5 * 62,5( S w))(t) = 6Z,B+5(taw)a §>0.

These functions 627 /3( -, w) are locally integrable and completely monotonic under
the conditions

(2.2) 0<a<l, 0<ay<p<1l, Rew>0,

see [12]. For more details about Prabhakar functions see [19], [27], [33].

The Wright function, denoted by W) ,, was introduced by E. Maitland
Wright in a series of notes starting from 1933 in the framework of the theory of
partitions, see [45]. This entire function is defined by

oo Zn
W)\“u(z) ::Zom, A > _17 MEC

Also, the Wright function can be represented through the following integral rep-
resentation using the Hankel formula for the Gamma function,

1 _
Wi,u(2) /H o heotze do, A>-1, un>0, ze€C,

" 2mi

where Ha denotes the Hankel path defined as a contour that begins at ¢t =
—00 —ia (a > 0), encircles the branch cut that lies along the negative real axis,
and ends up at t = —oo + @b (b > 0). For more details see [33, Appendix FJ.

Recently in [3], two-parameter Wright functions, called scaled Wright func-
tions, are introduced in order to establish a general approach to face the subor-
dination formulas for the solutions of the fractional abstract Cauchy problems.
For 0 < o <1 and 3 > 0, the scaled Wright functions 1, g in two variables are
defined by

Vap(t,s) == tPTW_, g(—st™®), t>0, s€C.
Note that using the change of variable z = o /t, we get the integral representation
Ya,p(t,s) = 1 2B dz, b s> 0.
’ 271 Ha

The functions v, 3 are considered in the literature in some particular cases: for
8 =1— a, it was introduced in [34, Formula (6.2)] and studied in [33, p.257]
and [7]; for 8 = 0 it is the stable Lévy process of order «, see [11] and [47,
Chapter IX]. Several and interesting properties satisfied by these functions are
studied in [3].

The following result generalizes [3, Theorem 3 (iii) and (vi)].

PRrROPOSITION 2.1. Let 0 < a <1, 8>0 and~y > 0. Then

o0
/0 €% g (8)Yu,p(t,s)ds = ta7+5_1Egya7+ﬁ(wt°‘), weC, t>0.
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PrOOF. First of all observe that by [3, Theorem 3 (iii) and (vi)] and the
positivity of 14,5 ([3, Theorem 3 (i)]) the integral is convergent. So, it is enough
to prove the result for w € R. Using Laplace transform for A > |w|'/® and
Fubini’s Theorem one gets

/ e”‘t/ €% gy (8)Va,p(t,s)dsdt
0 0

[e’e} N )\7[3
_\—B ws —A%s _
=A /0 e“*gy(s)e ds = Do oy

By the uniqueness of the Laplace transform and (2.1) we conclude the result. O

REMARK 2.2. Note that by the above proposition, if 0 < a <1, ,0 < ay <
B <1 and a > 0, we have

0<e, 4(t,a) < /0 Gy (8)Va p—ay(t,s)ds = ga(t) = 0, ast— oo,

where we have applied [3, Theorem 3 (vi)] and ¥, g—ay(t,s) > 0 (see [3, Theo-
rem 3 (i)]).

The last result of this section shows that for v = 8/a and a > 0, the

Prabhakar functions eg,/ Ba (-,a) are not only decreasing, but also integrable on R

and, in such case, the identity (2.1) is valid for RRe A > 0.

PROPOSITION 2.3. Let 0 < o, 8 < 1 and a > 0. Then

ﬁ/a 1
toa)dt = ——.
[ eaa= g

B/a(

Proor. The function e,/;(-,a) is non-negative since conditions (2.2) are

satisfied. Then we can apply Fubini’s Theorem and, by Proposition 2.1, we have

(o)
/ eg’/a t,a)dt = / / “*98/a(8)a,0(t,s) dsdt
0
/ / “ g8 /0(8)tT W_g o(—st™*) ds dt

:/ 98/a(W)W_q 0(—u )/ e~ B=1 gt duy,
0 0

1>, 1
_m/(; u W—a,O(— )du— aﬁ/a

where we have used the Laplace transform of t*~! and that

/ u W po(—u)du=a

0

(see [33, (F.33))). O
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3. Resolvent families

By B(X) we denote the space of all linear and bounded operators on the
Banach space X.

Let A be a linear closed operator with dense domain defined on X. If the
operator A generates a resolvent and an integral resolvent operators families
{S(t)}+>0 and {R(t) }+>0, respectively, then it is well-known that solutions of the
fractional abstract Cauchy problem for 0 < a < 1,

eDfu(t) = Au(t) + f(t,u(t), t=0,

31) u(0) = ug € X,

where f: Ry x X — X is a continuous function, satisfy

(3.2) w(t) = S(#)uo + /O R(t— 5)f(s,u(s))ds, > 0.

It can be easily checked by the use of the Laplace transform. Usually, it is not
possible to ensure the existence of strong solution for the fractional differen-
tial problem (3.1) and, therefore, we look for mild solutions for the associated
Volterra integral equation (3.2). In many cases to do this (it depends on the
techniques), it is useful to know the spatial bounds for the operator families that
appear in the integral equation. In this section we will focus on studying such
bounds with stable decay.

DEFINITION 3.1 ([43, Definition 1.3]). A family {S(¢)};>0 C B(X) of bounded
linear operators on X is called a resolvent if the following conditions are satisfied.

(a) S(t) is strongly continuous on R, and S(0) = I.

(b) S(t)D(A) C D(A) and AS(t)z = S(t)Ax for all x € D(A) and t > 0.

(b) The equation

t
(3.3) St)r == —|—/ Jo(t — 8)AS(s)xds for all x € D(A), ¢t > 0,
0

holds.

A resolvent is unique, if it exists. In such case, we call the operator A the
generator of the resolvent (S(t))¢>o. In addition, (g * S)(t)z € D(A) for all
x € X and ¢ > 0 ([43, Proposition 1.1]).

DEFINITION 3.2. A family {R(¢)}i>0 C B(X) of bounded linear operators
on X is called an integral resolvent if the following conditions are satisfied.
(a) R(t) is strongly continuous on (0,00) and tlin(l) R(t)xz/gq(t) = x for all
—
rzeX.
(b) R(t)D(A) C D(A) and AR(t)z = R(t)Ax for all z € D(A) and t > 0.
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(¢) The equation
(34) R(t)r =ga(t)x + /t Jgo(t —s)AR(s)xds for all z € D(A), t >0,
holds. i

REMARK 3.3. Definition 3.2 corresponds to a slight modification to the one
given by Priiss [43, Definition 1.6] where (i) is replaced by local integrability
instead of strong continuity and (c) is slightly different. We observe that the
given condition near zero instead of the most common R(0) = ¢I, with ¢ the value
of a corresponding kernel in zero, allows the treatment of singular kernels g,.
The integral resolvent is unique, if it exists, and A is the generator of the integral
resolvent (R(t))¢>o. Also, (go * R)(t)x € D(A) for all x € X and t > 0. See also
Li and Peng [30]. In a general context, both the resolvent and integral resolvent
have been studied in different papers ([1], [2], [30], [31], [35], [43]).

REMARK 3.4. It is an easy computation to show that 1 = g, * g1_q. So if
there exists an integral resolvent (R(t));>o generated by A, then

(3.5) ﬂﬂw:@baﬂﬂ@x:AgNﬂU—QM$m& rEX, t>0,

is a resolvent generated by A, too. Indeed, it is clear that the conditions (b) and
(¢) of Definition 3.1 are satisfied. Also, let x € X and € > 0, by Definition 3.2 (a),
there exists 6 > 0 such that

H R(s)z — ga(s)®

) <e, s€(0,0).

So,

18 — o = H / gt — $)(R() — ga(s)r) ds

t
< s/ g1-a(t —8)ga(s)ds=¢, te€(0,0).
0
By continuity, we can define S(0) = I. In addition,
t
(Gi—a*R) )z =24+ A(g1—a * ga * R)(t)x =2 + A/ R(s)z, z€ X,
0

therefore S(- )z = (g1_o * R)(-)z € CY(R,, X) for € D(A). Using (3.3)-(3.5)
we get

rD{R(t)xr = AR(t)x, z € D(A),
%Swm:AR@a © € D(A),
cDyFS(t)x = AS(t)x, =€ D(A).

We recall the following notion of operator theory.
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DEFINITION 3.5 (Sectorial operator). Let B: D(B) C X — X be a linear
operator. We say that B is sectorial of angle ¥ € [0,7) if o(B) C Xy and
[AA = B)7'| < M, for A € C\ X, and for all ¢ € (9, 7), where o(B) denotes
the spectrum of B and Xy := {A € C | X # 0, |arg(\)| < ¥} for J € (0, 7] and
Yo :=(0,00) if ¥ = 0. If b+ B is sectorial of angle ¥ with b € R, we say that B
is b-sectorial of angle 9.

For more information about the theory of sectorial operators we refer the
reader to the monograph [23].

It is well known that if an operator — A is closed, densely defined and sectorial
of angle ¥ € [0,7/2), then A generates a bounded holomorphic Cp-semigroup
(T'(t))t>0 on X. The converse is also true. Moreover, if —A is —a-sectorial of
angle ¥ € [0,7/2) with a > 0, then A generates a uniform stable bounded
holomorphic Cy-semigroup, that is,

1T ()| < Me™" .

In such case, the semigroup has the following integral representation formula in
terms of the resolvent operator,

T(t)ac:/ MA—A)led\, t>0,z€X,
—a+y

where 7 is the complex Hankel’s path given by
V= Yrw = A [ A2 U{re’® [ p € (~w,w)f U {Ae™ [ A 21},

oriented counterclockwise, with r > 0 and w € (7/2, 7 — ¥¥). It follows that
o—at

t
Observe that if —A is closed, densely defined and sectorial of angle ¥ € [0, 7/2)

with 0 € p(A), then, since the spectrum is closed, we have that the generated Cp-

(3.6) |AT (t)x|| < M lzll, t>0, z¢cX.

semigroup is uniform stable. For example, the Laplace operator —A on L2(0,T),
with T" > 0, is sectorial of angle 0, and the eigenvalues are strictly positive. In
this case, —A is —a-sectorial for all 0 < a < A1, where A; is the first eigenvalue
(see [25, Exercise, p.23]). For more details see [25, Chapter 1].
From now on, we suppose that —A is a —a-sectorial of angle ¢ € [0,7/2)
with a > 0. Then one can define the negative fractional powers of the operator
1

(—A)Bm:F(ﬁ)/OoosﬂlT(s)xds, B8>0, zeX.

This operator is injective, so we define (—A)” as the inverse of (—A)~# with
domain D((—A)?) = rg(—(A)~?). For each 8 > 0, we will denote the fractional
spaces X% = D((—A)?) with the graph norm ||z||xs = ||(—=A)%z]|. In such case,
the exponentially stable bounded holomorphic Cy-semigroup satisfies

(3.7) 1T ()]l xs < Mgi—p(t)e™[lz]l, 0<B <1,
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and the resolvent operator
(AN =AY <MA+a|’™, A€ —-a+Zy.

For more details see [25, Chapter 1].

In [3], the authors studied subordination formulas to get resolvent and inte-
gral resolvent families via Cy-semigroups as particular cases of a general frame-
work of subordination theory. For that purpose, the scaled Wright functions are
needed. If {T'(t)};>0 is the semigroup generated by A, then

(3.8) S(t)z = /O T er ol ) T(s)eds,  R(t)z = /O " eo(t, $)T(s)e ds,

for t > 0, z € X, are the resolvent and the integral resolvent generated by A.

The following result shows that they are uniformly stable in the fractional spatial

spaces X? for 0 < B < 1, that is, lim [|S(t)z|xs = 0 and lim ||R(t)z|xs = 0
t— o0 t—o0

for z € X. Moreover, the integral resolvent (R(t)):>¢ is integrable on R;. The

proof is a straightforward consequence of (3.8), (3.7) and Proposition 2.1.

THEOREM 3.6. Let —A be an —a-sectorial operator of angle 9 € [0,7/2) with
a>0,and 0< B < 1. Forx € X, it follows that
() [S()z]lxs < Mey " 5t a)all, for t > 0.

(b) [R(t)z]lxs < Mey [y _ g (t,a)l|z], for t > 0.

REMARK 3.7. If we take 8 = 0 in the above result we have
(a) [S®)z| < MEq(—at®)||z|], for ¢ > 0.
(b) IR(t)z| < Mt*~'Eqy o(—at®)|z|, for t > 0.

The estimate given in part (b) of this remark appears in [37].

REMARK 3.8. Observe that Theorem 3.6 is not valid for § = 1. To get the
spatial bounds in this special case, we use (3.6). Indeed, let € X and ¢ > 0,
one gets

—as

€

|R(t)zllx: < M / Vaolts s) S ds

—as

€ ds

:Mt’lf W_ao(—st™%)
0
= Mat™! / W n1-a(—st7%) e *ds
0
= Moztil/ Va1-alt,s)e *ds = Mat ' E, 1 (—at®),
0

where [33, (F.11)] and [3, Theorem 3 (iii)] have been used. Note that for the
case 0 < 8 < 1, the spatial bound obtained in Theorem 3.6 implies the integra-
bility of the family (R(t)):>0, however this does not happen for 5 = 1 because
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t71E,.1(—at®) is not integrable at zero. This can be compared to the semigroup
case, see inequalities (3.6) and (3.7).

For the resolvent family {S(¢)}¢>0, the subordination formula (3.8) does not
give information to get the spatial bound in case 5 = 1. Even by the use of the
bound of {R(¢)}+>0, we can not obtain the corresponding one for {S(t)}:>0 with
the relation S = ¢g1_, * R since t’lEa’l(—ato‘) is not integrable at zero.

From Theorem 3.6 one gets the following generalized spatial bounds.

COROLLARY 3.9. Let —A be —a-sectorial of angle ¥ € [0,7/2) with a > 0,
and 0 <0 < B<1. Forz € X?, we have

(a) [S@llxiee < M2 1o (ta)zlx, fort > 0.

(b) [R(t)z|[xreo < Mel 5 (ta)|@lxs, fort > 0.

REMARK 3.10. If —A is —a-sectorial of angle ¥ € [0, 7/2) with a > 0, then the
associated exponentially stable bounded holomorphic Cy-semigroup {T'(¢) }:>o is
characterized by the strong continuity and its Laplace transform, that is,

A=Atz = / e MT()zdt, € X, Rel > —a.
0

For more details see [4]. The same happens for the resolvent and the integral
resolvent, that is, {S(t)}+>0 and {R(t)}:>0 are characterized by the strong con-
tinuity and their Laplace transforms,

Xt —A) "l = / e MS(txdt, z€ X, Rel >0,
0

(3.9) A —A)" e = / e MR(t)xdt, xe X, Rel>0.
0

This can be proved by subordination, or by a slightly variation of argument in
[31, Proposition 3.1].

REMARK 3.11. In [15] and [22] the authors use the spatial bounds for the
resolvent and integral resolvent families generated by an operator —A which
is sectorial of angle ¥ € [0,7/2), in order to get solutions for (3.1) where f
has critical nonlinearities. It would be interesting to study what happens if we
consider an —a-sectorial operator, with a > 0, of angle ¥ € [0,7/2), and how
this affects to the solutions in the critical case. It seems that the solutions would
behave locally near to the origin as the Prabhakar functions do it.

In this paper our aim is different. We will use the integrability of the integral
resolvent associated to —a-sectorial operators, where a > 0, in order to get
solutions in the spaces of u-pseudo almost automorphic functions to the fractional
Cauchy problem on the real line with critical nonlinearities.
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4. p-pseudo almost automorphic e-mild regular solutions

In what follows we will use the notation and some basic results given in the
Appendix. We encourage the reader to see this section.

Let 0 < a < 1 and A be a linear closed operator with dense domain defined on
a Banach space X. In order to show the relevance of the spatial bounds obtained
in the previous section, we are going to study p-pseudo almost automorphic
solutions for the fractional problem on the real line

(4.1) Diu(t) = Au(t) + f(t,u(t)), teR,

assuming that —A is —a-sectorial, with a > 0, of angle ¥ € [0,7/2) and f: R x
X — X is a continuous function with critical nonlinearities. Now, the fractional
derivative of order 0 < a < 1 of a function u: R — X is given by

Diult) = G (oo )®= 5 [ gimalt = 9uls)ds

and it represents the Weyl, Caputo, Riemann—Liouville and Grunwald-Letnikov
derivatives, which coincide under some regularity assumptions — see [42].
Let u: R — X be a solution of (4.1) and we denote by Fu the Fourier
transform of u, that is,
oo
(Fu)(n) = / ety dt, nER,
— 00
whenever the integral converges. In a formal way, if we assume regularity prop-
erties to apply Fourier transform to (4.1), we have that

(Fu)(n) = (i)™ = A)THFf(u(-))n), neR,
since (in)* € p(A) by the —a-sectoriality of —A, with a > 0. Therefore, by the

above comment and (3.9) we state the following definition.

DEFINITION 4.1. Let ¢ > 0. We say that a function u: R — X' such that
u € C(R, X'7¢) is an e-mild regular solution of (4.1) if it satisfies

u(t) = [ R(t—s)f(s,u(s))ds, teR.

Now, we recall the notion of e-regular map due to Arrieta and Carvalho [5,
Definition 2] to establish the nonlinearities in the equation (4.1).

DEFINITION 4.2. For € > 0 we say that a map g is an e-regular map relative
to the pair (X1, X0) if there exist p > 1, y(¢) with pe < y(g) < 1, and a positive
constant ¢, such that ¢g: X'+ — X7 and

-1 ~1
lg(2) = 9@l x-o < e(X+ el + Il llz — yllxi

for all z,y € X1F=.
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In this work we consider the following class of nonlinearities: with £ > 0,
v(g), p and ¢ are positive constants, the class F(e,v(¢), p,c) is defined as the
family of functions f such that, for t € R, f(¢, -) is an e-regular map relative to
the pair (X!, XY), satisfying

(4.2) £ () = F(E9lxre < @+ lelfaie + Iyl —ylxs-,

(4.3) 1t 2) I xvo < e+ [lz)%ase),
for all z,y € X1*=.

REMARK 4.3. Suppose that f: R x X't¢ — X7() belongs to the class
Fl(e,v(e),p,c). We claim that f satisfies condition (C) in Theorem A.13 (see
Appendix). Indeed, let B be a bounded set of X'T¢. Then there exists My > 0
such that ||y||xi1+e < My for all y € B. Therefore

1FE )l xre < e+ lyll5ase) < el + Mg),  (ty) €Rx B.
It follows that f is bounded on R x B.

In the rest of this section we assume that p € M satisfies condition (H) (see
Appendix).

Now, we state a technical lemma of convolution type, which will be used in
the main result of the section.

LEMMA 4.4. Let h € PAA(XY) ). Then, for every 0 < 0 < ~(g), we have
t
H(t) := / R(t — s)h(s)ds € PAA(X 1),
PROOF. Let h = f + ¢ with f € AA(X"®)) and ¢ € £(X7() y). Then we
can consider
H(t) :=F(t)+ 2(t),
where

F(t) = / R(t—s)f(s)ds, ®(t):= / R(t — s)¢(s) ds.

First, we prove that F € AA(X'*%). Indeed, since f € AA(X"()), then given
a sequence (s} )nen of real numbers, there exists a subsequence (s)nen and
a function g such that

[f(t+sn) = g(t) x> =0 (n— 00),

lg(t —sn) = fF(B) x> =0 (n— o0).

This means that, for a given > 0, there exists N € N such that || f(¢t + s,) —
g(t)|| x~ < d provided n > N. Let
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Note that
¢
F(t+sn):/ R(t— 8)f(s+ sn)ds.

Then, by Corollary 3.9, we have that for n > N

[t + sn) = G()[|x1+0 S/ [R(t = $)[f (s + 50) = 9(5)][| 140 ds

M6

t
(e)—6
S M/_DO el,a(’y(a)—@)(t — S,a)Hf(S + Sn) — g(S)HX“V(E) ds < W,

where we have used Proposition 2.3. Hence ||F(t 4 s,) — G(t)||x1+¢ — 0 as
n — 0o. Analogously we prove that ||G(t — s,) — F(t)||x1+¢ — 0 as n — oo. It
follows that F' € AA(X'*9).

The next step consists in proving that ® € £(X'*+? ), that is,

: 1 T _
Jim s [ 8Ol du(t) = 0,

Indeed, by Corollary 3.9 we deduce that

o —0
1@ (1) x 100 < M / et _ay(5:0)|6(t = 5)l| x~o ds.

Then, by Fubini’s Theorem,

T
M([_lTT])/T [P (8) || x1+0 dpu(t)

3 —

e} o) 1 T
< [t e (s [ 16 = 9l du(o) s

Note that, by Corollary 2.3, we get

_ 1 T
e’Y(s) 0 S,ai/ St — s o dult
a,a(v(f)*(?)( ),u([—T, ) ) ¢ [o( M xc~ o) dp(t)

-0
<Ol g (s:0) Supl|(o) -0 € LY(R,).

On the other hand, by the translation invariance of £(X7() 1) (see Theo-
rem A.6) one gets

, 1 T
tim g [ 100t = 8)xoodul) =0, s Ry,

’ ]) =T
Hence, it follows from Dominated Convergence Theorem that ® € £(X 10, 1),
and we conclude that H € PAA(X!'*Y p). O

Finally, we present the main result of this section.
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THEOREM 4.5. Let f € F(e,v(¢), p,c) NPAAy (X, X7V ). If the con-
stant ¢ satisfies

(4.4) MecL(r) < a”®7%  where L(r) = max{r~! + P71 1 4+ 2rP71},
then problem (4.1) has a unique p-pseudo almost automorphic e-reqular mild so-

lution. Moreover, this solution satisfies u€ PAA(X 0 1), for every 0<<~(e).

PROOF. Let T: PAA(X'*2 1) — PAA(X*? 1) given by

Tu)®) = [ Rt~ 5)f(s.us) ds

for each 0 < 0 < y(g). We divide the proof into 3 steps.

Step 1. First we see that T is well-defined. Let u € PAA(X*¢ u). Since
f € PAAy(X'He X76) 1) and u € PAA(X'*2, 1) then, by Theorem A.13, we
get f(-,u(-)) € PAA(XV®), 1), where we have used Remark 4.3. On the other
hand, by Lemma 4.4 we have Tu € PAA(X 0 ).

Step 2. Let u € PAA(X*2 1), we see that Tu: R — X'*% is bounded and
continuous. Let ¢ € R and h > 0. Then

[(Tu)(t + ) — (Tu)(t)]| x1+0

|/ t: R+ b= 9f(s.uts))ds — [ B~ 5)56u(s)ds

— 00

X1+6

| - e st

t+h
+[ R(t+h—s)f(s,u(s))ds

X140

< /00 [[R(s + k) — R(s)If(t — s,u(t — 5))|| 100 ds
0

t+h
+/ |R(t+ h—s)f(s,u(s))| x1+e ds =: I} + L.
t

We claim that I; — 0 as h — 0T. In fact, since (R(t));0 is strongly continuous
on X we have that ||[[R(s+ h) — R(s)]f(t — s,u(t — s))||x1+e — 0 as h — 0F.
Also, by Corollary 3.9 and Proposition 2.3 we have

[[R(s + ) — R(s)1f(t = s,u(t = 5))|| y110

e)—6 e)—6
=Ae {el(,a)ws)—e) (5 + 1y @) + €50 () (5 a)] (1 i Slel%”u(a)”g‘”s)

—0
< 2Mcelfz)(7(€)70)(s, a) (1 + Sg§|u(0)|§(1+g> € LY(Ry),

where we have used that egfi)(;i% 0)( -, a) is decreasing because it is completely

monotonic, see (2.2). It follows from the Dominated Convergence Theorem that
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I; - 0as h— 0". Now,
t+h (e)—8
Iy < Mc(l + §2§||U(0)||§(1+5) /t el7a(7(8)_9) (t+h—s,a)ds

h
- Mc(l + ig%”u(o)”&wa) /O e gy (T a)dr =0

as h — 07. Furthermore,

1
. P
[(Tw) ()] x1+0 < Mc(l + ZE%HU(U)HXHE) a1(©)—0"

Step 3. Let
B(r) := {w € PAA(X' 1) < sup |w(t)]| x14e < r}.
teR
We claim that T'(B(r)) C B(r). Indeed, for u € B(r), we have

t
I(Tw)(®) | xr- < M / e (= 5, 0)[|f (5, u(5) | x-co) ds

Mc(l +7P)
— <7
a’)’(g) €

Next, we prove that T is a contraction. Let u,v € B(r). Then
[(Tu)(t) — (T0)(t)[| x4

<M / QO (= 5,0l f(5,u(s)) — £(5,0(5) | oo ds

< Me / et —5,a)(1+ u(s) |5k + o()l5:0)

< [lu(s) = v(s) | x1+- ds

Mc(l + 2rP~ 1)

e s [u(t) (B x.

Therefore T is a contraction. The conclusion follows from the Banach Fixed
Point Theorem. O

EXAMPLE 4.6. Let Q Cc RY be a bounded domain with smooth boundary.
Let 0 < @ < 1, p > 1. We consider the following heat equation with Dirichlet
boundary conditions

Dfu = Au+ gh(u), in R xQ,

4.5
(4.5) u=20 on 01},

where g € PAA(R, ), h(u) = u|ul’~! and A = A—a, witha > 0 on EJ := L(9),
where ¢ = N(p —1)/2 defined on D(A) = W24(Q) N W, ().
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We denote the fractional power spaces associated to A by {Eg tser. Let
Ap be the realization of A in Ef. Then it is well known that —Ag : D(Ag) =
E;?‘H - E;f — E;f is a —a-sectorial operator. Define Xg = Eg_l, B eR.

Let f: R x X;& — XM given byf(t,u) = g(tyulul~'. 1 < g <
N/(N —2), then by [5, Lemma 8] we have that f is e-regular map relative
to (X}, X0) for 0 < eo(q) < e < N/(N + 2q), with

o= 5 (- (1)) w200

It can be easily be checked that

f € F(e,v(e), p,c) NPAAL (X3 He, X7, ).

If the constants M and c are as in Theorem 4.5 then there exists a unique e-mild
regular solution u € PAA(X;‘H’7 w) of (4.5) for every 0 < 6 < ~(e).

Appendix A

In this appendix we provide some definitions and results about the theory of
p-pseudo almost automorphic functions which are used along the paper, in order
to simplify the reading.

Let X, Y be Banach spaces with norms || - || and || - ||y, respectively. We
denote by BC(X) the Banach space of bounded continuous functions from R
to X, equipped with the supremum norm || f||e = sup || f(¢)]]

teR

DEFINITION A.1 ([20]). A continuous function f: R — X is said almost auto-
morphic if for every sequence of real numbers {s/, } ,en there exists a subsequence
{8n }nen such that

g(t) = nh_{go [+ sn)
is well defined for each t € R, and
Jim g(t —sn) = f(2)

for each ¢t € R. The collection of all such functions will be denoted by AA(X).

ExAMPLE A.2 ([21, Example 2.1]). Let x: R — R such that

k() = cos < !

2 —sinnt —sint
Then k is an almost automorphic function, but it is not uniformly continuous
on R.

), for t € R.

We recall the notion of p-pseudo almost automorphic functions in the light
of measure theory given in [10], which is a generalization of the pseudo almost
automorphy.
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Let B be the Lebesgue o-field of R, M the set of all positive measure p on
B satisfying p(R) = oo and u([a,b]) < oo for all a,b € R with a <.

DEFINITION A.3 ([10, Definition 2.5]). Let u € M. A function f € BC(X)
is called p-ergodic if
1
lim 7/ F@®ldu(t) = 0.
We denote by £(X, i) the set of such functions.

ProPOSITION A.4 ([10, Proposition 2.13]). Let u € M. Then E(X,p) is
a Banach space with respect to the supremum norm.

DEFINITION A.5. ([10, Definition 2.6])] Let p € M. A continuous function
f: R — X is called u-pseudo almost automorphic if it can be decomposed as
f =9+ ¢, where g € AA(X) and ¢ € E(X, ). We denote by PAA(X, p) the
collection of such functions.

THEOREM A.6 ([10, Theorem 3.5]). Let u € M satisfy the hypothesis
(H) For all 7 € R, there exist § > 0 and a bounded interval I such that
uw({a+7,a € A}) < Bu(A) if A € B satisfies ANT = {.
Then E(X, ) is translation invariant and therefore PAA(X, p) is also translation
movariant.

REMARK A.7. (a) If the measure u is the Lebesgue measure, then the space
PAA(X, ) coincides with the space of the pseudo almost automorphic functions
PAA(X) ([46]).

(b) Let p(t) > 0 almost everywhere on R for the Lebesgue measure, locally-
Lebesgue integrable on R and fR p(t)dt = co . Let u be the positive measure
defined by

w(A) = / p(t)dt, for A€ B,
A

where dt denotes the Lebesgue measure on R. Then PAA(X, ) coincides with
the space of weighted pseudo almost periodic functions WPAA(X) (]9]).

THEOREM A.8 ([10, Theorem 4.9]). Let u € M. Assume that PAA(X, u) is
translation invariant. Then PAA(X, u) is a Banach space with the supremum

norm.

DEFINITION A.9 ([8]). A continuous function f: R x Y — X is said almost
automorphic in ¢ uniformly with respect to y in Y if the two following conditions
hold:

(a) f(-,y) € AA(X) forally €Y.

(b) f is uniformly continuous on each compact K C Y with respect to the

second variable y.
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We denote by AAy (Y, X) the set of such functions.

THEOREM A.10 ([14, Theorem 3.5]). Let f € AAy(Y,X). Ifu € AA(Y),
then f(-,u(-)) € AA(X).

DEFINITION A.11 ([10, Definition 5.3]). Let p € M. A continuous function
fiRxY — X is called p-ergodic in ¢ uniformly with respect to y € Y if the
following two conditions hold:

(a) f(-,y)e&(X,p) forallyeY.
(b) f is uniformly continuous on each compact set K C Y with respect to
the second variable y.

Denote by Ey (Y, X, u) the set of such functions.

DEFINITION A.12. ([10, Def. 5.4]) Let 4 € M. A continuous function
f:RxY — X is called pu-pseudo almost automorphic in ¢ uniformly with respect
toy e Y if f =g+ ¢ where g € AAy(Y,X) and ¢ € Ey(Y, X, u). Denote by
PAAy (Y, X, u) the set of such functions.

THEOREM A.13 ([10, Theorem 5.7]). Let p € M, f € PAAy(Y, X, u) and
u € PAA(Y, u). Assume that the following hypothesis holds:

(C) For all bounded subset B of Y, f is bounded on R x B.
Then t — f(t,u(t)) € PAA(X, p).
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