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LIPSCHITZ RETRACTIONS ONTO SPHERE
VS SPHERICAL CUP IN A HILBERT SPACE

JUMPOT INTRAKUL — PHICHET CHAOHA — WACHARIN WICHIRAMALA

ABSTRACT. We prove that, in every infinite dimensional Hilbert space,
there exists tg > —1 such that the smallest Lipscthiz constant of retractions
from the unit ball onto its boundary is the same as the smallest Lipschitz
constant of retractions from the unit ball onto its ¢-spherical cup for all
te [—1, to].

1. Introduction and preliminaries

For a given Banach space X, it is known that X has infinite dimension if
and only if there exists a lipschitzian retraction from the closed unit ball By
onto its boundary (the unit sphere) Sx (see [10] and [3]). Motivated by this
fact, it is natural to ask for the value of the smallest Lipschitz constant of such
a retraction, which is defined to be

ko(X) := inf{k : there exists a k-lipschitzian retraction from Bx onto Sx}.

This question is generally regarded as the optimal retraction problem from the
unit ball onto its sphere. Although the exact value of ko(X) has not been found
even for one space X, some approximations are discovered. For example, see
Table 1.

For the case of a Hilbert space H, the development of upper bounds of ko(H)
in [8], [9], [4] and [2] is all based on the direct, yet very technical, constructions
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Infinite dimensional space X Approximation Reference(s)
Banach space ko(X) >3 8]
Hilbert space 4.58 < ko(X) < 28.99 | [5] and [2]

12 4<Fko(X)<8 [8] and [1]

loe 3 < ko(X) <2296 | [8] and [5]

C[0,1], BO(R), ¢ and ¢ 3 < ko(X) < 14.93 | [8] and [12]
BCy(R) 3 < ko(X) <6.83. [8] and [11]

TABLE 1. Some approximations of ko(X)’s.

of retractions from By onto Spy. Until 2012, in [6], a new approach is introduced
by considering a lipschitzian retraction from By onto its so-called spherical cup,
which is a certain part of S, and it is shown that the smallest Lipschitz con-
stant of such a retraction may help approximating ko(H). More precisely, let
(H,{-,-)) be a (real) Hilbert space, B = By, S = S, e a unit vector in H
and E = (span{e})*. Then each element of H will be written in the form of
ae® Bz, for some o, f € R and z € ENS, with ||ae® Bz||? = a? + 2. For each
te[-1,1],

e the parallel hyperplane is F; := E + te;

e the parallel ball section is B; := BN Ey;

e the lense cut by E; is Dy :={z € B: (z,e) > t};

e the spherical cup cut by E; is S; := D; NS
(see Figure 1).

Ey

FIGURE 1. The sets Et, Bt, D¢, and St.

Define k: [-1,1] = RU {oo} by

k(t) = inf{k : there exists a k-lipschitzian retraction from B onto S;}.
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Here are some properties of x(t) (see [6] and [7] for details):

o If dim H < o0,

0 ift =1,
arccost .

K(t) = i if —1<t<1;
00 if ¢t =—1.

o If dim H = oo, then k(1) = 0, k(—1) = ko(H), k(t) < (arccost)/v1 — t2,
and there exists tg > —1 such that

3
ko(H) < k(t) < ko(H) for all —1 <t <ty.

In particular, the last inequality sheds some light on a relationship between k(t)
and ko(H ), and suggests the quest for the sharper version. The aim of this work
is to close the gap by showing that both ko(H) and k(¢) indeed coincides for
every —1 <t < tg.
Fix t € (—1,1). For each x € SN E, let B, , = B, Nspan{e,x} and S;, =
Sy Nspan{e,x} (see Figure 2 (a)). That is,
e B;, = the segment of length 2v/1 — 2 in 2-dimensional subspace
span{e,z};
e S;, = the arc of length 2 arccost from unit circle in 2-dimensional sub-
space span{e, z}.

e St,m 1 (§]
arccost / ¢ Pa
(0%
_— 0 ‘
0 — [
X T
T t hao(Pa)

FIGURE 2. (a) The sets B¢, and Sz, and (b) the map hi z.

Obviously, there exists a natural nonexpansive homeomorphism h; 4 : S , —
B, , fixing B;, NS¢, by uniform scaling between arc and segment. To be
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precise, let ¢ = arccost. Then, for each P, = (cos a¢)e® (sinag)x € S, where
o€ L_lalL

(1.1) hi g (Pa) = hyy ((cosag)e @ (sinag)z) =te (aﬂ)x

(see Figure 2(b)). Then, by letting h := ( U hez: St — Bt), h is also
TzESNE
a nonexpansive homeomorphism and fixes |J Big NSty = By NSy (see [7]
rzeSNE
for details).

According to [7], there is a nonexpansive extension h: D; — By of h which is
a retraction (see [7, cf. the map (f|p,)” " o f with Properties 2.3 (iv) and (vi)]).
With this construction in mind, we may assume in general throughout this work
that there exists a nonexpansive retraction from any lense cut onto its parallel
ball section whose restriction on its spherical cup is a homeomorphism.

2. Main result

By recalling from [6] that there exists a constant ¢g > —1 such that x(t) >
ko(H) for all —1 <t < ¢y, the main result can be stated as follows.

THEOREM 2.1. In every infinite dimensional Hilbert space H, k(t) = ko(H)
for all =1 <t <ty.

According to the property of ty as above, the proof of this theorem can be
accomplished by showing that k(t) < ko(H) for all —1 < ¢ < ¢y. Therefore it
suffices to construct, for arbitrary e > 0, a (ko(H) + ¢)-retraction g, ,: B — S,
which can be done in the following way.

1/i - (1/i)e

oo fe

0

. / A_; \
i e \
-1 —e

—1/i (_1/2_)6
V1—i2

FIGURE 3. The set A;.



LipscHITZ RETRACTIONS ONTO SPHERE VS SPHERICAL CUP IN A HILBERT SPACE 681
For each ¢ € [—1,1], let
(L \/ L _1)nB ifi £0
- €; - — 11 7 5
A,L — Z ) 7/2 b
Bo if i =0,

and

Ci=cwA;={ax+(1—a)y:0<a<1and z,y € A;},

where B(p;r) and S(p; r) denote the closed ball and the sphere centered at p € H
with radius r > 0, respectively (see Figure 3).

Notice that, for each ¢ # 0, since A; and C; are indeed homeomorphic to
a spherical cup and a lense cut, respectively, of the ball B(e/i; m), there
Al Ai — Bi) is
a homeomorphism by the construction mentioned in the previous section. That
is, by letting ¢ = arccos v/1 — 2 and applying (1.1) together with translation of
center (0 — e/i @ 0) and scaling of radius (1 — /1/i2 — 1), the formula of h4,
is given as follows. For each

1 1 1
S CEV S N e O
2 2 7

where a € [0,1] and z € SN E (here, ‘=’ is applied if ¢ > 0 while ‘4’ is applied
if i < 0 (see Figure 4 (a)),

(2.1) ha,(Py) =ha, ((1 F \/1127—1 cosaqﬁ)e ® (\/Z_lzi—ksinaqb)m)
=1ie® (aﬂ)x

(see Figure 4 (b)). Additionally, let hg=id 4, =idp,. Then hal =hgy: Bg— By.
Recall the following propositions.

is a nonexpansive retraction h;: C; — B; such that hga, := (h;

PROPOSITION 2.2. Let A be a closed and convex subset of a Hilbert space H.
Then the nearest point projection onto A, which is defined by

Ta(r) ={a€ A: |z —al =d(z,A)}
for all x € H, is nonezxpansive.

PROPOSITION 2.3. Let Ay,..., A, be subsets of a Hilbert space H such that
A= A; is convex, and f: A — H. Denote by [z,y] the segment joining x and

i=1
y for every x,y € H. Assume that f|a, is k-lipschitzian for every i = 1,...,n,
and that for each x,y € A, there are ag = ,a1,...,0m—1,0m =Y € [x,y] such
that for each j = 1,...,m, [a;_1,a;] is a subset of A; for some i =1,...,n.

Then f is also k-lipschitzian.
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ﬁ (1/i)ed 1/i
[ ¢ P,
‘ - as ha(F)
8 i
z - &
3 case 1 > 0
_l\ P,
1: aV1—i2 VI—i2
oL aV1 —i? V1—i2
|Case <0 | Lo

>
_ 2
$0 500 [;/\
—
=
~
=
5]
Q
\@§
>
=
~
s -

(a) (b)

FIGURE 4. (a) The point P, and (b) the map hy,.

Now, observe that

1 /1 1 /1
>0 <0
is a partition of H. For each ¢t € (—1,0), we divide B into three parts as follows
(see Figure 5):
(1) Cy;

Observe that Uy is the disjoint union [] A;. If e ® o € Uy, then ¢t <
t<i<1
a and o? 4+ %2 < 1. This implies that ae @ Bz € Aga/(a2+p241) Where t <
2a/(a? + % + 1) < 1 because

2

1 2 2 —a?+1
H(za/(a2 R 1)6@(’) ~lac®fo)| = ‘za 18
ot + B 420262 — 202 + 267 + 1
N 42
ot B+ 20282 + 202 + 282 + 1 B 1 )
- 1a? T Raj@+ B A1)
and
(P4 B2+ 1)t 2t 2« a?+1 <1

<
a?+ 241 T a?+p2+1 7 a2+ B24+1 7 a2+ B2+1 7
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e
e — >
1 e — 5
2 5 St
¢ A K Aj >0
Dy X >
. B
0' 4 - \— Ai,i<0
A St
A _Z
t R — B;
B, .
-1 —)re,i.Bi—mS'ﬂBi
ooy hayt Ay — B
v, [ 1C L, 0 t|U,

Y Vv Y
A AN
A, -

—)TeﬁtiBt%Sth —>Ts,tiBt—>5th

.......... > Wt:Lt%Bt seeeeeeeed ht:Ct—>Bt

Qe,t'Lt QE,t‘Ct

FIGURE 5. Subsets C¢, Ly and Uy of B, and the map p¢,+ in each case.

Moreover, A; N A; = 0 for all t < 4,5 <1 with |i| < |j|. This follows from two
cases below:

(1) ij < 0: since & forms a partition of H, this condition implies that A;
and A; must lie on different parts of &2. Thus A, N A; = ;

(2) ij > 0: assume without loss of generality that 0 < ¢ < j < 1. Then
y/1 — 32 <1, which implies that

i—i+(-DVI-2=0-)(-1+V1-j2) <0

(it is strict if j < 1). Thus, for j < 1,
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1 2 2 2(j —1 1
Z\/.+,2—H—1+ (],,Z) - —1
J

ij ij 72

while, for j =1,

+1/i 1—1 1<1/l 1
j2 Y 2 ’
Therefore

1 /1 1 /1

1 1 9 i

Now, let € > 0 and k. = ko(H) + €. By the definition of ko(H ), there exists
a k.-lipschitzian retraction r.: B — S. For each i € [t, 1], define a k.-lipschitzian
retraction r. ;: B; = SN B; by
. . . B ) .
2.2 rei(ie® fx) =ie® \/112r< x|, ie®pre B;.
( ) 6,1( ﬁ ) ( ) 5 m /8
Let m: Ly — By be the nearest point projection which is obviously nonexpansive,

and define the map o, +: B — S; by

1 1
—€— —€
g J

repohy(P) if P e Cy
0et(P) = regom(P) if P € Ly
reioha,(P) if Pe A; CU; for some i € [t,1]
(see Figure 5 in frames). Clearly, g is well-defined with g, ¢|s, = idg,. Fur-
thermore, the restrictions g |c, and g, are ke-lipschitzian. If o |y, is
k.-lipschitzian, then so is o, : because C; U L; UU; = B is convex and satisfies

the condition of Proposition 2.3.
According to the above argument, it remains to show that

CLAIM 2.4. For eacht € (—1,0) and € > 0, g t|u, is ke-lipschitzian.

3. Proof of Claim 2.4

In order to prove the Claim 2.4, the following lemma is required.

LEMMA 3.1 (Ptolemy’s Theorem, Isoceles Trapezoid Version). Let DABCD
be an isosceles trapezoid with lengths | for both legs, a and b for other sides and
d for the diagonal (see Figure 6). Then d? = ab + 2.

PrOOF. By letting ¢ = ZDAB = ZCBA, the proof follows from the relation

d*> =a® 4 1% — 2alcos ¢ = a(a — 2l cos ¢) + 1> = ab + 1% O
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D b c

y 0%
A a B

FI1GURE 6. The Isosceles trapezoid in Lemma 3.1.

E
(a)
(csco)e
Cog. 8
o —2
Ay e’
ad s
h ©
> P
cos ¢
cat ¢ sin agp
_ze VA

P = (csc ¢ — cot ¢ cos ad)e @ (cot ¢ sin ag)x
(b)

FIGURE 7. (a) The set Ay, and (b) The representation of P on Ag.
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Let us begin the proof of claim with this observation: for each ¢ € (0,1),
there is a unique ¢ € (0,7/2) so that sin¢ = . Then, in this case, csc¢ = 1/1,

cot ¢ = /1/i2 — 1 and A; corresponds to

Ay ={z € B: |z — (cscp)e|| = cot ¢}
(see Figure 7 (a)).
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Similarly, B;, hi, ha, = hi|a, and r.; correspond to By, he, ha, = hg|a,
and r¢ 4, respectively. Moreover, each element P of Ay is of the form

P = (csc ¢ — cot ¢ cos a)e @ (cot psinagp)r =: Py 4,
for some « € [0,1] and x € SN E (see Figure 7 (b)), and, according to (1.1) and
(2.2), the explicit formulas of ha,: Ay — By and 7. 4: By — SN By, expressed
in terms of this representation, are
(3.1) ha,(P)=ha,((csc¢ — cot ¢ cos agp)e @ (cot ¢ sin ap)x)
= (sing)e ® (acos p)z,

(3.2) Te,o((sing)e @ (acosp)x) = (sing)e & (cos @)r.(ax)
where ¢ € (0,7/2), « € [0,1] and z € S.

!
ady

FIGURE 8. (a) Points P, Q, P’ and Q’, and (b) points M, N, M’ and N’.
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PROOF OF CLAIM 2.4. Let t € (—1,0), ¢ >0 and U;" = |J A;. Firstly,
0<i<1
we will show that ngt‘Uj is k.-lipschitzian. Let

P =P,po=(csce —cotpcosap)ed (cot psinag)xr € Ay,

Q = Qay,y = (csctp — cotpcos fip)e @ (cotYsin fih)y € Ay,
for some ¢, € (0,7/2) with ¢ <, a, 5 € [0,1], and 2,y € SN E. In addition,

let
P’ = Py, , = (csctp — cot g cos fip) e @ (cot ¢ sin fip)x € Ay,

Q' = Q4 = (csco — cot ¢ cos ap)e @ (cot psinap)y € Ay,
=1 —¢and { = £L(z,y) € [0, 7] (see Figure 8 (a)).
The case ¢ = 1 is trivial because Q57t|A¢UAw = 0Ocpt

Ay = Te,p © hAd>7 which
is already ke-lipschitzian by nonexpansive-ness of ha,. Assume ¢ < 1. Let us
assume the following technical condition (x), which will be verified later.
1
(%) (oz—ﬁ)Qcosd)cos¢+ﬁ(Q—Zcosé) <||P- P>
g
By straightforward calculation, OPP’'QQ’ is an isosceles trapezoid and it follows
from Lemma 3.1 that
1P —QI*=|P—P|*+|P-QIQ~ P
— 1P - PP

(3:3) + /2 (1 — cos &) (cot Ppsin ag)? - 1/2(1 — cos €)(cot 1) sin [1))?
=||P — P'||* + 2(1 — cos &) cot ¢ cot 1 sin ag sin ).
Let
M = 0:4(P) = e 0 ha, (Pass) = 12 o(sing)e @ (acos d)a)
@2 (sin¢)e @ (cos P)re (ax)
and

N = 0.4(Q) = ey o ha, (Qapy) B rey((sinh) e @ (Beosv)y)

(3.2

L2 (siny)e @ (cos)r:(By).
Furthermore, let

M' = (siny)e @ (cosy)r-(az) € SN Ay,

N’ = (sing)e ® (cos p)re(By) € SN Ay
(see Figure 8 (b)). Then M,N’ € SN Ay and N,M’ € SN Ay. Again by

straightforward calculation, DM M’N N’ forms an isosceles trapezoid whose legs
are MM’ and N'N, where

o [|M — N'|| = (cos §)lre(ax) — re(By)|| < (cos §)ke|az — Byl;
o I[N = M'[| = (cos9h)|Ire(By) — re(aw)]| < (costp)ke|lox — Byl|;
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o |[M— M|?*=|N~—N|*= (cos¢ — costh)? + (sin¢ — sin))? = 2 —
2cos(1) — ¢) =2 — 2cos?.
Applying Lemma 3.1 to OMM'NN’, we have

lloe,t(P) = et (Q))1* = | M — N|?
M = NN = M+ M — M)
< kZ cos pcosy||ax — By||* + 2 — 2cos §
=k2cospcostp(a’® + B2 — 2aBcos€) +2 — 2cos §
=k2(a— B)? cos pcostp + 2k (1 — cos €)af cos ¢ cosh + 2 — 2 cos d.
Combine this equation and (*) to obtain
(34)  lloet(P) = 0= (Q)I* < KZ||P — P'||* + 2kZ (1 — cos€) af cos ¢ cos .
Since «, 8 € [0,1], 0 < ¢ < ¢ and the map z — sin z/z is decreasing on (0, 7/2),
it follows that
af cos ¢ cosy = el - COS ¢ cos Y
< sin ag . sin By
T sing  sin®
Therefore, according to equations (3.3) and (3.4), it can be concluded that
lo=t(P) — 0.t (Q)]”
< E2|P — P'|| + 2k*(1 — cos &) cot ¢ cot ¢ sin adsin By = k2||P — Q||*.

a® By

- €0oS ¢ cos 1 = cot ¢ cot 1) sin augp sin G

That is, pg’t|Ut+ is k.-lipschitzian and uniformly continuous. Hence, its extension

on UitJr = |J A; must be k-lipschitzian.
0<i<1
Now, let us observe that, for each ¢ € [t,0], the map o |4, is indeed the

reflection through E of the map o4 , where —i € [0,[t]] C [0,1]. Hence,

according to the above conclusion, the map o.¢| (j 4, must be k.-lipschitzian,
t<i<0
also.

Finally, since . ¢|c,uL, are already ke-lipschitzian and

< L-J 14@) @] ( L_J f4i> UCiUL, =B
0<i<1 +<i<0

is convex, it follows from Proposition 2.3 that o.|p = 0+ is ke-lipschitzian.
Thus its restriction on U; must be k.-lipschitzian as desired. O

Now, it remains to show (x), which states as follows.

1
(a — 5)2cos¢cosw+ ﬁ@ —2cos0) < ||P— P/Hz

€
where P = Pug . and P' = Pg,  for some ¢, € (0,7/2) with 6 := ¢ — ¢ > 0,
a,f€[0,1] and z € SN E.
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In order to prove (%), let us recall that span{e, z} is isometrically isomorphic
to R2. Then, without loss of generality, let e = (0,1) and z = (1,0). According
to this representation,

P = P,4 = (cot ¢sin ag, csc ¢ — cot ¢ cos o),
P’ = Pg,, = (cot ¢ sin 1, cscyp — cot ¢ cos 1)),

This form is more convenient for calculation.

PROOF OF (%). Let 7 = 8 — a € [-1,1]. According to [8] and [2], ko €
(4.5,29). Define Ay .- 5: [4.5,29] — R as follows.

1
Dgpr8(@) = [Pag = Payll* = —5(2 = 2c0s(¢) = ¢)) — 7% cos g cos .

Since

d 8 .92 6
£A¢7w7776(x) = —3sin (2) >0 forall z € [4.5,29],

Ay .75 is non-decreasing. Thus

in Agyrp() = Dgprp(45).
pim ) Do, 8(@) = Agy.r5(4.5)

It means that () will follow if Ay 4 5(4.5) > 0. Therefore, our aim is now
proving the non-negativeness of Ay . - 3(4.5).
Let us restate Ay y - 3(4.5).
1
B 3(45) = | Pag ~ Pyl = 152~ 20 — ) 7 cos b cony
= (csc ¢ — cscah)? + cot? ¢ + cot?

— 2cot ¢ cot i cos(B(v — @) + )
+ 2(csc ¢ — cscb)(cot ¢ cos Bp — cot p cos(Bd — T))

_ %(1 — cos(1p — ¢)) — 72 cos ¢ cos P

where ¢, € (0,7/2) with ¢ <, 7 € [-1,1] and 3 € [0,1].
For convenience, written by Ay 4 - s the value Ay 4 - 3(4.5). Fix 7 and 5,
and consider the following three cases:

(1) 0<p<yp <m/d

(2) /A< < <7/2

B)o0<op<m/A<p <m/2.
Observe that if (x) holds for the first two cases, then so does for the last case. This
is because if 0 < ¢ < /4 <1 < 7/2, there must be a point Py € A4 N [P, P'],
where [P, P'] is the segment joining P and P’; hence, (x) follows from previous
cases and Proposition 2.3. Furthermore, it is found by numerical optimization
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that
0<¢12}}I% » AW/QAZV’:Z:’% ~ 0.21016 > 0
—1<7<1
0<p<1
and that

A
| max ©¥TE % 1.00000 < oo.
<_¢1<§w;§7;/ n /2=, 7 /2—¢,7,B
0<p<1
Thus, by letting sgn: R — {—1,0,1} be the sign function, the above relations

conclude

(3.5) Sgn gy rg =SEN Az /2y /2,8

for all ¢, € (0,7/4] with ¢ <, 7 € [-1,1] and B € [0,1].
Let G 4,3 be the polynomial

7T 9 8 9 T
Goprp = 81(¢) + )+¢¢<81 T — 2cos 5 .
Again, by numerical optimization, it is found that

A
min % ~ 0.12890 > 0.
0<p<yp<m/4
S/ Teims
0<p<l

This implies

(3.6) sgn gy rp = g0 Gy yp 1,

for all ¢,¢ € (0,7/4] with ¢ < ¢, 7 € [-1,1] and 8 € [0,1]. Therefore, by
combining (3.5) and (3.6), it suffices to show Gg 4 - > 0.
Recall that the map

1 if £ = 0;
T — i
ST it e (0,1]
is decreasing on [0, 1]. Then
sin(r7/2)  sin(nw|7[/2) - sin(w/2) _ 2 S 4 - 2t 27
xr/2 w2 T w/2  w " w2 T w(nlr|/2)  w(n7/2)

for all 7 € [—1,1]. This implies that

0
EG@wmﬂ =Y (W sin <7;T> - 27) >0
for all 7 € [0,1], and that

T
9 _ L (TTY <
o7 Gop,rp = OV (71 sin < 5 > 27) 0
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for all 7 € [—1,0]. Withrespect to 7, G y - g is increasing on [0, 1] but decreasing

on [—1,0]. Thus Gy - s attains its minimum at 7 = 0. That is,

7 7 2
Goprp > G0 = ;*1 (% +° —20¢) = (\/j(qﬁ - ¢)) >0

for all ¢,v € (0, /4] with ¢ <+, 7 € [-1,1] and 3 € [0, 1]. O
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