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AS SOLUTIONS TO A NONLINEAR GENERALISED
HARMONIC MAP PROBLEM
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ABSTRACT. We address questions on existence, multiplicity as well as qual-
itative features including rotational symmetry for certain classes of geomet-
rically motivated maps serving as solutions to the nonlinear system

—div[F'(|z|, |Vu|?)Vu] = F'(|z|,|Vu|?)|Vu]?u  in X7,
[ul =1 in X",
U= on 0X".

Here ¢ € €°(0X™,S"~1) is a suitable boundary map, F’ is the derivative
of F with respect to the second argument, v € W1P (X", S?~1) for a fixed
1<p<ooand X" = {z € R" : a < |z|] < b} is a generalised annulus.
Of particular interest are spherical twists and whirls, where following [26],
a spherical twist refers to a rotationally symmetric map of the form u: z —
Q(|z|)x|x|~! with Q some suitable path in ¥([a, b], SO(n)) and a whirl has
a similar but more complex structure with only 2-plane symmetries. We
establish the existence of an infinite family of such solutions and illustrate
an interesting discrepancy between odd and even dimensions.
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1. Introduction

Let X" = X"[a,b] = {x € R" : a < |z| < b} with 0 < a < b < o0 be
a generalised annulus and consider the energy functional

(1.1) Flu; X" = /X F(le|, |Vul?) da.

Here F € €1%([a,b] x R), that is, €' with respect to the first variable and ¢
with respect to the second, is bounded below, suitably convex and monotone in
the second argument with a p-growth at infinity (see Section 2 for details). In
this paper we aim to extremise [ over the space of admissible maps given by

(1.2) AE(X") :={u e WhP(X", S" 1 u = ¢ on 9X"},

for some fixed 1 < p < oo and suitable boundary map ¢ € €°(0X",S"~1).
Note that here 0X™ = 9X” U 9XP and as customary (')

Whr(x", s" 1) i= {u € WHP(X",R™) : |u| = 1 a.e. in X"}.

One motivation for studying such problems comes from liquid crystal theory
and in particular the well-known Oseen—Frank model where the aim is to describe
and classify the director fields u arising as extremisers and minimisers of the
energy functional

IEOF[u;Q}:/W(u,Vu)dx, we Wh2(Q,smh),
Q

subject to suitable boundary conditions. In this setting @ C R3 is a bounded
domain representing the body, v is a unit vector-field on  (the director field)
with Vu denoting its gradient and the energy density # = # (u, Vu) is given by

W (u, Vu) =k |V - ul* + koJu - (V x u)|?
+ kalu x (V x w)]? + (kg + ka) (tr(Vu)? — (V- u)?).
Here k; (1 < j < 4) are the Frank constants that are assumed to satisfy the strict
form of Ericksen inequalities [9]: k1, ko, ks > 0, ko > |ka| and 2k; > ko + kg,

which result in the coercivity inequality # (u, Vu) > «|Vu|? for all vector fields
u and some o > 0. Using the identity

(Vu)? + Ju- (V x w)? + Ju x (V x w) = [V,

it is seen that in the case of “equal elastic constants”, that is, k1 = ko = k3 =: k,
(k4 = 0) the Oseen—Frank energy reduces to a constant multiple of the Dirichlet
energy, here, F with F(r,t) = kt. Note also that tr(Vu)? — (V - u)? is a null-
Lagrangian, that is, its integral depends only on the boundary values of u (cf.
e.g. [1], [10], [28]).

(1) For more on the structure of Sobolev spaces of maps between Riemannian manifolds
see [2], [4], [10], [12], [23] and the references therein.
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Moving on by considering the first order condition d/de(F[us; X™])|c=0 = 0
where u. = (u+¢ev))/|u + | for ¢ € €5° (X", R™) and € € R is sufficiently small
one can formulate the Euler-Lagrange equation associated with IF on &/ (X™) as

the nonlinear system

L) = div[F'(|z|, [Vu|*)Vu] + F'(|z|, [Vu|?)|Vu[>u =0 in X",
(1.3) lul =1 in X",
U= on 0X".

Note that here F’ denotes the derivative of F' with respect to the second variable
and the divergence operator on the first line acts row-wise. (%)

We will look at the particular example F(r,t) = h(r)t?/? with 1 < p < oo
and h € € ([a,b]) satisfying h > 0 on [a,b]. (Here in view of the explicit form of
the integrand we can slightly relax the regularity assumptions as stated earlier.)
This leads to a generalisation of the usual Dirichlet energy called the weighted
p-energy taking the form

b
(14) Bpux] = [ h(|a:|)|Vu|pd3::/a /Si h(r) [ VulPr = dr dH(6),

where the Euler-Lagrange equation in this case is as formulated by the system
(1.3) with the differential operator .Z being

(1.5) L] = hAyu + |Vu|P~2VuVh + h|VulPu = 0.

Here Vh = hz|z|~', h = dh/dr and A,u = div(|Vu[P~2Vu) is the p-Laplacian.
For h =1 and p = 2, as stated, (1.4) is the Dirichlet energy while for the given
range of p, (1.5) is the celebrated p-harmonic map equation. In analogy, we refer
to solutions to (1.5) for arbitrary h as weighted p-harmonic maps. (For more on
p-harmonic maps — the case h = 1 — the reader is referred to [10], [13], [17],
[22] for regularity results and [3], [11], [15], [16] for further results in particular
on the structure of minimisers. See also [8], [10], [14] and the references therein.)

The first class of maps we examine in this paper as solutions to the nonlinear
system (1.3) are the so-called spherical twists as introduced in [26] (see also
[20], [21], [24], [25]). Recall that a spherical twist by definition is a map u €
€ (X",S"~1) of the form

(1.6) w:z =10 Q(r)f =Q(z))z|lz|, =xeX"

where a < r = |z| < b and Q € €([a,b],SO(n)). For obvious geometric reasons
the continuous curve [a,b] 3 7 — Q(r) € SO(n) will be referred to as the twist
path associated with the spherical twist u. Now for a spherical twist u = Q(r)0

(?) A particular solution to this system is the radial projection u(z) = x/|z| where ¢ = z/|z|

on 0X™. For reasons that will be clear later we call this the trivial solution (see Section 2).
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to be admissible, that is, to lie in /7 (X™), it is evident that the boundary map
¢ must have the form

R.0, OXI' ={z:|z|=a},

1.7 rf) =
(L) PO = R, %0 = (o+ la = b},

with Ry, Ry in SO(n); or on the level of the twist path, Q(a) = R4, Q(b) = Re.
Indeed since for any rotation v = Pu of u, upon referring to (1.3), we have

L] = L[Pu] = PL[u], L =0 <= PLu=0 < ZLu] =0,

there is no loss of generality in specialising to R, = I,, Ry = R, R € SO(n).
We henceforth aim to describe those twist paths Q € 42([a, b], SO(n)) such that
the corresponding spherical twist u = Q(r)8 gives a (classical) solution to the
system of Euler-Lagrange equations (1.3). This as will be seen involves a study
of the geodesics of the compact lie group SO(n) and their links with geodesics
on the sphere.

The approach here is to restrict the energy to the space of spherical twists.
Existence of multiple solutions to the resulting Euler—Lagrange equation follows
by using variational methods. A more refined analysis then fully characterises the
spherical twists associated with such extremising twist paths that grant solutions
to the original system (1.3). We will see that here there is a curious discrepancy
between odd and even dimensions in that in even dimensions there is an infinite
family of spherical twist solutions to the system (1.3) whereas in odd dimensions
there is either one or none depending as to whether R = I,, or not! More specifi-
cally the following statement is proved in Section 2. Note that in the formulation
below we are taking advantage of the diagonalisation R = GRDRGtR with Gr, Dr
orthogonal and Dg block diagonal, specifically, Dr = diag(R[n], ..., R[n]) for n
even and Dy = diag(R[n],...,R[n],1) for n odd where R[n] is the usual 2 x 2
rotation matrix by angle n € R. (See (2.7)—(2.9) for more details.)

THEOREM 1.1. The spherical twist u = Q(r)8 is a solution of the Euler—
Lagrange system (1.3) provided that depending on n being even or odd the twist
path Q = Q(r) has the explicit form below:

(a) (n even) For m € Z and P in the centraliser of Dg in O(n) we have
(1.8) Q(r;m) = GRP diag(R[¥](r), ..., R[4](r))P'GE,

where 4 = 4 (r;m) € €2%([a, b],R) is the unique solution to the boundary
value problem

i ’ n—1 2\ n—1z| _
o {F <r, = +9 >r %] =0,
(19) () =0,

4(b) = 2mm + 0.
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(b) (n odd) R=1, and Q(r) =1,.

We remark that in the case n odd, that is, (b) above, the problem admits
a solution in the form of a spherical twist if and only if R = I,, in which
case this solution is the radial projection u = z/|z|. Hence unlike the n even
case here there are no solutions for other choices of R. We also introduce and
establish conditions that result in a converse to this theorem (see Remark 2.3
and Lemma 2.5 for details).

The second class of maps we examine in this paper as solutions to the system
(1.3) are the spherical whirls (or whirls for simplicity). These by definition are
maps u € €(X",S"1) of the form

u:xHQ(pla'~'7pN)m|x|_l7 $€XTL7

where Q = Q(p1,...,pn) is a continuous SO(n)-valued map depending on the
spatial variable = (z1,...,z,) through the 2-plane variables p = (p1,...,pn),
that, depending on the dimension n being even or odd, we have the description:

(a) (n even) writing n = 2N we set k = N and then

pj = ,/x%J;l —|—x§j for 1 <j < N.

(b) (n odd) writing n =2N — 1 we set k = N — 1 and then

b ,/xgj_l—i—x%j for1<j <N -1,
j =

Ty for j = N.

It is seen that the 2-plane variables p = (p1,...,pn) lie in Ay C RN where
Av={peRY:a<|p|<b} (n=2N)and Ay = {p e RY ' xR:a < |p| < b}
(n = 2N —1). On account of this and as a result of the earlier discussion we
hereafter suppose Q € € (Ay,SO(n)). Indeed prompted by the commutativity
and rotational symmetry of whirls as will become clear later (see also [7], [18],
[19]) we assume Q to take values on a fixed maximal torus of SO(n), here, and
for spherical whirls as (%)

diag(R[f1],- -, R[fx]) for n = 2N,

(L10) Q) =
diag(R[f1],---, R[fx),1) forn=2N —1,
where for each 1 <1 < k, f; € €(Ay,R) satisfies f; = 0 when |p| = a and f; =

27m + 1 for some m € Z when |p| = b. For a spherical whirl u = Q(p1,...,pn)0

(3) As any pair of maximal tori on a compact Lie group are conjugate the general form of
(1.10) will be PQ(p)P? with P € SO(n). Here without loss of generality we have set P = I,, and
taken the maximal torus the one just described. Note that as a result in the description of the
boundary map ¢ we have R = diag(R][n],...,R[n]) (n = 2N) and R = diag(R|n],...,R[n],1)
(n=2N —1).
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the weighted p-energy (1.4) can be seen to reduce for p = 2 to

k
" n—1 1
Bl u; X" = / h(r)[ - + = Z |Vfl|2p12} dz.
n l:l

As a result extremisers of E# within the class of whirls should satisfy for each
fi = filp1,-..,pn) the equation (see Section 3 for details and notation)

9 k
. P] - .
div <h(r)r2 1_[1,0ij) =0 in Ay,
j=
=0 on (OAN)a,
f=2mmr+n on (OAN)p,
k
plQHpj&,f:O on I'y.
j=1

We see that the above has a unique solution for each m € Z given explicitly by
the formulation

Slfn

h(s)

_ 2mm+n

(1.11) flp;m) = 30) ds, p€ Ay,

Bpl). Blt) = /

N
where |p|? = 3 p? and for the integral on the right a < ¢ < b. Using the tech-
=1

niques developed and used in Section 2 we then prove the following statement.

THEOREM 1.2. Consider the weighted Dirichlet energy E as given by (1.4)
with h € €1([a, b)) satisfying h > 0 on [a,b], the system (1.3) with F(r,t) = h(r)t
and @ as above. Then, depending on n being even or odd, the following hold.

(a) (n even) There is a countably infinite family of spherical whirls serving

as solutions to (1.3). Specifically, for each m € Z the map u(z) =
Q(psm)z|z|~ with Q(p;m) = diag(R[f](p;m), ..., R[f(p;m)) and f =
f(p,m) as in (1.11) is a solution to (1.3).

(b) (n odd) The only solution to (1.3) in the form of a spherical whirl is

the radial projection u = z|z|~! and only when R = 1, (respectively,

¢ =alz[™1).
2. Spherical twists as extremisers of the F-energy

and the nonlinear system (1.3)

Let X = X"[a, b] be as before and consider the F-energy functional as given

by the integral

(2.1) Flu; X"] := / F(|z|, |Vul|?) dz.
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We assume that F' € €12([a, b] x R), that is, ¢! with respect to the first variable
and € with respect to the second. Furthermore, we assume there exist ¢1, ca > 0
and cg € R such that

|F' (1, C*)¢| < eo|¢|PH foralla <r <b, for all ¢ € R,
co+ci|C|P < F(r,¢%) < col¢[P forall a <r <b, forall ( €R,

with 1 < p < oo fixed. As aresult F is well-defined and finite on WP (X", S"~1).
We further assume that F’ > 0, F”" > 0 on [a, b] X (0, 00) (recall that ' denotes de-
rivative in the second argument) and that the function ¢ — F(r,(?) is uniformly
convex in  for all a <r <band ¢ € R.

We seek to extremise F over the space @/?(X") defined by (1.2) with ¢ given
by (1.7) and establish the existence of multiple spherical twist solutions to the
associated Euler-Lagrange system given by (1.3). We start by calculating some
useful quantities associated with spherical twists.

We seek to extremise F over the space /2 (X") defined by (1.2) with ¢ given
by (1.7) and establish the existence of multiple spherical twist solutions to the
associated Euler-Lagrange system given by (1.3). We start by calculating some
useful quantities associated with spherical twists.

PROPOSITION 2.1 (Key identities). Suppose u is a spherical twist with a twice
continuously differentiable twist path Q. Then with r = |z|, 0 = x/|z| we have

_Q+(rQ-Q)P 0

r

(a) Vu
(b) [Vul? = "% +108P.
(€) Au= g ((n—1)(rQ~ Q) +r*Q)p.

(d) Ayu = |V7UL|I’—4{pQ_T2 (Q+(rQ- QO ®0) (VIQHI2 - w 9)

s (PSR ) (- D - Q)+ Q0

r2

(e) div[F'(r,|Vul*) V]
P D)@+ Q- Q) (VIGe? - 2 g)

O, [VuP)Q8 + g F'(r, [Vul)(n — 1)(rQ — Q) + r2)6.

PROOF. Let u = Q(r)f be a spherical twist with a differentiable twist path Q.
A straightforward differentiation then yields Vu = (Q+ (rQ — Q)0 ®8)/r. Hence
upon calculating the Hilbert—Schmidt norm of this gradient we have

n—1

|Vu|? = tr {[Vu][Vu]'} = + Qo2

r2
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These are the first two identities in the list. To pass on to the remaining ones,
assuming a further differentiability on Q, we can write, by using the chain rule:

(2.2)  div[F'(r, |[Vu*)Vu] = Vu V[F'(r, [Vu*)] + F'(r, |Vu*) Au
= F"(r, |[Vul>)VuV(|Vu|?) + 0,F'(r, |[Vu|*)Vu b + F'(r, | Vu|?)Aw.

Now differentiating the Hilbert-Schmidt norm squared |Vu|? using the second
identity in the list we can write

(2.3) V|Vul? = V[(n - 1)r 2 + Q)] = V|QI)? — 2(n — 1)r36,

and likewise taking the divergence of Vu gives Au as formulated in the third
identity. Substituting these two into (2.2) gives the fifth identity in the list. Fi-
nally the fourth identity describing A,u follows from the fifth one by specialising
to F(r,t) = 2p~1tP/2. O

Using the calculations in Proposition 2.1, for a given spherical twist u =
Q(r)f and exponent 1 < p < oo, we can express the WP-Sobolev norm by
writing

Iy = [ QP+ Vul?) da

’ n—1 N g(2 vz 1 1
_ /Sl{|Q9|p+< _ +|Q6|) }7‘" dr dH"(9),

r

and its straightforward to see that this is finite if and only if
Q € WhP((a,b),S0(n)).
With this in mind we introduce the space of admissible twist paths
(24) % = #g([a.b]) = {Q € W'P((a,b), SO(n)) : Q(a) =1L, Q(b) =R}.

Then, for the boundary map ¢ defined by (1.7) with R, = I, and R, = R €
SO(n), we have

u=Q(r)f € ZX(X") <= Q € Zy([a,1]).

Again, by referring to the calculations in Proposition 2.1, we can write the F-
energy of a spherical twist u = Q(r)6 as

(2.5) F[Q(r)0; X" :/" F(r, ”T—;l + |Q0|2> dz

b n—1 .
:/ / F(r, — + |Q6|2>r"_1drd7-{"_1(9)
a Jsn—1 T

b
:/ G(r, Q)" dr =: G[Q; (a,b)]

hence, introducing the energy functional Q — G[Q; (a,b)] on the space of twist
paths %5, where in the last line the integrand G = G(r,H) with a < r < b and
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H first in the space of n X n skew-symmetric matrices (i.e. satisfying H' = —H)
and then extended to all n x n matrices H (see Lemma 2.2 below) is given by

(2.6) G(r,H) := /S_ F(r, ”%21 + |H9|2> an"1(0).

In what follows for the sake of convenience and future reference we assume
that the orthogonal matrix R, describing the boundary map ¢, is expressed in
an orthogonally block diagonalised form as:

(1) (n even) with n = 2k,

(2.7) R = GrDrGf := Grtr(Vu)® — (V- u)diag(R[m], Rlna], . . ., R[nk]) Gk,
(2) (n odd) with n =2k + 1,

(2.8) R = GrDRGg = Grdiag(R[m], R[], .., Rlx], 1)Gg-

Here Ggr and Dp are both n x n orthogonal matrices and R[s] (with real s)

refers to the usual 2 x 2 rotation matrix (counter clockwise rotation by angle s)
as given by (cf. also (2.15) below)

(2.9) R[s] :=exp(s]) = [

coss —sins
sins coss

Note that there is no uniqueness in the choice of Gg, however, in what follows
we pick one such Gy and then fix it throughout. We begin by computing the

. . . D
Euler-Lagrange equation associated with G over the space Zy.

LEMMA 2.2. The Euler-Lagrange equation associated with the energy G de-
fined by (2.5) over the space of admissible twist paths 2% is gien by

d -1 .
(2.10) /Sn_lch‘{r"‘lF(nnTQ +IQ9|2)

Qe Ql - QI Qo}} dH™(9) = 0.

PROOF. First fix Q and for € > 0 define the variation Q. = Q + ¢(F — F!)Q
where F € 65°((a,b), M™*™) is arbitrary. Then to the first order in € one can

compute that Q. takes values in SO(n). We differentiate with respect to e and
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set equal to zero and with a slight abuse of notation write

d d [ S
(2.11) O:£G[QE;(a,b)] :£/IIG(7',Q5)7' Ldr

e=0 e=0
b —_ . . . .
= / / 2F' (7“, ”Tz L + |Q92> (Q, (F —FHQO) r" " dH" 'dr
a JSn—1
b _ . .
:/ </ 2d[rn1F’ (r, n i} L + Q9|2>Q0®Q0} dH" 1,
@ sn—1 dr r

F - Ft> dr.

Since this holds for all F € 65°((a,b), M™*™) the skew-symmetric part of the
matrix represented by the spherical integral must be zero. O

REMARK 2.3. In view of Lemma 2.2 a sufficient condition for a twist path
Q = Q(r) to be an extremiser of the energy functional G is for it to satisfy the
stronger condition

d -1 . . .

(2.12) d{r”_lF’ (r, n 5— T Q9|2> [QG ® QI —QI® QO] } =0,
r r

for a < r < b, 0 € S*!. In general, however, this is not a two way implication.

As part of the analysis below we exploit some consequences of this stronger

equation, particularly, in virtue of the relation it bears to the original system

(1.3) as well as the nature of the geodesics on SO(n).

Now we do not intend to solve (2.12) directly but instead show that under
sufficient regularity, if Q = Q(r) solves (2.12) for all § € S*~!, then it must have
the form Q(r) = exp(¥4(r)H) for suitable ¥ = 4(r) € ¢*([a,b]) and constant
n x n skew-symmetric H; thus relating to the formulation of Q as given in parts
(a) and (b) in Theorem 1.1. We first establish the following lemma that provides
a connection between geodesics on S~ and geodesics on SO(n). This lemma will
also enforce restrictions on the matrix R associated with the boundary map ¢.
For notational convenience let us also write J,, for the n x n skew-symmetric
matrix J,, = diag(J,...,J) when n is even and J, = diag(J,...,J,0) when n is
odd. Here of course J = J; = R(7/2) (see (2.15) below).

LEMMA 2.4. Let 0 < £ < oo and K € €2((0,£),S0(n)) N €([0,£],50(n))
satisfy K(0) = 1,, and K(¢) = R. Then the following are equivalent:
(a) The curve s — K(s)0 with 0 < s < ¢ is a geodesic on S*~1 for every
g eS .
(b) Depending on n being even or odd one of (i) or (ii) described below holds:
(i) (n even) R = Grdiag(R[n),...,R[n])Gk for some Gg in O(n) and
1n € R and that there exists m € Z and P in the centraliser of Dy
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in O(n) such that, with 7 (s;m;€) = (2rm +n)s/¢, K admits the
factorisation

(2.13) K(s;m) = exp(#(s;m; £)H) H = GgrPJ,P'GL, 0<s</,
— GrP ding(RI#](s;m; ), .., RIA (s m; )P G,
(ii) (n odd) R =1, and K(s) =1,.

PROOF. It is well known that on a round sphere geodesics 7: [0,¢] — S*~!
are great circles and satisfy the geodesic equation % + |§|?>y = 0. Hence, if
s+ K(s)0 is a geodesic for all 6 then K satisfies the equation

(2.14) [K + |K0[*K]6 = 0

for all # € S*'. We claim that if K satisfies (2.14) then |K6|? is constant in 6
and s. Indeed, differentiating with respect to s yields

di K62 = 2(Kf, K6) = —2|KO|>(KO, KO) = —2|K0|*(K'K#, ) = 0,
S

where we have used the fact that KK is skew-symmetric. It therefore follows
that [Kf|? = ¢(6) for some ¢ € €(S*~',R). By rearranging (2.14) we obtain
K'KO = —(h)6. For fixed s this implies that —i(0) is an eigenvalue of the
matrix K'K. However, since K'K has at most n eigenvalues it follows, by the
continuity of v, that ¢ must be constant say ¥ () = \K9|2 =2

We now conclude that if K(s)8 is a geodesic for all § then K must satisfy the
linear ODE: K + #?K = 0. To solve this we make the ansatz K(s) = exp(sA)Ko
for some skew-symmetric matrix A and some Ko € SO(n). By differentiating K
it is seen that A satisfies [A? +¢2[,,]JK = 0. This implies that A2 = —¢2I,,. Using
spectral theorem we may write A in block diagonal form, that is,

2.15) A= J—
(2.15) Lo

Pdiag(t1J, ..., txJ)P? if n = 2k, {0 1}
Pdiag(t1d, ..., t,J,0)Pt ifn=2k+1, ’

for some P € O(n) and (t;)¥_; C R. By writing A in block diagonal form as

above we see that for n = 2k, we have
A% = —Pdiag(t3ly,...,t31) P! = —t?1,, = |ti| = ... = |tx| = |t].
Similarly for n = 2k 4 1, we have
A? = —Pdiag(tily, ..., t315,0) P! = —#2I, = |ti| =... = |tx| = |t| = 0.

We now chose A and Ky so that K(0) =I,, and K(¢) = R. First, if A is chosen,
then K(0) = I,, implies Ko = exp(—0-A) = I,, and hence K(s) = exp(sA). We
now choose A such that K(¢) = exp(¢A) = R. This is done by writing exp(¢A)
in block diagonal form and comparing with R (cf. [26, Theorem 2.1]). O
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Referring to the discussion in the previous lemma, for a Q € ¢ ([a, b], SO(n)),
the integral

b
(2.16) 1(Q,0) = / Q0| dr,

represents the length of the spherical curve y(r) = Q(r)f. In the next lemma
we show that for a given Q satisfying (2.12) for every 6, if the value of this
integral is also independent of # then Q has a factorisation similar to that given

in Lemma 2.4.

LEMMA 2.5. Let R be as given in Lemma 2.4 and for each m € Z let 4 =
G(-,m) € €*([a,b]) be a solution to the boundary value problem

d / n—1 52 n—1cg| _ .
£l st e

(2.17) G(a) =0,
4(b) = 2rm + 1.

Let Q € €%((a,b),S0(n)) N € ([a,b],S0(n)) satisfy Q(a) = 1,, and Q(b) = R.

Then the following are equivalent:

(a) Q is a solution to (2.12) for every 6 € S"~! and the integral in (2.16) is
independent of 0.
(b) Depending on n being even or odd, one of (i) or (ii) below holds.
(i) (n even) There exists m € Z and P is in the centraliser of Dy in
O(n) such that Q = Q(r;m) admits the factorisation

(2.18) Q(r;m) = exp(#4(r;m)H) H = GgrPJ,P'Gg, a<r<b,
= GgrP diag(R[4](r;m), ..., R[¥](r;m))P'Gk.

(ii) (n odd) R =1, and Q(r) =1,.

PRrROOF. We start by verifying that functions of the form (2.18) are solutions
to (2.12) (the odd case is trivial). If Q is given by (2.18) then we have

Qb ® QO = YHQH  QO,
Q0 ® Q0 = YHQI ® QI — 4>Q0 @ QO,

where in concluding the second identity we have used

(2.19) H? = GRPJ2P'CGL = —GRPL,P'GY = —1,.
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Therefore by substitution and straightforward differentiation starting from (2.12)

we have

n —

(2.20) ;{ran’ <r, > ! + Q9|2> [Q0 @ QO — Qf @ Q] }

= 4 F’ r,n_l—i—?Q PG+ F r,n_l—i—ff? PG
dr r2 r2

x (HQO ® QO — QO ® HQY) = 0,

as a result of ¢4 being a solution to (2.17).

Now to prove the reverse implication, first note that if I(Q,8) = 0 then we
have |Qf| = 0 and hence Q = I,,. We can therefore assume for the rest of the
proof that I1(Q, 8) > 0.

Next, observe that if Q is a solution to (2.12) then multiplying (2.12) by Qf
and using the observation [Qf ® QA]Q0 = —|Q0|2QP it follows that Q satisfies

n—1

(2.21) dii [r"—lF’ (r, + IQ9|2>Q9}

r2

n—1

+r”—1F’(r, + |Q9|2>Q0|2Q0:0.

r2

Now the quantity p(r,8) = F'(r, (n—1)r~2+|Q68|?)r"~1|Q0| is constant in 7. To
see this we differentiate with respect to r and use the fact that Q solves (2.21)
to find

n

d _ d [ / -1 N2 n—l- -
R (e 7 T (=7

[ / n—1 N2 nfl- <Q97Q0>

+ :F (r, = + Q6 >r 7|Q6|
— (2 1)
d -1 . 0, Q0

_ % |:F/ <T’7 nr2 + |Q0|2)Tn1:| <C2|(Q7;Q >

/ n—1 2 n— <Q97 Q0>|Q9|2 _
- |:F (7‘, r2 + |Q0|2>T' 1:| T - Oa

where in the last line we have used the fact that QtQ is skew-symmetric. Note

that this argument shows that p(r,#), as a function of r, is a positive constant
on any interval on which |Q9| is non-zero and so a basic continuity argument
implies that either |Q8| = 0 on [a, ] or |Q6] > 0 on [a, b]. It follows that for each
0 the function

(2.22) F(r,0) := /T |Q(T)8|dr, a<r<b,
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is a solution to (2.17) with .Z (b,0) = I(Q,0) > 0. We now claim that . =
Z(r,0) is independent of #. Indeed solutions to (2.10) are extremals of the

energy functional
b
1 )
9 .—>/ F(T, r 5 +€¢2>rn_1 dr.
r
a

It is straightforward to verify that this functional is strictly convex (due to the

assumptions on F: F' > 0 and F being convex in t). Therefore, using standard
convexity arguments, solutions to (2.10) are the unique minimisers of the energy
functional with respect to their own boundary conditions. This implies that as
Z (r,0) is a solution to (2.10) for all § and as the boundary conditions of .# are
independent of 6 it follows from uniqueness that the function .#(r,6) must be
independent of 6.

Next, since F’ > 0 we have that non-trivial solutions to (2.17) are strictly
monotone and hence invertible. Thus we can make use of the change of variables
r — s(r) with s(r) = Z#(r). Let K(s) = Q(r(s)) where r = r(s) denotes the
inverse of s = s(r) for a < r <b. Then K € ¢2((0,£)),SO(n))N% ([0, ¢)],SO(n)),
where ¢ = . (b). Upon writing Q(r) = K(s(r)), using the chain rule and utilising
(2.21), we have

d| ,._ n—1 5 -
(2.23) ds[r 1F’<7"7 - +s2|K92>5K9}
-1 . .
+ LR <r, "—2 + $2|K0|2> |K6|?5K6 = 0.
T

Since |Qf|> = .#2 we have that [K|? = |Q6]?/.%2 = 1. Hence, since .Z satisfies
(2.17), we have that

(2.24) LR (r, n—-

. -1 . .
— + 52|K9|2>é =" F <r, Ut y‘?)ﬁ =c,
T r

for some constant ¢ € R. Therefore, equation (2.23) reduces to

(2.25) c(jsrw + |K9|2K>9 =0.

This is precisely the geodesic equation on spheres (2.14) from the proof of Lemma
2.4. In odd dimensions there are no K that solve this with |K9\2 = 1 and so there
are no solutions if 7(Q, ) # 0. On the other hand if n is even by Lemma 2.4 we
must have .#(b) = |2mm + n| for some m € Z and K is given by

K(s) = GrP diag(R[#](s;m), ..., R[#](s;m))P'Gh

where S (s;m) = +s depending on 2wm + 1 being positive or negative. (Note
that when 2rm +n > 0 then % is a solution to (2.17) and when 27rm + 17 < 0
then —% is a solution to (2.17).) It now follows that when n is even

Q(r) = K(Z(r)) = GrP diag(R[4](7), ..., R[¥](r))P'Ck.
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This therefore completes the proof of the lemma. O

PrROOF OF THEOREM 1.1. We start by proving the existence of solutions
0 (2.17). The equation (2.17) is the Euler-Lagrange equation associated with
the energy ¢ — Flexp(¢(r)H)]. Due to the assumptions on the integrand F
this energy is sequentially lower semi-continuous and coercive. One can then
prove existence of solutions to (2.17) for each m € Z using the direct method
and regularity is obtained by standard methods (cf. [5]).

We now justify that the spherical twist u(z) = Q(r)0 with Q = Q(r) defined
by Lemma 2.5, satisfies the Euler—Lagrange equation (1.3). First, for Q of the
form (2.18), we have Q(r) = % (r)HQ where H is the skew-symmetric matrix
H = GrPJ, P'G} satisfying (2.19), hence

Q1> = (4(r)HQO, % (r)HQY) = 4(r)*(6,6) = % (r)°.
Anticipating (2.1), we can easily calculate that V|Qf|2 = 24 (r)%(r)6 thus

n—1

VW(|Vu|2):2<sé(r)cf(r)— — >€é(r)HQ(r)0‘

We can now verify, using Proposition 2.1, that the spherical twist with twist
path as defined in part (a) of the theorem is a solution to (1.3). Indeed referring
o (1.3) we can write

(2.26)  ZLu] =div [F'(r,|Vu*)Vu] + F'(r, |Vu|?)|Vul*u

:2F"(r,|vu|2)<fé / 1>Q9+8rF/(T7Vu2)Q9

+ F'(r,|Vul?) 1(n_1 (rQ - Q)+r2Q>

s
>g‘

+ 8, F'(r, |Vul2)¥ + F'(r, |Vl )<%+%> }HQO:O.

7, |[Vul?) (%2

{F“ r, |Vul?) <%

Note that the term in the curly brackets in the last equation in (2.26) is zero as
a consequence of ¢ satisfying the first equation in (2.17) from Lemma 2.5. This
finishes part (a).

Now for part (b) we note that for u = x/|z| referring to the key identities in
Proposition 2.1 with Q = I,, we can write

(2.27) L) = div [F'(r, |[Vul*)Vu] + F'(r, [Vu?)|[Vu*u
= VuVF (r,|[Vul?) + F'(r,|Vu|*)[Au + |[Vu|?u] = 0
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as a result of Au+ |Vul?>u = 0 and F'(r,|Vu|?) being solely a function of r and
therefore its gradient being a (scalar function) multiple of 6 = x|x|~1. O

2.1. Weighted p-harmonic maps for a continuous h. In this section
we take a closer look at the integrand F(r,(?) = h(r)(? for some weight h €
€*([a, b)) satisfying the strict inequality h > 0 on [a, b] and consider the resulting
weighted p-energy (with p > 1) given by the integral

b
hr,,.wn] .__ _ n— n—
(2.28) Elu;X"]:= /th(|x|)\Vu\pdx—/a /Si h(r)|VulPr" = dr dH" L.

Recall that extremisers of EZ hereafter called weighted p-harmonic maps satisfy
the associated Euler—Lagrange system (1.5). It is the aim here to characterise the
spherical twists u granting solutions to this system. Indeed using the discussion
and arguments in the previous section it is plain that here we have the following
conclusion serving as the counterpart of Theorem 1.1 in the introduction.

THEOREM 2.6. Let h € €*(|a,b]) satisfy h > 0 on [a,b] and suppose R
is as in Lemma 2.4. Then the spherical twist u = Q(r)0 is a solution to the
system (1.3)—(1.5) provided that depending on n being even or odd, the twist
path Q = Q(r) has the explicit form.

(a) (n even) For any m € Z and P is in the centraliser of Dr in O(n), we
have

(2.29) Q(r;m) = GrP diag(R[¥](r), ..., R[¥4](r))P'GL,

where 4 = 4(r;m) € €2%([a,b],R) is a solution to the boundary value
problem

g[(p_ng%r = ]
-1 .T. 1— ho.T . -1
(2.30) +TLT g|:g2+n+2p:| +hg|:g2+ n :| =0,

r r2

“(a) =0,
4(b) = 2mm + .

(b) (n odd) R =1, and Q(r) =1,.

Note that again in the n odd case there is spherical twist solution to the
system (1.3)—(1.5) only when R = I,, in which case « must be the radial projection
x/|z|. We next specialise to the case p = 2 and explicitly compute spherical twists
that are weighted 2-harmonic maps for a given weight function h as above. First
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the ODE in Theorem 2.6 in this case reduces to

N -1 . h .
g+”754+gs4:0 in (a,b),
Y(a) =0,
4(b) = 2mm + 1.
Interestingly the explicit solution ¥ = ¢ (r;m) with a < r < b can then be seen

to be given by the formulation

(2.31) G(r) = 2”;2#

where  is the function given by the integral

/B(T)7

T slfn
(2.32) B(r) :/ mds.

As aresult in the n even case the required weighted 2-harmonic maps v = Q(r)0
are obtained via (2.29) by substituting for ¢ from (2.31). Note that the Ej-
energy of these extremising maps takes the explicit form

b
h ;X" = " Ih(r 0| dr dH™ !
BSQUSX" = [ [ ) TIQue) dran 0
b

= [ nn [t (B

where w,, = |BY}|. By inspection this energy is seen to diverge quadratically as
|m| * co. Note also that the condition h > 0 here ensures the coercivity of
the energy and the ellipticity of the resulting Euler—-Lagrange system whilst for
the sole purpose of (2.31)—(2.32) all that is required of h is for s1="/h(s) to be
L'-integrable on (a,b).

2.2. Weighted harmonic maps with discontinuous h. As a variation
of the above theme in this subsection we consider the weighted Dirichlet energy
where the weight function h has jump discontinuities. For the ease of exposition
and clarity here we assume that there are only finitely many such jumps within
the interval (a,b) but a similar analysis can also be carried out for infinitely
many jumps. To start let us consider first the case of a single jump discontinuity
at a point ¢ € (a, b):

hy ifr€a,d],

EA [u; X" :/ h(|z|)|Vul* dz, where h(r)=
g [u; X"] - (lzD [Vl (r) he ifre (e,
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and hy,hy € R are fixed (non-zero) constants. (*) If we restrict to spherical
twists then we can write E}[Qf; X"] = w,,G}[Q] where

¢ b
G[Q) := h1/ [nn 1 + |Q|2] " ldr + hz/ [nn -1 + |Q|2} =1 g

r2 2
Similarly to Lemma 2.2 we can compute that the Euler-Lagrange equation as-
sociated with G2 is the system

d .
d—[r”_lQQt] =0 on (a,c) U (c,b),

r

Q(a) =L, Q(b) =R,

h10-Q(c)Q(c)" — h20+Q(c)Q(c)" =0,
where J_, 04 denote the left and right derivative, respectively. We point out that
the W12 integrability of the twist path Q = Q(r) implies that Q is continuous
on the interval [a,b]. Integrating the ODE on (a,c) U (¢, b) we observe that for
suitable n x n skew-symmetric A;, Ao and orthogonal Q1, Qs:

exp(A1/r""2) x Q; fora<r<e,
exp(Ay/r"™2) x Qg for c <r <b.

(2.33) Q(r) =

Now Q(a) = I, gives Q; = exp(—A;/a""2) and the continuity of Q at r = ¢
gives Qo = exp((c®™" — a?7")A; — ¢?""A,). Next computing the left and right
derivatives at ¢ results in h1A; = hoAy. Finally to choose A; so that Q(b) =R
we write Ay in block diagonal form, that is,

Padiag(siJ,. .., spJ)Ph if n = 2k,

A =
PAdiag(le, ceey SEJ, O)Pg if n=2k+1.

for suitable Py € SO(n) and (s;)*_; C R. Next upon writing R = GrDrGk,
with R given by (2.7) or (2.8), it follows that the scalars s; must be given by

(2mm; +n;)/ha
(02771 _ a27n)/h1 + (b27n _ C2fn)/h2’
k

for suitable (m;)7_; C Z and Pp = GRrP for some P in the centraliser of Dg.

(2.34) si = 1<i<k,

Finally in a fashion similar to what was done in Section 2 (cf. [26]) it can be
shown that for n even and with s; = s; for all %, j the spherical twist associated
with the twist path (2.33) is a solution to the system of Euler-Lagrange equations
associated with E5.

By iterating the above argument and invoking the matrix exponential map
one can prove the following extension. Note that despite the discontinuity and

(%) For technical reasons we additionally require (2~ — a2~ ") /hy + (b2~" —c2~") /hy # 0
(see (2.34)). Note also that ruling out the case where either of h1, ho is zero is due to the basic
fact that here there would be an uncountable family of curves Q = Q(r) in the corresponding

sub-interval serving trivially as solutions.
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sign condition on the weight function h these solutions agree with those given
by the integral representation (2.31)—(2.32) in Theorem 2.6.

THEOREM 2.7. Let n = 2k and R be as in Lemma 2.4. Furthermore, assume
the finite sequence (h; : 1 < i <1) C R satisfies h; #0, (¢; : 1 <i<I])CR
satisfies a = cg < ¢1 < ... < ¢; = b and that the weighted sum in the formulation
of ¢ in (2.37) is non-zero. Let h be the discontinuous piecewise constant weight
function

!
h(r) = Z RiXie,_r,e(r), a<r<b,
i=1

where Xe,_, ;) 5 the characteristic function of the interval [c;1,c;). For fized
m € Z and P in the centraliser of Dr consider the twist path Q = Q(r;m) given
by the factorisation

(2.35) Q(r;m) = GrP diag(R[¥](7), . .., R[¥4](r))P'GL

where 4 = 4 (r;m) with a < r < b is the continuous function given piecewisely,
for1 <3<, by

j—1 2-n _ 2-n 2—n _ 2-n
(2.36) ¥9(r)= {Z <Ci W fiz1 ) + ! h‘crl }( forr € [cj_1, ¢
J

i=1

and C is the quantity given by

(2.37) (=

Then the spherical twist u = Q(r; m)8 is a solution to the Euler—Lagrange system

associated with the energy BS, that is, u is a weighted 2-harmonic map.

3. Spherical whirls as extremisers of the weighted Dirichlet energy

The aim of this section is to consider and examine a second class of maps with
less symmetry as solutions to the system of Euler-Lagrange equations associated
with the weighted Dirichlet energy. These can be regarded as a generalisation of
spherical twists where the twist path depends on the spatial variable in a more
complex way whilst its range is confined to a fixed maximal torus. Indeed instead
of a usual twist path Q = Q(r) we consider an SO(n)-valued map Q = Q(p)
depending on the 2-plane radial variables p = (p1,...,pn) (see below) and we
solely restrict to the energy functional Ef for some fixed " function h satisfying
h >0 on [a,b].

Let us proceed by formally introducing the spherical whirls. Towards this
end we first define the 2-plane radial variables p = (p1,...,pn) as functions of
the spatial variable x = (z1,...,2,) on X" given, depending on n being even or
odd, by
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(a) (n even) set n = 2k and put

(3.1) pj = ,/$§j71 +m§j for 1 <j<k.

(b) (n odd) set n =2k + 1 and put

/.2 2 :
25,4 +x5, for1 <5<k,
(3.2) pj = / /

Tok+1 for j =k+1.

In order to ease notation we also introduce N = N(n) by writing N = k when
n =2k and N =k + 1 when n =2k + 1. Then p = (p1,...,pn) is seen to lie in
Ax where the open domain Ay C R¥ is given by

{peRY :a<|p| <b} for n = 2k,

Ay =
{peRY'xR:a<|p|<b} forn=2k+1.

We will write (0AN), = {p € OAN : |p| = a}, (OAN), = {p € OAN : |p| = b}
and 'y = 0An \ {p € OAN : |p| = a or |p| = b} to denote the three segments of
the boundary of Ay. Now we have

(33) UI.’E*—>Q(p)0:Q(pl,...,pN)fE|lC|7l7 LUGXH7

where 0 = z|z|™!, p = p(x) = (p1,...,pn) is the vector of 2-plane variables as
above and Q € ¢ (An,SO(n)). We further assume that Q takes values on some
fixed maximal torus of SO(n), specifically, we consider SO(n)-valued maps Q of
the form (°)

diag(R[f1],-- -, R[fx]) for n = 2k,

3.4 =
34)  Qlpr,---spN) diag(R[f1],- .., R[fsl,1) for n =2k +1,

where, for 1 <1 < k, f; € €(Ay,R) satisfies f; = 0 on (0AN), and f; = 2rm+n
on (OAN)p. This ensures that u = ¢ on 0X,,. We start by calculating some of
the quantities associated with spherical whirls to facilitate future derivations.

LEMMA 3.1 (Key identities). Let u = Q(p1,...,pn)0 be a spherical whirl on
X" with Q € € (An,SO(n)) NE2%(An,SO(n)). Then we have the following:

N
(a) Vu:%(Q7Q0®9)+ZQ,19®VPl;

=1

r

N
n—1
(b) [Vul? = —=+> Q0%
=1

(5) In weakening the radial symmetry of twists we demand that spherical whirls should
instead commute with only a subgroup of SO(n) — here, the described maximal torus of block
diagonal 2 X 2 planar rotations. By maximality reasons this then implies that any spherical

whirl itself should take values on the same maximal torus. See [7], [18], [19].
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N
2 2p1
Au = 0+ — A 0| —
(c) Au l; [Q,u + = QuVp+ ( pr— )Q,l }
Here Q; and Q; denote the first and second order derivatives of Q with respect

to p; respectively and V p; is the gradient of p; with respect to the spatial variables

x=(21,...,2Tn)-

PROOF. A straightforward differentiation using the described representation
of u as in (3.3) and with r = \/2? + ... + 22 = \/p? + ... + p% gives

N N
1
Vu=Qve+ Q710®Vpl:;(QfQ0®9)+§ Q.0® Vi,

=1 =1

where in deducing the second identity we have made use of the formulation
VO =r~1(I, — 0 ® §). With the aid of this we can now calculate the Hilbert—
Schmidt norm of the gradient Vu as

(3.5)  |Vul? =tr [VuVu!]
:tr{;(In—Qé)@QH +,Z —QO®6)(Vp @ Q,0)

N
+) Qio® Q,le}
=1

-1 1

+ > _{(QVp, Qu6) — (Q0, Q) (0. Vi) +7]Qu01°)
=1

-1 1

= QYL Quo) + rIQuo),
=1

where in the second to last line we have used the fact that the product Qle is
skew-symmetric. We now focus on the term (QVp;, Q,6). First, recalling that
Q is of the form (3.4), a straight forward differentiation gives

diag(alflJ,... ,6lka) if n= 2/{1,

QQu=1 .
diag(9y f1J,...,00fxJ,0) ifn=2k+1,

where J is

|x\_1(8lf1Jy1,...,3gkayk) ifn= 2k,

Q'Qu8 = Q'Quala T = { |
|.T‘ Ouf1dy, -, O fidyk,0) if n =2k + 1.

Next differentiating p; using (3.2) and (3.1) we have Vp; = p;1(0, e Yy, 0)
for 1 < j < N. Hence by substitution (note that in the writing of the second
equality below we are excluding the case 7 = N with n odd in which the required
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identity is trivially true) we have

s ¢

(QVp;, Qub) = (Vp;, Q"Q.0) = |z ; y;,Jy;) =0, 1<, 1<N,

J
in virtue of J is skew-symmetric. It is now evident, by (3.5), that

N
n—1
(36) Vul? = ——+ > _1Qu0f*.
=1

Finally we obtain Au by taking the divergence of Vu and making note of the
identities Vp; - Vp; = &5, Vp; - 0 = p;/r, Ap; = 1/p; except for n odd and
j = N where Apy = 0 and [Vp]'p = 2. This therefore completes the proof. [J

Using the above description of |[Vu|? we can proceed by writing the weighted
Dirichlet energy E% of a spherical whirl u = Q(p)@ as

Bffusx") = [ h)IVIQ0F
:/nh(r)[nrzl ]daj

k
n—1 1
_/nh(r)[ 3 +TzZ|Vfl|2pﬂ dr,
=1

or after a basic changing of variables as

k k
dm—l— 27rkZ/ |Vf|2 Hpjdp.
1=1 /AN j=1

Prompted by the variational role of the integrals in the second term on the right

3.7) Ej[w;X"] = . hir) =

in (3.7) we define, for 1 <1 < k, the energy functionals

k
h(r
ulfianl = 2 [ P92 ] oy o
Ay T =1
Here the admissible functions f are assumed to lie in the space
B(AN) : U Bm(AN)
meZ

where for each m € Z we have

B (An) = {f € WH(AN) : floan). =0, floay), = 2mm +n}.

Referring to (3.7) it is easily seen that we can rewrite this as

b k
(3.8) EA u; X" = / n(n — Dwph(r)r™ =3 dr + ZH; [f; An].
@ =1

Now, since for a spherical whirl the energy EZ is a finite sum of the energies
H; (1 <1 < k) where each H; depends only on f = f;, we proceed by extremising
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each H; separately. Indeed the Euler-Lagrange equations associated with H; over
P (Ap) is seen to be

9 k
. 1Y .
div (h(r)rl2 1_[1ijf> =0 in Ay,
j=
=0 OAN)a,
(3.9) d on (0An)
f=2mr+n on (0AN)s,
pi H piOuf =0, on I'y.
j=1

Note that d, is the partial derivative in the outward pointing normal direction.
The following proposition leads to the conclusion formulated in Theorem 1.2.

PROPOSITION 3.2. For each fivred m € Z the Euler—Lagrange equation (3.9)
admits a unique solution f = f(p;m) in B(AN) given explicitly by

2rm +n
p(b)

where = [(t) is the function defined on [a,b] via the weight h through the

integral
tslfn
t) = —d
= [

PROOF. We first verify that f satisfies (3.9). Indeed f is easily seen to satisfy
the boundary conditions. To ease notation we write ¢ = (2mm +1)/8(b) for the

f(pam): 5 Zpl ) plv"pr)EKNa

rest of this proof. Now basic differentiation yields

We approach the cases of odd and even n separately. First, if n = 2k, we have

(3.10) div<h<>f§Vpr]) Z (1) s WHpJ)
=§26{2pz5l 2+an] +pf n+2 H pi

Jj= 17J75l

C
=7l H p;(2p1 + kpr — (24 2K)p1 + kpy) = 0.
j=1
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On the other hand if n = 2k + 1 the calculations are the similar but we must
observe the subtle difference of pr1 = zor+1 and so we have
k

1) (b 2 Vme) oY (M0 s Hpj>

=1

k
0 Pk+1
—— (hn 2 __ et .
+Capk+1( (r)pi h(r)rni? j:1pg

c b 24+n b
= ez P H Pj <2Pl + kpi — 2 P+ kﬂl)
i=1

j=1
2+n pi
+c<HpJ>pz( T Pt 2+n>
cpi
= pnt2 H pi(2p0+ kpr — (2k + 3)p + (k + 1)pr) = 0.
Jj=1

Finally to justify uniqueness suppose f!, f? are two solutions to (3.9) and put
g = f' — f% Then g solves (3.9) with zero boundary conditions. Using the
divergence theorem and the asserted boundary conditions we then have

1
(3.12) / IVgIQp?Hpg dp—/ 298 p?HpJ A"t =
AN AN r

j=1
Since p1,...,px > 01in Ay it then follows that [Vg|? = 0 in Ax and so we must
have g = 0 in Ay due to the boundary conditions. We can therefore conclude
that f! = f2? and so uniqueness follows. O

We note from the explicit description of the solution f = f(p;m) in the above
proposition that f is indeed a function of the radial variable r. In conclusion the
associated spherical whirl has the form u = Q(r) where Q € ¢?([a,b],S0(n)).
Maps of this form are the spherical twists that were introduced and thoroughly
discussed in Section 2. The proof of Theorem 1.2 now follows from the results
in Section 2 for spherical twists. It is remarkable to note that, despite structural
differences, the spherical whirl solutions to the system (1.3) in this case coincide
exactly with the spherical twist solutions as given in Theorem 1.1.
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