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ABSTRACT. Partial regularity of solutions to a class of 2m-order quasilinear
parabolic systems and full interior regularity for 2m-order linear parabolic
systems with non smooth in time principal matrices is proved in the paper.
The coefficients are assumed to be bounded and measurable in the time
variable and VMO-smooth in the space variables uniformly with respect
to time. To prove the result, we apply the (A(t), m)-caloric approximation
method, m > 1. It is both an extension of the A(t)-caloric approximation
applied by the authors earlier to study regularity problem for systems of
the second order with non-smooth coefficients and an extension of the A-
polycaloric lemma proved by V. Bogelein in [6] to systems of 2m-order.

1. Introduction

In this paper we continue to study partial regularity of weak solutions to qua-
silinear parabolic systems. We consider a class of 2m-order systems in the form

(1.1) w(z)+(-1)™ Z D (AP (2, D™ L u(2))DP u(z))
lo|=[B]=m
= Y (- DY Fu(2),

|| <m
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for z € Q, where m > 1, z = (z,t) € Q = Q x (—T,0), Q is a bounded domain
in R"n > 2,7 > 0 is an arbitrary fixed number. By u; we denote the time
derivative of a function u: Q@ — R™ N > 1 and for multiindex a = (ay,...,a,)
with a; € Ng and |a| = a1 + ... + a, we denote by

D% = 7alalu
Oz ...0zp"
the space derivatives. Moreover, Dy = {D%u}|q|=;- Through the paper we
use the convention of summation over repeated indices. The functions F, for
|a] < m belong to appropriate Campanato spaces.
We assume that the N x N matrices A*?(z,t,p™ 1), |a| = |8 =m, p"~! €
P,1={p*€RY :a=(ay,...,a,), |a| = m—1} satisfy the uniform ellipticity
conditions with positive numbers p and v, v < u:

(1.2) Y AP e vl e = Z j€°?,
lee|=]B]=m =
for any systems {£%}|q|=m of vectors of RY, all arguments p™~ ! € P,,_; and
almost all z € Q.
Moreover, for all p™~1 € P,,_1,

1/2
(1.3) A+, p™ Yoo = [ess sup Z Z AZJB 1))2} <

2€Q  kI=1,..Nla|=|8|=

For simplicity we write A(z,p™~!) € {v,u} provided that A(z,p™ 1) =
{A%8 (2, p™ ")} aj=|p|=m satisfy the assumptions (1.2), (1.3) for any p™~! €
P,,_1 and almost all z € Q.

We consider weak solutions u of system (1.1) defined as follows:

DEFINITION 1.1. A function u € V(Q) = L?((=T,0); Wi*(2)) is a weak
solution to system (1.1) if it satisfies the identity

(1.4) /Q[—u(z) “di(2) + Z A%P(z, D™ Lu(2))DPu(z) - D*¢(2)] dz

|a]=|8|=m
-3 /  D?g(z) d

la]<m
for all ¢ € C§°(Q).

In this paper we relax the known conditions on the matrices A%?(z, p™~1!)

which guarantee partial regularity of weak solutions u to system (1.1) (see [6]).
We estimate the Hausdorff measure of the singular set 3 of u. In particular, we
prove that for the linear systems their singular sets ¥ are empty. Let us remark
that results of this paper in the case m = 1 coincide with the results of our
earlier paper for quasilinear systems of the second order in [5].
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Under similar smoothness conditions in = and t for the principal matrix,
the regularity question for a wide class of nonlinear scalar equations and 2m-
order parabolic linear systems (m > 1) was studied in a series of the works by
N.V. Krylov, H. Dong, D. Kim (see [18], [19], [11]-[13] and references therein).
In these works the principal coefficients of the studied systems were also assumed
bounded and measurable in ¢ and VMO-smooth in the space variables.

Using a different approach to study quasilinear systems, we proved partial
regularity of the second order (m = 1) parabolic systems in divergence and non
divergence forms in [3]-[5] under conditions on the principal matrices analogous
o (1.2), (1.3) by so called A(t)-caloric approximation method (for application
of the method see also [1]). This method is a modification of the A-caloric
approximation method by F. Duzaar and G. Mingione [15] (see also [8], [6]) and
it is an analogue of elliptic A-harmonic approximation having its origin in E. De
Giorgi ideas (see [10], [14]).

To study 2m-order systems, we prove here a new variant of the A(t)-caloric
approximation lemma and name it (A(¢), m)-caloric approximation lemma. We
hope that this approach will be helpful to study regularity problem for more
general classes of 2m-order quasilinear and nonlinear parabolic systems.

The paper is organized as follows: in Section 2 we list notation and the main
results, Section 3 contains auxiliary results, Section 4 is dedicated to properties
of (A(t), m)-caloric functions. We prove (A(t), m)-caloric lemma in Section 5.
Finally, in the last Section 6 we prove Theorems 2.1, 2.2 and 2.4.

2. Notation and main results

In the paper we assume that €2 is an open bounded domain in R™ and T is
a positive number. We will use the following notation:
o z = (z,t),
o 0= (2%t eQx (-T,0)=Q Cc R*}
e I' =00 x (-T,0),
3p,Q =T U (Qx {-T}),
A (t0) = (89 — 2™ 10),
B, (2°%) = {z e R"; |z — 2°| < 7},
Qr(2%) = B.(2°) x A.(t°),
[,.(2°) = 0B, (2°) x A.(t%),
apQr(ZO) = FT('ZO) U (B, (z0) x {to - T2m})'
Throughout the paper we will use the standard notation for the Lebesgue and
Sobolev spaces. Note that the Holder spaces C%®(Q), Morrey spaces L>*(Q),
and Campanato spaces £2*(Q) are considered with respect to the m-parabolic

metric

Sm (2!, 2%) = max{|x1 — 22|, ¢! - t2|1/2m}.



114 A.A. ARKHIPOVA — J. STARA

Thus, for example, C%(Q) = nyf/Qm(Q) in the euclidian metric in R™*1.

For a function u in Sobolev spaces W3*(€2) on a domain @ C R™ we assume
that all the derivatives of u up to the order m are square integrable on €.
Sobolev spaces Wy ’k(Q) consist of all functions u such that all derivatives of u
with respect to the space variables up to the order m as well as all derivatives
of u with respect to time up to the order k are square integrable on Q. Finally,
Wz%(m = [08°(Q>]w2m<m.

Further we denote the spaces

V(Q) = L*((=T,0); W3"(Q)),
V(Qr(2)) = L2 (A (t°); W5 (B, (2°)),
V(Qu(=") = L2(A, () W3l (B (),

for 29, r such that Q,.(z°) cC Q.
The space averages and the space-time averages of u € L' (Q,.(z°)) are defined
by

1
(u>T,JL’0 (t) |BT (’JJO)| (y’ t) dy7

1
()20 = GRE] 0.0 u(z) dz —]ér(zo) u(z) dz.

Space averages of coefficients A7 are defined by
APy, o (t,p™ ) = / t,p™ ) dy.
(A7) a0 (t,p |Bx0| 0) Py, t,p™ 1) dy

Here |B,| and |@,| stand for the Lebesgue measure of B, and @, in R™ and
R™*+1 respectively.
In what follows we will use the notation Q,, V,, (u), and (A*?), without
denoting center of the ball or cylinder if it does not cause misunderstandings.
Next we formulate the main assumptions on the data. Let for «, 5 with |a| =
|B| = m the coefficients A%8 = (Azﬁ (z,pm’l))“:lw”N, with p™~! € R™~1 are
Carathéodory functions on @ x P,,_; and satisfy the following conditions:

(H1) There are positive constants p, v, ¥ < p such that [N x N] matrices
A8 with |a| = |B| = m satisfy the ellipticity condition (1.2) and the
boundedness condition (1.3).

(H2) For almost all z € Q, and p™~1, g™~ € P,,_; it holds

(2.1) [ A (2,p™ 1) = A% (2, 4™ S w(p™ T = g™,

where w(s) is a non decreasing, bounded and concave function on [0, c0)
with lim w(s) =0.
s—0+
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(H3) For all i, < N, |a|] = || = m, almost all t € (—T,0) and all p™~! €
P,,—1 the coeflicients Azﬁ( -, t,p™1) belong to VMO(Q) and

pSr pmTlEP, 1

e2  sw  wp f (f M@mﬁIU&MWM’W%@ﬁ
A/J(to) Bp(xo)
Q-zcQ

= ¢*(r) =0
for » — 0+4. Here
(Aot g™ = f At d,
By (2°)
(H4) The functions F,, € £2"+2191=2427(Q: 6,..), |a| < m, v € (0,1).

Note that the assumption (H2) means continuity of A*?(x,t,p™~!) in the
arguments p™~! which is uniform with respect to z = (x,t) and the assumption
(H3) is VMO continuity of A%? in 2 uniform with respect to ¢ and p™~!. We do
not assume any additional smoothness in t of the coefficients A5,

We can require that conditions (H1)—(H4) are satisfied only locally in @
because in this paper we study the interior partial regularity of weak solutions
to system (1.1).

In order to concentrate our attention on the properties of the principal ma-
trices A we omit additional nonlinear terms of the lower order.

Next we formulate the main results of the paper. To shorten the formulas
we will denote for £ =0,...,m by

1/2
|D*u| = ( > |D°‘u|2) .
a, |lal=k
THEOREM 2.1. Let the assumptions (H1)—(H4) hold and u € V(Q) be a weak
solution to (1.1). Then there exist numbers 7,00 € (0,1) and ro > 0 such that,

if Qr(=°) € Q and

(2.3) p(nt2(m=1)) / |D™u(2)]? dz < 6y
Qr(2%)

with some r < 1o, then u and all derivatives D* u with k < m — 1, belong to
C(Q,,(2°)) with the exponent v € (0,1) given in the assumption (H4). The
norms HDkuHCW@ (x0) can be estimated by the data of the problem, |ullv(q)
and r~1.

THEOREM 2.2. Let the assumptions of Theorem 2.1 hold and u € V(Q) be
a weak solution to system (1.1). Then u and its derivatives D*u, k < m —1 are
Hélder continuous functions (in the parabolic 6,, metric) on an open set Qo C Q,
Qo = Q \ X where ¥ is the closed singular set of u and Hyio2(m—1)(X;0m) = 0.
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REMARK 2.3. Let all conditions of Theorem 2.1 hold. We put
A(x,t) = Az, t, D" tu(z, t)).

The matrix A is bounded in ¢ and VMO-smooth in z on the regular set Qg
(defined in Theorem 2.2). We can consider u as a weak solution of the linear
system
(24)  w(z)+ (=1)"D™(A(:)DMu(z) = Y (=DIMF.(2), z€Qo,

|| <m
and apply results stated in [12] to obtain further smoothness of u (certainly,
under appropriate assumptions of the functions Fy,).

As a particular case of (1.1) we can consider the linear system

(25) ue+(-1)™ Y D*AP()DPu)= > (-1)ID*F.(2), z€Q,
lee|=|Bl=m lee|<m

Then Theorem 2.1 implies the following result on the regularity of solutions to

system (2.5).

THEOREM 2.4. Let the assumptions (H1), (H3) hold for the matriz A(z),
z € Q, and the functions F, satisfy conditions (H4). Let u € V(Q) be a weak
solution to system (2.5). Then u and its derivatives DFu, k < m — 1, are the
Holder continuous functions in Q with the exponent v € (0,1) where v is fived
in the assumption (H4).

REMARK 2.5. As we mentioned, regularity results for linear parabolic sys-
tems of the higher order with non smooth in time coefficients follow from the
paper [12] where solvability results for such systems in the Sobolev spaces were
stated but here we suggest another approach and consider the right hand sides
F,, not in L? but in Campanato spaces.

3. Auxiliary results

In this section we recall several results needed further.
LEMMA 3.1 (Interpolation lemma, see e.g. [6], [7, Lemma B1]). Let a function
u € Win(B,(2°)). Then:

(a) For anyk <m—1 and any € € (0,1] there is a constant ¢ which depends
on n,m such that the following inequality holds

(3.1) / |DFu(z)|? dz < sr2<m*k>/ |D™u(x)|? do
B, (z%) B,.(z%)

+ c(n, m)e R/ (m=Fk) .= 2k / lu(z)|? da.
B, (20)
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(b) If we choose 1, ro such that the condition r/2 < ry < ro <7 is satisfied,
then

(3.2) / | DFu(x)|? da
By (x9)\ By, (2°)

< e (ry — )2 / D™ u(z)? da
By, (z°)\ By, (z°)

+ ¢(n, m)e‘k/(m_k) (rog — 7‘1)_%/ |u(x)[? da.
Bry (z)\Br, (2°)

LEMMA 3.2 (Caccioppoli inequality). Let ag(z) = {a3” (2)} for |a] = |8] = m
be N x N-matrices, ag € L>®(Q), ao(z) € {v,u} for almost all z € Q with some
positive constants v < p. Let F, € L*(Q) for all v with |y| < m and u € V(Q)
be a weak solution to the system
(33)  wle) + ()" D ag"(2) DPu(z) = 3 (~)1DY By (2).

[v|<m
Then, for any polynomial Py_1: R® — RY of the degree less or equal to m — 1
depending on x only, the following inequality holds

(3.4) ][ |D™u(z)?dz < ccacc_r72m][ |u(2) = Pp_1(x)|? dz
Qr/a2(2) Qn(2)

+c r2<m—|a\>][ |Fo(2)? dz
Iaz—:o Qr(2%)
in any cylinder Q,.(z°) CC Q. The constants in (3.4) depend only on v, u, m
and n.

We could not find in literature the Caccioppoli and the Poincaré inequalities
for systems (3.3) in an appropriate form and give below the proofs of these
lemmas.

In the draft of a proof of Caccioppoli inequality we will use Steklov formula-
tion (see ([6], [20]).

PROOF OF LEMMA 3.2. First, we recall that any weak solution u € V(Q) of
system (3.3) is a function from the class C((—T),0); L?(£2)) (see, for example [20,
Chapter 2]). Moreover, for a fixed polynomial P,,_1(x) of the degree less than
m, the function u(z) — P,—1(x) is also a weak solution to system (3.3) and the
following identity is valid

(3.5) /Q o [—(w— Pmn-1) ¢+ +agD™u- D" ¢|dz

+/ (w—Ppoy)-dda|=" = > / F,-D%pdz,
BT(mo) T(ZO)

lo|<m
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for all ¢ € WHQ,(22)), dlo,0,(0) =0, Q2% cc Q.
We fix numbers 1 < 7o such that /2 < r; < ro < r and an arbitrary
polynomial P,,_1(x) and consider the function

$(2) = (u(2) = Pr—1(2))n*™ (x) 6%(t)

where n € C§°(B,,(z%)), n(x) = 1 in B,,(2°), |DFn(x)| < ¢/(ra —1m1)*; 0 €
C®(RY), 0(t) = 1 in A, jp(t%), 0(t) = 0 for t < 0 — 2™ |0/(t)| < c/r?™.
Unfortunately, ¢ is not differentiable in ¢ and thus it cannot be used as a test
function directly. The well known Steklov average procedure should be applied
beforehand (see, for example, [20, Chapter 3]). To spare the place we omit this
procedure and illustrate the idea of the proof by putting the function ¢ in (3.5).
Then we obtain the relation

(3.6) /Q(O)IU(Z) P ()™ ()0 (t) 6(t) dz

v [0(2) = P (@) PP (@) (="
B (1‘0) 2

+ / aoD™u - (D™ un®™ + K(u,n)) 6 dz
Qr(2°)

= / Fo - (D™un®™ + K(u,n)) 6% dz
Qr(2%)

+Z/ Fy - DF((u = Pp_1) ™) 62 dz.

Here we denoted by Fy = {F,}|q=r and by K(u,7) the terms with the lower
order derivatives of u:

m—1
D] )Dm j772m
7=0

Using the ellipticity condition and the Cauchy inequality we derive from (3.6)
that

(3.7) / |D™u*n*™0% dz < % |u — Pp_1|?dz
QT(ZO) r QT(ZO)

+c/ \K(u,n)|292dz+c/ |Fon|? dz
Qr(2°) Qr(29)
+c Z/ |Fy| | D¥[(w — Pro1)n®™]| dz.

Further we write B, = B,(2°), A, = A,(t°), Q, = Q,(z°) and put

T, = (B,, \ By,) % Ay
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We recall that D7y = 0 on B,, for all j = 1,...,m— 1, and estimate the integral

(3.8) I ::/ K (u,n) |20 dz

|DI(u — Pp—1)|?60? dz / |u — Pr_1]26?
< d —d
c/ Z (ry —71)2m=9) ore 7, (rz2—ri)*™ :

le

Now we integrate inequality (3.2) (with an € > 0 to be defined later) in ¢t € A,
and obtain the relation

_DZ — m 292 _me 2
Z/ |D"(u )l dz<e |Dmu\292dz+c€/ |uiﬂdz.
T,

(rg —rp)2(m=9) T, - (rg —rp)?m

Then

_P’H'L— 2
3.9 I < cqe D™u|? 0% dz + ¢, u dz.
2
7, (ra—ry)*m

r

Further we estimate the integrals with the functions Fy in (3.7) by the Cauchy
inequality with a parameter ¢ € (0, 1), we will choose ¢ later. Thus

[(u = Po—y)*™]|?

(ra — 11 )2(m=F) dz

k 2m |Dk
Ji 1= |Fy| |[D"[(u — Pr—1) n™™]|dz < q

T r

+Cq/ |Fi? dz(ry — 11)*" ™% =t qly + 1.

s

Here

Di (1 — Ppy_y)[26°
ll<c/( ~2(m— MZ' (u kl)l) dz

2—7“1

Di(u — Pp,_1)|?6? —P_1?
/ Z| (u 1)| dZJrC/ |u 1] dz.
(ry —7p)2m=9) Q, (r2—ri)*m

’V‘J 1

We apply once more the interpolation inequality (3.2) with € = 1 to estimate
the integrals with |D7(u — P,,_1)|? in the last inequality and obtain that

—P,._ 2
I < c/ |D™u|?6% dz + c/ H dz.
T, (rg —r1)?m

r

Thus, for ¢ € (0,1),

(3.10) Ji < 02q/ |D™u|?6% dz
T

|’LL — Pm*1|2 - 2(m—k) 2
+c de"‘CqZT |Fk;| dz.
QT 2 1 k=0 Q

r
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Estimates (3.9) and (3.10) help us to deduce from (3.7) the inequality

(3.11) / |D™u|?*n?*™0% dz < (c1e + ca g(m — 1))/ |D™u|?6% dz
T

r

L / o= P irz(m—m/ 2 dz

. .
Q. (r2—ri)*m "= Qr

Now we choose the parameters €, ¢ € (0,1) from the condition

c1e+cog(m—1) <1/2.

For the function

o(p) = / / D6 drdt, p<r,
Ar(t9) J B, (x0)

we obtain from (3.11) the inequality

M(r)
. < (o 2 \2m
(3.12) g(r1) < 1/2g(r2) + (ra —r )2 5(r)
where
M(r) :c/ = Po1|2dz,  S(r) :Czrz(m*k)/ |F? dz,
Q- k=0 @

for r/2 < ry; < ro <r. By the well known lemma (see, for example, Lemma 8.18
in [17]) this inequality implies that

(3.13) g(;) <c Afzx) +eS(r),

where the constants ¢ = ¢(v, p, m,n). Inequality (3.4) follows from (3.13). O

LEMMA 3.3 (Poincaré inequality). Let the assumptions of Lemma 3.2 hold.
Then

(3.14) ][ u(z) — Poy ()] d
Qr(2°)

< Cpoine r2m][Q o |D™u(2)|* dz + ¢ Z r4m72|0“][ |Fo(2))? dz
2r (2

jal<m Qar ()
Jor any r such that Qs (z°) CC Q. Here P}, (x) minimize the integral

er(zo) |u(z) — Pp_1(x)|? dz among all polynomials of degree at most m — 1 and

the constants in (3.14) depend only on v, u, m and n.

PROOF. Let u be a weak solution of system (3.3). We fix a cylinder Q,.(2") cC
@, and numbers 7y < ro where r/2 < r; < ro < r. We also fix numbers s €
Ar (%) \ Ay ja(t) and 7 € (s,t%). We denote by n = n(z) a cut-off smooth
function for B,,(x°), n(z) = 1 in B,,(2°) and |D*n| < ¢/(r2 — r1)*, k € N.
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We address to identity (3.5) with the test function

$(2) = (u(z) = P* (w3 8))n*™ (x)x= (t)

where the polynomial P*(x;s) minimize (for the fixed s) the integral

/ lu(z, ) — P(z)[? dz
B, (z%)

121

among all polynomials of the degree not more than m — 1. The piece-wise

continuous function x.(t) = 1 for t € (s,7) and x.(t) =0 for t € R\ (s—¢,7+¢)
and (s —e,7 +¢) C A.(t°). (We omit the Steklov average procedure.) After

some trivial calculations we tend € — 0 and obtain the equality

(3.15) / 17] " (z)|u(x,t) — P*(x,s)|* d -

,(z0) 2 t=s

+ / / aoD™u - (D™ un*™ + L(u,n)) dx dt
7‘2 (x())

/ / o D™un*™ 4 L(u,n)) dz dt

k _ *£ES 2m =+ dt.
+Z//T2(EO)FkD(u P*(z,8))n*™"] dx dt

We denoted in (3.15) by L£(u,n) the expression

Z Dk P*(.”L' S))Dm k772m(x)]-
To short the place we will write

BP = Bp(xo)v QP = QP(ZO)’ AP = Aﬂ(to)v
a(z) = U(Z) - P*(x;s)v TT = (B?”'z \Brl) X (577—)'

Now we estimate the terms with £ = L(u,n) in (3.15) as follows:
(3.16) M, ::‘/ / aoDmu-dedt‘
s BT2

IDmu| Z |Dku\(r2 _Tl)k
<c dz
B /T (r2 —r1)™ "

|Dku| 2 _ 7“1)% 7“2m|Dmu|2
/ Z dZ + Cq m dZ

7 k=0 TT

Here we applied the Cauchy inequality with the parameter ¢ € (0, 1) to be defined

later.
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After integration inequality (3.2) (with € = 1) in ¢ € (s,7) we obtain that

(3.17) /Z|Dku\2dz rg — 1)k

Tkl

Sc(rg—rl)Qm/ |Dmu\2dz—|—c/ |a]? dz.

T T

Then

2mDm 2 2
(3.18) Mlgc/ \Dmu|2dz+cq/ Mdz—&—clq/ ||dz
o, (ra —rp)?m 1, T

r T

Further,

(3.19) M ‘/ / F,-Ldz

<c/ |Fwllul dz+cZ/ "l | DR (e — 1) &
— (7’2—7’1 (rog —ry)™ rm

< / Wd Fop " / |Fol?d
— - az Cog7——5 z
~q . 2 q(TQ—T1)2m 0. m

m
Dk N2k
Z/l U|T2 1) &
m
k=
2m

)
<cyp—m— Fmgdz
< q(rzrl)Qm/Q| |

r

_ 2m 2
_A'_CQM/ ‘Dmu|2d2+02q/ | ‘ dZ
T 7'

r2m

On the last step of relations (3.19) we applied inequality (3.17).
With the help of (3.18) and (3.19) we derive from (3.15) the inequality

(3.20) / iz, 7) P2 der < / iz, 52 de

T2 B’V‘2
2m

r r2m
+cCcog——5— Dmu2dz+07/ F, 2dZ
Q(rz _ 7“1)2m /Q | | q(?"g _ 7‘1)27” Qr | m|

JrZ/ / |Fy, - D*(un®™)| dadt + (01::12) /T |2 dz.

r

By the definition of @ and due to the minimality property of P*(z;s) in B, (z

we can write that

(3.21) /B|a(x,s)|2§/3 lu(z, 5) — PO(z; 9)[2 da,

r

where P°(z;s) is the mean value polynomial of the degree m — 1 in B,, i.e.

/ D*(u(zx,s) — P°(z,s))dz =0, forall |a| <m — 1.

%)
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For almost all s € A, \ A, /5 the function u(-,s) € W3*(B,) and further we
consider such s.

We apply inequality (3.21) and then few times the Poincaré inequality to
the functions D(u(x,s) — P°(x,s)), |a] < m — 1. The following chain of the
inequalities holds:

(3.22) /B |ﬂ(x,s)|2dx§c(n)r2/3 D(u(z, 5) — P°(2: )2 da

= c(n)rQ/B |Du(z, s) — (Du),(s)[*dz < ... < c(n, m)er/ |D™u(x, 5)|? d.

- By

Further we estimate the sum M; with integrals F, in (3.20) as follows:

(3.23) M3<CZ/ / |F| Zj=oDul. °| = 4 - da dt
Z/ |F;€\ dzr Z/ | D% dz(ry — r1)%
T2m,

Now we estimate the integrals with |D7%|? in (3.23) by (3.17). Then

Fil?d
(3.24) M3<ch/ [Fy[* dzr™

7‘2*7‘1

_ 2m
4—6(]7(7’2 QTl) / |D™ul|* dz + qu |u]? dz.

T r

Taking into account inequalities (3.21) and (3.24) we obtain from (3.20) that

(3.25) /B lu(z, 7) — P*(z;5)2 do

1

<ecr’™ / |D™u(z, s) |2dx+ 49 / / ||? d dt
B, TQ\B

2m

T T
| D™uPdz+ec 7/ Fy|? dz,
(TQ—Tl)Qm A7| | qz(’l"g—’l"l)Qk QT| k‘

k=0

where ¢4 = ¢1 + c2 + ¢3. As the right-hand side of (3.25) does not depend on 7
we derive from the last inequality that

(3.26) sup /B lu(x, ) — P*(x;5)]* dx

TE(s,t0) "

<c4q sup / |u(x,t)—P*(x;5)|2dx—|—c7‘2m/ |D™u(x, 5)|? dx
7o \Bry

te(s,t0)

r

+c T2m/ |D™u|? dz + ¢ Z T2m/ |Fi? dz ).
Ty —11)?™ Jg, ! (r2 —7r1)% Jg,

k=0
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We put
o) = swp [ Julet) - P(os) e
(z0)

te(s,t%) JB
and choose ¢ < 1 from the condition ¢4 ¢ < 1/2. Then inequality (3.26) implies
that

m

+§: Zi(r
k—O

(3.27) g(r1) < <
T2 7"1

g(r2) + Ao(r;s) + —— 5

N | =

(2—7“1

for r/2 <ry < ry <r, where

Ap(r;s) = er? / | D™ (a:,s)|2dx,

r

Aq(r) = cqr2m/ |Dmu\2dz,

T

Zi(r) = cqr2m/ | Fi)? dz.
Further we exploit the same assertion as in the proof of Lemma 3.2 (see, for
example, [17, Lemma 8.18]) and obtain that

A S B)
(

<cA
g(rl) =¢ 0<T7 S) + C(T‘Q - r1)2m Tro — Tl)Zk

k=0

for all r1, o such that r/2 < r; < ro <r. Here the constants ¢ may depend on
m, n, k. Thus, for r; = r/2 and ro = r, we obtain the inequality

(3.28)  sup / lu(x,t) — P*(x;8)|? do < crzm/ |D™u(z, 5)|? dx
Bi./2(x9)

te(s,t0) By (x0)
+c/ |D™ul? dz+ch2(m_k)/ |Fy|? dz.
Qr(2°) k=0 Qr(20)
Let P _,(x) be the polynomial minimizing the integral

/ lu(z) — Py ()| d=
Qr/2(zo)

among all polynomials of the degree not more than m — 1. Then (for the fixed
earlier s) the following inequality holds:

(3.20) / lu(z) — Py ( >|2dzs/ fu(z) — P*(z; )2 d=
Qr/2(2°) Qr/2(2°)

2m
< <T> sup / |u(z,t) — P*(x;8)|* do
2 t(s,t0) J B, ) (a)
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<crim / |D™u(z, 5)|? dx
B,.(z9)

+cr2m/ |Dmu|2dz+ch2(2m*k)/ |Fy|? dz.
Qr(2%) k=0 Qr(=%)

Now we integrate the inequality (3.29) in s € A.(t) \ A, /2(t°) and divide by its
measure. Then inequality (3.14) follows. O

REMARK 3.4. Let the assumption (H1) hold and F,, € L?(Q) for all |a| < m.
We can consider a weak solution u € V(@) to system (1.1) as a solution to system
(3.3) with the matrix agﬁ(z) = A%(z, D" tu(z)). Tt follows from Lemmas 3.2

and 3.3 that the function u satisfies Caccioppoli and Poincaré inequalities (3.4)
and (3.14).

4. Properties of the (A(t), m)-caloric functions

We consider a cylinder Qr C @ and positive definite N x N matrices
AP (t) = (ASP(1))shen with AP (1) € L°(Ag) for |a| = |B] = m, satisfying the
condition (H1) for almost all ¢t € Ag.

DEFINITION 4.1. We say that h is an (A(t), m)-caloric function in Qg(z°) if
it is a weak solution to the system

(4.1) hy — A(t)D*™h = 0, z € Qr(2%).

According to the Definition 1.1, a weak solution h € V(Qg(2°)) to system
(4.1) satisfies the identity

(4.2) /Q ( U)[—h(z) - $(2) + A()D™h(z) - D™(2)] dz = 0

for all ¢ € C5°(Qr(2°)). Obviously, any (A(t), m)-caloric function satisfies Cac-
cioppoli and Poincaré inequalities (3.4) and (3.14). Moreover, weak solutions h
of the linear parabolic systems (4.1) have an additional smoothness in any @,
for r < R. We summarize smoothness results about (A(t), m)-caloric functions
in the following propositions.

LEMMA 4.2. Let h € V(QRr) be an (A(t), m)-caloric function in Qr. Then h
belongs to the space W3 (Q,) and solves system (4.1) for almost all z € Qg.
For any multiindex o = (aq,...,ap) and r < rg < R the functions w(z) = D*h

are (A(t), m)-caloric functions in Qr and satisfy the inequality

(4.3) sup/ |w(a:,t)|2 da:+/ |me(z)\2dz§ (TOEVT)Q/Q |w(z)|2dz

teA, JB

r

for r < rq. Moreover, functions w = D*h have derivatives DPw with respect to
the space variables of arbitrary order |B| and the first derivative with respect to
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time in L*(Q,) which satisfy the estimate

(4.4) SII\IP/BT |D5w(x,t)\2dx+/ (|D5w(z)|2—|— |(Dﬁw)t(z)|2)dz

T

< (B (R-1)) / Ih(2)|? d=.

Qr

The functions w are continuous on Q, and (w); € L>=(Q,.) for any multiindez o.

PRrROOF. The proof of this lemma is similar to the proof of Lemma 4 in [5].
In the standard way we derive estimate (4.3) for w = h, i.e. for |a] =0
(see Lemma 4 in [5] or proof of Lemma 1 in [12]). Then we choose Q,(2") CC
Qo (2°) CC Qr(2°) and index i € {1,...,n} and for o, |o| < R—r(, we consider
the difference
h(z + oe;,t) — h(x,t)

(4.5) w;i(o;2,t) = - , zE€ Q,«O(zo),

where e;, ¢ = 1,...,n, form the canonical basis in R™. As the coefficients A(t)
do not depend on x, the function w;(o;z,t) € V(Qy,(2°)) is (A(t), m)-caloric
and it satisfies inequality (4.3), i.e.

(4.6) / D™ s (s 2, 1) ()2 d < ;2/ i (03 2, £) ()| d=
Qr(2°) (ro—r) Qo (2°)

C
<o
(ro —7)? Qr(2Y)

The right-hand side of the last inequality is independent on o, and we can pass
o — 0 and deduce that there exist the derivatives D™ (h,,) € L?(Q,(z°)), for all
i=1,...,n, satisfying the estimate

2

Oh dz.

Bxi

(4.7) sup/ |Vh(x,t)|2dx—|—/ | D™ |2 dz
)/ B,.(z°) Qr(2%)

A (0
< %/ IV h|2dz < co/ Ih|? d,
(ro — ) Qry (29) Qr(z°)

the constant ¢y depends on (R—1r)~! and (ro —r)~!. As the number r < R was
fixed arbitrarily, the derivative D™'h belongs to L2 (Qr(z")). Each function
he, € V(Q,(2°)) is (A(t), m)-caloric function and we can repeat our considera-
tions to justify that there exist the space derivatives of h € L (Qgr(2?)) of any
order and these derivatives satisfy estimate (4.3).

We can rewrite the identity (4.2) into the form

/ [h- 60+ (D)™ AE)D*™h - §]dz = 0 for all € C°(Qr(=").
Qr(29)
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The existence of hy € L _(Qr(2°)) follows directly from the definition of weak

loc
derivative. We can conclude that

(4.8) he + (=1)™A(t)D*™h =0 a.e. in Qr(2°),
and

(49)  Nhullzz(Q, o) < ellD*™hllz2(q, 0y < (R = 1)) IRl L2(Qra0))-
As all functions w(z) = D%h(z), |a] < oo, are (A(t), m)-caloric functions in
Q,(2°) then

I(D*R)ellL2(@, =0y < el D> MR L2, 20y < el (R = 7)™ ))|[Bll 2@ (=0))-

It means that estimate (4.4) holds.
Estimate (4.3) for w = D*h guarantees that

sup [[D*A(-, )20y < cllhllL2(Qr(0))-
An(t9)

Thus h(-,t) € W§(B,(2°)) uniformly with respect to t € A,.(t°). If 2k > n then
by the embedding theorem the function A is a continuous function of = for any
fixed t € A,.(t°) and
sup ||h(-,t T < cllhfz2 L0
seAn(19) H ( )”C(B,,( ) || HL (Qr(29))

Moreover,

|D%h(x,t) — D*h(x, T)|? ‘/ (D*h)(z, 5) ds

<|t—T| \(Do‘h)s(ac,s)|2ds
A (t0)

<|t—T| sup |(Dah)5(m,s)|2ds
A, z€B,(x°)

<lt=rlellal k) [ 10l ooy

r

<|t—7le(lalk, (R =) DIRIL, @) — 0

as 7 — t. We used estimate (4.4) in the last step. It means that D*h €

C(Q,(29)) for all || < oo, and (4.1) implies that h; and (D“h), € L>=(Q.(z°))
for all o with || < o0. O

Next we deduce Campanato type estimates for (A(t), m)-caloric functions.
(For the case m = 1 see [9].)

Recall that for a fixed u € V(Q,) we denoted by P;,_; .
minimizing the integral fQT |u(2) — Pp_1(x)|? dz among all polynomials of degree

(z) the polynomial

less or equal to m — 1.
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LEMMA 4.3 (Campanato type estimates). Let h be an (A(t), m)-caloric fun-
ction on Qr and 0 < p <r < R. Then, for p <r < R, the following inequalities
hold

(4.10) ][ |Dmh(z)|2dz§c][ |D™h(2)|* dz,

P r

2m
ay e - r@Pase(2) f e - PR
: r . :

ProOOF. First we prove inequality (4.10). For p < r/2 and 2k > n we have
the inequalities

][ D)2z < sup [D™R(- ) i

r/2)
o t€EN, /2

k
<) swp D700 0 g, o) € <07 D ID R,
/2 =0

By (4.4) the last expression is estimated by c(r*1)||Dmh||%2(Qr) and similarity
transformation implies that c(r=1) = co(m, v, u). For p > r/2 inequality (4.10)
is evident. Thus, inequality (4.10) is proved for all p < r.

Let now p < r/4. Using the Poincaré inequality (3.14) with F,, = 0, estimate
(4.10), and then the Caccioppoli inequality, we obtain that

][ h(z)P:;_l,,,<ac>|2dzgc/ﬂm]{2 D™ h(z)[? dz
2p

2m
<ot [ praePd<e(2) L e - PP
QT/2 r Q'r‘

P

which proves inequality (4.11) for p < r/4.
For p > r/4 inequality (4.11) is evident. O

5. (A(t), m)-caloric lemma

In this section we will consider a fixed cylinder Q,(2°) C @ and for simplicity
we will leave out the notation of the center 20 of the cylinder as well as t° and z°
in the notation of time intervals and balls. Further we denote for t € A, by A(t)
the matrices {A%%(t)} for a, B such that |a| = |3| = m, where A*?(t) = {Aglﬂ}
for k,l=1,...,N.

LEMMA 5.1. Let p,v be positive numbers, v < u, m, n, N belong to N and
m>1,n>2 N > 1. Then, for any ¢ > 0, there exists 6 > 0 such that
whenever matrices AP (t) (with entries Aglﬁ € L>®(A;R) for |a| = |8] = m;
k.l < N) satisfy the condition A(t) € {v,u} for almost all t € A,, then for any
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u € V(Q,) such that

(5.1) > plelmmpeydz <1,
]ér laj<m
(5.2) ’][ [—u(2) - ¢1(2) + (AP (1) DPu(z) - D*¢(2))] dz| < & sup |[D™¢(2)],
r 2€Qr

for all ¢ € C§°(Q,), there exists an (A(t), m)-caloric function h € V(Q,/2) so
that

(5.3) ][ > p2lel=m Don(z)|? dz < 2m P2,
@2 ja|<m
(5.4) ][ > IDPu(z) — DPh(z)?r2IPImm dz < e
@r/2 |g|<m—1

ProOOF. Without loss of generality we can prove the lemma for r = 1; other-
wise we rescale u to cylinder Q1(0) via

1
Uly,7) = —u(® +ry,t° +127)

which satisfies the assumptions of the lemma on Q1(0), set the matrix A(r) =
A(t® 4+ r?7) and find an (A(r),m)-caloric function H(y,T) on Q5(0) and
rescale it back to @, /2(z%) so that h(z,t) = r™H((x — 2°)/r, (t — t°) /r?™). Then
h is (A(t), m)-caloric on Q,2(2°), A(t) = A((t — 10 /r2m).

Assume that, by contradiction, the assertion of the lemma were false. Then
we could find an € > 0 and a sequence of matrices Ay)(t) satisfying conditions
(1.2), (1.3) with uniform ellipticity constant v and uniform upper bound p and
a sequence of functions uy, € V(@) such that the estimates

(5.5) ][ S Dug(z)Pdz <1,

! al<m
e « 1 m
(5.6) j £ ) = (GO0 () D) | < g sup D7 ()],
for k € N and for all ¢ € C§°(Q1) hold, but at the same time

(5.7) ]é > IDP(uk(z) = h(2))|?dz > €
1/2

|B]<m—1

for all h € Hy. Here
o, = {v € V(Qq/2) : v is (A (t), m)-caloric in Q /o

and ][ Z |DPh(2)|? dz < 2("+2m+2)}.
Q12

|Bl<m
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Note that from (5.5) it follows that (passing to a not relabelled subsequence)
up, — u, DPuy, — DPu in L?(Q,) for all |3] < m and

(5.8) ][ S Dou(z)Pdz < 1.
al<m
Step 1. Strong convergence of a subsequence. We prove strong convergence
of the (again not relabelled) subsequence (uy) in L*(A1; W3~ *(By)), i.e.
(5.9) lug — UHLQ(AI;Wzm—l(Bl)), k — oo.

The proof can be achieved almost in the same way as in [15] and we give an
explanation for reader’s convenience.
First of all, it follows from (5.6) that

‘/ wp b dz

Wn

k

<u / D™y |D™] dz +  sup| D™
Q1 Q1
W,

<D™ w2, 1D 2.0 +

sup| D" ¢|.
Q1

(Note that only equiboundedness of A(y)(t) was used). Here and below w,, stands
for the measure of unit ball in R".
From the last inequality and (5.5) we get that

(5.10) ‘ / ug ¢r dz

m Wn m
< Vwnp [D™¢|l2,0, +78(3PID 9|

For t,t+h € (—1,0), h > 0, and for sufficiently small o > 0 we denote by x(7)
a continuous piecewise linear function such that x,(7) = 1 for 7 € [t,t + h),
Xo(7) =0for 7 € [0,t—o] and for 7 € [t+h+0,1]. We remark that x_(7) = 1/0
on the interval (t — o,t) and x. (1) = —1/o on (t + h,t + h + o).

We choose an arbitrary function v € C§°(By1; RY) and put ¢(2) = x,(t) ¥(z)
as a test function in (5.10). Then

/31 (]{t(r ug(z,7) dr —]{:hw ug(x, ) d7-> W(z) dx

t+h+o 1/2
<va( [ dmar)ipme
t—o
“n

k

(5.11)

w
2B, + ?n S}glp|Dm1/J|
1

< Veappu(h +20)"? | D™ ||2,, + sup| D™y
1
By the embedding theorem it holds

D™ < l o
D™ L.,.B, < c(n,m, )H‘/’HW;(BI)

whenever | > n/2 + m. Now, we pass with 0 — 0 in (5.11) and get that, for
almost all t € (=T,0),t 4+ h € (=T,0), the limits exist. Thus we get that, for all
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[ >n/2+ m, it holds:

(5.12) |L(y)|:= ‘ ; (z) - (ug(z, t + h) —ug(z,t)) de

< [hY? +1/k 0
<calh/?+ /]||¢||WL2(B1)

for almost all t,t + h € A;. Here ¢; depends on n, m, I, p.

Estimate (5.12) means that L(¢) is a linear bounded functional in W (B;)
and its norm can be estimated by

(5.13) luk (@, + h) = wn (2, )|,y < 1 [VR+ 1/E].

Further we denote X = W§*(B;), B = W3~ }(B;) and Y = W, (B;) and apply
the results of J. Simon [21]. First, because of the compact embedding of X
in B and continuous embedding of B in Y, for any 1 > 0 there exists number
M (n) > 0 such that

(5.14) [l < nllvlik + M) [lv]} forallve X.

We choose v = ug(-,t+h) —uk(-,t) in (5.14) and integrate this inequality over
te(—=1,—h):

—h
(5.15) / kot 4 R) = (- )2 g

-1

—h
Sn/1HWCJ+m—uMwﬂﬁwwgﬁ

—h
2
M) [t 1) = Ol

<dwnn + ca(n)[h+ 1/K],

where ca(n) = 2M (n) ¢3. We claim that

—h
(5.16) /_1 ||uk(-,t+h)—uk(-,t)H%/V;nfl(Bl)dt%O, as h — 0

uniformly with respect to k € N. Indeed, for a fixed € > 0, we choose n > 0 to
satisfy the inequality

(5.17) dw,n < e/3.

Then we fix kg € N so that ca(n)/k3 < /3. Thus also ca(n)/k? < &/3 for all
k > ko.

Let hy > 0 be so small that for all k = 1,...,ky — 1 and all positive h < hy
it holds

—h
[t = Ol g <
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At last we choose positive hy < hy so small that cy(n) he < €/3. This choice
provides the estimate

—h
(5.18) /_1 (-4 B = (Ol g < 2

for all h < hy and all & € N. Thus (5.16) holds, and we can apply Theorem 5 in
[21] with the spaces X <» B < Y introduced earlier. The set F = {uz(2)}ren
satisfies the conditions of Theorem 5 in [21] thus it is relatively compact in B
and there exists a subsequence of u; (we do not rename it) such that

(5.19) lug — u5||L2(A1;W2m_1(Bl)) —0, ask,s— oo.

The relation (5.9) follows from the completeness of L2(Ay; W3~ 1(By)).

Step 2. Limit equation. As the sequence A)(t) is uniformly bounded in
L*(Ay) there exist matrices A(t) = {A*?(t)} € L>®(Ay), |a| = |B] = m and
a (not relabelled) subsequence A (t) so that Ay (t) weakly* converge to A(t)
in L>°(A1) and [|A(t)| oo (a,) < likrgioréf | Ak ()|l (a,) < p. For a fixed positive
h and for almost all t € (—1, —h) we have

1 t+h
A SRt G R O L N D D
|a]=m

t
lo|=|Bl=m

for all £, €% € RN, Passing with & — oo we get

1

t+h
P [ edr = v,

If now h — 0+ then we obtain that (A%%(¢)&8 - ) > v|¢|? for almost all ¢ € A;.
As ¢ has a compact support in Q1 we can rewrite (5.6) as

‘ ][ [ue(2) - 61(2) + A (Dua(2) - DH9(2)] dz | < & sup [D™6(2)]
" 2€Qr

for all ¢ € C§°(Q;).
According to Step 1 it holds uy — u in L*(Ay; Wi~ (By)), Ay =" Ain
L>°(A1) and thus u is a very weak solution to the problem

/ (u(2) - pe(2) — A% (tyu(2) - D Fp(2)) dz = 0,

1
for all p € C§°(Q1). The derivatives D%u, |a| < m belongs to L?(Q1), and the
matrices A*? do not depend on the space variables. It means that we can rewrite
the equation back to get that u € V(@) satisfies the identity

(5.20) / (u-py — AP (t)DPu- DY) dz =0

1

for all ¢ € C§°(Q1). Thus, u is the (A(t), m)-caloric function.
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Step 8. Smoothness of u. As u is (A(t), m)-caloric function in @1, the
assertion of Lemma 4.2 is valid. In particular, D?™u, u; € L2(Q1/2), and the
formula (4.4) yields the inequality

(5.21) / \(|D2mu(z)\2 + |ut(z)|2) dz < c/ |u(z)|2 dz < c3.
Q12 1
Here the last inequality follows from (5.8).

Step 4. Auxiliary problems. For k € N we denote by v, a weak solution to
the problem

(5.22) wi(2) + (—=1)"D*(AY () D u(2))
= (—1)"‘D"((A(°‘kﬁ) (t) — A8 (1)) DPu(2)) =: ®p(2), for z e Q1/2;
|DS’U| =0 on F1/27 s = 07 ceo,m—1, U|t:,(1/2)2m =0.

The right-hand side ®;, belongs to L?(Q; /2) and the existence of weak solutions

v € ng’l(Ql/Q) follows (for example as a special case from Theorem 6 in [13]).
Moreover, the estimate

(523 i, + 10" v, , < clD™ul3q,,, < ces = cu.

holds. This estimate guarantees existence of a subsequence of {vy} weakly con-
vergent in ng’l(Ql/g) to a function v € ng’l(Ql/Q). In particular, it implies
the convergence of vy, to v in L?(Q12) (once more for not relabelled subsequence).

Now we use weak formulation of problem (5.22) for the solution v;, with the
test function v and get the estimate

(5.24) sup/ log (2, 1) 2 da?+1// | D™y (2)|? dz
A1/2J By Q12

< ‘ DQ(A(akﬁ) (t) — AP (1)) DPu(z) - vp(2) dz |.
Q12
Note that the right-hand side of (5.24) (we denote it by Ji) tends to zero when

k — oo. Indeed,

Ji = ‘ / (A?‘kﬂ)(t) — AP (1)) D Py v dz
Q12

b, A0 - AP =

Here the first integral goes to zero due to *weak convergence of A to A and
the second one by convergence of v;, to v in L?(Q). Thus J, — 0 for k — oo
and the left-hand side of (5.24) tends to zero when k — oco. We obtain that
v =0 and

(525) ||vk||V(Q1/2) — 0, as k — oo.
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Next we put gr, = v — vg. Then gx — u in V(Qy/2) and the functions g are
solutions to the problem

|D*(gr —u)lr,,, =0, s=0,....,m—1, gk — ulp—_g-2m = 0.

It means that gy are (A)(t), m)- caloric functions on @1/, and they tend to wu,
i.e.

(5.27) gk — ullv(@,,») = llvkllviQ,.) = 0, as k— oo.

We denote by xx = [|vk[lv(q, ,,) and

1961V Q1)) < Nullv@, ) + Xk < Vwn + Xk,  as xk — 0, k— o0

which implies

(5.28) ][Q > IDogPdz < 2" L oxg, forall k€ N,

12 Ja]<m

There exists a number kg € N such that 2y? < 272"+ for all k > kg. It means
that

(5.29) ][ > D[ dz <272 forall k > k.
@12 ja|<m

It follows that g € Hj (see the notation of Hy in (5.7)). Relations (5.9) and
(5.27) means that

1wk = grll 2 (ay oiwgr = (32
< Mk = ull 2, iy =2 (moyy + 18 = 9kllz2a, w10y = 05

when k — 0o, and we arrive at the contradiction. O
Further, we will use a consequence of Lemma 5.1.

LEMMA 5.2. Let the assumptions of Lemma 5.1 be satisfied. Then, for any
e > 0, there exists a positive constant C(e) = C(e,n, N,v, u,m,n, N) such that
the following holds: for matrices A(t) = {A®P(t)}, |a| = |B| = m, with entries
in L= (AR) satisfying the condition (H1) and, for any v € V(QRr), there exist an
(A(t), m)-caloric h € V(Qgry2) and ¢ € C§°(QRr) such that |[[D™p||p~(q,) < 1
and moreover, for u(z) = u(z) — P}, p(x) it holds

(5.30) ][ B2l |DoR2 dz < 2n+2m+2][ DG B2 d,
QRry2 Z Qr Z|a\§m

la|<m
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and
(5.31) ][ S |D@—h)Pds
Qr/2 la]<m—1
< s]éR ngm'DaaF R dz + C(e)RP™ L2 (T, )
where
(5.32) Lr(U,0) =Lr(u,@) = ‘ ][ [—ug; + (AP (t)DPu, D*p) dz|.

Here the polynomial Py, _, p(x) minimizes the integral fQR |u(z) — P|? dz among
all P €Ppyy.

First of all we remark that such reformulation was proposed in elliptic case
by M. Giaquinta (see Appendix in [15]). For parabolic case and for the proof of
Lemma 5.2 in the case m = 1 see [2].

PROOF. As it was noted in the proof of Lemma 5.1, it is enough to consider
the case R = 1 and to make the dilatation of the independent variables. Thus
let e > 0 and u € V(Q1) be fixed. We denote by § = §(¢) the number which is
guaranteed by Lemma 5.1. We put

u(z) y/@n -~ .
= =7 u(z) :U(Z)*Pm_Ll(l’).
v (qu)
Then v satisfies (5.1).
There are two possibilities:
(a) For all ¢ € C§°(Q1) the inequality

(5.33) '][ [—v -y + AP DBy . DY) dz

< dsup| D™ |
@

holds (see (5.2)).
In this case by Lemma 5.1 there exists an (A(t), m)-caloric function h €
V(Q1/2) such that

(5.34) ][ Z |Do/m2 dz < 2n+2m+2’
@2 ja|<m

(5.35) ][ S DP(v—R)ds <.
Q1) BISM—1

We set now h(z) from the relation h(z) = h lullv(qy)/v/@n. It follows from
(5.34), (5.35) that

(5.36) ][ S DR ds < 2n ][ S DR dz,
Q

1/2 |a|<m Q1 jaj<m
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and

(5.37) ][ Y | D(u-h)?dz<¢ ][ Y |D*)? dz.
Q12 o] <m—1

Q, lalsm

It means that in the situation (a) relations (5.30), (5.31) hold.
In the case (b) there exists a function ¢ € C§°(Q1), such that inequality
(5.33) does not hold. Then we put pg = <p/sup|Dm<p|, sup|D™pp| < 1 and
Q1 Q1

obtain

(5.38) ‘][ [—v - (go): + A*PDPuv - D¥pg]dz | > 6.

Then we substitute u instead of v in (5.38) and obtain that

1 2

(5-39) 111, < 57 @

][ [—u - (po): + AP DBy, . D%po| dz
Q

1

We put o =0 in Q5. It is the (A(t), m)-caloric function and ||u — h||‘2/(Q1/2) =
||ﬂ||‘2/(Q1/2) < 2”+2m||ﬂ||‘2/(Q1). Estimate (5.30) in this situation is the trivial one

and we obtain (5.31) with C. = 2n+2m§=2, O

6. Proofs of Theorems 2.1, 2.2 and 2.4

First of all we introduce a proposition we will use to justify local smoothness
of the lower order derivatives of a weak solution u to system (1.1).

PROPOSITION 6.1. Let Q,(2°) € Q andu € W3 (Q,(2°)) be a weak solution
to system (1.1). Then, for allk <m —1,

(6.1) ][ |D*u — (DFu), 0|? dz < cr2][ |DF 1|2 dz
Qr(29) Qr(2°)
+ cp2m=F) ][ |D™u|?dz + cBr p2m—1=kty)
QT(ZO)

Here and below

Br = Z HFa||%2.n72+2|u\+2~,(Q).

lal<m

PrOOF. By the same way as in the proof of Lemma 5.1 we derive the in-
equality

(6.2) ’ /B ) e )] ) de

<c sup |D™yY| 0)|Dmu\dz—i— Z sup

| Dlely|
By (z9) Qr(z (20 Q

|F*| dz,
)

la]<m r(z
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for 7,5 € A.(t°). Here ¢ € C§°(B,(2°)) satisfies the conditions

(6.3) [ w1 s (Do) <
B, (20) B, (20) L

for s € N.
Now we take into account the identity

/ D (u(, 7) — u(a,s)) - () d
By (z)
=(-1)* u(z,7) —u(z,s)) - DFy(z) dx
(0t [ () e ) Do)

and derive from inequality (6.2) the relation

(6.4) ’ / 0(Dku(x,T)—Dku(x,s))-1/)(x)d:c

<c¢ sup |Dm+k¢|/ |D™u| dz + Z sup |D|O“+k1/1|/ |FY| dz.
QT(Z

0
Br(=%) laj<m B

We denote the “weighted” average of a function v(-,t) € L1(B,(z)) as

= [ e,

where the function v satisfies conditions (6.3). It follows from (6.4) that

(6.5)  |DFuy po(T) — Dkur’wo(s)) < cr2m_(m+k)][ |D™u| dz
Qr(29)

+c Z rgm_(|“‘+k)][ |F|dz.

la|<m Qr(2°)
As F* € L2"F21e1=2+27((): §) then we obtain from (6.5) that
—~ —— 2
(66) Dkur,xo (T) - Dkur,xo (5)‘

< cp2(m=F) ][ |Dmu|2 dz + cBp T2(m717k+7),
Qr(2%)
for s,t € A,.(t°). Now we put
(6.7) B0 = ID*u(et) ~ (DFu),0f da.
B, (z0)

(6.8) ][ I (t) dt :][ |D*u — (DFu), 0| dz
An(t0) Qr(20)
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and estimate I (t) in the way:

(6.9) () <2 ]{9 o P ) = (Dh o)

2

k _ ku, o(s)as
—|—2’(D )0 (1) ][Ar(to)(D Jrz0(s)d

Scr2][ | DRy, t)|? da
B, (z°)

2
+2

][ [(D*u)y0(5) — (D) 00 ()] ds
An(t0)

We have used the Poincaré inequality for the fixed ¢ to estimate the first term
in the right-hand side of the previous inequality.

Further,
(6.10) Fo (D ) (9) ~ (DH) o (1)) s
A (t0)
<4 D*u), 4o (s) — ((D*u), 40 (s)|? ds
<tf D ()~ (DR o)
Ff (DR ()~ (DFa), al0)P s
Ar(t0)
4 |(DMu) 0 (1) — (DFu) o) S L4l
By (6.6),

ly < cr2(m=H) ][ |D™ul? dz + cBpr2(m—1=k+7)
Qr(2°)

We estimate [; and [3 in the same way:

n<if
A (t0)

§cr2][ ][ |Dk+1u|2dxdt+cr2][ | DF 1|2 dz,
A (t9)J B, (29) Qr(2°)

I3 =13(t) < cr2][ |DE (e, t)|? de.
B, (z9)

2
ds

f o [PH8) = (D) o)

Taking into account the estimates of all integrals in (6.9), we obtain the relation

I (t) < crg][

|Dk+1u(x,t)\2dac+cr2][ |DF 1|2 dz
B, (z9)

QT(ZO)
+ cp2(m=F) ][ |D™u?dz + cBp p2m—1=kty)
Qr(2°)

We integrate this relation in ¢t € A,.(t%) and divide the relation by |A,|. Estimate
(6.1) follows. O
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PROOF OF THEOREM 2.1. Let u € V(Q) be a weak solution of the system
(6.11) w+(-1)™ > DA (2, D" 'u)DPu)y = Y (1)l D F,(2),
la|=|B|=m la|<m
for z € Q. Let Q2r(z") C Q be fixed and P}, ; .[u] be the polynomial which
2

minimize the integral er(zo) |u(z) — P(z)|*dz among all polynomials of the

degree less or equal to m — 1 for a fixed r < 2R. We put
(6.12) u(z) = u(z) — P:zfl,R[u]

and, for all » < 2R, we define

w(r, 20) ::][ @ Pr_y @l dz,
QT‘(ZO)

®(r, 2°) =r2m][ |D™u|?dz = 7'2’”][ |D™a|? dz.
Qr(2°) Qr(29)
Let € be fixed. We put
(6.13) A(t) :][ Az, t, (D™ 'u)p .0) da.
Br(z?)

Then the matrix A(t) € L>®(Ag(t°)), A(t) € {v,u} for almost all t € Ag(t°)
where 0 < v < p are fixed in the assumption (H1).

For @ € V(Qg(2")) there exist an (A(t), m)-caloric function h € V(Qg/2),
C. >0, and ¢ € C§°(Qr), sup |[D™¢| < 1, such that

Qr
(6.14) ][ > RMDYR|? dz < 2" M,
Qry/2(2°) 0<]a|<m
(6.15) Mg :=][ > RMIDY de,
Qr(z9) 0<|a|<m

(6.16) ][ > RD*@— Dh|*dz < e Mg + C. R*™L2(1, ¢),
Qry2(2°)

0<|al<m—1

where

617)  L(06) = Llu,6) = ‘ ][ L (g A D D) d

and the function « is defined in (6.12).
By the interpolation inequality (3.1)

(6.18) R2|“|][ |DG)? dz < cR2m][
Qr(29) Qr(2%)

<c®(2r,2°) + cBp RA2MTIHY),

|Dmu|2dz+c][ |2 dz
Qr(2°)

where 1 < |a| < m — 1. The last inequality is valid due to Poincaré inequality
(3.14) for the integral UCQR(zO) [i|> dz. Here the constants ¢ depends on v, p, m,
|a| and n.
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Using (6.18), we estimate the sum Mp:
(6.19) Mg < ¢®(2R, 2°) + Bp RHm~1+7),

Thus estimates (6.14)—(6.16) and (6.19) imply the inequalities

(6.20) ][ > RMIDYh[’dz < c®(2R, 2°) + dBp R?HY),
Q

7/2(2) o< |a|<m

(6.21) ][ > RMD%@ - D*h dz
Q

ry/2(2°) 0<|ar|m—1

< e®(2R, 2°) + Bp R2™1) L €. R*™ L2 (T, §).

The next step of the proof consists of deriving the inequality (6.30)? for the
function ® with r = 2R. As 20 is fixed up to the formula (6.43) we write Q,,
®(p), ¥(p) instead of Q,(z°), ®(p, 2°), ¥(p, 2°).

By (3.4) we have the inequalities

(6.22) (p/2) < cW(p) + cBrp*™ 1+, p < R/2.

As the polynomial P

n—1,plt—h]+ Py _y J[h] € Py and due to the minimality

~1,p

of Py, ,[u] for the integral ¥(p) we get
o) < f 1@ P 0= Py )P de =
Further,

(6.23) Ip§2][ |(ﬂ—h)—P;;L_Lp[ﬂ—h}|2dz+2][ |h—P;;_17p[h]|2dz.
Qp

Using minimality of the polynomial Py, ; ,[u — h] we obtain that

][ (@ h)— Py [~ ] s][ (@ h)[2dz

P P

P

and, by Campanato inequality (4.11), also

2m
* p *
Foneripaz<e(f) f e pi P
Qp Qry/2

2m
<ec (p) ][ |h|? dz.
R QRry/2

The last inequality follows once more from the minimality of the polynomial
Pr1.rlhl-
From the said it follows that

2m R n+2m
6.24)  D(p/2)<c(l 2 dz +c( = i@ — B de.
R
QRry/2 P QRry/2
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Using the inequalities (6.20) and (6.21) we obtain
n+2m
(6.25) (p/2) < (p) {eB2R) + C. B L4 (u, 0)}

2m R n+2m
+c (;) ®(2R) + cC; (,0) Bpp2m—14),

The constants ¢ in this inequality depend on v, i, m and n.
Now we estimate the expression £2(1, ¢):

(6.26) L%(u,¢) = L*(u, p) S][ |A(z,t, D™ 1u) — A(t)|* dz ]l |D™u|? dz

R R

+ 3 sup D) ]{2 Fol? dz.
R

la|<m Br

where the matrix A(t) is defined in (6.13). Further,
|A(z,t, D™ ) — A(t)| < |A(z,t, D™ 1u) — A(z, t, (D™ 1u)g)|
+ A, t, (D™ u)r — A(t).
Taking into account that sup |[D%p| < ¢ R™~1*! and using the assumption (H2)
B

R
we obtain from (6.26) the inequality
@0 < {2 { @D 0" 0P a:
Qr

r2f 'A@’MD”1u>R>—A<t>|2dZ}J[ D™l dz + cBpR >+,

R

Here wg = supw(s). Further we apply the assumption (H3), use the concavity
s>0

of the function w(-), and derive that
(6.27) R*™L2(1, )
<2 [wo w <][ |ID™ Y (u) — (D™ tu)g)|? dz) dz + qQ(R)} d(R)
Qr

+ CBF(2R)2('Y+7H—1) )

By inequality (6.1) we obtain that
][ D™ Ly — (D™ Yy) )2 dz < CRZ‘][ ID™uf2dz + cBp(2R)>.

R R

Thus,

(6.28) u.}(][ D7t (D dz)

< w(@(2R)2™ V& (2R) + Br(2R)*])
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where ¢ depends on v, u, n and m.
Now it follows from (6.27) and (6.28) that

(6.29) R2m 2 (u,9) <c {WOW(E(QR)72(7”*1)<I)(2R) n EEF(QR)QW)
+ qz(QR)}(I)(QR) + CIBF(QR)2(7+m71).

Then we obtain from (6.25) and (6.29) for 7 = 2R the inequality

p r n+2m P 2m r n+2m
(6.30) @() < eC: () Bp r2(m=1+7) 4 c{ () -I-E()
2 p r p

e (p)+ () + B ) + 0] o).

Now let
(6.31) Z(r) = r2m=Dg(p),

We multiply (6.31) by p~2(™~1) and obtain

(6.32) Z(g) < C{ (:ﬂ;)Q +€(;>n+4m—2

r

o(2) T @126 + Ber®) + ) bz

r n+4m—2
+cCe () Bpr?.
p

Further we put p/2 = 7r in (6.32) (the parameter 7 < 1/8 we’ll define later):

(6.33) Z(r7) < cofr? 4+ 7 (nHAm=2)¢
+ Cor~ (M= [, E(Z(r) + Brr?)) + ¢2(M)]}Z(r) + K(e, 7)Bpr.
The constants ¢y and ¢ in (6.33) depend on v, u, n and m only, K(e,7) :=
cCor—(ntdm=2)y,
Now we want to define the parameters in (6.33). First, we fix 7 < 1/8 and

B =(147)/2 € (v,1) (here v € (0,1) is the parameter from the assumption
(H4) on F,). We sharp the choice of the parameter 7:

2
(6.34) com? < %
Then we fix € > 0 from the condition
28
(6.35) cor~(MHAM=2) e < %

Note that the constant K = K(e,7) > 1 is fixed now by the data of the problem.
The next step is to fix § € (0,1) such that
728

(6.36) cor~ (MM y(260) < <
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At last, we choose number rg < 1 from the conditions

728
8 )

The constant ¢ in the last inequality such as in (6.33).

(6.37) coCor™(MHAm=2)g2(1) < (K +2)Br(ro)*" <

| D

Now we assume that in the fixed point 2°
(6.38) Z(r)y=2Z(r,2°) < 6

for some r < r¢ and 6 fixed in (6.36). Then (6.36) follows from (6.38) and the
last inequality (6.37). In a result, the inequality

28
(6.39) Z(tr) < TT Z(r) + KBpr®, B>,

is valid. From (6.37)—(6.39) we obtain that Z(7r) < 6 and we can repeat all
considerations with 77 but not r. It allows us to consider the sequence r; = i,
7 € N, and derive that

(6.40) Z(r) <P Z(17 ) + KBp(r )2, B>~, jeN.
The iterative process supplies us the inequality
(6.41) Z(tr) < er®IZ(r) + KBpr?].

It follows from (6.41) that
2y
(6.42) Z(p)<c (g) Z(r) + cBpp*, forall p <r.

We recall that all our considerations were justified under assumption (6.38)
in the fixed point z° and for the fixed r = r(2") < ry. Thus,

1

(643) pn+2(mfl)+2'y

/ D™ dz < e(r )| D™ ul3 + B

QRp(°)

It is easy to see that inequality (6.38) is also valid (for the fixed r) in some
cylinder @, (2°), i.e.

(6.44) Z(r,€%) <0 forall €° € Q,,(z").

We can repeat all considerations for a point €0 € Qo (2°) instead of z° and derive
estimate (6.43) for any ¢° € Qp, ()

(6.45) p~ (rH2(m—1)+27) / |D™ul? dz < c(r™")||D™ull3.q + cBp.
Q&%)

Taking supremum in the left-hand side of (6.45) in £° € @, (2°) we obtain
(6.46) HDmu”%zwz(mfl)uw(QPO(20)) < C(T_1)||Dmu”%,Q +cBr =: H.

Now from estimate (6.1) with ¥ = m — 1 we obtain that

(6.47) ][ D™ — (D™ ), c0Pdz < cH p?Y,  for all €0 € Q,, (2°).
Q&%)
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It means that in £272m27(Q, (2°)) we estimated locally the seminorm of
D™~ 1y, Due to the isomorphism of £ T2m+27(Q, (2°)) to the Holder space
C7(Qpy(2Y)), v € (0,1), we have the estimate

(6.48) ||Dm_1u||éw(m) < cH.

Let now &k =m — 2 in (6.1) then it follows from (6.46) and (6.48) that
][ |D™ 2y — (D™ %) ,|* dz
Qo(£)

< cp2][ D™ ul? dz + cp4][ |D™ul?dz < e(p? + p*7) < ¢ p™,
Qo (£°) Qo(£9)
for all Q,(£°%) C Qp,(2%). Thus, D™ 2u € C7(Q,,(2")). Using inequality (6.1)
one can prove that all derivatives Du, j < m — 1, are Holder continuous in
Qo (2°) in the parabolic metric dy,.
As the assumption (6.38) is equivalent to the condition

1
— D™ul?dz < 6
rnt+2(m—1) /Qr(zo)| U| z

for some r < rg, we have proved that condition (6.49) supplies estimate (6.48).00

(6.49)

PROOF OF THEOREM 2.2. We define the set

1
(6.50) Y= {ze Q: 1iminf7/ |D™ul? dz > 0}.
Q- (3)

r—0 pnt2(m-1)

Then, for 2° € Q \ X, the relation

r—0 pnt2(m=1)

1
lim inf 7/ |D™u|? dz =0
Qr(2°)

holds. It means that for such points 2° condition (6.49) with some r < rg is valid
and the assertion of Theorem 2.1 holds. We will say that the set Qo = Q \ X is
the set of regular points of the solution u. It is easy to see that X is the closed set
and D%u, |a] < m — 1, are the Holder continuous functions on the open set Q.
The relation H,,42(m—1)(23; 0m) = 0 follows from the well known results and the
definition (6.50) (see, for example, [16] or [17, Section 9.25]). O

PROOF OF THEOREM 2.4. In the linear case we can repeat the proof of
Theorem 2.1 and note that the estimates of the function £2(, ¢) does not depend
on the function w(-). In this case we have not restriction (6.38) and obtain the
following inequality for Z (compare with (6.33)):

Z(1r,2°%) < co{r? + o (ndm=2)o | L—(ntdm=2)c ()Y Z(r, 2°) + Kr? B,

for all 2 € Q. It allows us to fix the same parameters 7, € and 7y for all points
%€ Q, Q(2°) CC Q. Estimate (6.43) is valid for all points 2° € Q. O
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