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A NOTE ON CONLEY INDEX AND SOME PARABOLIC
PROBLEMS WITH LOCALLY LARGE DIFFUSION

MARIA C. CARBINATTO — KRzYSZTOF P. RYBAKOWSKI

ABSTRACT. We prove singular Conley index continuation results for a class
of scalar parabolic equations with locally large diffusion considered by
Fusco [7] and Carvalho and Pereira [5].

1. Introduction

Evolution equations with large diffusion were studied in numerous papers,
starting with the work [8] by Hale, cf. also [4], [9], [7], [5], [10], [11]. In those
papers results like global bounds of solutions, asymptotic spatial homogenization,
existence of invariant manifolds and existence of global attractors and their upper
or lower semicontinuity, as the diffusion goes to infinity, are obtained.

In a pioneering work [7] Fusco considered the scalar reaction diffusion prob-
lem

(E.) ur = (aetz)z + f(z,u), 0<z <1, t>0,
subject to the following separated boundary conditions:

(5.) pu— (1 —placu, =0, x=0,t>0
: ou+ (1 —o0)au, =0, x=1,t>0.
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Here, 0 < p,0 < 1 and f is a C? dissipative map. Moreover, the diffusion
coeflicient a. is large except in a neighbourhood of a finite number of points
where it becomes small as € — 0 and there is some transitory behavior between
such neighbourhoods. More precisely, let eg € |0, 00], let (e5);ep1..n]5 (1j)j€(0..m]
and (bj);e(o..n] be sequences of positive constants and let (I});e(0..n)5 (0})je(0..n)
be two sequences of positive functions of € € 0, o[ such that
iig(l)l;(g) =1; and g%b;(a) =b; forjel0..n].

Let (ac)-ej0,e,[ be a family of positive C? functions defined on [0,1], n € N,
(75)je0..n] be a strictly increasing sequence in [0, 1] with zq = 0 with =, = 1
and such that for each j € [1..n]

o

ac(z) > 2L, forxz;_1 + 5l;_1 <z<zj— el;,
€

as(x) > ebj, for z; — El;— <z<uz; +€l;-7

ac(x) < by, for z; —el; < o < xj + ¢l;.

Here x¢ — ely = x9 —elp =0 and z,, + &ll, = x,, + €l, = 1.

(Note that Fusco writes v instead of €, and (a;)e(0..n) and (a}) je[o..n) instead
of (bj)jefo..n] and (b})jeo..n), respectively.)

Under some additional technical hypothesis (H), Fusco constructed a system

(Eo) Z+ Aoz = g(2)

of ordinary differential equations, essentially by discretizing (F., S¢). He proved
that the (semi)flow 7y associated to this system is equivalent (in the sense of
Definition 1 in [7]) to the semiflow 7. defined by (E, S:) (cf. Theorems 3 and 4
in [7]).

The phase space of (Ep) is the n-dimensional subspace of L?(0, 1) formed by
all step functions with respect to the partition (z;);¢[0..n], S0 it can naturally be
identified with R™.

By introducing a nonlinear change of coordinates u — (z, v) (see equation (9)
in [7]) the author proved, under some dissipativeness condition on the non-
linearity, that on the global attractor A. of the semiflow associated to equa-
tion (E¢, S¢), the variable v becomes very small as ¢ — 0 and A. is contained in
an invariant manifold on which (E,, S;) is actually given by a system of ordinary
differential equations close to (Ey), cf. Theorems 1 and 2 in [7]. He also obtained
some generic structural stability results for (E., S.).

In the important follow-up paper [5], Carvalho and Pereira approached the
above problem from the point of view of spectral convergence: the map

u = —(asty )
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with boundary conditions (S.) generates a linear operator A, in L?(0,1) which
has a simple spectrum (A; c); and corresponding appropriately normalized eigen-
functions (¢;.);. The authors proved that the above linear operator Ay has a
simple spectrum (fi);e[1..,) and corresponding appropriately normalized eigen-
vectors (21)ie[1..n) Such that, for e — 0, \jc — p for I € [1..n] and ;. — oo for
[ > n. Moreover, for [ € [1..n], in some sense, ¢; . — z; as € — 0, cf. Section 3
below for the precise statement of these results.

n n

Now, using the linear map J.: R™ — H(0,1), Y vz — > vpre the au-
=1 =1

thors ‘embedded’ the (semi)flow 7y into the semiflow 7., € > 0. This approach

allowed them to prove some of the results from [7] without Fusco’s technical
hypothesis (H). In addition, they proved an upper semicontinuity result for
global attractors and obtained a structural stability result (cf. Theorem 4.1 and
Corollary 4.3 in [5]).

It is the purpose of this note to prove Conley index and homology index braids
continuation results for the above family (7.).c[o,s,[ (Without any dissipativeness
assumption on the nonlinearity), showing in particular that isolated invariant
sets K of my continue, for small ¢ > 0, to isolated invariant sets K. of m. with
K. ‘close’ to J.(Kp), and K and K. have the same Conley index. In particular,
some aspects of the dynamics of the simpler flow 7y can be found in the more
complicated semiflow 7.. The precise statements of the continuation results and
our assumptions on the nonlinearities involved are given in Section 4 below.

To prove our results we use slight extensions of some abstract continuation
results established in our previous papers [2], [3]. These results are summarized
in Section 2 below.

In this paper, all linear spaces are defined over the field of real numbers.

2. Conley index and homology index braid continuation results

In this section, we will collect, without proof, some abstract singular Conley
index continuation results. These results were established in the paper [3] (with
some proofs contained in the work [2]) in the special case in which the embedding
Je considered here is just set inclusion. A careful inspection of the arguments
contained in those papers leads to proofs of the more general results presented
here.

We start by introducing a basic abstract spectral convergence condition.

DEFINITION 2.1. Given € € |0, co[, we say that the family

(H®, (-, ), Ae, Je)eepo,q
satisfies condition (FSpec) if the following properties hold:
(1) for every € € [0,€], (HS, (-, -)m<) is a Hilbert space and A.: D(A.) C
H¢ — HE¢ is a densely defined nonnegative self-adjoint linear operator on
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(H®, (-, -)ge) with (Ac+1.)"': H® — H® compact. Here, I.: H® — H*
is the identity operator. For a € [0, 00 write HS := D(A. + I.)*/2. In
particular, H§ = H°®.

(2) H° is n-dimensional with n € N while H¢ is infinite dimensional for
e €]0,g].

(3) For each ¢ € ]0,], J. is a linear continuous injection from HY to Hf and
Jo is the identity operator on HY.

(4) There exists a constant C' € |1, co[ such that

|Je(u)| s < Clulge  and  |u[go < C[Je(u)|us

for all u € HY and all € € ]0,2].

(5) For every € € ]0,€] let (A c); be the repeated sequence of eigenvalues of
Ac and (¢1,¢); be the corresponding He-orthonormal sequence of eigen-
functions. Furthermore, let (p;) le[1..n) De the repeated sequence of eigen-
values of Ag.

Whenever (g,,), is a null sequence in ]0, €], then
(a) Ale,, — i asm — oo, for all [ € [1..n).

(b) Aie,, — 00 as m — oo, for all I > n.

1

L )m of (€m)m and there is an HO-

Moreover, there is a subsequence (e
orthonormal sequence of eigenfunctions (2;);e[1..,) of Ao corresponding
to (t1)ieq..n) such that

(c) lerer, — JggnZZIHs;n —0asm — oo, for all I € [1..n].

(d) (Jer w,p1e1 ) yper, — (u, 21) o as m — oo, for all u € HY and all
le[l..n].

Such a sequence (Zl)le[l..n] is called adapted to the sequence (gl,),.

The following technical result will be used in the proof of Theorem 4.4 below.

THEOREM 2.2 (cf. the proof of Theorem 2.7 in [3]). Let (H®, (-, - Yp<, Ac, J2),
e € [0,€] satisfy condition (FSpec). Suppose (em)m s a null sequence in 0, &].
Let ug € HO be arbitrary and let (uy,)m be a sequence such that w,, € HE™ for
m € N. Suppose that

(a) whenever (my)y. is a strictly increasing sequence in N and (gl,),, is a sub-
sequence of (€m)m defined by € = e, , for each k € N, and whenever
(21)1ep1..n) is adapted to (el Vm, then (umk,golystg}c — {ug,z1)go as
k — oo for alll € [1..n].

(b) sup |tm|gem < 0.
meN

Then, for every B € ]0, o],

sup ‘e_tAEm Uy — J,

em —+0 asm — oo.
te[B,00]

(e—tAouO) ’Hlim

We now introduce an abstract nonlinear convergence condition.
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DEFINITION 2.3. Let € € ]0, 0o[ be arbitrary and (H*, (-, -)n=, Az, Je)eelo,7)
be a family satisfying condition (FSpec). We say that the family (f:)ccjo,4 of
maps satisfies condition (Conv) if the following properties hold:

(a) fe: HS — HF for every € € [0,2].

(b) gl_i>%1+ e~ fo(Jeu) — Je(e™ 0 fo(u))| gz = 0 for every u € HY and every

t €10, 00].
(c) For every M € [0, 00[ there is an L = Ly € [0, 00 such that

|f€(u) - fz»:(v)|H5 < L|U - U|H15

for all ¢ € [0,€] and u, v € Hf satisfying |u|ge, |[v|g: < M.
(d) For every u € HY there is an & € ]0,Z] such that
sup |fe(Jew)|me < o0.
e€[0,7]
For the rest of this section we assume that the families (H®, (-, - ) g, Ac, Je)

and f., € € [0,€], are as in Definition 2.3. For every ¢ € [0,€], let 7. := ma_ ;.
be the local semiflow on Hi generated by the abstract parabolic equation

(2.1) u=—Au+ fo(u).

For € €]0,2] let Q.: Hf — H{ be the H{-orthogonal projection of H{ onto
(its closed subspace) J.(HY). Moreover, let R.: J.(HY) — HY be the inverse of
Jo: HY — J.(HY).

We can now state the following Conley index continuation principle:

THEOREM 2.4 (cf. Theorem 4.8 in [3]). Let N be a closed and bounded iso-
lating neighbourhood of an invariant set Ky relative to my. For e € ]0,€] and for
every n € |0, 00 set

Ney:={ue€ H | R:Q:u € N and |(I —Q:)ulg: <n}

and K., :=Invy_ (Ne ), i.e. K., is the largest mo-invariant set in N, ,. Then
for every n € 10,00[ there exists an € = €°(n) € ]0,€] such that for every
€ €]0,e° the set N., is a strongly admissible isolating neighbourhood of K. ,
relative to . and

h(’/TE, KE,U) = h(ﬂ'o7 K()).

Here, as usual, h(m, K) denotes the Conley index of an isolated invariant set
K relative to a local semiflow w. Furthermore, for every n € 10, 00|, the family
(Kem)eelo,ec(m) of invariant sets, where Ko, = Ko, is upper semicontinuous at
e = 0 with respect to the family | - |g= of norms, i.e.

lim sup inf |w— J.u|lgs =0.
1
e=0t yekK, , vEKo
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The family (Kcy)eelo,.cc(n) s asymptotically independent of 0, i.e whenever n;
and 1y € |0, 00] then there is an €’ € |0, min(e(n1),e%(n2))] such that K., =
K., fore€]0,€'].

Finally, we have the following homology index braids continuation principle:

THEOREM 2.5 (cf. Theorem 4.10 in [3]). Assume the hypotheses of Theo-
rem 2.4 and for every n € ]0,00[ let () € ]0,€] be as in that theorem. Let
(P, <) be a finite poset. Let (M, o)pep be a <-ordered Morse decomposition of
Ky relative to my. For each p € P, let V, C N be closed in Xo and such that
My = Inve, (V) C Intgo(Vy). (Such sets Vy,, p € P, exist.) For e € ]0,€], for
every n € |0,00] and p € P set M, ., :=Invy_ (Vp cry), where

Vpenm i ={ue€ Hf | R:Q:u €V, and |(I — Qs)U|H1€ <n}

Then for every n € |0,00] there is an € = £(n) € 10,e°(n)] such that for every
e €10,é] andp € P, My, C Intgs(V,cp) and the family (M - n)pep is a <-
ordered Morse decomposition of K. ,, relative to w. and the homology index braids
of (7o, Ko, (Mp,0)pep) and (me, Ko 5, (Mpc.n)pepr), € €]0,€], are isomorphic and
so they determine the same collection of C'-connection matrices. For eachp € P,
the family (My.cn)eefo.z0)), where Myo, = My, is upper semicontinuous at
€ = 0 with respect to the family | - |g= of norms and the family (Mp < n)zcjo,z(n)]
is asymptotically independent of 7.

3. The spectral convergence result

In this section we will state the spectral convergence result proved in [5]. In
what follows let g € ]0,00], (ac)eejo,0[» (Z5)jcf0..n]> (j)jc(0..n) and (b) c(0..n) be
as in Section 1. Set K; = [z, x;11] and L; = xj11 —x; for j € [0..n —1].

For each ¢ € 0, [ there is a linear operator A.: D, C H(0,1) — L?(0,1)
associated to problem (E., S.) defined as follows: D is the set of all u € H?(0,1)
with pu(0) — (1 — p)ac(0)uz(0) = ou(0) + (1 — 0)as(1)uy (1) = 0 and

(3.1) Acu= —(a.-u') forue€ D..

As a matter of fact, the operator A.: D. C H'(0,1) — L?(0,1) is generated
by the pair (7., (-, -)z2), where 7.: H*(0,1) x H*(0,1) — R is the bilinear form
given by

u(1)v(1), wu,v € H'Y(0,1)

1_pu(0)v(0) + T—o

1
Tg(u,’l}) :/ aa'u/'vldﬂf+
0

and (-, -)z2 = (-, - )r2(0,1) is the standard scalar product on L? = L%(0,1).

Let (A;¢); be the increasing sequence of eigenvalues of A. (which are all
simple). Let (¢;¢); be an (appropriately normalized) L?-orthogonal sequence
such that ¢; . is an eigenfunction of A, corresponding to A; ., { € N.
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Now define the ‘limit’ bilinear form 75: R™ x R™ — R by

o) = Py
7 lop +bo(1 = p)

n—1
b bpo
+ ; E (y] - yjfl)(zg - ijl) + lo+ bn(l — 0) Yn—12n—1

and the scalar product (-, - ), on R™ by
n—1

<ya Z>]L = Z Ljyjzja Yy = (yo; R yn—l)a z = (ZOa RS Zn—l) S R™.
7=0

(3.2)  Let Ag: R™ — R™ be the linear map defined by the pair (7o, (-, - )L)-

The matrix representation of Ay in terms of the standard basis on R" is given
as M~1B, where M = diag (Lo, ..., L,_1) and B is the matrix

ma T1 0 0 0 0 0
L m2 T2 0 0 0 0
O T2 ms T3 O 0 0
0 0 T3 ma T4 0 0
0 0 cee 0 Tn—3 Mnp-2 Tn—2 0
0 0 s 0 0 Tn—2 Mnp—1 Tn—1
0 0 0 0 0 Tn_1 M
with
my = bOp ﬁ o bn—1 + bno
plo+bo(1—p) 20y’ " 2,1 ol +by(1—0)’
be—1 | bk
my = +—, k€l2..n-1],
Mol 2, [ ]

and ry, = by /2l, k € [1..n — 1]. It follows that the map Ag is (-, - )L-symmetric
and all of its eigenvalues are simple. Denote by () i[1..n) the increasing sequence
of eigenvalues of Ay and by (z1);e[1..n) @ corresponding appropriately normalized
(-, - )L-orthogonal sequence of eigenvectors.

Lemma 3.1 and Theorem 3.5 from [5] imply the following spectral convergence
result:

THEOREM 3.1. With the above notation and hypotheses the following asser-
tions hold:

(a) Apy1,e > 00 ase — 0.

(b) For eachl e [1..n], \jc — i ase — 0.

(c) If the families (1)1 and (21)1e[1..n) are properly chosen, then

sup |gie(z) — 21, =0, ase—0,
zeK; .
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where z 5 1s the j-th component of the vector z; and

Kje = [zj+elj,zj —elj], jel0..n—1].

4. Conley index continuation and scalar reaction diffusion equations
with large diffusion

In this section we use the notation of Sections 1 and 3. For each ¢ € ]0,g¢[
define H® = L% (-,-)ge = (-,+)12 and A, as in (3.1). Define also H* = R",
(+,)go = (-, )1 and Ag as in (3.2).

In this note we will consider the following norms:

[ull? = 7e(u,w) + ulf2, = €]0,e0[, ue H(0,1),

(4.1) i
lulld :== 7o(u,u) + |lul|f, wue€R™

Notice that for each e € ]0,e0[, Hf = H*(0,1) and | - s = || - || Moreover,

HY =R" and |- |y = | - [lo-

THEOREM 4.1. There exists an €] € ]0,&0[ and a family (J:)cejo,;] such that
the family (H®, (-, )n<, Ae, Je)ec(o,e) satisfies condition (FSpec).

To prove the existence of an embedding family (JE)EG]()@/1 ] let us establish
some preliminary estimates. We have

o0

v||? = Z()\l,g + D|{v,o1)z2?, v € HY(0,1) and ¢ €]0, 0.
1=1

Moreover,
n

lull§ = (m + Dl{w, ), uweR™
=1
PROOF OF THEOREM 4.1. Tt is clear that (1) and (2) of condition (FSpec)
hold.
Define the embedding J.: R™ — H'(0,1) by

n

Je(u) = (u, z)Lpre, ueR™
1=1
It follows that J. is R-linear. Suppose that J.(u) = 0. Since ¢, | € [1..n], are
linearly independent, we have (u, z;)r, = 0 for all | € [1..n]. Recall that (21)16[1..71}

is an (-, -)p-orthonormal basis of R™. Therefore, u = > (u, z;)Lz; = 0. Thus J,
=1
is injective.
Let v € R™ and v = J.(u) € Hf. A quick calculation shows that

n

ol = (e + Dlu, )]

=1
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It follows from Theorem 3.1 that there exist a constant C' € |1,00[ and an €} €
10, g0 such that 0 < A\ .+1 < C?and 0 < yy+1 < C?% and so A\ +1 < C?(py+1)
and g +1 < C?*(\c +1) for L € [1..n] and € € ]0,&}]. It follows that

(4.2) lulld < C*|Je()]Z and [ J(w)l|Z < C*|lullg

for u € R™ and ¢ € ]0,¢7]. Now inequalities (4.2) imply (3) and (4) of condition
(FSpec).

Let (gm)m be an arbitrary null sequence in |0, €{]. It follows from Theorem 3.1
that (5) (a) and (5) (b) of condition (FSpec) hold. To complete the proof we need
to show that (5) (c) and (5) (d) of condition (FSpec) also hold.

Let [ € [1..n] be arbitrary and define €., = ¢,,, for m € N. We have

Pliem = Je (1) = Plie,, — Z<2l,zp>ll‘§0p76m = Ple, — Ple, = 0.
p=1
Thus, we see that (5) (c) of condition (FSpec) holds. For u € R® = HY and
m € N we have

n

(Jem s Pl ) Hom = (Je, U Ple,, )12 = Z<uvZp>L<‘Pp,sma<Pl,sm>L2 = (u, 2)L.
p=1

Therefore (5) (d) of condition (FSpec) holds. O
Now consider the following nonlinear convergence hypothesis:

ASSUMPTION 4.2. (a) For each ¢ € [0, gp[ the function g.: [0,1] x R — R is
continuous and such that for each M € ]0, oo there exists an Ly € |0, o[ such
that for |s| < M and |s'| < M

|ge(z,8) — ge(,8")| < Lyls — §'|, forall z €[0,1], € € [0,g0].
(b) There is an €}, € ]0,&0[ such that
sup  sup |g:(x,0)| < oc.
e€[0,e5] z€(0,1]

(c) For each x € [0,1] and s € R, g.(z,s) — go(x,s) as e — 0.

Let ¢ € ]0,g0[. Note that each u € H'(0,1) is (uniquely represented by)
a continuous function. Hence the map g.(u): [0,1] — R defined by

§5(u)(x) = gs(xvu(x))’ U [07 1] )

is continuous and bounded. Moreover, g.(u) is Lebesgue measurable and so
it lies in L2(0,1). Therefore for each € € ]0,e¢[ we obtain a well-defined map
fe: HY(0,1) — L? given by f-(u) = g.(u), v € H'(0,1). Moreover, define
for R" = R™ by fo(u) = (fo(w),..., fo(u)n), where
fo(u); = Li/ go(z,u;) dz,
J JK;

J
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u=(uy,...,up), for j € [1..n].

LEMMA 4.3. Let (H, (-, - )ue, Ae, Je)eeo,er) be as Theorem 4.1. Then there
exist an €5 € 10,0 and a C} € 10, 00[ such that for every v € H(0,1) and every
c€l0.cyl,

sup (o) < O o
z€[0,1]

PrROOF. Consider first the case (p, o) # (0,0). It follows from Lemma 4.2
from [5] that there exist an & € ]0,e9] and a C’ € ]0, 00 such that for every
v € HY(0,1) and every ¢ € ]0,&’]

sup o) <'( [ e W) i)

z€[0,1]

1/2

Thus

sup |v(z)| < C're(v,0)2 < |0
z€[0,1]

Define ¢4 = ¢’ and C] = C” for this case.

Now consider the case (p,o) = (0,0). It follows from Lemma 4.2 from [5]
that there exist an £” € ]0, o[ and a C” € ]0, oo[ such that for every ¢ € H'(0,1)
with ¢ L 1 and every ¢ € ]0,¢"]

1 1/2
sup |¢<x>|sc"( / ae-<¢'>2dx) .
z€[0,1] 0

Let v € H'(0,1). Hence there are a constant o € R and ¢ € H'(0,1) with ¢ 1 1
such that u = o+ ¢. Let « € [0,1]. Then

1
U@ < 20+ 26(@) < 20+ A0 [ 0 (¢ do
0

1 1
=202 + 2(0’/)2/ ac - (W) dx < C(a2 +/ a - (u')? dac),
0 0
where C' = max{2,2(C")2}. Recall that

1 1
Jull? = relas) + el = [ ac- @) do+ [ (ot 0 da
0 0

1 1 1 1
:/ a5~(u')2da:+/ a2d:c+2a/ ¢dm+/ $* dx
0 0 0 0

1 1
= as.(u’)Qdac—l—aQ—l—/ #? da.
0 0

Therefore, |u(z)> < 5||uH§, for all z € [0,1]. Define ef = ¢’ and C] = (C)/2
for this case. O

THEOREM 4.4. Let (H®, (-, - )me, Ae, Je)eclo,e;) be as Theorem 4.1. There
evists an €} € |0,&1] such that the family (f-)ce(o.e;) satisfies condition (Conv).
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PROOF. Let €} = min{e}, el,e5}. Part (a) of condition (Conv) has just been
proved. Let M € ]0,00[ be arbitrary. Let ¢ € ]0,5] and u, v € Hf be such that
lu|frz, [v| e < M. Tt follows from Lemma 4.3 that

sup |u(z)] < C{M and sup |v(z)] < CIM
Ie[ovl} IE[O,l]

Hence

/|ga<x,u<x>>—gs<x,v< DI dw < L2 /\u (@) do < L2 Ju— o],
0

where M = C{M. This implies that
|fe(u) = fe(v)|ge < Lyplu —v|ge, forall e €]0,e3].

Moreover, let u, v € HY satisfy [ulgo, [v]go < M.

I folw) = foIE = 3 Ls(folw); = folv);)?

L; ( lg0(x, uz) = go(z, U])|d:£>2
Si?(/ |ujvj|d$>2

j=1 7 K;

n
= Lip Y Liluy —vi* = Lipllu = vlf < L3y llu — o,

~1/2
where M’ = M( ‘min Lj) . This implies that

| fo(u) = fo(v)[mo < Lar|u — v[go.

It follows that part (c) of condition (Conv) holds.
Let C be as in formula (4.2). Let € € ]0,¢}] be arbitrary. Then

[fe(Te(u)lLz < [[fe(Je(w) = fe(0)l[L2 + [[f=(0)[L2 < LarllJe(w)le + ([ £=(0)]] 2
< Ly Cllullo + [[£=(0)l[z2 < LaCllullo + K,
where M = Cl|ullp and K = sup sup |g:(x,0)|. This implies that statement

e€[0,e4] z€[0,1]
(d) of condition (Conv) holds.

To complete the proof we need to show that (b) of condition (Conv) holds.
To this end we will use Theorem 2.2, which holds in the present case in view of
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Theorem 4.1. We claim that:
(4.3) Let uw € H) =R™ and t € ]0,00[. Then
lin e~ £.(J-(a)) = Jo(e” 4 fo(w) g = 0.

E—r

Let (em)m be a null sequence in ]0,¢}]. Notice that f.,(J., u) € He™ for all
m € N. It follows from (d) of condition (Conv) that

(4.4) sup | fer (Je,, (W) Erem < 00
me

Theorem 3.1 implies that for each I € [1..n] and j € [1..n],

sup e, (@) — 2151 =0, asm — oo.
r€Kj e,

Let ! € [1..n]. We will show that
(fer (Jepu), Pre, )02 = (fo(u), z1)r as m — oo

For each m € N we have
1 n
(fer(Jeru ), Qe ) 2 = / e, (@, (Je,, u) (@)1, () do =: / Tj(x) dz,
0 /K

where Tj(z) = ge,, (x, (Je, u)(2)) p1e,. (x), z € K;, j € [1..n]. For m € N,
xz € Kj and j € [1..n] we have
Tj(x) = (9, (@, (Je,, ) () = Ge,0, (7,145)) Pr.e, () + G, (2, 15) (Pe,, () = 225)
+ (9e (2, u5) = g0(x, 1)) 215 + go(w, uj) 21,
=87, (2) + 85 ,,(2) + 85, (2) + 59, (2).

Let M € ]0,00[ be a positive constant such that for all e € ]0,¢}], j € [1..n],
xz €10,1] and m € N,

[(Jeu)(@)| <M, |pie(z)] < M,

luj| <M, |ge(z,u;)| < M.

Therefore,

|S{m(x)| < Ly|(Je,,u)(z) —uj|M, forall j €[l..n], z €[0,1] and m € N,
and
|S§m(ac)| < Mg, () — 25|, forall jel..n|,zecl0,1] and m € N.

Recall that

(Je,u)(@) = > (U, 2)L0p.c,, (), for z € [0,1] and m € N.

p=1
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n

Let j € [1..n]. Since u; = ) (u, zp)L2p,; We obtain
p=1

n

(Jepw)(@) = w5 = Y (u, 2p)L(Ppen () = 2p,5)-

p=1

It follows from Theorem 3.1 and our choice of M that

sup |J.,,u(x) —u;| =0, asm — oo,
z€Kj c,,

and

sup sup |Je,, u(z) —u;| < oo.
meNzeK;

Since the Lebesgue measure of K; \ K ., goes to zero as m — oo it follows that
/ S{7m(x) dx — 0, asm — oo.
KJ

Similarly we show that

sup |83, (x)] =0 asm —oo and sup sup |S, ()] < occ.
€K ¢\ ’ meNzeK; ’

Hence

/ng(x)dx—)() as m — oo.
K;

Since g-(x,s) = go(x,s) as € — 0 and sup sup |ge,, (z,u;)| < oo, the Lebesgue
meNzeK;;

Dominated Convergence Theorem implies that

/ S§7m(x) dr —0 asm — co.
K;

Finally
[ Sta@de= [ goloug)ang do = Lyt
K; K;
Thus
> [ Sile)de = {folu),a
j=1"K;
and so

(fer (Jem ), 01, )02 — (fo(u), 1)L as m — oo.

This together with (4.4) and Theorem 2.2 implies that
|e*tA5m fe, (e, u) — Je,, ((fmoj"o(u))|Hsm —0 asm — co.
1

This proves claim (4.3). O
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By the results of Section 2 we may now consider, for each ¢ € ]0,¢}], the
abstract parabolic equation

(4.5) i =—Acu+ fo(u)

on H'(0,1). This equation generates a local semiflow 7. on H'(0,1). Equa-
tion (4.5) is an abstract formulation of the boundary value problem

up = (actyg)e + ge(z,u), 0<ax <1, t>0,
(Ee, Se) pu— (1= placu, =0, =0, t>0,

ou+ (1—o0)acu, =0, x=1,¢t>0.
Moreover, we may also consider the system of ordinary diferential equations
(4.6) 2= —Apz+ fo(z)

on R™. This system generates a local (semi)flow 7y on R™. We now conclude
that

THEOREM 4.5. The Conley index and homology index braid continuation
results, Theorems 2.4 and 2.5, hold for the family (m:)ccjo.c,)-

REMARK 4.6. If f is sufficiently smooth and dissipative, then by results in [5]
the semiflows 7. generated by (E¢, Se¢) have a global attractor A, and the limit
flow g of the limit equation (4.6) has a global attractor Ag. If, in addition, g is
structurally stable on Ap, then by Corollary 4.3 in [5], for small ¢, the flow 7. on
Ae is equivalent to the flow mg on Ag, and this in particular implies the assertions
of Theorem 4.5. Note, however, that we do not make any dissipativeness or
structural stability assumptions here.
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