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CQ METHOD FOR APPROXIMATING FIXED POINTS
OF NONEXPANSIVE SEMIGROUPS
AND STRICTLY PSEUDO-CONTRACTIVE MAPPINGS

HoOSSEIN PIRI — SAMIRA RAHROVI

ABSTRACT. We use the CQ method for approximating a common fixed
point of a left amenable semigroup of nonexpansive mappings, an infi-
nite family of strictly pseudo-contraction mappings and the set of solu-
tions of variational inequalities for monotone, Lipschitz-continuous map-
pings in a real Hilbert space. Our results are a generalization of a result
announced by Nadezhkina and Takahashi [N. Nadezhkina and W. Taka-
hashi, Strong convergence theorem by a hybrid method for nonexpansive
mappings and Lipschitz-continuous monotone mappings, SIAM J. Optim.
16 (2006), 1230-1241] and some other recent results.

1. Introduction

Let H be a real Hilbert space with inner product (-, -) and induced norm
|| - |l. Let C be a nonempty closed convex subset of H. A mapping T of C into
itself is called nonexpansive if [|Tz — Ty|| < ||z — y||, for all z,y € C. By ne(C),
we denote the set of all nonexpansive mappings of C' into itself and by Fix(T),
we denote the set of fixed points of T (i.e. Fix(T) = {z € C : Tz = z}), it is
well known that Fix(T') is closed and convex. Let A: C — H be a nonlinear
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operator. The classical variational inequality problem is to find = € C' such that

(1.1) (Az,y —x) >0, forallye C.

The set of solutions of variational inequality (1.1) is denoted by VI(C, A), that is,
VI(C,A) ={z € C: (Az,y —x) > 0 for all y € C}.

Variational inequality theory has emerged as an important tool in studying
a wide class of obstacle, unilateral and equilibrium problems, which arise in
several branches of pure and applied sciences in a unified and general frame-
work. Several numerical methods have been developed for solving variational
inequalities and related optimization problems, see [5], [7], [9], [13], [25]-][28] and
the references therein. We start with Korpelevich’s extragradient method which
was introduced by Korpelevich [9] in 1976. He proved that the sequence {z,}
generated via the recursion

Yn = PC(-Tn - )\nAxn)7
Tn+l = PC(xn - )\nAyn)v n >0,

where Pc is the metric projection from R™ onto C, A is a monotone operator
and A is a constant, converges strongly to a solution of VI(C, A). Note that the
setting of the problem is the Euclidean space R™.

Korpelevich’s extragradient method has been extensively studied in the lit-
erature for solving a more general problem that consists of finding a common
point that lies in the solution set of a variational inequality and the set of fixed
points of a nonexpansive mapping. Especially, Nadezhkina and Takahashi [14]
introduced the following iterative method which combines Korpelevich’s extra-
gradient method and the CQ method:

o € C chosen arbitrarily,

Yn = Po(zn — AnAzy),

zn = anTp + (1 — an)SPe(zn — AnAyy),
Cn={2€C:lzn —z[* < [l — 2|},
Qn={2€C:{(xy— 2z, —x0) <0},

Tn+1 = Pcannﬂfo,

where P denotes the metric projection from H onto a closed convex subset C
of H.

Inspired by the ideas in Korpelevich [9], Nadezhkina and Takahashi [14], Lau
et al. [11], Lau et al. [12], Katchang and Kumam [10], Piri [15], [16], Piri and
Badali [18] and the references therein, we introduce some new iterative schemes
based on Korpelevich’s extragradient method (and the CQ method) for find-
ing a common element of the set of solutions of the variational inequality for
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a monotone, Lipschitz-continuous mapping, the set of fixed points of an infinite
family of strictly pseudo-contraction mappings and the set of fixed points of a left
amenable semigroup of nonexpansive mappings. We obtain strong convergence
theorems for the sequences generated by the corresponding processes. The re-
sults in this paper generalize, improve and unify some well-known convergence

theorems in the literature.

2. Preliminaries

Let S be a semigroup and let [°°(S) be the space of all bounded real valued
functions defined on S with supremum norm. For s € S and f € [*°(95), we
define elements I(s) f and 7(s) f in [>°(S) by

U )E) = Fst),  (r()f)(t) = f(ts), for all t € 5.

Let X be a subspace of {°°(S) containing 1 and let X* be its topological dual.
An element p of X* is said to be a mean on X if ||u|| = (1) = 1. We often write
we(f(t)) instead of p(f) for p € X* and f € X. X is said to be left invariant
(resp. right invariant) if I(s)(X) C X (resp. r(s)(X) C X) for each s € S. A
mean g on X is said to be left invariant (resp. right invariant) if u((1(s)f) = u(f)
(vesp. p(r(s)f) = p(f)) for each s € S and f € X. X is said to be left (resp.
right) amenable if X has a left (resp. right) invariant mean. X is amenable if X
is both left and right amenable. As is well known, {*°(S) is amenable when S
is a commutative semigroup (see [11]). A net {po} of means on X is said to be
strongly left regular if
lim [[1(s)” proc = ]| = 0,

for each s € S, where [(s)* is the adjoint operator of I(s).

Let C be a closed convex subset of a Banach space F and let T be a mapping
of C into itself. Then ¢ = {T'(¢) : t € S} is called a representation of S as
nonexpansive mappings on C if T'(s) € ne(C) for each s € S, T(e) = I and
T(st) = T(s)T(t) for each s,t € S. We denote by Fix(p) the set of common
fixed points of ¢, i.e.

Fix(p) = ﬂ {reC :T(t)x ==},
tes
by [°°(S, E') the Banach space of all bounded mappings of S into a Banach space
E with supremum norm, and by {2°(.S, E') the subspace of elements f € [*°(S, F)
such that f(S) = {f(s) : s € S} is a relatively weakly compact subset of E.
Let X be a subspace of 1°°(S) containing 1 such that for each f € [*°(S, F) and
x* € E*, the function s — (f(s),z*) is contained in X. Then, for each p € X*
and f € 12°(S, E), let us define a continuous linear functional 7(u)f on E* by

() f:a® e p(f(-),z%).
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It follows from the bipolar theorem that 7(u)f is contained in E. We know that
if 11 is a mean on X, then 7(u)f is contained in the closure of convex hull of
{f(s) : s € S}. We also know that for each yu € X*, 7(u) is a bounded linear
mapping of I$°(S, E) into E such that for each f € I°(S, E), [|7(w)|| < el £l
(see [8]). Let ¢ = {T'(t) : t € S} be a representation of S as nonexpansive
mappings on C such that T'(-)z € I2°(S, E) for some z € C. If for each z* € E*
the function s — (T'(s)x, z*) is contained in X, then there exists a unique point
xo of E such that pu(T(s)x,x*) = (xg,x*) for each z* € E* (see [6] and [22]).
We denote such a point g by T'(u)z.

LEMMA 2.1 ([11]). Let S be a semigroup and C be a nonempty closed convex
subset of a reflexive Banach space E. Let ¢ = {T'(s) : s € S} be a nonexpansive
semigroup on H such that {T'(s)x : s € S} is bounded for some x € C, let X be
a subspace of B(S) such that 1 € X and the mapping t — (Tix,y*) is an element
of X for each x € C and y* € E*, and i is a mean on X. Then:

(a) T(u) is nonexpansive mapping from C into C.
(b) T(u)x =z for each x € Fix(y).
(¢) T(p)x e co{T'(s)x: s € S} for each z € C.

NOTATION 2.2.
(a) — denotes weak convergence and — denotes strong convergence.

(b) wolzn} ={r € H:Hxy,,} C{z,} and z,,, — x}.

Let C be a nonempty subset of a normed space F and let z € E. An element
yo € C is said to be the best approximation to z if

[ = yoll = d(=, C),
where d(z,C) = ing |z — y||. The number d(z, C) is called the distance from x
ye

to C or the error in approximating « by C. The (possibly empty) set of all best
approximations from x to C' is denoted by

Po(z) ={y € C:[lz —y|| = d(z,C)}.

This defines a mapping P from X into 2¢ and it is called a metric (nearest
point) projection onto C. It is well known that Pc is a nonexpansive mapping
of H onto C.

LEMMA 2.3 ([24]). Let C be a nonempty convex subset of a Hilbert space H
and Po be the metric projection mapping from H onto C. Let x € H andy € C.
Then, the following statements are equivalent:

(a) y = Pc(x),

(b) (x —y,y—2) >0, forall z€ C.

(©) llz =yl = |z — Pe()|? + lly — Po()]*.
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LEMMA 2.4 ([23]). Let H be a real Hilbert space. Then, for all x,y € H,
(a) llz —yl* = [zl = llyllI* — 2(z — y, ),
(b) llz = yl* = llz]* + lyll* = 2(z, y).

DEFINITION 2.5 ([2]). A mapping T: C — C is called A-strictly pseudo-
contractive of Browder and Petryshyn type if there exists a constant A € [0,1)
such that

21) Tz —Ty|* < |z —y|* + \|(I = T)z — (I - T)y||?, forallz,yeC.

It is well known that the last inequality is equivalent to

1—A
(2.2) (Tz =Ty, —y) <|lz —yl* = —= (T = T)w = (I = T)y|P%,

for all z,y € C. If A =1, then T is called a pseudo-contractive mapping, that is,
(23) | Te— Tyl < lo -yl + Il - T)a — (I - T)y|l?, for all z,y € C.
This is equivalent to

(2.4) (I-T)xz—~UI~-T)y,r—y) >0, foralwxyecC.

LEMMA 2.6 ([2]). Let T: C — H be a A-strictly pseudo-contractive mapping.
Define S: C — H by S(z) = 6I(x) + (1 — 0)T(x) for each x € C. Then, as
§ €[\ 1), T is a nonexpansive mapping such that Fix(S) = Fix(T).

Let {T,,}2°; be an infinite family of A,-strictly pseudo-contractive mappings
of C' into itself, we define a mapping W,, of C into itself as follows:
Unni1 =1,
Unin = MSnUnpt1 + (1 = )1,
Unn-1="Y-1%-1Unn + (1 —vn-1)1,

(2.5) Un.k = %SkUn k1 + (1 — 7)1,
Unk—1 =1 1Unp + (1 —m—1)I,

Un2 =725Un3+ (1 —7)I,

Wn =Un1= 7151Un72 + (1 - 71)13
where, 0 <, <1, S, =6, + (1—-96,)T, and v, < J, < 1, for all n € N. We
can obtain S, is a nonexpansive mapping and Fix(S,,) = Fix(T},) by Lemma 2.6.

Furthermore, we obtain W,, is a nonexpansive mapping. To establish our results,
we need the following technical lemmas.
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LeMMA 2.7 ([21]). Let C be a nonempty closed convex subset of a strictly
conver Banach space. Let {S,} be an infinite family of nonexpansive mappings
of C into itself and let {\;} be a real sequence such that 0 < A\, < b < 1 for
every n € N. Then, for every x € C and k € N, the limit nh_{rgo U, kx exists.

In view of the previous lemma, we will define

Wz := lim Wyx = lim U,;, forallzeC.
n— o0

n—oo

LEMMA 2.8 ([21]). Let C be a nonempty closed convex subset of a strictly
convex Banach space. Let {S,} be an infinite family of nonexpansive mappings
of C into itself and let {\;} be a real sequence such that 0 < A\, < b < 1 for
every n € N. Then

Fix(W) = (1] Fix(Sn) # 0.
n=1

The following lemmas follow from Lemmas 2.6-2.8.

LEMMA 2.9 ([4]). Let C be a nonempty closed convex subset of a strictly
conver Banach space. Let {T,,}22, be an infinite family of \,-strictly pseudo-

contractive mappings of C into itself such that (| Fix(T,) # 0. Define S, =
n=1

Ondn+(1—0,)T, and 0 < A, < 6, <1 and let {v,} be a real sequence such that
0 <, <b<1 for everyn € N. Then

Fix(W) = () Fix(T,,) = (1] Fix(S,) # 0.

LEMMA 2.10 ([3]). Let C be a nonempty closed convexr subset of a Hilbert
space. Let {S,}52, be an infinite family of nonexpansive mappings of C into

itself such that () Fix(S,) # 0 and let {vy,} be a real sequence such that 0 <
n=1
Yo < b <1 for everyn € N. If K is a bounded subset of C, then

lim sup |[Wz — Wyz| = 0.

n—o0 rzeK

Let K be a nonempty subset of a Banach space X and {z,} be a sequence
in K. Consider the functional r,(-,{z,}): X — R defined by

ro(z,{zn}) = limsup ||z, — x|, forall z € X.
n— oo

The infimum of r,(-,{x,}) over K is called an asymptotic radius of {x,} with
respect to K and it is denoted by r(K,{z,}). A point z € K is called an
asymptotic center of the sequence {x, } with respect to K if

ra(@,{2n}) = inf{ra(y, {z.}) : y € K}

The set of all asymptotic centers of {x,} with respect to K is denoted by
Co(K,{xn}). This set may be empty, a singleton, or infinite.
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LEMMA 2.11 ([1]). Let X be a uniformly convex Banach space satisfying the
Opial condition and K a nonempty closed convex subset of X. If a sequence
{zn} C K converges weakly to a point xo, then xg is an asymptotic center of
{zn} with respect to K.

A set-valued mapping U: H — 2 is called monotone if for all z,y € H, f €
U(z) and g € U(y) imply (x—y, f—g) > 0. A monotone mapping U: H — 2 is
maximal if the graph of G(U) of U is not properly contained in the graph of any
other monotone mapping. It is known that a monotone mapping U is maximal
if and only if for (z, f) € Hx H,{(x—y, f —g) > 0 for every (y,g) € G(U) implies
that f € Ux.

LEMMA 2.12 ([19]). Let A be a monotone mapping of C' into H and let Nox
be the normal cone to C at x € C, that is, Nex ={y € H : (z —z,y) <0 for all
z € C} and define

Ax + Nz forxz € C,

(2.6) Uz =
0 forx ¢ C.

Then U is mazimal monotone and 0 € Ux if and only if x € VI(C, A).

NOTATION 2.13. The open ball of radius r centered at 0 is denoted by B,
and for a subset D of H, by ¢o D we denote the closed convex hull of D. For
e > 0 and a mapping T: D — H, we let F.(T; D) be the set of e-approximate
fixed points of T, i.e. F.(T; D) ={z € D : |z — Tx| < e}.

3. Main results

THEOREM 3.1. Let C be a nonempty closed convexr subset of a real Hilbert
space H and let { f,}52 1 be a sequence of ¥, -contraction self-mappings of C' such
that {fn}52, is uniformly convergent for any x € D, where D is any bounded
subset of C. Let {T,,}22, be an infinite family of A, -strictly pseudo-contractive
mappings of C into itself. Let S be a semigroup and ¢ = {Ty : t € S} be
a nonezxpansive semigroup of C' into itself such that for alln € N, T, (Fix(p)) C
Fix(yp). Let X be a left invariant subspace of B(S) such that 1 € X, t — (Tyz,y)
is an element of X for each x,y € C and {p,}52, is a left reqular sequence
of means on X. Let A be a monotone and k-Lipschitz-continuous mapping of

o0
C into H and F = () Fix(T,) N Fix(¢) N VI(C, A) be nonempty and bounded.
n=1
Let {(n}22, {an}ey and {Bn}S2, be sequences such that {(,}52, C [a,b]
for some a,b € (0,1/k), {an}>y C [0,¢] for some ¢ € [0,1), lim a, = 0,
n— oo
{Bn}se, C [0,1), li_>m Brn = 0 and W,, be the mapping generated by {T,}5°,

and {v,}52, as in (2.5). Define sequences {x,}°% o, {yn}>2, and {z,}2, in C
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by the iteration algorithm

zg € C,

Yn = Bpan + (1= Bn)Po(I — (uA)zn,

Zn = anfu(yn) + (1 = an)T (pn) Wi Pe (20 = GuAyn),
Cn={2€C:|lzn — z|” < |z — 2II° + rn},
Qn={2€C:{(xy— 2z, —x0) <0},

Tp+1 = PCannfUm

(3.1)

where, r, = apd, and

n = sup{||fu(p) = plllll fn(p) — Pl + 2]z — pll] : p € F}.
Then the sequences {xn 152 o, {yn}o2y and {z, 2, converge strongly to Prxg.
PROOF. First we note that C,, is closed and @, is closed and convex for every
n € NU{0}. AsC,, = {2z € C : ||zn —zn||* +2(20, — Tpn, z, — 2) < 0}, we also have
C,, is convex for every n € NU{0}. As Q, ={z € C: (z, — 2,2, —x0) < 0}, we
have (x, — 2z, 2, — x0) <0 for all z € @, and by Lemma 2.3, z,, = Py, xo. Put
tn = Po(xn — ChAyn) for every n € NU {0}. Next, we show that F C C,, for all
n € NU{0}. Let p € F. From Lemma 2.3 and monotonicity of A, we have
tn = plI* <ll#n = GaAyn = Pl = ll2n — CuAyn — ta]®
=Nz =l = lzn = tall® + 26 (Ayn. p — tn)
= |20 = pl* = llen — tall? + 2¢a[(Ays — Ap,p — yn)
+ (Ap,p = yn) + (Ayn, yn — tn)]
<lzn = plI* = ll2n = tall® + 260 (Ayn, yn — tn)
=lzn = 2lI> = |20 = yall® = llyn — tal?
= 2@n = Yn, Yn — tn) + 2 (AYn, yn — tn)
= lzn = plI> = |20 = yall* = llyn — tal?
+ 2(@n — CuAYn = Yn,tn — Yn)-
Further, since y,, = Po(I — (, A)z,, and A is k-Lipschitz-continuous, we have
(Tn = CaAYn = Yn:tn — Yn)
= (@n = ATy — Ynytn — Yn) + (CnATn — CuAYn, tn — Yn)
< {CnAzn = CuAyn, tn — yn) < Gukllan — ynlllltn — ynll.
So, we have
(32) [tn = plI* < llzn = pI* = 20 = yall* = llyn — tall?
+ 2Cukl|zn = YnlllItn — yall

< llzn =217 = lzn = yall* = llyn — tal?
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+ Gk |zn = yall + ltn — yall?
= |l = pl* + Gk = Dllzn — yall? < 2 — p]*
From y,, = Bna, + (1 - Bn)PC(I - CnA)-rnz we have

(3.3) lyn = plI* = 1Bz + (1 = Ba) Po(I = (uA)zn — pl®
< Bullzn —plI* + (1 = Ba) | Pe(I = GuA)zn — plf?
< Ballen =l + (1 = Bu)llwn — pl* = [l2n — plI*.
From (, < 1/k, zn = anfn(yn) + (1 — an)T (pon)Whit,, Lemma 2.1 and relations
(3.2) and (3.3), we have
34)  lza =2l = llanfuyn) + (1 = )T (k) Watn — p|®
< lanll falyn) = pll + (1 = @) [T (1n) Wity — p|]?
<l fa(yn) = fa@ + 1 fa(p) = pll + (1 = an)ltn — pl]?
<lent¥n(llyn —pll)
I n(p) = pll + (1 = )l — pll]>
< [anllyn —pll + [lfa(p) = Pl + (1 = @)1t — pll]?
<[anllzn = pll + | fa(p) = pll + (1 = an)l|zn — pIl}>
[

<[llen = pll + I f2(p) — plI]?
<|lzn = pI* + anlll fu(p) — PI? + 2| fu(p) — Plll|2n — pl]
< Hxn - p”2 + and, = ”xn *pH2 + Tn,

for every n € NU {0} and hence p € C,,. So F C C,, for all n € NU{0}. Next,
we show by induction that

(3.5) FCC,NQy, foralneNu{0}.

From Q¢ = C, we have F C Cy N Qy. Suppose that F C C, N Q,, for some
n € NU{0}. Since z,+1 = Pc,ng, %o, by Lemma 2.3, we have

(Tnt1 — 2,20 — Tpg1) >0, forall ze C,NQ,.

As F C C, N @, by the induction assumption, the last inequality holds, in
particular, for all z € F. This together with the definition of @, 41 implies that
F C Qnt1- Hence (3.9) holds. As in the proof of Theorem 3.1 in [16], we can
prove that

(3.6) lzo — x| < ||lzo —ul, forallueF,
and

(3.7) nh_)rI;o |€nst1 — zn] = 0.
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From z,, 41 € C,, we have ||z, — 7,11]|> < |2 — 2pi1]|? + 7 and hence

l|2n — an2 < llzn = Zntall + l[Tns1 — an]z

< 2[|zn — $n+1||2 + 2|71 — anQ <Az, — xn-i-lHQ +2ry.

Since lim r, =0, so from (3.7), we have
n— oo

(3.8) lim ||z, — z,] =0.

n—oo

From 2z, = o fr(Yn) + (1 — an) T (pn) Wats, (3.3), (3.2) and Lemma 2.1, we have

||ZTL - sz = Hanfn(yn) + (1 - an)T(Mn)Wntn - p”2
S an”fn(yn) - p”2 + (1 - an)HT(ﬂ'n)Wntn _p”2

—plI* + (1 = an)tn — pl®

<anllyn — pI* + anll £ () — Pl f2(P) — pll + 2[lyn — pll]

+ (1= an)|tn = p|I?

<an|zn = plI? + anll fa(p) — Pl f2(p) — Pl + 2|20 — pl]
+ (1= an)lllen — plI* + (2K — Dz — ynll?]-

It follows that

(3.9)  lzn —wal® <

1
== an - g U
+ ol fule) ~ o142 (0) ~

= pl* = llzn — pl

pll + 2||lzn — pll])

<qs )(11 20 (llzn — ol + 1120 — plllEn — 2

+ an|[fu(p) = pllllfn(p) —

1
ST—an- )

< 1 ([
(1 —an)(1 - ¢2k?)
+ anll fu(p) = pllll fu(p) —

pll + 2|z, — pll])

(2llzn = pll + rollzn — 2ull

—pll + 2[|zn — p||])

2||lzo = pll + ralllTn — 2l

pll +2/|zo — pll])-

Since lim a, =0, so from (3.8) and (3.9), we get

n— oo

(3.10) iz, — ya = 0.

As A is k-Lipschitz-continuous, we have

lyn — tull =1Bnzn + (1 = Bn)Po(I — (uA)T) —

PC(xn - CnAyn)”

+ (1 - Bn)HPC(I - CnA)xn - PC(xn - CnAyn)H
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<Balllzn —pll + llp = Po(I = GuA)znll] + (1 = Bu)Cakllzn — ynll
<2Bnllen — pll + (1 = Ba)Cnkllzn — ynll
< 2571”'%'0 - p” + (1 - Bn)anHxn - ynll
Since lim 3, =0, from (3.10), we get
n— oo
(3.11) tn_ [t — yal| = 0.
Noticing that z, = ap fn(yn) + (1 — an) T (n) Wit,, we have
= Yn = @n(fn(Un) = Yn) + (1 — an) [T (ptn) Wity — yu)-
It follows that
(1= N () Watn — yull < (1 = )| T (1n) Witn — ynl|
S anllfaWn) = Ynll + 120 — yall
<an[||fn(yn) - fn(p)” + an(p) _p” + Hp - yn”] + ”Zn - yn“

< an[¥(lyn — ) + 1 fa(p) = pll + 112 = yull] + 120 — yall
<an(lyn —pll + 1 fa(p) = pll + Ip = ynll]l + 120 — yull
<an2llzn —pll + 1 fa(p) — 2l + 120 — yal

<ap[2llzo — pll + [1fa(p) =PI+ 20 — 2nll + 20 — yull.

Since nl;rréo oy, = 0, from (3.8) and (3.10), we get
(3.12) T 7 ) Wt — ] = 0.
From Lemma 2.1, we have
20 =T (pn)Wan||
<lwn = ynll + 1 yn = T(un)Watnll + 1T () Watn = T(in)Waa|
<zn = yull + | Yo — T(pn) Watn | + l[tn — znll
<llen = ynll + 11 yn = T(pn)Watnll + lltn — yall + lyn — 2all.
It follows from (3.10), (3.11) and (3.12) that
(3.13) nl;néo |xn = T(pin)Whay| = 0.

Set D ={y € C : |ly — x| < 2|zo — p||}, for p € F. We remark that D is
a bounded closed convex set, from (3.2) and (3.6), {¢t,} € D and {z,} C D, and
it is invariant under ¢ and W,,. As it was proved in [11], [15], [18], we have
(3.14) lim sup sup | T (pin)x — T (&)T (n)z|| =0, forallt € S.

n—oo x€D

We now claim that

(3.15) lim ||z, — T(t)x,|| =0, foralltels.

n—r
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Let t € S and € > 0. As in the proof of Shioji and Takahashi [20, Lemma 1],
there exists § > 0 such that

(3.16) co Fs5(T(t); D)+ Bs C F.(T(t); D).
Since {W,t,} C D, from (3.14) there exists N2 € N such that
(3.17) T(ttn)Watn € F5(Ty; D), 1> Ny
Observe that

(3.18) [ (yn) = T (pn) Wtn ||

<N fayn) = fu @) + 1 fa(p) = Pl + [l — T (1n) Wata|

<llyn =2l + [1fa(p) = 2l + Ip — tall

<2f|zn = pll + 1fn(p) = pll < 2[lzo — pll + I fn ()]l + lIpll-
Since {fn(p)}22, converges and nl;n;o ay, = 0, from (3.18), there exists N3 € N
such that
(3.19) an(frn(yn) = T(tn)Whty) € Bs, n > Ns.
Observe that

= an(fn(yn) - T(Mn)Wntn) + T(Mn)Wntn~

It follows from (3.17) and (3.19) that z,, € F.(T3; D) for all n > N =max{Ns, N3}.
Since t € S and € > 0 are arbitrary, we get

(3.20) llzn — T(t)zn]| =0, foralltes.

lim

n—oo

Noticing that

[0 = T@)zn|l < llzn = 2nll + 120 = T() 20l + | T(t) 20 — T(t)znl|
< 2|lzn — 2ol + |20 — T(t) 2l

from (3.8) and (3.20), we get (3.15). Now we prove the weak w-limit set of {x,,},
Wy}, is asubset of F. Let 2z € w,{x,} and let {x,,, } be a subsequence of {x,,}
such that z,,, — z. Now, we prove that z € Fix(y). Assume by contradiction
that there exists ¢ € S such that z # T'(t)z. Since every Hilbert space satisfies
the Opial condition, from (3.20) we have
limsup [|2,; — 2| < limsup [|z,; — T(t)z|
j—ro0 Jj—o0
< timsup ([2n, — T(En, | + T @)z, — T(2)21)
j—oo
< limsup (|2, — T(H)n, | + 2, — 2II) < limsup(|zn, — 2[)
j—o0 j—o0
which derives a contradiction. Thus, we have z € Fix(y). By our assumption, we
have T;z € Fix(p) for all i € N and then W,z € Fix(y), hence T'(uu,, )W,z = W, 2.
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As in the proof of Step 7 of [15, Theorem 3.1], we can show that z € Fix(W).
In terms of Lemma 2.9, we conclude that z € ﬁ Fix(T,). As in the proof of
Step 7 of [17, Theorem 3.1], we can show that z EnT/II(C’, A). Since z € Fix(p) and
z € ﬁ Fix(T,); therefore, z € F. So, 0 # w,{xz,} C F. Since xz,, = Py, xo and
P]:;z:v(l):é F C Qn, we have ||z, —xo|| < ||xo— Prxzo||. By the lower semicontinuity
of the norm, we have ||w—xq|| < ||xg— Prxol| for all w € w,,{z,}. However, since

wu{xn} C F, we must have w = Prxg for all w € w,{z,}. Hence z,, = Prxo.
To see that x,, — Prxg, we compute

lzn = Praol|® = [[(zn — @0) + (20 — Prao)|®

= ||@n — @ol|® + 2(x — 0,20 — Prao) + ||lzo — Prao|?
< 2(x, — x0, 20 — Prao) + 2|0 — Prag||?
= —2<£L'0 — Tp, Ty — P]:1L'0> + 2”1’0 - P]:.’E0||2 — 0.

That is, {z,} converges to Prxzg. It is easy to see that {y,} converges to Prx
and {z,} converges to Prxg. O

THEOREM 3.2. Let Ci {T’ﬂ}zozh 57 ©, X} {un}zo:07 ]:7 {C’ﬂ}zozof {an}zo:O
and {Bn}S2y be as in Theorem 3.1. Define sequences {xn}22q, {yn}ol, and
{zn 52 in C by the iteration algorithm

xg € C,

Yn = Brnan + (1 = Bn)Pc(I — (rA)zn,

zn = onyn + (1 = an) T (pn) Wi Po(2n — CnAyn),
Cn={z€C:|lzp — 2| < [|lzn — 2[I°},
Qn={2€C:(x, —z,x, —x0) <0},

(3.21)

Tny1 = PcannfE0~
Then the sequences {xn 1520, {yn}oly and {z,}52, converge strongly to Prxg.

Proor. It suffices to replace f,, by I (identity mapping) for every n € N in
the proof of Theorem 3.1. (]

COROLLARY 3.3. Let C be a nonempty closed convex subset of a real Hilbert
space H and {T,}52; be an infinite family of A, -strictly pseudo-contractive map-
pings of C into itself. Let A be a monotone and k-Lipschitz-continuous mapping
of C into H and F = ﬁ Fix(T,,) N VI(C, A) # 0. Let {(,}22, and {an}22 be

n=1
sequences such that {152 C [a,b] for some a,b € (0,1/k) and {a,}52 5 C [0, ]
for some c € [0,1) and W, be the mapping generated by {T,}5, and {yn}5>, as
n (2.5). Define sequences {xn}5 g, {Un}toly and {2,152, in C by the iteration
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algorithm
IQEO,
Yn = PC(I - CnA)xna
n:nn“i’]-*anP n*nAna
o =t + (1= @) WaPo(za — CuAys)

Con={2€C:|zn—2|* < |lzn — 2%},
Qn=1{2€C:{(x, —z,x, —x0) <0},

Tn4+1 = Pcannl'.
Then the sequences {xn 152 o, {yn}o2y and {z,}2, converge strongly to Prxg.

PROOF. It suffices to take T'(t) = I, for all t € S in Theorem 3.1 and replace
fn by I (identity mapping) for every n € N in the proof of Theorem 3.1. g

COROLLARY 3.4. Let C' be a nonempty closed convex subset of a real Hilbert
space H and A be a monotone and k-Lipschitz-continuous mapping of C' into H.
Let S be a semigroup and ¢ = {T(t) : t € S} be a nonexpansive semigroup of
C into itself such that F = VI(C,A) NFix(p) # 0. Let X be a left invariant
subspace of L>®(S) such that 1 € X, t — (T'(t)z,y) an element of X for each
x,y € C and {pun}2 is a left reqular sequence of means on X. Let {(}22,
and {an }22 o be sequences such that {¢,}5L, C [a,b] for some a,b € (0,1/k) and
{an}22, C [0,¢] for some ¢ € [0,1). Define sequences {xn}2 ¢, {yn}sey and
{zn 52 in C by the iteration algorithm

g € C,

Yn = Po(I = GuA)an,

Zn = anyn + (1 = )T (n) Po(zn = (nAyn),
Crn={2 € Ct|lzp — 2|* < [lzn — 2},
Qn={z€C:{xy,—z,x, —x0) <0},

(3.23)

Tnt1 = Po,nq,
Then the sequences {xn 152 o, {yn}oy and {z, 152, converge strongly to Pr xg.

Proor. It suffices to take 3, = 0 and W,, = I, for all n € N in Theorem 3.1
and replace f,, by I for every n € N in the proof of Theorem 3.1. ]

COROLLARY 3.5 ([14, Theorem 3.1]). Let C' be a nonempty closed convex
subset of a real Hilbert space H. Let A be a monotone and k-Lipschitz-continuous
mapping of C into H and S be nonexpansive mappings of C into itself such that
F =VI(C,A)NFix(S) # 0. Let {¢n}32o and {an}ie be sequences such that
{Cu 3520 C [a,b] for some a,b € (0,1/k) and {an}52, C [0,c] for some c € [0,1).
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Define sequences {xn}5% o, {yn s>y and {z,}22 in C by the iteration algorithm

o € C,

yn = Po(I = CuA)zn,

Zn = anYn + (1 — ) SPo(zn — G Ayy),
Cn={2€C:|zn— 2| < ||z — 2|*},
Qn={2€C:(xy, —z,x, —x0) <0},

(3.24)

Tn41 = PCannl'-
Then the sequences {xn 1520, {yn}oly and {z,}52, converge strongly to Prxg.

PRroor. It suffices to take 3, = 0 and W,, = S, for all n € N in Theorem 3.1
and replace f, by I for every n € N in the proof of Theorem 3.1. O

COROLLARY 3.6 ([14, Theorem 4.1]). Let C' be a nonempty closed convex
subset of a real Hilbert space H. Let A be a monotone and k-Lipschitz-continuous
mapping of C into H such that F = VI(C, A) # 0. Let {¢,}52 and {an}52, be
sequences such that {(, 152, C [a,b] for some a,b € (0,1/k) and {a, }22, C [0, ¢]
for some ¢ € [0,1). Define sequences {xn}q, {yn}sey and {z,}22, in C by
the iteration algorithm

xg € C,

yn = Po(I — (rA)2n,

zn = Po(an — CuAyn),
Cn={2€C:lzn—2|* < [lzn — 27},
Qn={2€C:(xy,— 2z, —x0) <0},

(3.25)

Tnt1 = Po,nqg, -

Then the sequences {xn 152 o, {yn}o2y and {z,}52, converge strongly to Prxg.

PRroor. It suffices to take a,, = B, = 0 and W,, = I, for all n € N and
T(t) =1, for all t € S in Theorem 3.1. O

ExaAMPLE 3.7. Let C be a nonempty closed convex subset of a real Hilbert
space H and let T' be a nonexpansive mapping of C into itself. Let {f,}52; be
a sequence of 1,-contraction self-mappings of C' such that {f,}52 is uniformly
convergent for any x € D, where D is any bounded subset of C. Let {T,,}°2; be
an infinite family of \,,-strictly pseudo-contractive mappings of C into itself such
that, for all n € N, T,,(Fix(T")) C Fix(T). Let A be a monotone and k-Lipschitz-
continuous mapping of C' into H and F = ﬁ Fix(T,,) N Fix(T) N VI(C, A) be

n=1
nonempty and bounded. Let {(,}5%, {an}o2, and {8,}22, be sequences such

that {¢,}52, C [a, b] for some a,b € (0,1/k), {an}52, C [0, ] for some ¢ € [0, 1),
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lim a, =0, {8,}22, C[0,1), lim B, =0 and W,, be the mapping generated
n—o0 n—oo

by {S,}52, and {7,}52 as in (2.5). Define sequences {z,}% ., {yn}>2, and
{zn}2Lo in C by the iteration algorithm

o € C,
Yn = 5nxn + (]- - Bn)PC(I Cn )"Env
2
(3.26) Zn = anfn(yn) + (1 an) n2+n kZOW PC CnAyn)y

Cp={2€C:|zn—2|2 < |lzn —2||? + 70},
Qn:{2601<1‘n*27$n*$0> SO},

Tn1 = PC"ﬂQn$0,

where 7y, = andn and 6, = sup{[| fn(p) = pll[l[ fn(p) = pll + 2z — pll] : p € F}.
Then the sequences {2, }22 ), {yn}>2, and {z,}32, converge strongly to Prx.

Proor. Let S ={0,1,...} and ¢ = {T™ : n € S}. For each f = (x9, z1,...)
in B(S), define

2 n
bn = 1 O ke

Then {4, }52 4 is a left regular sequence of means on B(.S). In fact, for f € B(S5),

)] £ Zk\xk|< = Sk = I,
k=0

and

2 n
n(l) = k=1.
)= s >

It follows that ||un| = un(l) = 1, ie., py is a mean on B(S). Next, for each
feB(S)and m e S,

n

2 2 <
) =t ) = | s Dok 7 Sk

n—m n
‘ Z kxp + Z kxy — Z KX gy — Z kxk+m‘
k=m+1 k=n—m+1
n
kak +m Z T — Z kxkim
k=m-+1 k=n—m-+1

sni”i”n[zsz - >

k=m+1 k=n—m-+1

_ 2/l Zk+ Z 1_n7§mk
T n24n m

k=m-+1 k=n—m-+1
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2071 [, % Il 2
=2 2];)k+2m(nfm) :m[2mn+mfm 1,

for every n € N. So, we get li_}rn |n(f) — in(lm f)] = 0. Hence {un, 22, is a left

regular sequence of means on B(S). Further, for x € C and y € H,

2 & 2 X
k _ k _ k
() k(T 2, y) = i Z E(T z,y) = <n2 e Zk‘T a:,y>
k=0 k=0
and hence
2 =
T(pn)r = ——— kT x.
Therefore, the result follows from Theorem 3.1. O
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